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The distribution of powers of integers in algebraic
number fields
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RESUME. Pour tout corps de nombres K (non totalement réel),
se pose la question de déterminer le nombre de puissances p-iemes
d’entiers algébriques v de K, vérifiant u(7(+?)) < X, ceci pour
tout plongement 7 de K dans le corps des nombres complexes. Ici,
X est un parametre réel grand, p est un entier fixé > 2 et u(z) =
max(|Re(2)|, |Im(z)]) (#, nombre complexe). Ce nombre est évalué
asymptotiquement sous la forme ¢, g X™/?+ R, x(X), avec des es-
timations précises sur le reste R, x(X). La démonstration utilise
des techniques issues de la théorie des réseaux, dont en particulier
la généralisation multidimensionnelle, donnée par W. Schmidt, du
théoreme de K.F. Roth sur ’approximation des nombres algébri-
ques par les nombres rationnels.

ABSTRACT. For an arbitrary (not totally real) number field K
of degree > 3, we ask how many perfect powers P of algebraic
integers «y in K exist, such that u(7(7?)) < X for each embedding
7 of K into the complex field. (X a large real parameter, p > 2 a
fixed integer, and p(z) = max(|Re(z)], |Im(z)|) for any complex z.)
This quantity is evaluated asymptotically in the form ¢, x X n/p 4
R, k(X), with sharp estimates for the remainder R, i (X). The
argument uses techniques from lattice point theory along with
W. Schmidt’s multivariate extension of K.F. Roth’s result on the
approximation of algebraic numbers by rationals.

1. Introduction and statement of results

In the context of computer calculations on Catalai’s problem in 7[i],
Opfer and Ripken [18] raised questions about the distribution of p-th powers
of Gaussian integers (p > 2,p € Z fixed). In particular, they asked for their
number M,,(X) in a square {z € C : p(z) < X }, where

pu(z) = max{|Re(z)[, [Im(z)[}, (1.1)

Manuscrit regu le 7 octobre 2002.
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X a large real parameter. While Opfer and Ripken gave only the crude
bound M, (X) < X?/7, H. Miiller and the first named author [14] under-
took a thorough analysis of the problem. They reduced it to the task to
evaluate the number A,(X) of lattice points (of the standard lattice Z?) in
the linearly dilated copy X/ PD, of the planar domain

D, = {(&m) €R®: p((&+mi)?) <1}. (1.2)

Fic. 1 : The domain Dy Fic. 2 : The domain Dg
In fact,
1 area(D,)
X)= —— (A, (XYP) —1)+1= — 2L X¥P LR (X), (1.3
My(X) = s (A7) = 1) 1 = X Ry (X)), (1)

where R, (X) is a certain error term. The area of D), is readily computed
(supported, e.g., by Mathematica [22]) as

us

area(D)) = 4/04(cos(w))2/p dw

Uyl e (13 1
T p-ra-1)  p-2 T\272 p

for p > 2, resp., area(Ds) = 4log (1 4+ v/2) = 3.52549 . ... Here o F; denotes
the hypergeometric function

> a a Zk
2 (a1, a2; b5 2) = 27( 1)(Z§k2)k nE (k=[] (@=1+3).

k=0 1<<k
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Using deep tools from the theory of lattice points', in particular those due
to Huxley [3], [4], it was proved in [14] that

Rp(X) < X775 (log X)315/146 (1.4)
and R (X)
: P
ll;rfrljglop (Xl/(2p)(logX)1/4> >0. (1.5)
Furthermore,

Ry(X) < X1/ in mean — square, (1.6)

as was discussed in detail in [17].
Kuba [7] — [11] generalized the question to squares of integer elements in
hypercomplex number systems like quarternions, octaves, etc.

In this paper we consider the — apparently natural — analogue of the
problem in an algebraic number field K, not totally real, of degree [K :
Q] =n > 3. (The case of an arbitrary imaginary quadratic field K can be
dealt with in the same way as that of the Gaussian field, as far as the O-
estimate (1.4) is concerned.) Again for a fixed exponent p > 2 and large real
X, let M, k(X) denote the number of z € K with the following properties:

(i) There exists some algebraic integer v € K with A? = z,

(ii) For each embedding 7 of K into C,

p(r(z) < X.

