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Abstract
We study polynomial generalizations of the r-Fibonacci and r-Lucas sequences
which arise in connection with a certain statistic on linear and circular r-mino ar-
rangements, respectively. By considering special values of these polynomials, we derive
periodicity and parity theorems for this statistic on the respective structures.

1 Introduction

If 7 > 2, the r-Fibonacci numbers F\"” are defined by F\") = F\"”) = ... = F") = 1, with
£ = F7ET_)1 + Fér_),, if n > r. The r-Lucas numbers L are defined by LY) = Lg) = ... =
L =1and L =r+ 1, with L = L + L ifn > r+1. If r = 2, the £ and LY
reduce, respectively, to the classical Fibonacci and Lucas numbers (parametrized as in Wilf
[, by Fo = F1 =1, etc., and Ly = 1, Ly = 3, etc.).

Polynomial generalizations of F;, and/or L,, have arisen as generating functions for statis-
tics on binary words [[]], lattice paths [[J], and linear and circular domino arrangements [f].
Generalizations of F and/or LY have arisen similarly in connection with statistics on
Morse code sequences [[]] as well as on linear and circular r-mino arrangements [fJ].

Cigler [[J] introduces and studies a new class of g-Fibonacci polynomials, generalizing the
classical sequence, which arise in connection with a certain statistic on Morse code sequences
in which the dashes have length 2. The same statistic, which we’ll denote by 7, applied more

generally to linear r-mino arrangements, leads to the polynomial generalization

g = 3 q(kﬁl)(”“(rk‘l)k) " (1.1)

0<k<|n/r]
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of £". A natural extension of this 7 statistic to circular r-mino arrangements leads to the
new polynomial generalization

L (g, 1) = Z L5 [(r —Dk,+ (n—(r— 1)k)q} <n —(r— 1)k> qtk (1.2)

o<k o] (n—(r—1)k), k

of L.
In addition to deriving the above closed forms for Fy)( t) and LY (q,t), we present both
algebraic and combinatorial evaluations of Fér)(—l, t) and Lo (—1,t), as well as determine

when the sequences F,Ef)(—l, 1) and Lg)(—l, 1) are periodic. Our algebraic proofs make
frequent use of the identity [[[T], pp. 201-202]

Z(k)qxn: (1_$)(1_qx)"'(1—q’“:p)’ k € N. (13)

n=0

Our combinatorial proofs are based on the fact that Fy)( q,t) and LY ( q,t) are bivariate
generating functions for a pair of statistics defined, respectively, on linear and circular ar-
rangements of r-minos. We also describe some variants of the 7 statistic on circular domino
arrangements which lead to additional polynomial generalizations of the Lucas sequence.

In what follows, N and P denote, respectively, the nonnegative and positive integers.
Empty sums take the value 0 and empty products the value 1, with O0 = 1. If ¢ is an
indeterminate, then 0, :=0, n,:=1+¢q+---+¢" ' forn € P, 0 =1, n =142, -ny for
n € P, and

n a(n—=h);
(k‘) = (1.4)
q
0, ifk<Oor0<n<Ek.

A useful variation of ([.4) is the well known formula [[{, p. 29]

(k> = > gl =N (ke — ki, ), (1.5)
q

do+di1+-+dp=n—k t=0
d; eN

where p(k,n — k,t) denotes the number of partitions of the integer ¢ with at most n — k
parts, each no larger than k.

2 Linear r-Mino Arrangements

Let R( ) denote the set of coverings of the numbers 1,2,...,n arranged in a row by k
1ndlst1ngu1shable r-minos and n — rk indistinguishable squares, where pieces do not overlap,
an r-mino, r > 2, is a rectangular piece covering r numbers, and a square is a piece covering



a single number. Each such covering corresponds uniquely to a word in the alphabet {r, s}
comprising k r’s and n — rk s’s so that

R = (” - (Tk_ 1)]“), 0< k< |n/rl, (2.1)

for all n € P. (If we set Rg:()) = {0}, the “empty covering,” then (R.1]) holds for n = 0 as
well.) In what follows, we will identify coverings ¢ with such words cicy - -+ in {r,s}. With

RO = |J R, neN, (2.2)
o<k |n/r]
it follows that ( Dk
n—(r—
R | = — F() 2.3
GRS S G B 23)
0<k<[n/r)
where F\” = F{" = ... = F") =1, with F{” = F”, + F") if n > r. Note that
(r) 1
ZFn = — (2.4)
l—x—2a"
n>0
Given a covering ¢ = ¢yco - - -, let

m(c) == Z i (2.5)

1:C; =T

note that m(c) gives the total resulting when one counts the number of pieces preceding each
r-mino, inclusive, and adds up these numbers.
Let

FD(gt):== Y ¢ neN, (2.6)
067€$L7

where v(c) := the number of r-minos in the covering c.

