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Abstract. It is proved that several usual methods of reduction for ordinary
differential equations, that do not come from the Lie theory, are derived from the
existence of C*°-symmetries. This kind of symmetries is also applied to obtain
two successive reductions of an equation that lacks Lie point symmetries but is
a reduced equation of another one with a three dimensional Lie algebra of point
symmetries. Some relations between C*°-symmetries and potential symmetries
are also studied.

1. Introduction

Let us consider the nth-order ordinary differential equation
Az, u™) = 0. (1)

In the literature there appear several methods of reduction for (1). One of the
most important is based on the existence of Lie point symmetries of the equation.
However, there are also equations that lack Lie point symmetries but can be
reduced. This is the case, for instance, when by means of

y=ylz,u), v=Fflr,u,u), (2)
equation (1) transforms into
Ay, 0" Y) =0, (3)
or when (1) can be written in the form
D, (Ag(z,u™ 1)) =0, (4)

where D, denotes the total derivative with respect to the independent variable .
There are also many examples of integrable equations that lack Lie point symme-
tries ([2, 8, 9, 10, 11, 17]). In this paper we extend the concept of C*-symmetry,
that appears in [17], and we prove that these classes of reductions are particular
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cases of the algorithm of reduction derived from the existence of extended C*°-sy-
mmetries of the equation. These C*°-symmetries can be found by a well-defined
algorithm, somewhat similar to the Lie algorithm.

It may also happen that (1) has no Lie point symmetries but, by means of
a Backlund transformation

u= f(x,v,v,), (5)

equation (1) is transformed into an equation of the form
Az, 0™y =0 (6)

that has a non-trivial Lie algebra of point symmetries G. This case can happen
when (1) is the reduced equation of (6) after using a generator of G: it may occur
that the unused generators are not inheritable to the reduced equation. In the
literature, these lost symmetries are called type I hidden symmetries (the term
type II hidden symmetries refers to the symmetries that are gained after an order
reduction). It may be said that the origin of the theory of hidden symmetries is
in the concept of exponential vector fields ([20]), that provides order reductions
but are not local vector fields. Many recent studies about lost symmetries have
been done (see [1]-[3],[10]-[12], [16] and references therein). In [13], the concept
of solvable structure ([6]) is applied to study hidden symmetries of type II. In
particular, the authors show how the hidden symmetries of type II appearing in
[12] are related to a solvable structure for the unreduced equations.

Let us observe that when (5) does not depend on v then X = % is a Lie
point symmetry of (6), (1) is the corresponding reduced equation and, if n > 3,
the order of the original equation can be reduced by two. By using some results
that appear in [18], in this paper we prove that if an equation of the form (6)
admits a three dimensional Lie algebra of point symmetries then the order of
(6) can successively be reduced by three: if any of the generators of G is used
to reduce the order then the remaining generators are inheritable, at some stage
of the reduction process, as C>*°—symmetries of the reduced equations. We also
show, through an example, that these C>°—symmetries (derived from type I hidden
symmetries) can be used to construct a solvable structure of the reduced equations.

It may also happen that, for some function f, (6) can be written in the
conserved form

D,(As(z,0™)) =0, (7)
for some function As. In this case we also have the trivial reduction
Ag(z, ™) =0, (8)

which, as we prove in this paper, corresponds to a C*-symmetry of (6). Then, we
could use the symmetries of (8) to obtain solutions of the original equation (1).
This is the way followed by Bluman ([7]): these symmetries are called potential
symmetries of (1). Potential symmetries are not, in general, either contact or Lie-
Béacklund symmetries of (1) because v, as defined by (5), cannot be expressed in
terms of x,u and derivatives of u with respect to = to some finite order. Since Lie
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point symmetries of (8) can be used to reduce its order, potential symmetries are
useful to find solutions of equation (1), because if v(x) = ¢(z) solves equation (8)
then u(x) = f(z, ¢(x), ¢p.(z)) solves equation (1). Let us observe that Lie point
symmetries of any reduced equation

Ag(m,v(”)) =C, (9)

where C' € R is an arbitrary constant, lead to a similar process for equation (1).
Therefore, in this paper we will understand a potential symmetry of equation (1)
as a Lie point symmetry of equation (8), for some C' € R. In practice, Backlund
transformations (5) that let us write equation (1) in conserved form (7) are difficult
to find, if there is one, because this form is too restrictive. In this paper we
prove that some special potential symmetries of (1), that are here called super-
potential symmetries, can be considered as C*-symmetries of (1) and, therefore,
two procedures to obtain solutions of (1) are available. This is illustrated through
an example and both methods are compared.

2. Notations and preliminary results

Let us consider an nth-order ordinary differential equation
A(z,u™) =0, (10)

with (z,u) € M, for some open subset M C X x U ~ R2. We denote by M®*)
the corresponding k—jet space M*) c X x U™, for k € N. Their elements are
(z,u®) = (z,u,uy, - ,u), where, for 1 <4 < k, u; denotes the derivative of
order ¢ of u with respect to . We assume that the implicit function theorem can
be applied to equation (10), and, as a consequence, that this equation can locally
be written in the explicit form

Uy = U (2, u™D). (11)

The vector field

0
X

12
- (12)

will be called the vector field associated with equation (11).
It is well-known ([23]) that a vector field X on M is a Lie point symmetry
of equation (11) if and only if there exists a function p € C*°(M®) such that

[X(n—l)’ A(:):,u)] = pA(ac,u)y (13)

where X ™1 denotes the usual (n — 1)th prolongation of the vector field X. The
generalized Lie symmetries ([22]) are vector fields Y defined on M ™~1 that satisfy
Y, Azu)] = pA(zw), for some function p € C°(MU)).