Our objective will be to establish an asymptotic formula for M, (X).

Theorem. For any fized exponent p > 2, and any not totally real number
field K of degree [K : Q] =n >3,

_ 2715 (area(D,))*
Mp.xc(X) ged(p, wi )/ |disc(K)|

where wi s the number of roots of unity in K, r the number of real em-
beddings K — R, s = 3(n —r), and disc(K) the discriminant of K. The
error term Rp i (X) can be estimated as follows:

If K is "totally complex”, i.e., r =0,

XM 4+ R, k(X))

1 3
Xplmmste for g <6,
RP,K(X) < {X;(n‘l)

3 for n > 6.

If r > 1,
Ry (X) < X (n71mma) e,

IFor an enlightening presentation of the whole topic the reader is recommended to the mono-
graphs of Kréatzel [5] and [6].
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where throughout € > 0 is arbitrary but fivzed. The constants implied in the
< -symbol may depend on p, K and e.

Remarks. Our method of proof uses techniques from the theory of lattice
points in domains with boundaries of nonzero curvature?, along with tools
from Diophantine approximation. It works best for n = 3 and for n =4, K

1
totally complex. The bounds achieved in these two cases read X » T resp.,
2 111
X»*¢. The first one significantly improves upon the estimate O <X P 7+E)

which had been established in [12]. The result for r = 0, n > 6 is somewhat
crude (and, by the way, independent of our Diophantine approximation
techniques). Using a more geometric argument and plugging in Huxley’s

. . L(p—199y ¢
method, this most likely can be refined to X [ERERS

2. Auxiliary results and other preliminaries

First of all, we reduce our task to a lattice point problem. To this end,
we have to take care of multiple solutions of the equation 7 = z. Since, as
is well-known (cf., e.g., Narkiewicz [16], p. 100), the set of all roots of unity
in an algebraic number field K forms a cyclic group (of order wg, say), it
is simple to see that K contains just ged(p, wx) p-th roots of unity, for any
fixed p > 2. Therefore, if we define A, (X) as the number of algebraic
integers in v € K with the property that u(7(1?)) < X for each embedding
7: K — C, it readily follows that

1
M X)=—(A X)—1 1. 2.1
p,K( ) ged(p, wi) ( p,K( ) )+ (2.1)
Let o1, ..., 0, be the real embeddings and o,41,0,41,...,0r+s,0rts the
complex embeddings of K into C. Further, let I' = (aq,...,a;,) be a fixed
(ordered) integral basis of K. For u = (uy,...,u,) € R", we define linear
forms
u):ZUj(ozk)uk, j=1,...,r+s,
and

®;(u) =ReAj(u), ¥;(u)=ImA;(), j=r+1,...,r+s.

Obviously, A, k(X) is the number of lattice points (of the standard lattice
7") in the linearly dilated copy X/ PB, of the body

By={ueR": p(Aj(f) <1, j=1,....r+s}

IA()|§1 1<j<r
{UER (®;(u), U;(u)) € Dy, r+1§j§r+s}'

2Cf. again the books of Kriitzel [5], [6].
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In our argument, we shall need the linear transformations®

U= v = (Al(u)v s 7A7‘(u)7 (I)r+l(u)7 \I/r-ﬁ-l(u)’ SRR q)r—i-s(u)? \I/r—&-s(u))

=: Mu (2.2)
and
u—v=_A(u),....,A (), Ari1(0), Ari1(0), ..., Aris(u), Arys(u))
=: Cu. (2.3)

Let P =1 _11 1), and define an (n x n)-matrix P, ; as follows: Along

the main diagonal, there are first » 1’s, then s blocks P, and all other
entries are 0. Then it is simple to see that

M=P,,C
where M, C, are defined by (2.2), (2.3), respectively. Since |det P| = 1, it

is clear that

|det M| = 27% |det C| = 27° /|disc(K)| . (2.4)
For any matrix A € GL,(C), we shall write A* = ‘A~ for the contragra-
dient matrix. Of course,

