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Abstract

Let N(z) be the number of perfect powers that do not exceed z. In this article we
obtain asymptotic formulae for the counting function N(x).

1 Introduction

A natural number of the form m™ where m is a positive integer and n > 2 is called a perfect
power. The first few terms of the integer sequence of perfect powers are

1,4,8,9,16,25,27, 32, 36,49, 64, 81, 100, 121, 125, 128, .. .,

and they are sequence A001597 in Sloane’s Encylopedia. Let N(z) be the number of perfect
powers that do not exceed z. M. A. Nyblom [3] proved the following asymptotic formula,

N(x) ~vz.

M. A. Nyblom [4] also obtained a formula for the exact value of N(x) using the inclusion-
exclusion principle (also called the principle of cross-classification).

In this article we obtain more precise asymptotic formulae for the counting function N (z).
For example, we prove

N(z)=Vr+Jr+ Yz — Yo+ Jz+o(Vz).

Consequently

VI 4+ Jr < N(x) < o+ Jz+ .
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2 Preliminary Results

Let A be a set. The number of elements in A we denote in the form |A|.
We need the following results.

Lemma 1. (Inclusion-exclusion principle) Let us consider a given finite collection of sets
Ay, Ay, .o Ay The number of elements in U A; is

n

UL Al =00 ST A0 4,

k=1 1<i1 << <n

where the expression 1 < 11 < --- < i, < n indicates that the sum is taken over all the
k-element subsets {iy, ..., i} of the set {1,2,... ,n}.

Proof. See for example either [1, page 233] or [2, page 84]. ]

Let A, (z) (n > 2) be the set {k™ : k € N, k™ < x}, that is, the set of perfect powers
whose exponent is n that do not exceed zx.

Lemma 2. We have
|An(z)] = [ ],

where | .| denotes the integer-part function.

Proof. We have
"<z e k< v

M. A. Nyblom [4] proved the following Lemma and the following Theorem.

Lemma 3. For any set consisting of m > 2 positive integers {ny,...,n,} all greater than
unity, we have the set equality

() An(2) = Ay, (2),

where [ny,...,ny| denotes the least common multiple of the m integers ny, ..., Ny,.
Let p, be the n-th prime. Consequently we have,
P1= 27]72 - 37p3 = 57])4 - 77p5 = 1]-7p6 - ]-37 s

Theorem 4. If x > 4 and py,po,...,pm denote the prime numbers that do not exceed
|log, x|, then for k > m the number of perfect powers that do not exceed x is

Besides Ay, (x) = {1} fori>m+1.



We also need the following two well-known results.

The binomial formula .
(@b =3 (Z) a" ko, (1)

k=0
and the following property of the absolute value

lay +ag + -+ ap| < ag| + Jag| + -+ |ar ], (2)

where aq,as, ..., a, are real numbers.

3 Main Results

Theorem 5. Let p, be the n-th prime number with n > 2, where n is an arbitrary but fized
positive integer. Then

n—1 1
N(z) = ST (=1)k+! Z P 4 g(x)xﬁ, (3)
k=1 1<iy <+ <ip<n—1
Piy Piy <Pn
where lim, .« g(z) = 1 and the inner sum is taken over the k-element subsets {i1,...,ix} of

the set {1,2,...,n— 1} such that the inequality p;, - - - pi,, < pn holds.

Proof. Let k = [log, x| +1 = “Z?;J + 1, where x > 4. If py,ps, ..., pn denote the prime

numbers that do not exceed |log, x|, then we have

pr<--<ppm<|logyz| < |logyx] +1=Fk < pmi1 < Dmga < -+ (4)

1
Note that if + > m + 1 we have 1 < xp% < TF < xﬁ% = 2. That is, 1 < xpilz < 2.
Consequently if ¢ > m + 1 (see Lemma 2) |A4,,(z)| = 1. That is, A, (x) = {1}. Note also
that k and m are increasing functions of . On the other hand n > 2 is an arbitrary but
fixed positive integer.

Equation (4) gives

P < k. (5)
On the other hand

m < Ppm. (6)
Therefore (5) and (6) give

m <k, (7)
and consequently

There exist three possible relations between m, k, n and n + 1 and consequently between
Pm Pk, Pn and Prta-



First relation.
m<k<n<n+1
and hence
Pm < Pk S Pn < Pn+1-
Second relation.
m<n<n+1<k

and hence
Pm S Pn < Pn+1 S Pk-

Third relation.
n<n+1<m<k
and hence
Pn < Pn+1 S Pm < Pk-

If we define S(x) = max{n + 1, k} then these three relations, Theorem 4 and Lemma 2 give
us (z > 4)

n n S(z)
UAn@)| < N@) < [UAn@)]+ 32 14n(@)
. . 50
= Ua@|+ X [+
i=1 i=n+1
< U @)+ (S@) = n) |27 (9)

Note that there exists zy such that if x > x( the third relation holds.

