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Abstract
In this paper we find closed forms, in terms of rational numbers, for certain finite

sums. The denominator of each summand is a finite product of terms drawn from two
sequences that are generalizations of the Fibonacci and Lucas numbers.

1 Introduction

In [1, 2] we considered certain types of finite reciprocal sums involving generalized Fibonacci
numbers. Indeed we gave closed forms, in terms of rational numbers, for these sums. Our
purpose here is to give closed forms for finite reciprocal sums that are of a different type
than those considered in [1, 2], thereby extending the work in [1, 2]. As in [1, 2], our results
can be used to produce finite reciprocal sums that involve the Fibonacci and Lucas numbers.

We begin by introducing the three pairs of integer sequences that feature in this paper.
Let @ > 0 and b > 0 be integers with (a,b) # (0,0). For p a positive integer we define, for
all integers n, the sequences {W,} and {W,} by

Wn = an,1 + Wn727 WO = a, Wl - b7

and

Wn = Wn_l + Wn+1-
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For (a,b,p) = (0,1,1) we have {W,}={F,}, and {W, }={L,}, which are the Fibonacci
and Lucas numbers, respectively. Retaining the parameter p, and taking (a,b) = (0,1),
we write {W,,}={U,}, and {Wn}:{vn}, which are integer sequences that generalize the
Fibonacci and Lucas numbers, respectively.

Let a and 3 denote the two distinct real roots of 22 — pxr —1 = 0. Set A = b — aff and
B =b—aa. Then the closed forms (the Binet forms) for {W,} and {W,} are, respectively,

_ Aa" - Bp"

W= "

and

W, = Aa" + Bj".
We require also the constants ey = AB = b* — pab — a?, and A = p? + 4.
Throughout this paper we take £k > 1, m > 0, and n > 2 to be integers. Let m; < mao
and m3 < my be non-negative integers with m; + mo = mg + my. We begin by giving a
closed form for the finite sum

n—1

Sy(k,m,n,my, ... ,my) = — — .
izzl: Wk(i+m1)+ka(i+m2)+mWk(i+m3)+ka(i+m4)+m
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Because of the conditions on the m; we consider S; to be the most intriguing sum that we
present in this paper. We also give closed forms for similar sums that have longer products
in the denominator, and to this end we introduce some notation. For integers 0 < m; < my
write

PG(VV)Wa k7m7i707m17m2)

= Wki+ka(i+m1)+ka(i+m2)+mWki-l—mwk’(i—l—ml)+ka(i+m2)+m-
Likewise, for integers 0 < m; < my < mg write

P8<W7 Wa kv m, iv Oa my,ma, m3)

= Wki+ka(i+m1)+m to Wk(i+m3)+kai+ka(i+m1)+m to Wk(i—i—mg)—‘rm-

We say that Py consists of a balanced product of eight terms that are drawn from
the sequences {W,} and {Wn} We also consider such products where the terms are
drawn from the sequences {U,} and {V,}, and where the product Uy;imViitm is not in-
cluded. For instance P, (U, V, k,m,i,my, ms) denotes the product of Uy(iym,)+mUsk(i-tme)+m
and Vi(itmy)+m Vi(itma)4m- Since U,V,, = Us,,, P4 can be shortened to a product of two
terms from the sequence {U, }. However, we choose to retain the longer form for P; (and for
expressions analogous Py) in order to highlight the relationship between the numerator and
the denominator of the summand. Later, however, when giving examples of our results that
involve F}, and L,,, we present these examples in simplified form.



Using the notation that we have just introduced, we now define three finite sums whose
closed forms we give in this paper. Let 0 < m; < msy be integers. Define

n—1 .
Py(U,V, k,m, i,0
Sg(k,m,n,ml,mZ):Z ZLJ Y 7?’”,7/7 ) ’
i=1 P6(VV’ W’ k’ m,, 07 my, m?)
n—1 '
P(U,V k
Sﬁl(kamy n, ml,mQ) = 2(_7 ) 777?/,7/7m1) 7
i=1 PG(VV’ W’ k’ m;,1, 07 my, m?)
and
n—1

P?(Uv ‘/7 ka m, iv m?)
WW7 kvmaia OamlamQ) '

S2(k,m,n,my, my) = Z
i=1 Py (

In each of these three cases the numerator of the summand consists of a product of two
terms, and the denominator of the summand consists of a product of six terms.

