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Abstract

We introduce the super Patalan numbers, a generalization of the super Catalan

numbers in the sense of Gessel, and prove a number of properties analogous to those of

the super Catalan numbers. The super Patalan numbers generalize the super Catalan

numbers similarly to how the Patalan numbers generalize the Catalan numbers.

1 Introduction

We introduce the super Patalan numbers as a generalization of the super Catalan numbers.
The super Catalan numbers (sequence A068555 in the On-Line Encyclopedia of Integer

Sequences [6]) were studied by Gessel in his paper on the super ballot numbers [2]. (The
term super Catalan numbers is also used to refer to a different sequence. We are generalizing
the term as used by Gessel.) Just as the super Catalan numbers form a two-dimensional
array that extends the Catalan numbers, the super Patalan numbers of order p form a
two-dimensional array that extends the Patalan numbers of order p.

The super Patalan numbers have a number of properties that generalize the corresponding
properties of the super Catalan numbers, in particular Eqs. (5), (7), (9), and (10). We also
prove that the super Patalan numbers are integers, and we give a convolutional recurrence for
the Patalan numbers, that generalizes the well known recurrence for the Catalan numbers.

We start with the definitions of the super Catalan numbers and of the Patalan numbers.

Definition 1. Define the super Catalan numbers S(m,n) by

S(m,n) =
(2m)!(2n)!

m!n!(m+ n)!
.
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The Catalan numbers Cn are contained in the super Catalan numbers as 2Cn = S(n, 1) =
2(2n)!

n!(n+1)!
.

Definition 2. Let p be a positive integer with p > 1, and let q be a positive integer with
q < p. Define the Patalan numbers of order p to be the sequence a(n) with

a(n) = −p2n+1

(

n− 1/p

n+ 1

)

. (1)

Also define the (p, q)-Patalan numbers to be the sequence b(n) with

b(n) = −p2n+1

(

n− q/p

n+ 1

)

. (2)

The Patalan numbers of order p (see sequences A025748 – A025757) generalize the Cata-
lan numbers. In particular the Catalan numbers are the Patalan numbers of order 2. It
can also be seen that the generating function of the Patalan numbers of order p generalizes
the generating function of the Catalan numbers. The generating function of the Patalan
numbers of order p is

1− (1− p2x)1/p

px
, (3)

and the generating function for the (p, q)-Patalan numbers is

1− (1− p2x)q/p

px
. (4)

The formula for the generating function of the (p, q)-Patalan numbers can be seen easily
using (2) and the binomial coefficient identity

(

n− q/p

n+ 1

)

= (−1)n+1

(

q/p

n+ 1

)

.

Now we define the super Patalan numbers as an extension of the Patalan numbers, and
generalizing the super Catalan numbers.

Definition 3. Define the sequence Q(i, j) of (p, q)-super Patalan numbers by

Q(i, j) = (−1)jp2(i+j)

(

i− q/p

i+ j

)

. (5)

Let P (i, j), the super Patalan numbers of order p, be the (p, q)-super Patalan numbers with
q = 1.

The super Patalan numbers do not have quite as simple an expression as the super
Catalan numbers. In particular, they do not form a symmetric array (see sequences A248324,
A248325, A248326, A248328, A248329, A248332). While the super Patalan numbers are not
symmetric, they do have a twisted symmetry in that the arrays of (p, q)-super Patalan
numbers and (p, p− q)-super Patalan numbers are transposes of each other.
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Theorem 4. Let Q be the (p, q)-super Patalan numbers, and let Q̃ be the (p, p − q)-super
Patalan numbers. Then Q and Q̃ satisfy

Q(i, j) = Q̃(j, i). (6)

Proof. This follows from the binomial coefficient identity

(−1)j
(

i− q/p

i+ j

)

= (−1)i
(

j + q/p− 1

i+ j

)

.

The Patalan numbers are contained in the super Patalan numbers just as the Catalan
numbers are contained in the super Catalan numbers. If a(n) is the sequence of Patalan
numbers of order p, and P (i, j) are the super Patalan numbers of order p, then the Patalan
numbers are contained in the super Patalan numbers as

pa(n) = P (n, 1). (7)

It is the author’s opinion that to be consistent with Eq. (7) concerning column 1 of the
super Patalan matrix, the Patalan numbers of order p should start 1,

(

p
2

)

A097188 and not
start 1, 1,

(

p
2

)

A025748. The fact that the Catalan numbers start 1, 1 is explained by the

Catalan numbers being the Patalan number of order 2, and
(

2
2

)

= 1.

2 Generating functions and extended super Patalan

numbers

Eq. (5) generalizes an identity of Gessel [2, unlabelled equation before Eq. (31)]. This
indicates that Q(m,n) is the coefficient of xm+n in

(−1)m(1− p2x)m−q/p. (8)

More generally, the above definitions may be extended to define super Patalan numbers
for all m and n.