A Lie point symmetry X can be used to reduce the order of the equation
by one: we introduce a change of variables {y = y(z,u),« = a(z,u)} such that
the vector field X can be written as X = %, in some open set of variables (y, @),
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that will also be denoted by M. Since X is a Lie point symmetry of the equation,
(11) can be written in terms of variables (y, ™) of M™ in the form

Qn = ‘I)(y,@laa%“' aan—l)- (14)
If we set w = oy in (14) we obtain a reduced equation
Wp—1 = ®<y7w7w17”' an—2>7 (15)

where (y,w) are in some open set M; C R
It can easily be checked that the vector field associated with equation (14),
written in the new variables, is
1
Ayo) = ——FA@w)-
D (y ()

The vector field associated with the reduced equation (15) can be constructed

(16)

as follows. Let WE?) MK M(k_l) be the projection (y,a,aq,--- ak) —
(y,w, -+, we_1) = (y,a1,---,04), for k € N. A vector field V on M® will be

called Wg{) projectable if
(X0, V] = fx®, (17)

for some function f € C°°(M®). This implies that V, in the variables (y,a®)),
must take the following form

V=¢&(y,a, - ,ozk)agy +n(y, o, aq, -+ ,ozk)% + ;m(y,al, e ’ak)ﬁaai' (18)
The 7rX —projection of V' on M(k Y is the vector field
" P )
(- (V) = €y w3 by vy (19)
With this definition, it can be checked that the vector field A, is
W?il)—projectable and its projection is the vector field A, ., associated with

the reduced equation (15).

The concept of Lie point symmetry for an ordinary differential equation can
be generalized in several ways: conditional symmetries, Lie-Backlund symmetries,
ete. ([5],[4],[20], [21]). In [17], we have introduced the concept of C'*°—symmetry.
This concept is somewhat similar to the concept of Lie point symmetry, but it
is based on a different way to prolong vector fields. The following prolongation
method generalizes the method that appears in [17].

Definition 2.1.  Generalized prolongation formula
Let X = &(z,u) 2 + n(z,u)Z be a vector field defined on M, and let

A € C°(M™) be an arbitrary functlon The A—prolongation of order n of X,
denoted by XM is the vector field defined on M ®™+E=1) by

0

XM — = &(,u) 3 +Zn>\()] T, itk 1)>a
Ui

(20)
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where n™O)(z,u) = n(x,u) and

77[>‘7(7')] (mj u(i+k_1)) — Dz (np\:(i_l)](m’ u(z+k_2))) — Dx(f<x7u))ul
I\ (i—1)] (i+k—2) (21)
+A (7) ’ (:Ea u ) - 5(3:7 ’LL)UZ) )
for 1 <¢<n.

Let us observe that, if A = 0, the A\—prolongation of order n of X is the
usual nth prolongation of X. If @ = n(z,u) — £(z,u)u; is the characteristic of
X =¢(z,u)& + n(z,u)Z then

X0 = x4 g (2, 0) D, (22)

where

ol oD
X5 = 3 (D4 Q)

i=1

(23)

Definition 2.2.  Let A(z,u™) = 0 be an nth-order ordinary differential equa-
tion. We will say that a vector field X, defined on M, is a C®°(M®))— symmetry
of the equation, 1 < k < n, if there exists a function A\ € C>°(M®) such that

XMV A(z,u™)) =0, when A(z,u™)=0. (24)
In this case we will also say that X is a A—symmetry or a C*°-symmetry, if there

is no place for confusion.

By a straightforward generalization of a result that appears in [17], it can
be checked that a vector field X on M is a C*(M®))—symmetry of the equation
(11) if and only if there exist two functions, X, p € C=°(M®), such that

(XAO=DT A o] = AXPO=DT o pA . (25)

Let us observe that if X is a Lie point symmetry then, [X ™Y, A =
pAgw for some p € C°(MW), and for any function f € C*(M), fX~V
satisfies

XD A ] = = Away(HXY + foA ). (26)

Therefore, fX is a C°(M®)—symmetry for A = _A(z,?(f)_
Conversely, if X is a A—symmetry, for A € COO(M(k)), and f € COO(M(j)>7

then, by using (25), we have
XL A ] = (FA = Ay (XD 4 FpA . (27)

If we choose f such that A ) (f) = fA then fXMC=D] becomes a Lie symmetry
in the generalized sense.
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Example 2.3. It can be proved ([17]) that the second order equation:

2

T 1
v+ —= — =0 28
Y +4u3+u+2u (28)

has no Lie point symmetries. The vector field X = ua% is a A—symmetry, for

A = 5, of equation (28). In this case, A = a% +u, L — (% +u4+ )2

ou 2u | Oug
and, by (21), XPW = 42 4 (u, + %)%. The vector field Y = XMW verifies
formula (25), because

2

wou u? ud ) Ouy

However, there is no function p such that (13) is satisfied. Therefore, [Y, A¢ ] #
pA(w for any function p; i.e. Y is not a Lie symmetry, in the generalized sense,
of equation (28). In order to find a function f such that fY is a generalized Lie
symmetry, we must solve the following partial differential equation:

2
x 1 T
fx‘i_fuux_fuz(ll—ug—i_u_'—ﬂ):? . (30)
Therefore, it seems that it is easier to calculate C>°—symmetries than the associ-
ated generalized Lie symmetries.