M* =P} .C*, (2.5)
where P7 _ is quite similar to P, s, only with P replaced by P* = (1 —1z .
From this it is easy to verify that the first r rows of C* are real and that
its (r + 2k)-th row is the complex conjugate of the (r + 2k — 1)-th row,
k =1,...,s. Moreover, if we define linear forms Lj(w), j =1,...,r + s,
and Fyip(w),Gryr(w), k=1,...,s, w € R", by
(Ll(w)7 EER) Lr(w)a FrJrl(W)? G,url(W), SRR FTJrS(W)a GT+S(W)) = M*Wa

(Ll(w)> <. 7L7‘(W)? Lr—i-l(w)? LT+1(W)7 SRR LT+S(W)7 LT+S(W)) = C*Wa
(2.6)
it readily follows from (2.5) that Li,...,L, are real and, for j = r + 1,
o, T S,

Fj(w) =2ReLj(w), Gj(w)=2ImLj(w). (2.7)

Moreover, since the linear transformation w — C*w is non-singular,
|C*w||, attains a positive minimum on |wl|, = 1. By homogeneity, for
all w € R"\{(0,...,0)},

r+s
DLW > (Cwly > wll, - (2.8)
J=1

1/2

3Vectors are always meant as column vectors although we write them — for convenience of
print — as n-tuples in one line.
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A salient point in our argument will be to estimate from below absolute
values of the linear forms L;(m), m € 7Z". For this purpose, we need
first some information about the linear independence (over the rationals)
of their coefficients.

Lemma 1. For nonnegative integers p,n, denote by

I B

HC{1,....,n} €H

the symmetric basic polynomial of index p in the n indeterminates Xy, ...,
X, (in particular, s(()n) =1 and s;(,n) =0 forp>mn). Let K = Q(«a) be
an algebraic number field of degree [K : Q] =n, and 05, j = 1,...,n, its
embeddings into C. Then the set {35"_1)(02(04), woop(@) s 0<i<mn}is
linearly independent over Q.

Proof. Choose xq, ...,xp—1 € Q so that

n—1
(%) insgn_l)(@(a), ey opn(@)) = 0.
i=0

We construct a finite sequence (py);l_, of polynomials p;, € Q[X], by the
recursion

n—k
po =20, P = Zmisgi)k(al(a), conyop(a)) = Xpr—1 for k> 1.
i=0

The sum on the right hand side is always a rational number, and obviously
the degree of pg is < k throughout. We shall show that for 0 < k < n,

n—k—1

() Z misgfﬁl)(az(a), vy op(@)) = pr(o1(a)) .
i=0

We use induction on k. For k = 0 we simply appeal to (x). Supposing that

n—k
S s D (02(a), oy 0n(a) = Proi(o1(a)
=0

has already been established, we multiply this identity by o1 («) and use

n n—1 n—1
ST, e, X) = sV (X, X) = X1 (X, LX)
to obtain

o1(a)pr—1(o1(a)) =

n—=k
3" w5V (01(a), ooy on (@) — s (02(), . 0n (@)
1=0
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or, in other terms,

1
25" (02(Q), ooy (@) =

n—

fe—
>
=0
n—k
S wisiii(o1(a), - on(@) = or(@)pr-1(o1(a)),
=0

which, by our recursion formula, yields just (xx).Putting k = n in (xx) gives

pn(o1(a)) = 0. As 01 () has degree n over Q, it follows that p, = 0. By our

recursive construction, all p; vanish identically, j = 0,...,n. Let I be the
minimal index such that x; # 0 in (x). Applying (x*) with k =n—T—1, we
infer that mjsg:l)(ag(a), ..,op(@) =xroa(a) - - - op(a) = 0, thus x; =0,
hence the assertion of Lemma 1. O
Lemma 2. Let I' = (ay,...,a,) be a basis of the number field K as a

vector space over Q. Let the matriz A be defined as A = (a;k)i1<jk<n =
(05(%k)) 1< x<ns 0 the embeddings of K into C. Then for each row of A,
the n elements are linearly independent over Q.