We evaluate each of the finite sums that we consider in this paper in terms of rational
numbers. In addition to the four finite sums defined above, we consider analogous finite
sums where the denominator of the summand consists of a product of eight, or ten, or twelve
terms. In each case the numerator of the summand is either unity, or is a product of terms
drawn from the sequences {U,} and {V,,} and is defined in terms of the P notation that we
have introduced. Furthermore, we consider only finite sums where the number of terms that
constitute the product in the denominator of the summand exceeds the number of terms that
constitute the product in the numerator of the summand by a multiple of four. Indeed these
are the only types of sums, with the structure described earlier in this paragraph, for which
we have been able to find closed forms.

In Section 2 we present one result, namely the closed form for Sy, and give a proof. In
Section 3 we present the closed forms for Sg, Sg, and Sz. In subsequent sections we present
a selection of the results that we have found that involve longer products in the denominator
of the summand. Indeed, we limit the scope of this paper to finite sums that have four, or
six, or eight, or ten, or twelve products in the denominator of the summand.

There are two finite sums that feature throughout. For integers 0 < [y < I, these finite

sums are
la—1 )kz

QW(k7man7llal2 Z Wk )t Wk (itm)+ 3

and
la—1 (_1)kz'

QW(k:,m,n, ll,lg) = p— —
) Wiii+2)+mW k(i4n)+m

i=l
To prevent the presentation from becoming too unwieldy, we suppress certain argu-

ments from quantities when there is no danger of confusion. For instance Sy(n) will denote
Sy(k,m,n,my, mg, mg,my) when we want n to vary and the other parameters to remain



fixed. Likewise Qy (k, m,n,l,ls) will be denoted by Qu (l1,l3) when [; and I, vary and the
other parameters remain fixed.

We now give two identities involving {2y and )y that are required for the proofs of all
the theorems in this paper. We state these identities as lemmas.

Lemma 1. With Qy as defined above, we have

(_1)k(n+l1)Uk(l2—ll)

Ub(n-1)Qw (1 + 1) = U(u—)Qw (n) = Wittty +mWintio)4m
n—+lp m nri2 m

Lemma 2. With Qyy as defined above, we have

Uk(nfl)QW(n -+ 1) — Uk(n,2)QW(n) — ( ) k(l2—l1)

Wk(n+l1)+ka(n+l2)+m '

The proof of Lemma 1 was given in [2], and since the proof of Lemma 2 is similar we
refrain from giving it here.

2 A closed form for S,

Let k, m, n, mq, ma, mz, and my satisfy the constraints given earlier in the definition of Sj.
Set

g = a’0<k7 my,ma,Mms, m4) - eWU(m4—m3)kU(m2—m1)k‘/(m4—m1)k‘/(m4—m2)k'
Then

Theorem 3. With Sy as defined in Section 1,

ag (S4(n) = 54(2)) = (=1)"Ugm—a) (=) ") Uy, gy Quw (1, ms5)
- AU(mg—ml)kﬁw(ms, m4)) .
Proof. In [2] we demonstrated two methods of proof, and both methods apply here. The first
method required quite a lot to set up, relying heavily upon generalized Fibonacci identities.

The second method was more direct, and mechanical, relying upon the closed forms of the
relevant sequences. We use the second method here since it is transparent and can be used

to effectively prove all the theorems in this paper. To this end, with o = <p + \/Z) /2, it is
advantageous to write the closed forms of the sequences in question as

U, = (a"+ (=) a™) /VA,

Vo, = "+ (=1)"a™",

W, = ((b+aa™)a"+ (=1)"" (b—aa)a™) /VA,
W, = (b+aa)a"+(=1)"(b—aa)a™,
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where these closed forms are valid for all integers n. Furthermore we set p = a — a~
ew = b — pab — a®.