An algorithm to determine the C*°—symmetries of an equation follows from
(24): this equation generates a system of equations for the infinitesimals of the
C*>®—symmetry X, in which A is also an unknown function. This gives, with
respect to Lie method, a higher level of freedom in the resolution of these deter-
mining equations. In particular, it may happen that the determining equations
for Lie point symmetries only admit the trivial solution but the corresponding
equations for C'*°—symmetries have non-trivial solutions, as in Example 2.3.

The C>(M®)-symmetries can be used to obtain reduction processes. The
corresponding method is described in Theorem 2.5. In order to prove this theorem,
we need a preliminary result.

Theorem 2.4.  Let X be a vector field defined on M C X x U and let A €
Co(M®). If a = a(z,u)), B = B(z,u?) are functions in C*(MU)) such that

XM (a2, u?)) = XPONB(z, u®)) = 0, (31)
then
. Doz, ul))
xWE+l  Z2E ) . 32

Proof. It is clear that
[X[*’(Hl)],DI] = XD 4D, (33)

where = —D,(X (7)) — AX(x) € C®(M®). Therefore,
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X NG+ (M) = (Dlﬂ ( o0 - XUI(D o) — DIQ.X[)\y(jJrl)](Dxﬁ))

DIEIB
= ke (D - (XU, D,](a) — Dya- X+, D](5) (34)
= o (Dab - (- Do) = Dy (- Do) =
This proves the theorem. [ |

The following theorem, and its proof, gives a method to reduce an equation that
admits a C*°-symmetry.

Theorem 2.5.  Let X be a \-symmetry, with X € C°(M®), of the equation
A(z,u™) = 0. Let y = y(z,u) and w = w(x,u,uy,--- ,u;) be two functionally
independent invariants of XM The general solution of the equation can be
obtained by solving a reduced equation of the form A,(y,w™*) = 0 and an
auziliary kth-order equation w = w(x,u,uy, - ,ug).

Proof. Let y = y(z,u) and w = w(x,u,uy, - ,u) be two functionally inde-
pendent invariants of X™M®! such that w depends on uy,. By Theorem 2.4,

wa(m,u, Upy - ,Uk)
Dyy(z, u)

(35)

w1 =

is an invariant for XM#+UI The set {y,w,w;} is functionally independent,
because w; depends on ug;q. From w; and y we can obtain, by derivation, a
(k + 2)th-order invariant for X! and so on. Therefore, the set

{yawawl(x7u7u17"' ,Uk+1),"' 7wn—k((l‘7u7u17”' aU’IL)} (36)

is a set of functionally independent invariants of X™™)!, Since X is, by hypothesis,
a C°(M®)-symmetry of A(z,u™) = 0, it can be checked, by Definition 2.1, that
this equation can be written in terms of (36). The resulting equation is a (n—k)th-
order equation of the form

A (y,w™ M) = 0. (37)

We can recover the general solution of A(z, u(”)) = 0 from the general solution of
(37) and the corresponding kth-order auxiliary equation:

w=w(T,u,uy, - ,Ug). (38)

3. (C*—Symmetries and order reductions

In this section we show that many of the known reduction processes for ordinary di-
fferential equations can be obtained, through the former method, as a consequence
of the existence of C'"*°—symmetries of the given equations.
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Theorem 3.1. Let
Ay(z,u™) =0 (39)

be an nth-order ordinary differential equation. Let us suppose that there exists a
transformation

y =y(z,u), } (40)

w = w(x,u,uy),

where wy, # 0, such that (39) can be written, in terms of variables (y,w), in the
form

AQ(ya w(n_l)) = 0. (41)

There exists a C*°— symmetry X of equation (39) such that (41) is the correspond-
ing reduced equation.

Proof. Let a € C*(M) be such that the functions y,a are functionally

independent. We denote a; = Z—Z = % € C®°(MW). We consider on

M® the local coordinates (y,a, ;). We determine a vector field of the form
X = {(y, oz)a% + n(y,a)& and a function A(y,a, 1) € C°(M®™) such that X
is a A—symmetry of the equation and the functions y,w in (40) are invariants of
XM
_ — 1. s A1) 0 9
We set & = 0 and n = 1; by Definition 2.1, XMW = 3. T )\871. We
determine A with the condition X*W(w) =0 and we find that A = —2

a1

1. Let us prove that the vector field X = % is a A—symmetry of the equation
for the function A = —;”—;. We denote w; = %, for 1 <¢<n-—1.Itisclear
that the set {y,a,w,--- ,w,_1} is a system of coordinates in M. By the
construction of X and A, we have that {y,w,--- ,w,_1} are invariants for
the vector field X™("]. Therefore, in the new local coordinates, X)) = -2
Since, by hypothesis, equation (39) can be written in these local coordinates
as equation (41), we obtain

XA (y, w™ D)) = aﬁ(Az(yyw(nl))) =0. (42)
a

This proves that X is a A—symmetry of the equation.

2. In order to check that (41) is the reduced equation that, by Theorem 2.5,
corresponds to the A-symmetry, it is sufficient to observe that the reduced
equation can be obtained by writing the equation in terms of the complete
system {y,w,--- ,w,_} of invariants of XMm],

This proves the theorem. [ ]
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Theorem 3.2. Let
Dy (A(z,u™ 1)) =0, (43)

be an nth-order ordinary differential equation such that A is an analytical function
of its arguments. There exists a function A € C®(M®) k <n — 1, such that the
vector field X = a% is a A—symmetry of the equation. The trivial order reduction

Az, u™ V) =C, CecR, (44)

admitted by the equation, can be obtained as the auxiliary equation that corresponds
to the reduction process, by means of X, that appears in Theorem 2.5.