Proof. W.l.o.g. we may choose notation so that the assertion will be es-
tablished for the first row of A*. We start with the special case that
the basis has the special form Ty = (1,a,0%,...,a" ). Then Ay =
((oj())k=1) 1<jk<n 18 a Vandermonde matrix, and a little reflection shows?

that the first row of A} (which is the first column of A;') is proportional
to the vector

(050 @A), . on(@))

By Lemma 1, this is actually linearly independent over Q. If I' is arbitrary,

1<k<n

and K = Q(«), there exists a nonsingular (n x n)-matrix R = (7 1) 1<j k<n,
with rational entries, so that A = AgR, hence also A* = AgR*. Let us
write A% = (] )1<jk<n, Aj = (O] p)1<jk<n, RY = (7] p)1<)k<n. Assume
that x1,...,x, are rational numbers with

n
Z rpajy = 0.
k=1

Then

n n n n
* * * *
0=> ar | D Bijrie | =D 80 [ D_wnrin| -
k=1 =1 j=1 k=1

4 fact, it is plain to see that, for j > 2, the j-th row of Ag is orthogonal to this vector.
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Since we have already shown the linear independence of (8 4,...,5],),
each of the last inner sums must vanish. As det(R*) # 0, this implies that
1 =--=x,=0. g

Lemma 3. Let L(m) = cymq + -+ - + ¢pymy, be a linear form whose coeffi-
cients are algebraic numbers and linearly independent over Q. Let further
v>1,e>0 and c > 0 be fized, and let Y and M be large real parameters.
(i) If L is a real form, it follows that

Z min (Y7, |L(m)|77) < Y7 M
0<||ml| <M

(ii) If L is not proportional to a real form, then

> min (Y7, [L(m)| ) < YT

0<|Iml oo <M,
[L(m)[<c

(iii)  Furthermore, in that latter case,

Z ’L(m)‘—’y < Mn—min('y,2)+e )

0<|Iml| oo <M,
|L(m)|>c

Proof. (i) We split up the sum in question as

' 1+ Y [Lm)|[ 7 =8+ S

0<lm| oo <M, 0<|lm|| oo <M,
[L(m)|<1/Y [L(m)|>1/Y

By a celebrated result of W. Schmidt [20] and [21], p. 152, |L(m)| >
M~(=D=¢ ynder the conditions stated. For m,m’ € Z", m # +m/,
|m|| ., |lm'|| < M, it thus follows that

[|L(m)| — |[L(m")]| = min |L(m £ m’)| > M- 07D =2

for short. (Here we mimick an idea which may be found, e.g., in the book of
Kuipers and Niederreiter [13], p. 123.) Hence the real numbers |L(m)|, with
m € 7", 0 < |m|_ < M, have distances > z from each other (apart from
the fact that |L(m)| = |L(—m)|, which does not affect the <-estimates
which follow) and also from 0 = |L(0,...,0)|. Therefore,

1
#lmez": 0<|ml, <M, |Lim)| < 5} < (Yz)~,

thus
S <Y (Y2) b w Yy ite
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(Note that S; =01if 1/Y < z.) Furthermore,

So < Z <}1/+k:z>_7<<z_7 Z /et

1<k MC 1<e< MO,
2>[(Yz)—1)

—1 !y — —1 —
iy y 1 < Y7 1pmm 1+e’

which gives just the assertion (i). Slightly more general (and useful for
what follows), we readily derive the following conclusion: If ¢ is a fixed
rational number, (w) denotes the distance of the real w from the nearest
integer, and ¢, ..., ¢, _; are real algebraic numbers such that 1,¢},...,¢,
are linearly independent over Q, then (with Y, M as before),

>° min (Y7, (g chmy o dymg) ) < YT
0<|m;|<M

(2.9)
(ii) Dealing with the complex case, we put v = n — 2, and may as-
sume w.l.o.g. that ¢,42 = 1 and ¢,41 ¢ R. For j = 1,...,v+ 1, we
set a; = Recj, b; = Imcj, and® a = (ay,...,a,), b = (b1,...,b,), m =
(m1,...,my). We notice that