Note also that S(xz) — n is either equal to 1 or k —n < k — 1 = Uzg;”J < iog“’;, and so in
g og

either case

log x
—n<
S(z)—n < og 2 (10)

as x > 4. Consequently (9) and (10) give

n

U Ap, ()

=1

< N(z) <

" logx 1
UApi(x)| T iogz? (11)

Lemma 1 gives

= Z(—1)k+1 Z ‘Apil (x) N---N Apik (x) ) (12)

k=1 1< < <ip<n

On the other hand, Lemma 3 gives

Apil (x) M---N Apik (x) = A[pil pik] (x) = Apil-"pik (iL’)

-----

4



Therefore (Lemma 2) we obtain

Ap (@) 011 Ay, (@)] =

Substituting (13) into (12) we find that

Now

n

DICIEEDY

1
P iy
1<i1 << <n

_ Z(_l)k—i-l Z

1<i1 << <n

k=1

k=1

n

_ Z(_l)k+1 Z

k=1

1
(xpil‘.‘,,ik B
1< < <ip<n

Ap,..

()] = {

0 < gPri

Consequently (see (1) and (2))

That is,

1
TPl | P

1

n 1
St Y ( -
k=1 1< < <ip<n
n

()=

n

kzi% (Z) = (1+1)" =2

(_1)k+1 Z

1
PPy
1<i1 < <ip<n

k=1

Equations (14) and (17) give

If

and

n

k=1

B(z)=Y (="'

_ PD — 0(1).

_ Z(_l)k+1 Z

1<ip <

<ip<n

1<i1 <--<ip<n
Diy " Pij, <Pn+1

2.

1<i)<---<ip<n
Piq Pij, >Pnt1

D S
xPi Py = o (

<
k=1 1<i1 <--<ip<n

:Cpil ...pik

1
xpn+l

1
2P+ O(1)

)

1

(18)

(19)

(20)



then

n

S0 Y SR = B(a) + Ca).

k=1 1<ii < <ip<n

Equations (18) and (21) give

Equations (22) and (11) give

1 1
B(z) + C(z) + O(1) < N(z) < B(z) + C(z) + O(1) + 12§§x+ .
Therefore,
logx 1
C(z)+0(1) < N(x) — B(z) < C(x) + O(1) + log2xpn+l'

Equations (23) and (20) give

N(z)—- B 1

—e< () 1(x) < +e (e >0).
log z xPn+t log 2

That is,

N(z)=B(z)+ O <logx $m> .
Note that (see (19)) if k =1,...,n then,

1<ip <---<ip<n 1<i) < <ip<n 1<ip <--<ip<n
Piq - Pip, <Pn+1 Diy"Pij, <Pn PSPy Pip, <Pn+1

Now, if k=1,...,n — 1 then

1

1
z : l‘pilmpik — : : l’p"'lmpik ’

1<ig <---<ig<n 1<ip < <ip<n—1
Diy+Pij, <Pn Diy Pij, <Pn

and if K =2,...,n then

1

R S 1
2 : P P — 2 : PPy

1<ip <--<ip<n 1<ip < <ip<n
PnSPiy - Pip, <Pnt1 Prn<Piy - Pij, <Pn+1

On the other hand, if £ = 1 then

1<i;<n
Pn<pi; <Pn+1

(21)

(22)

(23)

(24)

(25)

(26)

(28)



Equations (19), (25), (26), (27) and (28) give

Ba) = S(p Y o

1 1<iy) < <ip<n-—1
Diy Pip, <Pn

3
-

B
Il

1

O YR Y s
k=2

1<iy < <ip<n
Pn<Piy " Piy <Pn+1

That is,

3
—

Blz) = Y (-0 S g

1 1<y < <ip<n—1
Diy Pij, <Pn

e
Il

L 1
—|— €T Pn —'—0(3:‘1771)

Finally, equations (29) and (24) give (3).

4 Examples

If n = 2 then Theorem 5 becomes

N(z) = vV + g(z)Vz,

where lim, ., g(x) = 1.
If n = 3 then Theorem 5 becomes

N(z) = Va + Vo + g(x)V,

where lim, ., g(z) = 1.
If n = 4 then Theorem 5 becomes

N(z) = Va + Vo +Vr — Vo + g(x)V,
where lim, ., g(x) = 1. Consequently
VI + Vo <N(z) <o+ o+ Vs
If n =5 then Theorem 5 becomes
N(@) = Ve + Ve+ Vo= Vet o - Vet g(z) Ve,

where lim, . g(z) = 1.
To finish, we shall establish two simple theorems.



Theorem 6. Let us consider the n open intervals (0,1%),(12,22),...,((n—1)% n?). Let S(n)
be the number of these n open intervals that contain some perfect power. Then

lim M =0.
n—oo M

Therefore, almost all the open intervals are empty.

Proof. We have (Nyblom’s asymptotic formula)
N(z) = VZ + f(x) V.
where lim, ., f(z) = 0. Consequently
N?) = n+ f(n)n,
where n are the n squares 12,22, ..., n?. Therefore
0<S(n) < N(n* —n=f(n*n.

That is
0< # < f(n?).

Using equation (30) we can obtain a more strong result.

Theorem 7. Let us consider the n open intervals (0,1%), (1%,2%),...,((n—1)*n?). Let F(n)
be the number of perfect powers in these n open intervals. Then F(n) ~ ns.

Proof. Equation (30) gives
2

N(n?) =n+ g(n®)n3,

where n are the n squares 12,22, ..., n?. Therefore
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