Categorizing linear covers of 1,2,...,n according to whether the piece covering n is a
square or r-mino yields the recurrence relation
FO(q,t) = B2 (g, ) + ¢ ED, (0,t/7),  n=r, (2.7)

with Fi(r)(q,t) =1if 0 < ¢ < r —1, since the total number of pieces in ¢ € R
m — (r — 1)v(c). Categorizing covers of 1,2,...,n according to whether the piece covering 1 is
a square or r-mino yields

FD(q,t) = F" (¢, qt) + tFD (g, qt),  n>r (2.8)

By combining relations (£7]) and (P.§), one gets a recurrence for £ (q,t) for each number
q and t. For example when r = 3, this is

F®(q,t) = F (q,t) + ¢ 2F V(g ) + ¢ 3<1+q>t2F£3h< t)
+ ¢ PPEY (g, 1), (2.9)

The F,S’“)(q, t) have the following explicit formula.
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Theorem 2.1. For alln € N,
1 —(r—1)k
£ _ (g (n- k. 2.1
n (q:1) > g . t (2.10)
0<k<[n/r] ‘

Proof. 1t clearly suffices to show that

T g0 = g5 (” e ”’“)q.

Each ¢ € Rfﬁc corresponds uniquely to a sequence (dy,dy, ..., d;), where dy is the number
of squares following the k* r-mino (counting from left to right) in the covering ¢, dj is the
number of squares preceding the first r-mino, and, for 0 < ¢ < k, dg_; is the number of
squares between the i and (i 4+ 1)** r-mino. Then 7(c) = (dy + 1) + (d, + dg_1 +2) + -+ +
(d + dp—1 + - +di + k) = (*]") + kdy + (k — 1)dy—1 + - + 1d, so that

Z O = q('“gl) Z 0o+ 1 -

cer(T), dorbdi by =n—rk
_ ) (n - <rk— 1>k) |
q
by (L3). O
Theorem 2.2. The ordinary generating function of the sequence (F,gr)(q,t))@o is given by
("31) gk gk
>Rt =30 a;)(1q— P (2.11)

n>0 k>0

Proof. By (E.10) and ([J),

Z FTET)(q, t):En _ Z Z q(k;l) (n - (Tk— 1)/€) tk "

n>0 n>0 \0<k<[n/r|

=Y () gk 3 (”— <7;€— 1>’f) =
q

k>0 nzkr
k
=D g2 ) hg =Dk ’ .
= (1—=z)(1—gz)--- (1 —q"z)



Note that F\"(1,1) = F\”, whence (Z.17)) generalizes (Z-). Setting ¢ =1 and ¢ = —1 in
(T vields

Corollary 2.2.1. The ordinary generating function of the sequence (Fér)(l,t))n%) s given

by
1
Y FN1 " = ———— (2.12)

1l —x—tar’
n=0

and

Corollary 2.2.2. The ordinary generating function of the sequence (FT(LT)(—l, t))n>0 s given
by

1+x—tz"
FO(_1 )" = — 2.13
; L 1 — 2% + 2% (2.13)

When r =2 and t = 1 in (E13)), we get

l+z—2* (1+az+2%—2Y)(1— 25

> FP(-1,1)2" = - : (2.14)

ol — a2 42t 1 — z!2
n=0 +

which implies

Corollary 2.2.3. The sequence (F,(f)(—l,l))@o is periodic with period 12; namely, if
ay = FéZ)(—l, 1) forn >0, then ap =1,a1 =1, a3 =0, a3 = 1, ay = —1, and a5 = 0 with
Gpig = —0p, n = 0.

(We call a sequence (by,),>0 periodic with period d if b, 4 = b, for all n > m for some m € N.)

