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Abstract

An inequality involving a positive linear operator acting on the composition of
two continuous functions is presented. This inequality leads to new inequalities
involving the Beta, Gamma and Zeta functions and a large family of functions
which are Mellin transforms.
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Let I be the interval0, 1) or (0, +oc0) and letf andg be functions which are
strictly increasing, strictly positive and continuous brilo fix ideas, we shall
suppose thaf(z) — 0 andg(x) — 0 asx — 0+. Suppose also thgt /g is
strictly increasing.

Let L be a positive linear functional defined on a subspatg) c C(I);
see Note below. Supposing thaty € C*(I), define the functior by

L(f)

1.1 O =g——=.

A L9
Next, let /' be defined on the ranges ¢fand g so that the compositions

F(f)andF(g) each belong ta'(I).

Note. In our applications the functional will involve an integral over the
interval I, and so thaf. will be well-defined, it is necessary to require extra end
conditions to be satisfied by the members’4ff). The subspace arrived at in
this way will be denoted by'* (/) and this will be the domain af.

The subspacé€™ (1) may vary from case to case but, for technical reasons, it
will always be supposed that the functionswheree,(z) = =% (k = 0,1, 2),
are inC*(I).

Our object is to prove the results:

Theorem 1.1.
(a) If F'is convex then

(1.2a) LIF(f)] = LIF(¢)].
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(b) If F'is concave then

(1.2b) LIF(f)] < LIF(9)].

Clearly it is sufficient to consider onlyL(29 and, prior to Sectio® where
we present our applications, we shall proceed with this understanding.

In the note [] this result was proved for the case in whiElwas|0, 1], g(z)
was z, and I’ was differentiable but it has since been realised that the more
general results of the present theorem are a source of interesting inequalitieS some New Inequalities for the

involving the Gamma, Beta and Zeta functions. Gamm,i;,ﬁ;ﬁ?,ﬁ;" zeta
The method of proof in1] could possibly be adapted to the present case
but, instead, we shall give a proof which is entirely different. As well as using AMeD. Mercer
the more genergj(x) it allows the less stringent hypothesis ttfais merely
convex and deals with intervals other tHan1]. We also believe that this proof Title Page
is of some interest in its own right. FeS—
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First, we need the following lemma:

Lemma 2.1.

(2.1) L(f*) = L(¢*) > 0.

Proof. Itis seen from {.1) that

— - Some New | lities for th
L) = Lg) = 0. " Gamma, Beta and Zeta
SinceL is positive, this negates the possibility that Functions
A.McD. Mercer
f)—o¢(x) >0 or  f(z)—¢(x) <0 forallz e I.
Hencef — ¢ changes sign id and since Title Page
Contents
L(f
fmo=5—g20)
L(g) 4 13
and < >
5 is strictly increasing in/, Go Back
this change of sign is from to +. Close
We suppose that the change of sign occurs-aty and that f () = ¢(y) = Quit
K (say). Page 5 of 15
Sincef — ¢ is non-negative on > ~v and f + ¢ > 2K there, then 2
(f _ ¢)(f + ¢) 2 QK(f _ ¢> onz Z ,.Y J. Ineq. Pure and Appl. Math. 7(1) Art. 29, 2006
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Sincef — ¢ is negative orx < v andf + ¢ < 2K there then

(f =) +¢) > 2K(f —¢)onz <.

Hence
fPet®=(f =) (f+¢) 22K(f—¢) onl.
Applying L we get the result of the lemma. O

Proof of the theorem (part (a))Let us introduce the functional defined on
C(1) by
AMG) = LIG()] = LIG(9)],

in which f and¢ are fixed. It is easily seen thatis a continuous linear func-
tional.

According to the theorem, we will be interested in théseor which F' € S
whereS is the subset of* (/) consisting of continuous convex functions.

Now the setS is itself convex and closed so that the maximum and/or mini-
mum values of\, when acting orb, will be taken in its set of extreme points,
sayExt(S).

But

Ext(S) = {Aey + Bey },

wheree,(z) = 2% (k= 0,1,2).
Now
A(eo) = Lleo(f)] — Lleo(¢)] = L(1) — L(1) =0
Aler) = Ller(f)] = Llen(¢)] = L(f) = L(¢) =0 by (L.1)

so that zero is the (unique) extreme valué\of
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Next
A(e2) = Lea(f)] — Llea(9)] = L(f*) — L(¢*) 2 0 by (2.1)
so this extreme value is a minimum. That is to say that
A(F) = LIF(f)] — L[F(¢)] >0forall F e S

and this concludes the proof of the theorem.
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In (1.29 and (L.2b) take
F(u) = u®,

which is convex if(a < 0 ora > 1) and concave i) < a < 1. So now we
have

L(f%) 2 L(¢")

with = (upper and lower) respectively, in the cases ‘convex’, ‘concave’. There

Some New Inequalities for the

is equality incasee=0ora = 1. Eriiiiiiey, B Al Ze
Substituting forg this reads: FEREIERS
A.McD. Mercer
[L(g)]* o L)
&Y L) = LU™)
I Title Page
Finally, take TS
f(z) =2 and g(z) =2° with 3> 6§ > 0. <4« >
Then @.1) becomes (using incorrect, but simpler, notation): ¢ >
L) | (L) s
x°)|* x7)|¢
3.2 > )
(3.2) L(z%) z L(zo9) Close
Quit
The inequality 8.2) is the source of our various examples.
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Note. To avoid repetition in the examples below (except4s)) it is to be
understood that correspond to the casés < 0 ora > 1) and(0 < o < 1)
respectively. There will be equality if = 0 or 1. Furthermore, it will always
be the case that > § > 0.