Proof. 1. We try to find A € C°(M®) k <n — 1, with the condition
XPO=DIA(z, 4" Y)) = 0 when Dy (A(z,u™Y)) = 0. (45)

In terms of the characteristic Q =1 of X, we have

[y

n—

XPO=DE =N (D, 4+ N)(1) o (46)
i=0 Ou;
Hence, the equation XM =DI(A(z, u™Y)) =0 can be written as
OA — L OA
(Dg +A)" (1) == (Do +N'(1)5—. (47)

8un,1 (?ul

=0

Let us observe that, since the set of analytical functions is closed under
differentiation, if A is an analytical function in M®*) then, for 1 < i < n — 1,
the function defined by (D, + A\)(1) is analytical in M*+=1 and in the partial
derivatives of A\ with respect to all its arguments up to the order ¢ — 1.

Since the order of (43) is n, we have A, (z,u™"V) # 0, in some open set
of MY Therefore, the implicit function theorem for analytical functions ([15])
let us, locally, write (43) in the form u, = F(z,u™Y), where F is an analytical
function on its arguments.

In (47), we must replace u,, by F' and u,.s, h > 1, by the corresponding
derivatives. The resulting equation is defined by functions that depend analytically
on their arguments. It is easy to see that, in (47), the derivative

8n72) A

D )

does only appear in the first member and its coefficient is A, , # 0. Equation
(47) can be solved for % and the resulting partial differential equation for A
can be written in the form

an—2)>\

=2

G, ut™= D, A7), (49)
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where A2 denotes the partial derivatives of A with respect to its arguments, of
orders < n — 2, and the function G is analytical on its arguments and does not
depend on g’;;—i)f)‘.

With these conditions, Cauchy-Kovalevsky Theorem ([15]) ensures the exis-
tence of analytical solutions, A(z,u™™Y), to equation (49).

Next, we prove that, if A is a solution of (49), the vector field X = % is a
A-symmetry of the equation.

By Definition 2.2, it can be checked, that
[X[A,(nfl)],Dm] — \xMe=1] (50)
By applying both members of this expression to A(z,u™ ) we get

X[’\(n*l)](Dz(A(J;,u(nfl)))) — Dx(X[/\v(nfl)](A(x’ u(nfl))))
= AXPODIA (2, u D)),

Since A is such that XM =DI(A(z, " V)) = 0 when D, (A(z,u" 1)) =0, we
get

(51)

XPOON(D, (A(z,u"™D))) =0, when Dy(A(z,u™ V) =0,  (52)

i,e. X is a A-symmetry of the equation.
2. The algorithm to reduce the order of the equation, by using the A-sy-
mmetry X, leads to the first order ordinary differential equation

Wy = Oa (53)

where y = r and w = A(z,u™ ) are two functionally independent invariants
of the vector field XM=Yl The general solution of equation wy =0is w=C,
C € R. Therefore, the general solution the original equation is obtained by solving
the ordinary differential equation (44). [

4. Reduction of equations without Lie point symmetries.

Let us suppose that the ordinary differential equation
Az, u™) =0 (54)

has no Lie point symmetries. We will also suppose that by means of u = f(z,v,)
equation (54) is transformed into the (n + 1)th-order equation

Az, vy =0, (55)

and that this equation has a three dimensional Lie algebra of point symmetries
G. By Theorem 3.1, the order reduction of equation (55) to equation (54) co-
rresponds to the use of the Lie point symmetry %. By the classification of three
dimensional Lie algebras that appears in [14], the structure of the Lie algebra G
generated by Xi, X, and X3 corresponds, by means of some linear combination
of the generators, to some of the types enumerated in the following table:

Let us analyze the reduction of (54) by using the three dimensional symme-
try algebra G of (55). We denote X = £ the vector field that lets reduce (55) to
(54). Here X may be any of the generators X;, 1 <i < 3 and, depending on i,
several ways of step by step reduction of (54) can be followed.
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Table 1: Three-dimensional solvable algebras

I IT II1 1AY
X1, X5] =0 X1, X5] =0 (X1, Xo] = X5 (X1, Xo] =0
[Xl,Xg] =0 [Xl,Xg] :Xg [Xl,Xg] =0 [Xl,X3] :CLXl—f-bXQ
[Xz,Xg] =0 [XQ,X;;] =0 [XQ, Xg] =0 [XQ, Xg] = CX1 + dX2

Table 2: Three-dimensional non-solvable algebras

AV VI
(X1, Xo] = 2X5 (X1, Xo] = X3
[X17X3] - Xl [X17X3] = _X2
(X5, X3] = — X5 [(Xo, X3 = Xy

1. In cases I to III, the kernel Z(G) = {X € G : [X,Y] = 0,Y € G} is not
trivial. If we use any of the generators to perform a first reduction then the
corresponding reduced equation conserves at least one Lie point symmetry.
Since, by hypothesis, (54) has no Lie point symmetries, X = % cannot be
in G. This contradiction proves that, with our hypotheses, these three cases

cannot happen.
2. In case 1V, the following chains of normal subalgebras in G hold:

<Xi>p>< X, Xo > < Xy, X, X3 >,
< Xo>p>< X, Xo > < Xy, Xo, X3 >

If we first reduce with X;, 1 <17 < 2, the reduced equation always inherits
a Lie point symmetry. Since (54) has no Lie point symmetries, necessarily
the first reduction is performed by using X = X3 = %. Let us study how
the symmetries X; and X, can be used to reduce, successively, the order of
(54) by two.