Remark. Corollary 2.2.3 is the ¢ = —1 case of the well known formula

(_1)Ln/3an("*1)/67 ifn=0,1 (mod 3);

0@;/%(—1)%(’5) (” ; k)q )

0, if n =2 (mod 3).
See, e.g., Cigler [[J, Ekhad and Zeilberger [[J], and Kupershmidt [[.

We now show that the periodic behavior of F,ST)(—L 1) seen when r = 2 is restricted
to that case. The following lemma is established in [[J. We include its proof here for
completeness.

Lemma 2.3. Ifr > 3, then g.(z) := 1 — x 4+ 2" does not divide any polynomial of the form
1 —2a™, where m € P.

Proof. We first describe the roots of unity that are zeros of g,(x), where r > 2. If z is such a
root of unity, let y = 2”71 Since z(1—2""!) = 1 and z is a root of unity, it follows that both y

5



and 1 —y are roots of unity. In particular, |y| = |1 —y| = 1. Therefore, 1 —2Re(y) + |y|* =
so Re(y) = 5. This forces y, and hence 1—y, to be primitive 6 roots of unity. But 1—y =
so z is also a primitive 6 root of unity.

This implies that the only possible roots of unity which are zeros of g, are the primitive
6" roots of unity. Since the derivative of g, has no roots of unity as zeros, these 6" roots of
unity can only be simple zeros of g,.. In particular, if every root of g, is a root of unity, then
r=2. [

1,
1
z)

Theorem 2.4. The sequence (F\(—1, 1))n>0 is never periodic for r > 3.

Proof. By (2.13) at t = 1, we must show that 1 — z? + 22" does not divide the product
(1—2™)(1+x—2") for any m € P whenever r > 3. First note that the polynomials 1—x%+x?"
and 1 + z — 2" cannot share a zero; for if ¢y is a common zero, then t2 — 1 = 2" = (t, + 1)?,

i.e, to = —1, which isn’t a zero of either polynomial. Observe next that 1 —z2+ 22" = g,(z?),
where g,(z) is as in Lemma 2.3, so that 1 — z? 4+ 2" fails to divide 1 — z™ for any m € P,
since g,.(x) fails to, which completes the proof. O

Iterating (P7) or (P-J) yields F(qt) = 0if 1 < i < r— 1, which we'll take as a
convention.

Theorem 2.5. Let m € N. If m and r have the same parity, then

F(=1,8) = P, (1, =) =t (1, —1%), (2.15)
and if m and r have different parity, then
FD(=1,8) = F{7) o (1,—#7). (2.16)

Proof. Taking the even and odd parts of both sides of (2.13J) followed by replacing x with
z'/? yields

. 1 —tz"/?
SR L = e

- _ 2T
= 1—x+tx
and .
(r) no_
ZF2n+l(_17t)x - 1— 2 +t2$r7

n=>0

when r is even, and

: 1

- _ 21
= 1—x+tx
and (r1)/2
(r) n 1 —tz\"
E FQn—&—l(_l?t)x - 1—l’+t2$r’

n=0

when 7 is odd, from which (:17) and (P:10) now follow from (P.17) upon putting together

cases.



For a combinatorial proof of (£-17) and (P.10), we first assign to each r- mmo arrangement
c € RS the weight w, := (—1)™9¢"() where t is an indeterminate. Let RY)" consist of those
C = cCicy -+ In Rgﬁ) satisfying the conditions cg; 1 = ¢g;, © = 1. Suppose ¢ € R%) — R%)’,
with iy being the smallest value of ¢ for which c9; 1 # ¢o;. Exchanging the positions of the
(269 — 1)% and (2ig)"" pieces within ¢ produces a 7-parity changing involution of RY _RLN
which preserves v.

If m and r have the same parity, then

Fr(rf)(—l,t) = Z w, = Z w, = Z w, + Z W,

v(c) even v(c) odd
= Z ( 1)’[)(0 /2tv c t Z /2t1} C)
CER(mT) CER'E;)—T
v(c) even v(c) even
= Z (_1)U(Z)t2U(Z) —t Z (_1)v(z)t2v(z)
(L:BL/?J ZERE:rsz»)/z
_ ) 2 (r) 2
- FLm/Qj(l —t ) _tF(m T)/g(l —t )7

which gives (.I7), since each pair of consecutive r-minos in ¢ € R contributes a factor
of —1 towards the sign (—1)™© and since members of RY)

single r-mino. If m and r differ in parity, then

FO(-Lt) = > we= Y we= Y (-G =F" (1,1,

for which v(c) is odd end in a

(r) ()’ )
cERMm cERm ZeR\_m/2J
o : () : :
which gives (P-10), since members of Ry’ must contain an even number of r-minos. O