We remind the reader that all the finite sums in this paper are defined for n > 2, and so
it is for these values of n that the following argument holds. In the statement of Theorem
3, denote the quantity on the left side by L (n) and the quantity on the right side by R (n).
We first prove that

Ln+1) = L(n) = R(n+1) — R(n). (1)

With the previously stated restrictions on the relevant parameters, we have

Um —m, Umg—ml Vm —m1 Vm —mso
L(n+1) — L(n) = — W lmazma)k( b Vma—mik Y (ma—ma)k @)

Wk(n+m1 )+m Wk(n+m2)+ka(n+m3)+ka(n+m4)+m

With the use of Lemma 1 and Lemma 2 we can write down, after some straightforward
algebra, the expression for the numerator of R(n + 1) — R(n). This expression is

(— 1)k(”+m3)+mU(m4—m3)kU(m2—m1)k (Wk(n+m3)+ka(n+m4)+m

_AWk(n+m1)+ka(n+m2)+m) . (3)

Furthermore, L(n+ 1) — L(n) and R(n+ 1) — R(n) have identical denominators, so to prove
(1) it is enough to prove that

= (_1>k(n+m3)+m (Wk(n+m3)+ka(n+m4)+m

_AWk(n+m1)+ka(n+m2)+m) . (4)

eW‘/(m4—m1)k‘/(m4—m2)k

To this end we consider the difference of the expressions on the left and right sides of (4),
replace my4 by my + my — mg, and express everything in terms of the closed forms. With
the use of the computer algebra system Mathematica 8 we find that a factor of the resulting
expression is (—1)2F(Fma)+m) 1 and this proves (4). This, together with the fact that
L(2) = R(2) = 0, establishes Theorem 3. O

In the proof above the key identity is (4). Likewise, the proof of each theorem in this
paper hinges around the proof of a key identity that is analogous to (4), and each such
identity follows immediately by substitution of the appropriate closed forms. The method is
mechanical and is not dependent upon and special identities. However, the use of a computer
algebra system (in our case Mathematica 8) is essential. The proof above serves as a template
for the proof of each theorem in this paper, and so we state the theorems in the sections
that follow without proof.

We pause to give two examples. Let k = 1, m = 0, and (my, mg, ms,my) = (0,3,1,2).
Then for W,, = F,, the result in Theorem 3 becomes

n—1
1 6 3 2 15
36 =1+mf(—~— + — ).
; FiF,(3Lis1Lis \F. Fun Faa Lop




Next let k = 2, m = 0, and (my, ma, m3, my) = (2,3,1,4). Then for W,, = F,, the result
in Theorem 3 becomes

n—1

1
40790736 )
i=1

Faivoy Fogiv3) Logiv1) Lagita)
92496 67445 25830 9870 )
Fotioy Loty  Lomy2)  Lomss) )

— 282 + FQ(n72) (

3 Closed forms for Sy, Si, and S?

As stated in the introduction, here, and in the sequel we take £k > 1, m > 0, and n > 2 to
be integers. In this section we take 0 < m; < msy to be integers.
For 0 < i < 2 define a; = a;(k, m, my,ms) as

ag = 2(—1)m+1€%[/U2m1kU2m2/€Uz(m2—m1)k7
a; = UQ(mg—m1)kWOW07
a9 = _Ulek‘szk’W’ka"

We then have

Theorem 4. With S§ as defined in Section 1,

ag (Sg(n) — 58(2)) = Ukn—2) (@1Qw (0,mq) + a2Qw (mq, ms)
— A&lﬁw(o, ml) — ACLQQWoﬂl, mz)) .

Next, for 1 < i < 2 define b; = b;(k, m1, my) by

by = UQ(MQfml)kW—TTleW—WMkJ)
b2 = _U2m1kW(m2—m1)kW(m2—m1)k-

With aq as for Theorem 4, we have

Theorem 5. Let S be as defined in Section 1. Then

Qo (861 (Tl) — Sﬁl (2)) = Uk(n,Q) (blﬂw(o, ml) -+ bggw(ml, mg)
- AleW<O’ ml) - Angw<m1, mg)) .

For 1 <i < 2 define ¢; = ¢;(k, mq, m3) as

G = UQ(mg—ml)kW—mng—mgka
co = Uy WoWy.

Then, with ag as for Theorem 4, we have



Theorem 6. Let S be as defined in Section 1. Then

Qo (Sg(n) — 53(2)) = Uk(n,Q) (01QW(O, ml) -+ Cgﬂw(ml, mg)
- ACle(O, ml) - ACQQw(ml, mg)) .