(a) We may assume that b = 0: if this is not the case, we can use a linear
change of coordinates (possibly with complex coefficients) to get b = 0.
Let f1 € C*°(M) be a function such that X3(f;) = afi. Then

X X = fax?) = Xa(f)xP =0 (keN).  (56)

By (17), lel(k) is a ﬂgg—projectable vector field. Since [Xl(k), D,] =
_Dx(Xl(x))Dma we get

Dy (f1)
S

and, by taking (33) into account, it follows that

AXW, D] = -2 1 XY — fiDL(X(2)) D, (57)

D,
fi 'X1(k) = (lel)[Al’(k)]> for Ay = — ;fl) (58)
1
Let us denote Y; = (7 E( ) (f1X ) The vector field Y; is a C®°—sy-
mmetry of equation (54), for the functlon A1 given, in coordinates (x,v),
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Da:(fl)
fii
(b) By Theorem 2.5, we use the A\j—symmetry Y; to reduce the order of
equation (54). Let {y = y(z,u),w = w(z,u,u1)} be two functionally
independent invariants of Ylp‘l’(l)]. We denote by

Ay, w™ D) =0 (60)

the corresponding reduced equation. Let 8 = [((z,u) be such that
Y1(B) = 1. We denote 7% = w%_l) opo wgé?, where ¢ stands for the
change of variables {z,u™} < {y, 3,w*Y}. Let f, be a function such
that X3(f2) = dfy and X;(f2) = 0. Since, for 2 <k <n —1,

@) [AXY, LX) = AXP ()XY - XV ()XY = fh X",
Where fll2 = —ﬁX(k)(f )

(i) [foX5", X5 = fo(eX () +dXP) — XP () X5 = 2 AX7,
Where f13 gc,

)\1:—

(59)

the vector field fQXék) is 7% —projectable.

Since, by hypothesis, the vector field X5 is a Lie point symmetry of the
equation (55), we can write

£, A = 2o X" + pAG)
for some functions Ay, € C®°(MM). By (i) and (ii), the Jacobi
identity for the vector fields
{lefn_l)a fZXZ(n_l)u /‘LA(CCﬂ))} and {fQXén_l)) X{En_l)7 ,U/A(x,v)}

(n—1)
1

let us prove that the functions Ay and p are both f;.X -invariant

and X"V -invariant. Hence,
(7). (LX), Agan] = o7 (X5 V) + A,  (61)

where (1("2)*(\,) = Ay and (7™ 2)*(u) = i. Let us denote Z =
(7@), (f2X$). Clearly, (61) shows that Zy is a C*°-symmetry of the
reduced equation, and Z5 can be used to reduce again the order.

3. In case V we have

<Xi>p>p< X, X35>, <Xo>b>< X, X3>. (62)

It can be assumed, as before, that vector field X is X3. By proceeding as
for Case IV, it can be checked ([18]) that if fi, fo € C*°(M) are such that

XS(fl) = f1> XS(fZ) = _f27 (63)

then the vector field le M and f2X5 ) are W;) projectable. The projec-

tions Y] = (7TX5) (f1X; ) and Y, = (7TX5) (f2X5 ), are C'°—symmetries of
equation (54). Any of these two Coo—symmetrles can be used to reduce the
order of equation (54). The unused C'*°—symmetry can also be recovered as
a C*°—symmetry of the corresponding reduced equation ([18]).



MURIEL AND ROMERO 179

4. In case VI the vector field % can be any of the generators and the main
results are also valid. We have developed an procedure that allows us
to recover the unused generators for the algebra as C'°°—symmetries for
the reduced equations. Theoretical results about this situation have been
developed in [19].

The former results prove that if (54) has no Lie point symmetries but (55)
has a three dimensional Lie algebra of point symmetries G such that a% € G then,
by using the generators of G, the order of (54) can successively be reduced by two.

In order to illustrate these ideas, let us consider the following second order
differential equation:

8(uw + 1)ty — 24au — 2(u?x? + 2ux + 24u + 1)u,
(64)
+a3u® + (52 + 8z )ut + (Tx + 32)u® + 3u® = 0.

In Appendix A we prove that this equation has no Lie point symmetries. We are
going to transform (64) into a third order equation that admits a (non-solvable)
three-dimensional algebra of symmetry. We show how this algebra allows us to
recover two of its point symmetries as C'°—symmetries of equation (64). As a
consequence, equation (64) can be solved through two first order equations: one
of them is a Ricatti equation, and the other one can be solved by a quadrature,
because it is a linear equation.

By means of the transformation v = v,, equation (64) becomes the third
order equation

8(Vo® + 1) Vg — 24702, — 2(022% + 20,0 + 240, + 1)V
(65)
+2302 + (52? + 8z )vt + (Tz + 32)v3 + 302 = 0.

It can be checked that this equation admits a three-dimensional Lie algebra gen-
erated by

0 0 0 0
X i=e"—. X,=—¢"22—=— +2"2—. Xq=—.
L=C 5 2 T o +ee v 57 v (66)
Since
(X1, Xo] = 2X5, [X1,X5] = Xy, [Xo, X5] = —Xo, (67)

the symmetry algebra of equation (65) is the non-solvable Lie algebra si(2,R)
associated to the unimodular group, and corresponds to case V. Equation (64) can
be considered as the reduced equation that corresponds to the reduction derived
from the use of the Lie point symmetry Xj3. Symmetries X; and X, are not
inheritable, as Lie point symmetries, to the reduced equation (64). However, these
lost symmetries (hidden symmetries of type I) can be recovered ([18]) as C*°—sy-
mmetries of equation (64). Let us choose f; =e¢” and f, = e ¥. The vector fields

lel(l) and f2X2(1) are ﬂgi—projectable and the projections

Vimgrod Yoo -wg @t ei) 9
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are C'°—symmetries of equation (64), for A\; = —u and Ay = u, respectively (see
(59)). Let us observe that the C°°—symmetries Y; and Y5 could also be found by
solving the determining equations for the C'*°—symmetries of equation (64).