The involution of the previous theorem in the case r = 2 can be extended to account
for the periodicity in Corollary 2.2.3 as follows. If n > 6, let R C R'P" consist of
those domino arrangements ¢ = cjco--- that contain at least 4|n/6] pieces satisfying the
conditions

C4i—3C4i—2C4i—1C4i = S5dd, 1<i<[n/6]; (2.17)
if 0 < n <5, then let Rf)* = Rg),.

A m-parity changing involution of R — RP* when n > 6 is given by the pairing

(ssdd)*ssssu «—— (ssdd)*ddu,

where k > 0 and u is some (non-empty) word in {d,s}. If n = 6m + i, where m > 1 and
0 <i <5, then

EPCLY = 3 (0= 3 (0= 3 (0
- Y (1 = (PR

CER(-2)*



which implies Corollary 2.2.3, upon checking directly the cases 0 < n < 5, as each ssdd unit
in c € RY" contributes a factor of —1 towards the sign (—1)7),

3 Circular r-Mino Arrangements

IfnePand 0 <k < [n/r], let Cg,)c denote the set of coverings by k r-minos and n — rk
squares of the numbers 1,2, ..., n arranged clockwise around a circle:

By the initial segment of an r-mino occurring in such a cover, we mean the segment first

encountered as the circle is traversed clockwise. Classifying members of CT(LTZ according as (i)

1 is covered by one of r segments of an 7-mino or (ii) 1 is covered by a square, and applying

(), yields
") n—(r—1k-1 n—(r—1)k-1
Cok r( b1 + I

(3.1)

In covering (i), the initial segment of the 3-mino covers 1, and in covering (ii), the initial
segment covers 3.
With
cn= |J cl. nep (3.2)

0<k<n/r|



it follows that

| = S L— (" —r= l)k) =L, (3.3)

n—(r—1k k "
0<k<[n/r]
where LY) = Lg) =...= Li_) =1, L =r+1, and LY = L( )I—I—L(T if n > r+ 1. Note
that +ra
S L= ST (3.4)
l—x—a"
n>1

We'll associate to each ¢ € C{” a word u, = ujus - - - in the alphabet {r, s}, where

{r, if the i*" piece of ¢ is an r-mino;
U; ‘=

s, if the " piece of ¢ is a square,

and one determines the i*" piece of ¢ by starting with the piece covering 1 and proceeding
clockwise from that piece. Note that for each word starting with r, there are exactly r
associated members of C,(f), while for each word starting with s, there is only one associated
member.

Given c € C,(f) and its associated word u. = uqus - - - , let
= i (3.5)
LU =T

note that 7(c) gives the sum of the numbers gotten by counting the number of pieces preced-
ing each r-mino, inclusive (counting back each time counterclockwise to the piece covering
1).

Let

L (g, t) == > ¢, neP, (3.6)
CEC(7

where v(c) := the number of r-minos in the covering c.

Categorizing circular covers c of 1,2,...,n according to whether the last letter in w, is
an s or r yields the recurrence relation

LY(gt) = Ly (q,0) + "L (g t /g7 ), =, (3.7)
with Ll(-r)(q,t) =1if1<i<r—1andL" (q,t) = 1 + rqt, as seen upon removing the
final piece of ¢, sliding the remaining pieces together to form a circle, and renumbering (if

necessary) so that 1 corresponds to the same position as before. The Lg)(q, t), though, do
not seem to satisfy a recurrence like (.9). The following theorem gives an explicit formula
for Lg)(q, t).

Theorem 3.1. For all n € P,

- Y o) [(r — kg + (n— (r — 1)/<:)q} (n —(r— 1)k) qtk‘ a9

0<k<Ln /7] (n=(r =1k,




Proof. Tt suffices to show that

> - 5 {@« - 12?—?5”—_1;; - 1>k>q] (n ~k- 1>k>q.

cGCn %

Partitioning CT(LT/,C into the categories employed above in deriving (B-]), and applying (P-10),
yields

n—(r—1k—1
S @ = qu:—1+1_q(’;)< (k 1) )
- q

cec)
gt egt) <n ~ - Dk 1)q 50
Y {ﬂ(ﬂ;t q(i(f BZ;H (n - <rk— 1>k)q
_ 1) {0“ - 125@(&_—& - 1>k>q} (n - wc)q’
which completes the proof. .