Definition 5. Let m,n be integers. Define the extended (p, q)-super Patalan numbers

E(m,n) to be the coefficient of xm+n in (−1)m(1− p2x)m−q/p.

While E is defined in terms of the generating functions of its rows, the twisted symmetry
of the super Patalan matrix implies that E(m,n) is also the coefficient of xm+n in (−1)n(1−
p2x)n−(p−q)/p.

The lower triangular matrix L formed by permuting the columns of E, such that L(m,n) =
E(m,−n), has the interesting property that it has order 2 under matrix multiplication.
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Theorem 6. Let L be the doubly infinite lower triangular matrix given by L(m,n) =
E(m,−n), for all integers m and n, where E is an extended super Patalan matrix. Then L2

is the identity.

Proof. Since L is lower triangular, the (m,n) entry of L2 is equal to 0 for m < n. Since the
diagonal entries of L have the values ±1, it follows that the diagonal entries of L2 are equal
to 1. Consider the (m,n) entry of L2 for n < m. The product of row m of L and column n
of L is

m
∑

k=n

L(m, k)L(k, n) =
m
∑

k=n

E(m,−k)E(k,−n).

The sum
∑m

k=nE(m,−k)E(k,−n) is the coefficient of xm−n in the product of the generating
function of row m of E (

∑

k≥−mE(m, k)xm+k) and the generating function of column −n of

E (
∑

k≥nE(k,−n)xk−n.) Since the generating function of rowm of E is (−1)m(1−p2x)m−q/p,

and the generating function of column −n of E is (−1)−n(1−p2x)−n−(p−q)/p, this convolution
gives us a coefficent of the polynomial (−1)m−n(1 − p2x)m−n−1. Thus the (m,n) entry of
L2 is the coefficient of xm−n in (−1)m−n(1− p2x)m−n−1, which equals 0. The completes the
proof that L2 is the identity.

We will use the following lemma to find the two-variable generating function of Q, as
well as in the proof of Theorem 11.

Lemma 7. The (p, q)-super Patalan numbers Q satisfy

p2Q(i, j) = Q(i, j + 1) +Q(i+ 1, j). (9)

Proof.

Q(i, j + 1) +Q(i+ 1, j) =(−1)j+1p2i+2j+2

(

i− q/p

i+ j + 1

)

+ (−1)jp2i+2j+2

(

i+ 1− q/p

i+ j + 1

)

=(−1)jp2i+2j+2

(

(

i+ 1− q/p

i+ j + 1

)

−

(

i− q/p

i+ j + 1

)

)

=(−1)jp2i+2j+2

(

(

i− q/p

i+ j

)

)

=p2Q(i, j).

Next we consider the two-variable generating function of Q.
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Theorem 8. Let F (x, y) =
∑

Q(i, j)xiyj be the generating function of the super Patalan

numbers Q(i, j). Then

F (x, y) =

(

x

(1− p2x)(p−q)/p
+

y

(1− p2y)q/p

)

1

x+ y − p2xy
. (10)

Proof. By (8), the generating function of row i = 0 of the super Patalan matrix of order p
is g(y) =

∑

j≥0 Q(0, j)yj = (1 − p2y)−q/p, and Eq. (6) implies that the generating function

of column j = 0 of the super Patalan matrix of order p is f(x) =
∑

i≥0 Q(i, 0)xi = (1 −

p2x)−(p−q)/p.
Eq. (9) implies the equation

p2F (x, y) =
F (x, y)− g(y)

x
+

F (x, y)− f(x)

y
. (11)

Solving Eq. (11) for F (x, y) gives Eq. (10), as required.

Eq. (9) generalizes an identity attributed to D. Rubenstein by Gessel [2, Eq. (36)]. Also,
Eq. (10) generalizes a similar expression given by Gessel for the generating function of the
super Catalan numbers [2, Eq. (37)].

3 Convolutional Recurrence

The Catalan numbers have a very simple, well known, and interesting convolutional recur-
rence,

Cn =
n−1
∑

k=0

CkCn−k−1. (12)

We show that the Patalan numbers of order p have a similar convolutional recurrence of
degree p, and give the explicit recurrence for the Patalan numbers of order 3.

We work directly with the generating function of the Patalan numbers. Let A(x) be the

generating function of the Patalan numbers of order p, so that A(x) =
1− (1− p2x)1/p

px
.

Gessel observed that for p = 3, xA(x) is the compositional inverse of x− 3x2+3x3 A097188.

More generally, xA(x) is the compositional inverse of
1− (1− px)p

p2
= −

p
∑

k=1

(

p

k

)

pk−2(−x)k.

Composing the compositional inverse with xA(x) gives the equation

x = −

p
∑

k=1

(

p

k

)

pk−2
(

−xA(x)
)k
. (13)
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For degree n > 1, the left hand side of (13) is equal to 0. Setting 0 equal to the degree n
term of the right hand side of Eq. (13) gives

0 = −

p
∑

k=1

(

p

k

)

pk−2
∑

i1+...+ik=n

k
∏

j=1

a(ij − 1)(−1)kxn.

