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Abstract

We derive generating functions for the enumeration of all palindromic binary strings
of length n having only runs of 1’s of length < r. We provide asymptotic expressions
for fixed r and n — oo. Eventually, r is treated as a random variable and an asymptotic
equivalent for the largest run of 1’s in binary palindromes is derived.

1 Enumeration

In the recent paper [3] the interest was in words over the alphabet {0, 1} which are palin-
dromes and have runs of 1’s of bounded length. We firmly believe that generating functions
are the most appropriate tool here, and since they were not used in [3], we present this
natural approach and show as well how one can deal with the case that the maximal 1-run
length is treated as a random variable. 1t is worthwhile to note that all our methods can be
found in [1].

Let us start with palindromes of even length; they are given as ww", with a reversed
copy of w attached to w. In unrestricted words, the following factorization is appropriate:

R

(04 1)" = (1°0)*1*.

Here, we used the x-operation, common in the study of formal languages, so L* denotes all
words that can be formed from concatenating words taken from L in all possible ways. In

1


mailto:hproding@sun.ac.za

[1], the notation SEQ(L) is mostly used, describing all SEQuences (aka words), formed from
L. Now, the mentioned factorization is a very common one for binary words. Each word is
(uniquely) decomposed according to each appearence of the letter 0; between them, there
are runs (possibly empty) of the letter 1. If a word has s letters 0, then there are s+ 1 such
runs of 1’s. In terms of generating functions, since the transition A — A* means f — ——

T—f°
the factorization reads as ) . .

1-2z 1_ %2 1-z
1—2z
This factorization can immediately be generalized to the instance when the 1-runs should
not exceed the parameter r. Then we first consider the set of restricted runs

15" = {g,1,11,...,17},

which translates into

1— Zr—H
1+Z+~--+ZT:—
1—=2
Then we get the formal expression
(1570)*1=",

which translates into

1 1 — zrtt B 1 — 2t

Z(1—2Y) 1—2  1—2z+27+2

1—
1—=z
Now, going to palindromes of even length, the last group of ones must be bounded by
[5]. So a syntactic description of palindromes of even length with bounded 1-runs is

(1§r0)*1§L%J;

this describes the first half of the word only. From this we go immediately to generating
functions, by replacing both letters by a variable z. In this way, we count half of the length
of the palindromes of even length. If one wants the full length, one must replace z by z2. So
we get

1 11—l el
L—2*0 11—z 1 =2z 2rt2

1—=z
One can read off the coefficient of 2™ in the power series expansion of this expression, which
leads to a clumsy expression:

Set

(1)
1—2

1

e =T

then
A — 2an—1,r + Ap—yr = 0,
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and initial conditions a,,, = 2" for n <.
Then the number of palindromes of even length 2n with all 1-runs < r is given by

1 — zlzl+t
n
N =ua —a,__r .
1—2z+42rt2 W2 Unelg)-lrt2

We can alternatively express the coefficients in (1) using the higher order Fibonacci
numbers, as it was done in [3]: Consider U, , = Uy,—1, + -+ + Uy, for n > r, with initial

values Uy, = -+ =U,—2, =0, Uy—1, = 1. Then
Z U. "= erl _ szl _ z7~71<1 . Z)
n>0 v L= (24 42) 11—z 1—2z4 200
Further,
zr—l
Uy + -+ Uy no_ S
Z( or+ -+ Upr)z o
n>0
or
> thes =W
k=0
Consequently
1 — zlzl+t 1 ) .
[Zn L — [Zn]— . [2”*L§J*1]—
1—2z+ 2rt2 1 —2z+4 2rt2 1 —2z+4 2rt2
ntr n—|g]—1+r
- Z Ukr1 — Z Ukt
k=0 k=0
n—+r
- Z Uk,r—i—l-
k=n—|5]+r

This is the expression given in [3] once one changes the index of summation. Note that
r— 5] =151

Now we move to palindromes of odd length with middle letter 1: wlw®. Then w is
described by

(1570) 1517,

In this way, the last group of ones plus the middle 1 plus the first group of ones of the
reversed word is still < r as it should.
The corresponding generating function is

|5t

1 —2z 4 zrt2



and the coefficient of z" (counting palindromes of odd length 2n + 1 with middle letter 1) is

a —a —
n,r+2 n— L7"_1

3 |—1,r42"

Again, we can alternatively express the corresponding number by higher order Fibonacci

numbers:
1— 2l 1 . 1
e = P — P

1— 22+ zrt2 1— 224 zrt2 1— 224 zrt2

n+r n_l.TEIJ_H‘T

=Y Uwni= D Ut
k=0 k=0
n—+r

= Z Uk,r+1-

k:n—I_Tglj—i-r

Note that r — |51 ] = [£] + 1.

Finally we move to palindromes of odd length with middle letter 0: wOw®. Then we have
(1§T0)*1§’r’

since the middle 0 interrupts the last run of ones of the first group. The corresponding
generating function is
1 — ZrJrl
1—2z4 272’
where again the coefficient of 2" refers to a palindrome of length 2n + 1 with middle 0.
Explicitly we get

1 — Zr—i—l
[z ]m = Qnpr+2 = Gn—r—1,r+2-
In terms of higher order Fibonacci numbers, this reads
n 1-— Zr+1 n 1 n—r— 1
[= ]_—7“-1—2:[Z ]_—r+2_[2 ' _ r+2
1-22+2 1—-2z+4+2 1-2z+4+2

n+r n—1

= Z Ukpy1 — Z Uk
k=0 k=0
n-+r

- § Uk,'r+1 .
k=n

2 Asymptotics

We refer to the paper [2] which might be the first to consider asymptotics for words of
restricted runs. The recent paper [4] has many examples of this type. Here, we only consider
the key steps and refer for error bounds to the cited literature.
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One has to study the dominant zero of the denominator, denoted by p, which is close to
1 when 7 gets large (no restriction). From

1=2p+p"=0

we infer
1 N L,y 1 N 1
P=omol mo T ons
This procedure is called bootstrapping. We also need the constant A in
1 A

~ —
1—2z+42t2  1—2z/p wET

which we get by L’Hopital’s rule as

_ —1/p _ —1/p _ 1
24 (r+2)2 | 24 (r+2)p 20— (r+2)(2p— 1)

P
So we get the following asymptotic formulee, valid for n — co and fixed r:
1 — zlzl+t

s e
n ]- - ZL’"glJ_’_l

~ (1 gl ap,

r—1 —n
s ~ (A A
n 1 -zt & —n

g e A

And now we turn to the instance where r is a random variable X, and compute, as a
showcase, the expected value, so we answer the question about the average value of the
longest 1-run in palindromes, in the 3 respective models. As mentioned, this was basically
done already by Knuth. When r gets large, the constant A may be replaced by 1, terms of
the form p" may be dropped, and in p~™", it is enough to use the approximation

pt 21— 27" ~ 2" exp(—n/271).

Furthermore, to get a probability distribution, we have to divide by 2", which is the number
of binary words of length n. So the probability that the parameter X is < r is in all 3

instances approximated by
exp(—n/2"?).

For an expected value, one has to compute

Z [1—exp(—n/2"%)].

r>0



This evaluation can be found in many texts [2, 1, 4]; it is done with the Mellin transform,
and the result is

v 3 1 <2km') kil
1 _r _ - _ 1'\ - T1-10g9 TL.
0821 F log2 2 log2 ;0 log 2 ‘

Observe that the series in this expression represents a periodic function with small amplitude.
Asymptotically, thus, palindromes with middle letter 0 resp. 1 resp. no middle letter all
lead to the same result.
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