ILm)]* = (a-m + ayy1mus1 +myi2)? + (b-m+ b, my1)?. (2.10)
For m € 7", we thus choose m;(m) the nearest integer to —b - m/b, 1,
then m; , ,(m) the nearest integer to —m;, (m)a,+1 —a-m. (To be quite

precise, the nearest integer to x € R is meant to be [z + 2]. Throughout, -
denotes the standard inner product.) Accordingly, we define

Sp = {(m1,...,my,mj 1 (m),m; o(m)): m=(my,...,my,) € Z"}.
The sum to be estimated is therefore

> min (Y, [Lm)| ") < > min(Y7,[L(m)|7) . (2.11)

0<[m| o, <M, 0<[m| o, <M,
|L(m)|<e mesy

Now consider the group G :={m € Z" : b-m/b,+1 € Z}, and let R denote
its rank, 0 < R < v. According to Bourbaki [2], chap. VII, § 4, No. 3,
p. 18, Theorem 1, there exist a basis (ey,...,¢,) of Z" and positive integers
g1,---,9R, so that (g1 e;,...,9rep) isabasisof G,ie., G=g1€, Z+ -+
gr egr Z. Furthermore, each m € Z" has a (unique) representation

m= Z (hj + g5q5)e; + Z tie;, (2.12)

j=R+1

5Only for the rest of this proof, vectors have less than n components. We symbolize this by
writing m instead of m, and so on.



206 Werner Georg NOWAK, Johannes SCHOISSENGEIER

where h = (hy,...,hg) € ZF, q = (q1,.-.-,qr) € VA IES hj < g; for
j=1,....,R and t = (tgpy1,...,t,) € Z"~T. Obviously, m € G iff all h;
and t; vanish. By Cramer’s rule, |m||,, < M implies that also Hg”oo <M
and ||t]|, < M. As a further simple consequence of (2.12), the numbers
1, eri1 - b/busi,...,e, - b/byyy1 are linearly independent over Q. Since
R

Zhj e; - b/by41 is rational, we infer from (2.9) (with n — 1 replaced by

j=1

v—R, the t; taking over the role of the m; in (2.9)), (2.10) (and [Im z| < |z|)
that the portion of the right hand side of (2.11) which corresponds tom ¢ G
is

< Z min(Y”,}L(ml,...,my,miﬂ( , My, o(m |7>

lml oo <M,
mé¢G

< ) min (Y7, (b-m/b) )

Iml oo <M,
m¢

R
. L hie; b/b,, 1+
< min | Y7, (=1 hie *
2 2 ( S e tye; - b/buin)

hezR:  lalloo:litll oo <M
0<h;<g;  (B,)#(0,...,0)

<Y ripmvre, (2.13)

since ¢1,...,9r < 1. It remains to deal with the m € G. Here (2.12)
R

simplifies to m = Z gj4;€;, with q unique. Hence, in this case,
j=1

R
. 1
my i (m) = ~b-m/by1 = =D gigib e byt
j=1 v

Therefore (motivated by a look at (2.10)), we infer that

(myy1(m)ay+1 +a-m) <Zgjq] e; (—al’+1b>>. (2.14)

bu+1

We claim that the numbers 7y :=1,7; :=¢; - (@— Z’;—ﬁb) for 1 < j <R,

are linearly independent over Q. Write e; =: (ej1,...,¢;r) for 1 <j < R.
Suppose that kgng + - - - + krnr = 0 for certain integers ko, ..., kr. This is
just the real part of the equality

v R
ko—i-z ijej,g cp — C,,_HZkb e]bl =0,
=1 \j=1

Jj=1 vt
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whose imaginary part is trivial. The last sum is again a rational num-

ber. Since 1,c¢1,..., ¢y, cy4+1 are linearly independent over Q, it follows that
R