Note that LY (1,1) = L. By () and (Z10), the L\ (g, t) are related to the F\"”(q,t)
by the formula

LU (g, t) = FD(q,t) + (r — DgtF” (q,qt),  n>1, (3.10)

which reduces to
LY =F" + (r = 1)F"

s n>=l, (3.11)
when ¢ =t = 1. Formula (3.10) can also be realized by considering the way in which 1 is

covered in ¢ € Cﬁf), the first term representing those ¢ for which 1 is covered by a square
or an initial segment of an r-mino and the second term representing the remaining r — 1
possibilities.

Theorem 3.2. The ordinary generating function of the sequence (Lg)(q, t))n>1 is given by

> Lat +Z i Dttt [r— (1~ Deta] (3.12)

= z)(1—qx) - (1 —qgkx)

Proof. From (B),
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S = Y Y <qk+<k;1>tk<n—<r—kl>k—1)q

n>1 n>1 0<k<|n/r|

gk <n ~(r =Dk 1))

BN DS (n—(r—kl)k—l)qxn

k21 n>2rk+1
M)k n—(r-0k-1\ ,
+ TZq( 2 )t Z ( L .
k21 n2rk q
k
- = ("3 e (r= D41 T
1_1’+Zq T (1—$)(1—qm)<1_qk$)
k1
kt1 k-1
+r q( 1) g (r=Dk+1
;;1 (1—2)(1—qx)--(1—g"12)

rk [k k
_ T <k;1)tk . T [q z+r(l—gq l‘)}
ot 1

= —z)(1—qz)--- (1 —q¢"x)’

by ([L3). O

Note that (B.I9) reduces to (B-4) when ¢ = ¢ = 1. Setting ¢ = 1 and ¢ = —1 in (B.12)
yields

Corollary 3.2.1. The ordinary generating function of the sequence (Lg)(l,t))ngl is given
by
t T
S L, e = L (3.13)

1l —x—tar
n>1
and

Corollary 3.2.2. The ordinary generating function of the sequence (Lg)(—l, t))n>1 is given
by
_r4a® —rta” — (r— Dta" T —rt?a?

> LY(=1, )" = . (3.14)

1 — 22 + 2220
n>1 +

When r =2 and ¢t =1 in (3.14), we get

= . (3.15)

1— 22+ 24 1 — 212

Z LO(—1, 1)z" = r—ax?—x3 -2z (v —a2®— 3zt — 25— 22%)(1 — 25)
n>1

which implies
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Corollary 3.2.3. The sequence (Lg)(—l, 1))n>1 is periodic with period 12; namely, if a, =
Lg)(—l, 1) forn>1, thena; =1, as = —1, a3 = 0, ay = =3, a5 = —1, and ag = —2 with
Gpig = —Qp, N = 1.

This periodic behavior is again restricted to the case r = 2.

Theorem 3.3. The sequence (Lg)(—l, 1))n>1 is never periodic for r > 3.

Proof. By (B14) at t = 1, we must show that f(z) := 1—x?+2z% does not divide the product
(1—z™)h(z), where h(z) := z+x?—ra"—(r—1)a" " —rz?  for any m € P whenever r > 3. By
the proof of Theorem 2.4, it suffices to show that f and h are relatively prime. Suppose, to the
contrary, that g is a common zero of f and h so that to(1+t9) +7r(1—1t3) = to(1+to) — 1t =
to[r + (r — 1)to]. Squaring, substituting ¢2" = ¢2 — 1, and noting ¢, # —1 implies that ¢, must
then be a root of the equation (z + 1) [(r — 1)z — r]*> = (z — 1)[(r — 1)z + r]?, which reduces
to (r? — 1)a® = r2. But tg = £ %= is a zero of neither f nor & after all, which implies f
and h are relatively prime and completes the proof. |

Recall that FE’;) (q,t) =01if 1 <i < r— 1, by convention.