Solving for the term with k = 1 gives

a(n− 1)xn =

p
∑

k=2

(

p

k

)

pk−2
∑

i1+...+ik=n

k
∏

j=1

a(ij − 1)(−1)kxn.

Shifting indices and equating the coefficients gives

a(n) =

p
∑

k=2

(

p

k

)

pk−2(−1)k
∑

i1+...+ik=n−k+1

k
∏

j=1

a(ij). (14)

Because we are working with the compositional inverse of xA(x), not of A(x), the sum of
the indices of each term on the right hand side of (14) is less than the index of the left hand
side by one less than the number of factors in the term.

It is easily verified that for p = 2, Eq. (14) reduces to Eq. (12). For p = 3, Eq. (14)
reduces to

a(n) =
n−1
∑

k=0

3a(k)a(n− k − 1)−
∑

i+j+k=n−2

3a(i)a(j)a(k). (15)

Eq. (14) for n = 1 has only one non-trivial term on the right hand side, and it implies
that a(1) =

(

p
2

)

.

4 The super Patalan numbers are integers

Lang proved that the Patalan numbers are integers [4, Note 4, Lemma 19]. We give an
alternate proof that the Patalan numbers are integers, and we also prove that the super
Patalan numbers are integers.

Theorem 9. The Patalan numbers of order p are integers.

Proof. Let p > 1 be an integer and let a(n) be the sequence of Patalan numbers of order p.
By the definition a(0) = 1 and Eq. (14), it follows that a(n) is an integer for all n ≥ 0.

Theorem 10. The (p, q)-Patalan numbers are integers.
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Proof. By Eq. (3), the generating function of the Patalan numbers of order p is f(x) =
1−(1−p2x)1/p

px
, and from Eq. (4), the generating function of the (p, q)-Patalan numbers is g(x) =

1−(1−p2x)q/p

px
. It follows that g(x) = 1−(1−pxf(x))q

px
, and so g(x) =

∑q
k=1(−1)k+1

(

q
k

)

(pxf(x))k.

Thus the (p, q)-Patalan numbers may be expressed as an integral linear combination of the
kth convolution powers of the Patalan numbers of order p, for 1 ≤ k ≤ q, and thus they are
integers.

Theorem 11. The (p, q)-super Patalan numbers are integers.

Proof. Let Q(i, j) be the (p, q)-super Patalan numbers. By (7), the super Patalan numbers
Q(n, 1) are an integer multiple of the (p, q)-Patalan numbers, so they are integers. Now
rewriting (9) as Q(i, j+1) = p2Q(i, j)−Q(i+1, j) shows that Q(i, j) is an integer for j > 1.
Similarly, since by definition Q(0, 0) = 1, rewriting (9) as Q(i+1, j) = p2Q(i, j)−Q(i, j+1)
shows that Q(i, 0) is an integer.

5 Factorization of the super Patalan matrix

Definition 12. Define the reciprocal Pascal matrix to be the matrixR withR(i, j) =
(

i+j
i

)−1
.

Lemma 13. Let Q be the (p, q)-super Patalan numbers, let Gp,q be the diagonal matrix with

Gp,q(i, i) = Q(i, 0), and let Fp,q be the diagonal matrix with Fp,q(i, i) = Q(0, i). Then

Q = Gp,qRFp,q. (16)

Proof. The (i, j) entry of the right hand side is

Gp,q(i, i)R(i, j)Fp,q(j, j) =

(

i− q/p

i

)(

i+ j

i

)−1(
−q/p

j

)

=
(i− q/p)!

i!(−q/p)!

i!j!

(i+ j)!

(−q/p)!

j!(−j − q/p)!

=
(i− q/p)!

(i+ j)!(−j − q/p)!

and this last expression is Q(i, j).

The author previously used the factorization of Eq. (16), for the case p = 2, to prove
that the inverse of the reciprocal Pascal matrix is an integer matrix [5].

Next we prove that the inverse of the Hadamard inverse of the super Patalan matrix is
an integer matrix.

Theorem 14. Let Q be the (p, q)-super Patalan matrix, and let H be the n×n matrix given

by H(i, j) = 1
Q(i,j)

for 0 ≤ i, j < n. Then the inverse of H is an integer matrix.
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Proof. Let G(n) and F (n) be the upper left n × n sections of Gp,q and Fp,q, respectively.
Lemma 13, and the fact that G(n) and F (n) are diagonal, show that

H = G(n)−1BF (n)−1,

where B is the n× n Pascal matrix with B(i, j) =
(

i+j
i

)

, for 0 ≤ i, j < n. Then

H−1 = F (n)B−1G(n).

Since B−1, G(n), and F (n) are all integer matrices, it follows that H−1 also is an integer
matrix.
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