Let k =1, m = 0, and (my,my) = (1,2). Take W,, = F,,1o. Then with the use of the
identity F,, L, = F5, to simplify the summand, and also the right side, the result in Theorem
5 becomes

Fagiq

n—1
27720 — 94 8Fy, (
;FQ(i+2)FQ(i+3)FQ(i+4) 2n=2)

—55 n 168 )
Fytniay  Fomas )

4 The summand has eight factors in the denominator

In this section we take 0 < m; < mo < mg to be integers.
Define the finite sum

n—1

1
P8(W7 Wv ka m, 7;7 Oa my,ma, mS) '

(]

SS(k7m7n7mlam27m3) =
i=1

For 0 <i < 3 define a; = a;(k, m, my, my, ms3) by

ao = 265 UsimkUsmak Uzimsk Us(ms —ma )k Uz(ms —ma s Uz(ma —ma ks
ar = (=1)"Ustms—mo)kUz(ms—m1)kU2(ma—m1)>

Az = (_1)m+1U2m1kU2(m3—m2)kU2(m3+m2—m1)ka

az = (=1)"UzmkU2mok Uz(my—m k-

Then
Theorem 7. We have

ap (Ss(n) —Ss(2)) = Ukn—2) (a1Qw (0, m1) + axQw (mq, m2)
+ Clggw<m2, mg) — Aale(O, ml)

— AagQw(ml, mg) — Aaggw(mg, mg)) .

We have found that as the number of products in the denominator of the summand
increases it becomes more difficult to write down the closed form of the corresponding finite
sum. The same is true as the number of products in the numerator of the summand increases.
Indeed, to find the closed form for the finite sum 7Ty, defined below, we needed to specialize
the values of my, ms, and ms in a manner that we soon make clear.

Define the sum

n—1

T8<k7 m,n,my,msa, m3) - Z

=1

P4 (UJ ‘/7 k7m7i7mlam2)
P8(W7Wa kam7i70aml7m27m3)'

7



Here, and in the sequel, we take g > 1 to be an integer. For 0 < ¢ < 3 define the quantities
b; = bi(g,k,m) as follows:

bo = 2€5UsgeUsgrUsgr,

by = (=1)"W_gpW_giW oW g,
by = (=1)" "W W_ i WuW _ e W g,
by = (—=1)"WyuWagW g W agy.

We now state our next theorem.

Theorem 8. Let (mq, ma, m3) = (g,2g,39), so that 0, my, ma, and mg form an arithmetic
progression. Then

bo (I5(n) —15(2)) = Ukm-2) (0:1Qw (0, g) + b2Qw (g, 29)

— AbQyr(9,29) — AbsQyr(29,39)) -

Let k=1, m=0, and g = 1. Then for W,, = F},, 3 the result in Theorem 8 becomes

n—1

167207040

i=1

= 64 + 63F2(n,2) (

Foir1) Faiyo)

Foiy3y Fogiva) Fagivs) Fagive)
6032 B 145145 . 338800)
Fonys)y  Fotmga)  Fomys))

We attempted to find the closed forms for certain finite sums analogous to Ty, but with-
out success. Firstly, we considered Ty as defined above but with the m,; defined as differ-
ent multiples of g, such as (mj,ms,m3) = (29,3¢,5¢9). Secondly, in the definition of T,
we replaced Py (U,V, k,m,my,ms) by Py(U,V,k,m,0,my), and by P, (U, V,k,m,my, m3).
In attempting to find the corresponding closed forms in each of these two cases we set
(my,me,m3) = (g,29,3g). Put simply, there seems to be a fine line between success and
failure.

5 The summand has ten factors in the denominator
In this section we take 0 < m; < mo < m3 < my to be integers.
Define the sum

n—1

Z Pﬁ (U7V7kamaiamlam27m3)

SIO(ka m,mn,miy,msy,ms, m4) -

i=1 PlO(V[/a W7 ka m, i: 07 my, Mo, M3, m4)



For 0 < i < 4 define the quantities a; = a;(g, k, m) as follows:

ap = 2617/I/U29kU4gkU6gkUSgka

ar = (=1)" W g W_opeW_ bW 3 W _o0gi W _ g,

as = (=1)"™ (Vigr, + 1) WoogW_ g W W o W _ 1 W gy,
az = (=1 (Vigr + 1) W_ge W Wog W _ i W i Wags,
(= 1) W . Wagr Wagre W g1 W agie W s g

ays =
Once again, to discover our next result we needed the m; to take on special values.