Theorem 3.4. Let m € P. If r is even, then

LEN(=1,8) = LG (1, —#2) — 1t F) (1, —#%) (3.16)
and
L1 (=1,) = Fy ) (1, =) = (r = 1Ry (1,=87), (3.17)
and if r is odd, then
Lo (=1,8) = LD, —2) = (r = DEF ) (1,—#9) (3.18)
and
LY (=1,6)=F" 1,2 = rtF" (1, —t2). (3.19)

()

Proof. Taking the even and odd parts of both sides of (B:I]) followed by replacing = with
z'/? yields
r —rtr: —rt?a’

1 —x+ t2z"

D Li(=1,0)a" =

m2>1

and

= (r—1)tar ™
o l—ax 4t

LS (=162

m2>1

)

when r is even, and

(r+1)

, —(r—=1)t —rt2x”
S a1 = S
~ 1—x+t%x”
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and

T rtx(r-gl)
(r) m o __ _
E Lo 1 (=1, t)2™ = 1— o+ 207

m2>1
when 7 is odd, from which (B:-I0)—(B:I9) now follow from (B.13) and (P.19).
For a combinatorial proof of (FI0)—(B:I0), we first assign to each covering ¢ € C{ the

weight w, = (—1)™@*(©) | where ¢ is an indeterminate. Let C{” consist of those ¢ in CY’
whose associated word u. = wujus--- satisfies the conditions uy; = ug; 41, © > 1. Suppose

cecl - C,(f)l, with iy being the smallest value of ¢ for which ug; # u9;11. Exchanging
the positions of the (2ig)" and (2ig + 1)*! pieces within ¢ produces a m-parity changing,
v-preserving involution of e -,

If r is even and n = 2m, then

Lg%(—l,t) = ch: Z we = Z we + Z W

cecs?) cec? cec§) cec
v(c) even v(c) odd
— E (_l)v(c)/Ztv ) _ ot E v c)/Qtv (o)
cecs) cer()
v(c) even v(c) even
— 2 : (_1>v(z)t2v 2) ot § v z)t2v z)
zecm) 2erR()
m—y

— LU, =) —rtFY) (1, —1?),

Mli

which gives (B.1(), where R is as in the proof of Theorem 2.5, since members of CéQL/ with
v(c) even must begin and end with the same type of piece, while members with v(c) odd

must have u; = r in u, with r possibilities for the position of its initial segment. Similarly,
if r is odd and n = 2m — 1, then

Lg%_l(—l,t) = Z W, = Z w, + Z W,

cecl) cecl) cec)
U1=s ul=r
= E w, — 1t E W
0673(2?3:72 CER;);TA

= Fl(L =) = rtF ) (1, —8),

which gives (B.19).
For the cases that remain, let C{”" C C{"" such that " — CY")" comprises those ¢ which
satisfy the following additional conditions:

(i) ¢ contains an even number of pieces in all;
(i) w1 # up In ue = UgUs - - - Up;
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(iii) if uy = r, then 1 corresponds to the initial segment of the r-mino covering it.

Pair members of C — C{"" of opposite m-parity as follows: given ¢ € C" — ¢{™", let ¢ be
the covering resulting when u. = ujus - - - u,, is read backwards.
If r is even and n = 2m — 1, then

Lg;zl_l(—l,t) = Z W, = Z W, = Z we + Z W,
()

c€Cyr’ cecéz,l cecg;,l_l cecéiﬁb_l
ui=s ul=r
= E we — (r—1)t E W,
/ /
CERg:r)172 CeR(?:I)L77'72
v(c) even v(c) even

= FL(, =) = (r = 1)tEy), (1,1,

which gives (I7), since members of C{") | with u; = s must end in a double letter, while
those with u; = r must end in a single s with 1 not corresponding to the initial segment of

the r-mino covering it. Similarly, if r is odd and n = 2m, then

Lg%(—l,t) = Z We = Z we + Z W

cecl))” cecéffl* cec?)”
u1=Up w1 AUy
= Z (_1)U(C)/2tv(0) —(r—=1)t Z (_1)v(c)/2tv(c)
_ Z (_1)U(Z)t2’u(z) _ (7" _ 1)t Z (_1)v(z)t2v(z)
ZGC’STTL.> 2eR™) 1
m—( 1% )