In terms of variables

{z:%—kx,ﬁ:x,u: b = v }, (69)

B—2z uy,—u?

the vector field Yl[/\l’(m is simply expressed as Yl[’\l’(l)}

reduced equation is

= %. The corresponding

2440+ Spuz + P2 — 207 2(4 4+ 2) = 0. (70)

This first order equation inherits Y5 as the C°°—symmetry

Ty = —222% —2uz(—3 + uz)a%, P (71)
In the system of coordinates {s = ”;3;2, r= é} the vector field Z; can be written

as Zy = %. Therefore, in these coordinates, equation (70) takes the form of the
Ricatti equation
472
Fo—— 1. 72
: (72)
When the general solution of equation (72) is expressed, in terms of {z,u}, as
pw= H(z, C1), the auxiliary first order equation that let us recover the solution of
equation (70) is the linear equation 3, = H(z,C)(8 — z), which can be solved by
quadrature.
Next we show how the C°°—symmetries (68) can be used to construct
a solvable structure for equation (64). The C*°—symmetries Y} and Y, are in

)},YQ[AQ’(I)]] = —2$Y1[A1’(1)]. Let g; be any function such

involution because [Yl[kl’(l
that A (g1) = Mgi. Then gi¥* ™ is a generalized Lie symmetry of equation

(64), that is
)\17
[0 Y A ] = prAGw, (73)
for some function p;. Let go be a function such that
Apsay(92) = Dage and Y (ga) = 0. (74)

A function g, can be found as follows: since {z,u} in (69) are invariants of

Yl[’\l’(l)] = %, we can choose any function gy = go(2(x, u), pu(z, u, u,)) such that

A(92) = ngg = —ug2, where A, ) is the vector field associated to equation
(70). If go verifies (74), then

{92}/2[)\2’(1)]7 A(a:,u)] = pQA(x,u)7 and [92}/2[)\2’(1)]7 glyvl[)\l’(l)}] = gY’l[)\l,(l)]a (75)

for some function py and g = 2xg;go —l—gng[’\Q’(l)] (g91). By (73) and (75), we deduce
that {4, lel[’\l’(l)], ggYQW’(l)]} constitutes a solvable structure of equation (64).
The same construction can be done for any equation with symmetry algebra

of case V, because the C°—symmetries Y; and Y3 are always in involution (see
Theorem 4 in [18]).
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5. C*-symmetries and potential symmetries.

In this section we study some relationships between potential symmetries, intro-
duced by Bluman ([7]), and C*°-symmetries. Although we only consider 2nd-order
equations, the ideas included in this section may directly be generalized to equa-
tions of greater order.

Let us assume that equation

A(z,u®) =0 (76)

has no Lie point symmetries and that by means of the Backlund transformation
u = f(z,v,) equation (76) can be written in conserved form

Dy (A(z,v?)) = 0. (77)

Equation (77) can be reduced to (76) by means of the Lie point symmetry 2. By
other hand, (77) can trivially be reduced to equation

A(z,v?) = C, (78)

where C' is an arbitrary constant. By Theorem 3.2, this reduction is also associated
to the existence of a C*°-symmetry of (77); in general, this reduction does not come
from the existence of a Lie point symmetry.

If, for some C' € R, X is a Lie point symmetry of (78) then X is not
necessarily a point symmetry of equation A(z, v?)) =’ for " # C, and is not
a point symmetry of (77). In this paper, any point symmetry of equation (78), for
some C' € R, will be called potential symmetry of equation (76). Let us recall that
Bluman ([7]) considered the concept of potential symmetry only for C'= 0 and, in
this case, it may happen that the general solution of (76) cannot be obtain from
one of the equations of type (78). This occurs in some trivial cases. For instance,
if equation (76) is uz, = 0 then, by writing v = v,, equation (77) iS vVzpe = 0
and equation (78) is v,, = 0. The general solution of this equation takes the form
v =az + b, with a,b € R. Clearly u = v, = a does not give the general solution
of u,, =0.

If X is a vector field, in variables (z,v), that is a point symmetry of every
equation of the form (78) (and does not depend on C') then X will be called a
super-potential symmetry of equation (76). We prove in this section that super-
potential symmetries can be recovered as C*°-symmetries of (76).

Let us assume that the vector field X is a Lie point symmetry of equation
(78), for every C' € R; i.e. X is a super-potential symmetry of equation (76).
In this case A(z,v®) is a X®-invariant function. If ¢ = ¢(z) is an arbitrary
solution of (77) then D, (A(xz,$® (z))) = 0 and there exists a constant C' € R such
that A(z, ¢ (z)) = C. Hence ¢ is a solution of equation (78) and X transforms ¢
into another solution of the same equation (78). This proves that the transformed
solution is also a solution of (77). Therefore X is also a Lie point symmetry of (77).
This fact can also be proved by another procedure: since [X®), D,] = uD,, for
some function i, it follows that uD,A = X®)(D,A) — D,(X®A) = XO)(D,A)
and X®)(D,A) =0 when D,A =0.

If X, X, are super-potential symmetries of (76) and X, X, X3, with

o

X3 = 5, are the generators of a Lie algebra, then we have proved, in section
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4., that X, and X, can be recovered as C*°—symmetries of equation (76). Since
C>°—symmetries can be calculated by a well-defined algorithm, and can be used
to reduce the order, we could solve the original equation without knowing the
associated conserved form (77), which is needed to calculate potential symmetries.
In this case two methods of reduction can be used, that are illustrated through
the following example.

