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Abstract

Aigner has defined elite primes as primes p such that all but finitely many of Fermat
numbers F (n) = 22n

+ 1, n = 0, 1, 2, . . ., are quadratic nonresidues modulo p. Since
the sequence of Fermat numbers is eventually periodic modulo any p with at most p
distinct elements in the image, both the period length tp and the number of arithmetic
operations modulo p to test p for being elite are also bounded by p. We show that
tp = O(p3/4), in particular improving the estimate tp ≤ (p+1)/4 of Müller and Reinhart
in 2008. The same bound O(p3/4) also holds for testing anti-elite primes.

1 Introduction

Motivated by a generalization of the Pepin primality test for Fermat numbers F (n) = 22n

+1,
n = 0, 1, 2, . . . , Aigner [1] introduced the notion of elite primes which are the primes p such
that Fn is a quadratic nonresidue modulo p for all but finitely many n. For example, 3, 5, 7,
and 41 are elite primes. See [3, 5] and the references therein for various results about elite
primes and their generalizations.

One such generalization appears in the work of Müller and Reinhart [5], where b-elite
primes have been defined for an integer b > 2 as those primes p for which all but finitely
many elements of the sequence Fb(n) = b2n

+ 1 are quadratic nonresidues modulo p. One
can easily see that the estimate O(x/(log x)2) on the number of elite primes up to x > 2,
proved in [3], immediately extends to b-elite primes. It has also been noted in [5] that for
any p, the sequence {Fb(n)}n>0 is eventually periodic modulo p with some period length tp.
That is, for some period length tp and preperiod length sp > 0 we have

Fb(n + tp) ≡ Fb(n) (mod p), n = sp, sp + 1, . . . . (1)

It is also obvious that the smallest values of sp and tp satisfy the inequality sp + tp 6 p.
Müller and Reinhart [5, Theorem 2.8] have shown that for b-elite primes p the period tp

satisfies the inequality

tp 6
p + 1

4
.

It follows immediately from [5, Theorem 2.6] that the preperiod sp is less than or equal to
the exponent of the prime 2 in the factorization of p − 1, and thus satisfies

sp 6
log(p − 1)

log 2
. (2)

We now improve these results as follows.

Theorem 1. For a b-elite prime p, we have

tp 6 3p3/4.

Clearly, p is b-elite if and only if all numbers Fb(n) for n > sp are quadratic nonresidues.
We also recall that quadratic residuosity on an integer a can be tested in O(log p) arithmetic
operations modulo p (for example, computing a(p−1)/2 via repeated squaring). Thus any
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prime p can be tested for being b-elite in O((sp + tp) log p) arithmetic operations modulo p
(see [5, Section 3] for a description of such an algorithm). This complexity can be trivially
estimated as O(p log p).

Using Theorem 1 together with (2) and the fact that the inequality

sp 6
log(p − 1)

log 2
< p3/4 for all p > 5,

we now improve this trivial bound as follows:

Corollary 2. A prime p can be tested for being a b-elite prime in at most O(p3/4 log p)
arithmetic operations modulo p.

2 Proof of Theorem 1

In what follows, we let (z/p) denote, as usual, the Legendre symbol of the integer z modulo
the odd prime p.

Our main tool is a special case of the Weil bound for multiplicative character sums in
the following form that is convenient for our application (see [2, Theorem 11.23]):

Lemma 3. For any polynomial f(X) ∈ Z[X] of degree m which is not a perfect square

modulo p, we have
∣

∣

∣

∣

∣

p−1
∑

u=0

(

f(u)

p

)

∣

∣

∣

∣

∣

6 mp1/2.

Proof of Theorem 1. Let us consider the polynomials fk(X) = X2k

+ 1. We assume that
p > 2. We take some integer K > 1 to be fixed in a way depending on p later on, and count
how often the values

fk(u), k = 0, . . . , K − 1,

are simultaneously quadratic nonresidues modulo p for u = 0, . . . , p − 1. Call this number
Tp(K). We have

Tp(K) =
1

2K

p−1
∑

u=0

K−1
∏

k=0

(

1 −
(

fk(u)

p

))

. (3)

Expanding the product in (3), we obtain 2K − 1 character sums of the shape

p−1
∑

u=0

(

Fk1,...,kν
(u)

p

)

, 0 6 k1 < · · · < kν 6 K − 1, (4)

where

Fk1,...,kν
(X) = (−1)ν

ν
∏

j=1

fkj
(X) (5)
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with ν > 1, and one trivial sum that equals p (corresponding to taking all the terms equal
to 1 in the product in (3)). Then fkν

(X) modulo p is square-free because its derivative is
2kνX2kν

−1 (mod p) and its only zero is X = 0, which is not a zero of fkν
(X) modulo p. Since

deg fkν
= 2ν > 2ν − 1 =

kν−1
∑

j=0

deg fj,

it follows that the polynomial Fk1,...,kν
is not a perfect square modulo p. Hence, Lemma 3

applies to every sum (4) and implies that each sum of the type (4) is at most 2Kp1/2 by
absolute value. Thus,

∣

∣

∣
Tp(K) − p

2K

∣

∣

∣
< 2Kp1/2. (6)

The bound (6) holds for a general p. When p is a b-elite prime there are at least tp solutions
u for which fk(u) is a quadratic nonresidue for k = 0, 1, . . . , K − 1, namely all u of the form

u = b2n+sp

, n = 0, . . . , tp − 1.

Choosing K to satisfy
2K

6 p1/4 < 2K+1, (7)

we easily get from (6) that
tp 6 Tp(K) 6 3p3/4,

which is the desired result.

Remark 4. By replacing the inequalities (7) with 2K 6
√

2p1/4 < 2K+1, we can improve
the constant 3 in Theorem 1 to 2

√
2. It is easy to see that this can be further improved

by a slightly more precise estimation of the degrees of the polynomials (5) and thus of the
sums (4).

3 Anti-Elite Primes

In contrast with the elite primes, Müller in [4] defines an anti-elite prime as a prime p for
which F (n) is a quadratic residue modulo p for all but finitely many n. For example, 13
and 97 are anti-elite primes and so are all Fermat primes greater than 5. As with b-elite
primes, we can define a b-anti-elite prime p, where b > 2, as a prime for which all but finitely
many elements of the sequence Fb(n) are quadratic residues modulo p. Thus, the period of
{Fb(n)}n>0 modulo p consists only of quadratic residues when p is an anti-elite prime. We
can prove the following analogue of Theorem 1 for b-anti-elite primes.

Theorem 5. For a b-anti-elite prime p, we have

tp 6 3p3/4,

where tp is the period length of the eventually periodic sequence {Fb(n)}n>0 modulo p.

The proof of Theorem 5 is similar to the proof of Theorem 1. In the proof of Theorem 1,
we only need to replace each occurrence of “quadratic nonresidue” by “quadratic residue”,
replace the minus sign in the equation (3) by a plus sign, and delete the factor (−1)ν in (5).
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[1] A. Aigner, Über Primzahlen, nach denen (fast) alle Fermatische Zahlen quadratische
Nichtreste sind, Monatsh. Math. 101 (1986), 85–93.

[2] H. Iwaniec and E. Kowalski, Analytic Number Theory , Amer. Math. Soc., 2004.
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