= L0 =) = = E) o (1,1,
which gives (BI3). O

4 Variants of the 7 Statistic

Modifying the 7 statistic of the previous section in different ways yields additional polynomial
generalizations of LY. In this section, we look at some specific variants of the 7 statistic on

circular r-mino arrangements, taking r = 2 for simplicity. We’ll use the notation C,, = 7(12),

Coe = C, and Fo(g,t) = F(g,1).
We first partition C,, as follows: let E)n comprise tkgse coverings in which 1 is covered by

a square or by an initial segment of a domino and let C,, comprise those coverings in which
1 is covered by the second segment of a domino.
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Define the statistic 7, on C,, by

n(0) m(c), if c€ E)n;
R m(c) —2v(c)+n, if ce ?n

Note that m(c) gives the sum of the numbers obtained by counting back counterclockwise

(4.1)

H
the pieces from each domino to the piece covering 2 whenever ¢ € C,,.

Theorem 4.1. For all n € P,

S mepe = 3 ¢4 {(” - gtzq)z_%kq} (” . k) qtk. (4.2)

ceCp 0k n/2]

Proof. By (R.10) when r = 2,
—k — k-1
q - q

ceCn,k
n—k:) o ke (n—k)]
+q
( ko), -k, \ k /,

BCY :(n — k), + q"%kq] <n - k:)q.

CY

(n—k), k
[

If L,(q,t) denotes the distribution polynomial in ([J), then
Lu(g,t) = Fala,t) + ¢"tF (g, t/q), n>1, (4.3)

by () and (P-I7), or by considering whether or not ¢ belongs to E)n The L,(q,t) satisfy
the nice recurrence

f/n(q7 t) = j—/nfl(cb qt) + qtj—/nf2(Q7 qt)? n 2 37 (44)

with Li(¢,t) = 1 and Ly(q,t) = 1 + 2qt, the first term of ([4) accounting for those ¢ € E)n
—

where 1 is covered by a square as well as those ¢ € C,, where 2 is covered by a square and
the second term accounting for the cases that remain.
Next define 75 on C,, by

ma(c) =

{71’(0), if ce Cy; (4.5)

m(c) —v(c), if c€ ?n

Theorem 4.2. For alln € P,

ma(c)pv(c) S Nq n—k k
S grepe — % q()(n_k)q( . )qt, (4.6)

ceCp 0<k<|n/2]
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Proof. By (EI0) when r = 2,

T 0 = o) <”;’f) +q<s>+“(n;kzl>
q N q

Cecn’k
k q

k(p —
SO N KA P
(n—k)g

_ q<‘;>mﬁ7qk>q(ng’“)q.

Theorem 4.2 provides a combinatorial interpretation of the generalized Lucas polynomials

Lucy(a,t) = Y ) T (” . "") qa:"%t’“, (4.7)

0<k<[n/2] (n = k)q

[J

studied by Cigler [}, {]. Note that the joint distribution of 79 and v on C,, is Luc,(1,t), with
the x variable of Luc, (z,t) recording the number of squares in ¢ € C,. Considering whether
—_—

or not ¢ belongs to C,, leads directly to the relation (cf. [[J])
Luc,(1,t) = F(q,t) + tF,—2(q,t), n > 1. (4.8)

The Luc,(1,t) do not seem to satisfy a two-term recurrence like (B-7) or ([£4).
Similar reasoning shows that Luc,(1,t) is also the joint distribution of the statistics 3
and v on C,, where

) 7(e) —v(e), if c€ E)n;
male) = {7‘(‘(0) —2v(c)+n, if ce ?n, (4.9)

which yields the relation
Luc,(1,t) = Fo(q, t/q) + ¢" 'tF,_2(q,t/q), n > 1. (4.10)

The 7, statistic on C, can be generalized to C{” by letting mo(c) = m(c), if the number
1 is covered by a square or an initial segment of an r-mino, and letting ms(c) = 7(c) — v(c),
otherwise. Reasoning as in Theorem 4.2 with 75 on C) leads to

Luc)(x,t) == (&) [ =Dkt (2= (r = Dh) ) (n= (= DEY iy )
Oék;mm [ (n = (r = 1)k), } ( k )q

which generalizes Lucy(z,t). The Luc!!(z,t) are connected with the F\"(¢,t) by the simple
relation

Luc])(1,t) = F{(q,t) + (r = D\ (¢,1),  n>1, (4.12)
which generalizes ([[.g).
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