Let us consider the following second order differential equation:

b+ 2 (o) (u'+ v’ = 3u* + uug) = 0. (79)

It can be checked (see Appendix B) that this equation has no Lie point symmetries.
Method A. By means of the transformation v = v, = v; equation (79)
becomes the third order differential equation:

U15 + 62 (%—HL‘) (U14 + 1)15 — 3’022 + v Ug) =0. (80)

Equation (80) can be expressed in conserved form as

D, (e—“ <e2 (%) 4 (1 + Ull - %)2» —0. (81)

Let us consider any second order equation associated to equation (81) or (80):

—2 (L+a:) 1 v\ 2
e v + 1_|___—3 :C@ ’U’ (82)
(%1 (%1
where C' is an arbitrary constant. It can be checked that equation (82) admits
Xi=e"d, Xo=—c"(v+ta+1)E+e2 (83)

as Lie point symmetries. Hence, X; and X, are super-potential symmetries of
equation (79). Since [X7, X5] = 0, any of these two Lie point symmetries can be
used to reduce the order of equation (82), in such a way that the reduced equation
inherits the unused symmetry as a Lie point symmetry. As a consequence, equation
(82) can be solved by quadratures.

Next, we use the Lie point symmetry X; to reduce the order of equation
(82). Let us introduce coordinates {y = v, = €z} in some open set M C R2
In variables {y,a}, the vector field X; can be written as 8%. We consider the

corresponding system of coordinates {y,a®} in M® and the map Wg?l) cM® -
MY defined by (y,a?) — (y,w,w;), where w = a;i. In terms of {y,w®M}
equation (82) takes the form of the first order reduced equation:

6_2 (we™¥—y) + (wl + eV — w)2 = €4y C. (84)

It can be checked that the vector field (W%f)*Xél), that will be denoted by Xs,
can be written in terms of {y,w} as

9] 9,
Xy =e o +(—1+e w)aw. (85)
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The vector field X, is a Lie point symmetry of equation (84), and therefore,
it can be used to integrate the equation. By means of the change of variables
{z=eYw+y, [ =eY}, for which X, = 8%, equation (84) takes the form

ez

J1tre o

The general solution of (86) can be obtained by a quadrature:

C18 = +In(Cy e 4+ y/—1 + C2e2%) + Oy, (87)

where C? = C and C, is an arbitrary constant. This solution can be written in
the simple form Cie* = cosh(C15 — Cs). Since z = e Vw + y and § = €Y, the
general solution of equation (84) can be expressed as

w=—¢ (Co+1n(2C) — Oy e¥ +y — In(1 + * (@~ @), (88)

By integration with respect to y we get :

1 [In(1
a=e (% ey—(—1+02+1n(201)+y)) -~ 2C / . t+t)dt+03, (89)
1

where t = e2(®2=1¢") and (4 is an arbitrary constant. The solution of equation

(81) can be expressed as

1 In(1
T = ﬁe” —(=1+Cy+In(2C)) +v) | —e® / ol +t)dt+03€_va (90)
2 204 t

where t = €2(€2=¢1¢") Since u = v, = we—_ya, the general solution of equation (79)

is given by

_ Oy e Cie’ e [In(1+t Y
u ™l =1n(1 4 2=y 1 4 12 —1—201/ (t )dt—C’ge : (91)

Method B. Let us observe that the Lie point symmetries X; and X5 of
equation (82), that are super-potential symmetries of equation (79), are also Lie
point symmetries of equation (80). Equation (80) does also admit the vector field

X3 = % as Lie point symmetry. It can be checked that the following relations
hold:

(X1, X] = 0, [X1,X5] = Xy, [Xo, X3 = X1+ X (92)

Therefore, equation (80) admits a three-dimensional solvable algebra, G generated
by {Xi, X2, X3}, that corresponds to case IV (with a = 1,0 =0,c=d=1), and
equation (79) is the X3—reduced equation.

In what sequel, we show that the point symmetries X;, and X5, used above
as super-potential symmetries, can be recovered as C'*°—symmetries of equation
(79). Since C'*°—symmetries can be calculated by an algorithm, and can be used
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to reduce the order, we could solve the original equation without knowing the
associated conserved form (81) needed to calculate potential symmetries.
A function f; such that X3(f;) = fi is given by f; = €. Clearly, the vector
field lel(l) is ngg)—projectable and the vector field
0 0

Y= () (hX) = -+ P o (93)

is a C*°—symmetry of equation (79), for the function

D,(e")

eU

= —Vp = —U. (94)

By Theorem 2.5, the order of equation (79) can be reduced by using the
A1—symmetry Y;. It can be checked that in terms of variables

1 B—z u, 1
(oo o=t - )
the vector field Ylp‘l’(l)] is simply expressed as Yl[h’(l)] = % and the corresponding
reduced equation is
1—e** (=1 +pu+pp.)=0. (96)

The unused Lie point symmetry X, can also be recovered as a C*>—sy-
mmetry of equation (96). By taking f, = e”, the vector field fo X, is projectable
to the space of variables {z, u}; its projection is given by

0 0
Yo = — 2 4 (=14 p)—. 97
=g (L) (97)
The vector field Y3 is a C*°—symmetry of equation (96) for the function
d = — D) — et} 1
ev 2 (2 w

A function ¢ such that gY5 is a Lie point symmetry of (96) is given by

eZ
g= -
\/1+62Z (1—p)

(1 —pe*r = \/1 + €22 (=1 + p)’e™?} the vector field gYs

and equation (96) can be integrated by a quadrature:

(98)

In coordinates {s

can be written as

Sl ]

1
V1+s?

Let us compare the two methods of reduction we have used. When method
A is applied to equation (79), we have to construct the conserved form (81). The
order of the integrated equation (82) is reduced by means of the potential symme-
tries (83). The solution (90) of equation (82) is obtained by quadratures. To
recover solutions of equation (79), we must solve equation (90) for v and then u
can be obtained by derivation (u = v,).