Some New Inequalities for the

Referring back to the Note in the Introduction, the subspagd) for this ap- Gamma, Beta and Zeta
plication is obtained fron®’ (/) by requiring its members to satisfy: Functions
A.McD. Mercer

(i) w(z) = O(2%) (foranyf > —1) asz — 0

(i) w(z) = O(x¥) (for any finitey) asx — +oo. Title Page
Then we define - Contents
L(w) = /0 w(z)e “dx. pp NS
In this case §.2) gives: < >
I'(1 @ I'(1 @ Go Back
*.1) [F((l 135]) 2 [F((l j‘—gg) Close
in which,a8 > —1 andad > —1. Quit
In [2] this result was obtained partially in the form Page 9 of 15
CA+y"  TA+)]"
DT+ ny) ~ T(+no) e o
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wherel >z >y >0andn =2,3, ....
Then, in [3] this was improved to

(1 +y)*
['(1+ ay)

wherel > z >y > 0 anda > 1.

The methods used ir’] and [3] to obtain these results are quite different
from that used here.

LA +2)]°
(14 az)’

The subspacé™(I) for this application is obtained frofi(7) by requiring its
members to satisfy:

w(z) = O(2%) (foranyd > —1) asz — 0,

w(z) =0(1) asx — 1.

Then we define

From (3.2) we have

[B(1+0,¢0)]" _ [B(L+5,)]
B(1+ aé, () = B(1+aB,¢)’

in whichad > —1, a > —1 and¢ > 0.

(4.2)
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For this example the subspac€g (/) is the same as for the Gamma function
case abovel is defined by

1l—e*

Lw) = [ i)

We recall here (see€l]) that whens is real ands > 1 then

0o e T Some New Inequalities for the
F(S)C(S) = 2571 dx Gamma, Beta and Zeta
0 1—e Functions
Using 3.2 this leads to A.McD. Mercer

@+ 8)C2+ ) _ [+ B+ B

4.3 ’ Title Page
(4.3) T2+ ad)((2+ad) S T2+ aB)C(2+ apb)
Contents
in whicha8 > —1 andad > —1. o S
The number of examples of this nature could be enlarged considerably. For
example, the formula | >
r oo L e" J 0 Go Back
s)n(s) = x® x, s>0,
(s)n(s) /0 1+e™® Close
where Quit
n(s) = i (-D* Page 11 of 15
k=1 ke
leads, via 8.2), to similar inequalities. . Ineq. Pure and Appl. Math. 7(1) Art. 29, 2006
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Indeed, recalling that the Mellin transforr] [of a functiong is defined by

- [ " g(@)rtds,

we see that the Mellin transform of any non-negative function satisfies an in-
equality of the typed.2). In fact, @.1) and @.3) are examples of this.

We conclude by presenting a family of inequalities in which the Zeta function
appears alone, in contrast with. ).
With a > 1 define the non-decreasing functien; € [0, 1] as follows:

= ke m m —
=1
= Z e (z=1)

k=1

Then we have
1 N-1 o
. 1 1 1
(4.4) /0 ’dwy(x) = - + I Z =
k=1 k=N
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and we note that

s SR

Writing

then B3.2) gives the inequalities

V()" _ [Vn(B)]*
(4.6) Va(ad) < Va(af)

But, from (4.4 and @.5), letting N — oo shows thatVy(s) — ((s + a)

provided that: > 1 ands > 0 and so 4.6) gives the Zeta function inequality:

[(la+d)]* _ [Cla+B)]*
(4.7) ((a+ ad) 2 C(a+apB)’

provideda > 1, o > 0 andad > 0.

Not a subspace af'(0, 1) but the theorem is true in this context also.

Some New Inequalities for the
Gamma, Beta and Zeta
Functions

A.McD. Mercer

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 13 of 15

J. Ineq. Pure and Appl. Math. 7(1) Art. 29, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:amercer@reach.net
http://jipam.vu.edu.au/

Finally, since thel(s) is known to be continuous for > 1 we can now let
a — 1in (4.7) provided that we keep > 0 when we get

[C(L+0)]* _ [¢(1+ )"
(4.8) (1 + ad) 2 C(1+apB)’

in whichg > § > 0 anda > 0. Regarding the directions of the inequalities
here, we note that the optien< 0 does not arise.
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