Theorem 9. Let (my, ma, mg,ms) = (g,29,39,4g), so that 0, my, mg, ms, and my form an
arithmetic progression. Then

ag (S10(n) = 510(2)) = Ukn—2) (12w (0, 9) + a2Qw (g, 29)
+ asQw (29, 39) + asQw (39, 4g)
— Aa; (0, g) — Aash (9. 29)
— AasQyr(29,39) — Aasfy7(39,49)) -
We have found that the most interesting examples of our results occur when we take

W, = F,.. for some non-negative integer c¢. Accordingly, as an instance of Theorem 9 let
k=1, m=0,and g =1. Then for W,, = F, .5 Theorem 9 yields

i Foivy Fogivo) Fogivs)
i—1 12045 F2(1+6)F2(z+7)F2(z+8)F2(z+9)
b1 b2 b3 b4 )
= 7+ 144Fp_ ( + + + ,
22 Fotnysy  Fomye)  Fomary  Fomgs)

where

by = 13009146630480,

by = —239632085,
by = 35147981440,
by = —632668766730,

by = 1419740509642.

We also considered variants of Sy that we obtained in ways similar to those described
in the paragraph at the end of Section 4. However, in each case we were unable to find the
closed form of the corresponding finite sum. Furthermore, we considered summands with
only two factors in the numerator. Once again, in each case, we were unable to find the
closed form of the corresponding finite sum. Theorem 9 is the only result of its kind (i.e.,
where the summand has ten factors in the denominator, and where the m; are multiples of a
positive integer parameter g) that we could find. We have discovered closed forms for such
sums where the m; are specific integers, but we refrain from giving these sums.
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6 The summand has twelve factors in the denominator

In this section we take 0 < m; < mo < mg < my < ms to be integers.
Define the sum

n—1

SIQ(IC’ m, T, my, Mo, M3, My, m5) - Z

i=1

1

P12(VV7 W7 k7 m, i? 07 my, Mg, M3, My, m5)

For 0 <i <5 we define the quantities a; = a;(g, k, m) as

ap = 2% UsgkUsgrUsgrUrogr Uragr,

ap = as=(—1)",

a = ag=(-1)"*" (Vagr + Vagr — 1),

az = (=1)™ (V12gk’ — Vagr + 2).
In our next theorem 0, mq, ms, ms, my, and ms are not required to form an arithmetic
progression.

Theorem 10. Setting (my, ma, ma, my, ms) = (g, 29, 49, 59, 6g) we have

ag (S12(n) — 512(2)) = Ukn—2) (a1Qw (0, 9) + a2Qw (g, 29)
+ azQw(29,49) + asw (49, 59)
+ a;Qw(5g,69) — Aar157(0, g)
— Aaxflyp(g,29) — AazQlyr (29, 49)
— Aasflyr(4g,59) — AasQyr(5g, 69)) -
We also managed to find a closed form for Sys if (mq, mg, ms, mq, ms) = (g, 29, 39, 49, 59),

but we refrain from giving this result here.
To indicate other types of results that are possible, define the sum

n—1 .
PS (U7 ‘/7 k:a m,t,my,ms, M3, m4)

Tio(k, m,n, my, mg, ms, My, Ms) = — )
12( ' ? ’ ! 5) i=1 P12(VV’ Wvkamviaoamlam2>m3am4am5)

We managed to find a closed form for T, under the assumption that the m; are certain
multiples of g. One such instance is for (mq, mq, ms, my, ms)=(g, 29,39, 4g,5g). Another
instance is for (my, ma, ms, my, ms)=(2g, 3¢9, 49, 59, 7g). We have also discovered other results
of a similar nature that we do not present here.

7 Concluding comments

Earlier we stated that we chose to limit the scope of this paper to finite sums that have four,
or six, or eight, or ten, or twelve products in the denominator of the summand. We have,
however, discovered closed forms for finite sums (with the structure described in the intro-
duction) that have fourteen, or sixteen, or eighteen, or twenty products in the denominator
of the summand. The possibilities seem limitless.
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