(99)

Ts =
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When method B (C*°—symmetries) is applied, we construct directly the
reduced equation (99). The solutions of equation (79) can be obtained as follows.
We first solve equation (99) in the form r = H(s, Cy) and obtain p in the form p =
G(z,C). Since p = ﬁﬁ:z, we must solve the linear equation = z + (,G(z,C").
From the solution 8 = J(z, Cy, Cy) of this equation we directly obtain the solution

of (79) in the implicit form = = J(z + +,Cy, Cs, Cs).

6. Conclusions

The introduction of the concept of C*(M™))—symmetry ([17]) was motivated by
the existence of ordinary differential equations that can be reduced or integrated
but lack Lie point symmetries. In this paper, that concept is extended to define
the C>(M®)—symmetries and it is proved that several classes of order reduction
methods come from of the existence of C°°(M®*))—symmetries but not from the
existence of Lie point symmetries.

We have also studied another equations, without Lie point symmetries, that
can be obtained by reduction of equations with a three-dimensional Lie algebra of
point symmetries G, that may be solvable or not. The elements of G are hidden
symmetries of the original equation, can be recovered as C'*°—symmetries of the
reduced equation and can be used to get new order reductions. This is illustrated
through an example, that corresponds to a non-solvable algebra. We have also
shown how these C*°—symmetries can be used to construct a solvable structure of
the reduced equation.

We have also proved that a class of potential symmetries, that are here
called super-potential symmetries, can be recovered as C°°—symmetries of the
original equation. Since these C'>°—symmetries can be calculated by a well-defined
algorithm, we do not have to determine the Bécklund transformations needed to
write the equation in conserved form, that in practice are difficult to find.

7. Appendix A: Equation (64) has no Lie point symmetries.

If a vector field X = p(z,u)Z + r(z,u)Z is a Lie point symmetry of equation
(64), the infinitesimal p(z,u) must satisfy the equation (ux + 1)2—32’ + 3$g—5 = 0.

Therefore,

pi(@)u(uz +2) + 2py(z)

T,u) = , 100
pla, ) (uz+ 1) (100)
where p; and py; depend only on x. The infinitesimal r(x,u) must satisfy

(uzx + 1)42% — 3w (uz + 1)328 + 322 (uz + 1)%r + 2 py u? 2

—pruta® +8phur® +4psur® —3piutr +32pun (101)

—Apiuxr —2prux+8phr +2pyx — 18 pru+ 2py —4p) —p; = 0.
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It can be checked that the general solution of equation (101) is given by

r(x,u) = 5 (6r1u’a® + 30rutat + 623 (roa? + 10 )u?

6x3 (ux+1

=222 (2pax? — Irox? — prw — 3py — 30r )u? — (6pha?

102
+8pox? — 18r9x? + 24aps — 3pix — 4dpyx — 21py — 301 )2U (102)

+6r92% — 6pha? — Apyx® — 12pox + 3piw + 2p1x + 9p1 + 611)

where r; and 7y are arbitrary functions depending on z. If, in the determining

equations, we cancel out the coefficients of powers of u then r(z) = 0,7ry(x) =
—2171( ) Do ( ) — 2p1(w) + (2% —~12)p1 (2)

3z 223

and p;(x) must satisfy:
(2% 4 36)zp) (z) — 108p,(x) = 0. (103)

By solving this equation, we get p;(z) = for a € R, and hence ps(z) =

az*4+24 a2
2(z2+36)%/2"

With these values, we evaluate again the determining equations and we find
a = 0. Therefore p; = p; = 0. By (100), p = 0 and, by (102), r = 0. Equation

(64) has no Lie point symmetries.

8. Appendix B: Equation (79) has no Lie point symmetries

Next, we prove that equation (79) has no Lie point symmetries. If a vector
field X = p(z,u)Z + r(z,u)Z is a Lie point symmetry of equation (79) the
infinitesimals p and r must satisfy the following determining equations:

. 9% o _
el: s5u+3g; =0,

2 (Z5-24k) @ —3%u+3r=0,

oudx
€3 : 36pu5e_2“”__+3 u+36p w42 2y — Py 62— (104)
: Ou Oudzx Ox? ox ~
ed : ( Seu —1—28” Y 2put+4rud —|—27“u) —2e—3
gZu +28p 4 ‘%u +4rud —|—26p u? + 3ru? —l—axz—O.
From equation el, we get
p=tih (105)

u?2 2

where py, py are arbitrary functions on x. By substituting this value into equation
e2 we obtain:
827“

or dps
_3_ 4_: . 1
5z U 38uu +3ru+ . 0 (106)
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Therefore

r= rlﬁ—i—mu—ﬁ%, (107)

where rq, 7, are functions depending on x. Since equation e3 becomes
—12p2u2(ue_2z_%+u+1)—8‘%u2 dp1 2—1—6dp2 =0, (108)

it follows that py, = 0. Therefore, equation e4 can be written as

(7"1“ + 271 u® 4 3ryut +dp1 —pu +27"QU)6_2“"—%

109
+ryu® + 3ryut —|—dp1u +2ryu? —l—d”u +Ug;1u +dTQU—0 (109)

We finally deduce that = 0,75 = 0 and p; = 0. By (107), » = 0 and by
(105), p = 0. Therefore, equation (79) has no Lie point symmetries.
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