Ek:jej,g:()forﬁz 1,...,v, hence k1 =--- = kg =0, and also kg = 0.
j=1

Therefore, by (2.9) (with R instead of n — 1), (2.10), and the fact that
| Re z| < |z], the relevant part of the right hand side sum in (2.11) is

< Z min (YV,

0<lm|| oo <M,
med

< Y win (Y7 (mi m)ag +am) )

0<||lm|l oo <M,

L(ma, .y (), i o(m)| )

meG
R -
= Z min | Y7, <Zgj%‘ej . <a _ Zu+1b> >
0<lall <1 =1 s
< Y iy fite (2.15)

Combining the bounds (2.13) and (2.15), we complete the proof of clause
83) For a further parameter 1 < M7 < M, consider the body
W(M,M;) ={weR": ||w|,, <M, $M <|L(w)|<M}.
It is easy to see® that vol(W (M, M;)) < MZM™ 2, hence also
H# (7" W (M, M) < M?M™ 2.
Therefore,
> L) < My # (2 OW (M, My)) < My MR
meW (M, M)
Finally, we let M; range over a dyadic sequence, 1 < M; < M, and sum
up to complete the proof of Lemma 3. O

Lemma 4. There exist positive constants C1,Cs, depending only on p and
on the integral basis I' of the number field K, so that for 0 < w < C}
the following holds true: For arbitrary points u,v € R" such that u € B,
v ¢ (1+w)B,, it follows that ||u —v|, > Cow.

Proof. By definition of B,, there are two possible cases: Either [A;(v)| >
1+ w for some j € {1,...,r}, then
A5 (0)] 4w < 14w < A5 (w) + Ay (v — )] < [A; ()] + A, (v —w)],

6E.g., by a change of the coordinate system, using a basis of R™ which contains
(a1,.--yau41,1), (b1,...,by+41,0), with L as in (2.10).
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hence |A;(v —u)| > w, and by Cauchy’s inequality

n 1/2
w= (Z Uj(@k)2> [Ju —vil,
k=1

as desired. Or, pu(A;(v)P) > 14+ w for some j € {r +1,...,r + s}, ie,
(®;(v),¥;(v)) ¢ (1+ w)D,. By Lemma D in [17], therefore the Euclidean
distance of (®;(u), ¥;(u)) and (®;(v),¥;(v)) is > Cw, for appropriate
C > 0. Therefore,

n

1/2
Cw < [[(@j(u—v), ¥i(u—v))y < (Z\Uj(ak)|2> la—vi, .
k=1
O

Lemma 5. For the region D, and arbitrary real numbers T1,T>, not
both 0,

/ / e(Tyz + Toy) d(x, y) < (T2 + T2)~3/1,

with e(w) := e*™™ as usual.
Proof. This is just (a special case of) Lemma 1 in [12]. O

3. Proof of the Theorem

Like in [12], we employ a method of W. Miiller [15], ch. 3, to evaluate
the number of lattice points A, i (X) in the body Xl/po. For any fixed
positive real N there exists” a continuous function §; : R™ — [0, oo with
the following properties:

(i) The support of 0; is contained in the n-dimensional unit ball |Jul|, < 1.

(i) /61(u) du=1.
RN
(iii) The Fourier transform satisfies
/51 (u-w)du < min (1 |wll3 ) (weR"),
RN
where u - w denotes the standard inner product. For a small parameter

w > 0, we put J,(u) = w "5 (w lu). Then the support of §,, is contained
in the ball ||ull, < w, and it follows that

Su(w) = bi(ww) < min (1, ([[wl,) ™) |

7F0]r an explicite construction of such a 47, one can start from the normalized indicator
function of a smaller ball and apply repeated convolution with itself. See also [12] for further
details and references.
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5,(0,...,0)=1. (3.1)

Denote by Ig the indicator function of any set S C R"™. We shall use
convolution by ¢, to smoothen indicator functions:

(Is*éw)(v):/lg(u)éw(vu)du, veR".
RP
We put Yy := XV/P £ C;lw, with C5 as in Lemma 4, and claim:
(a) Iy g, * 6, =0onR" \(Xl/po) ,
(b) Iy,s,*6,=1on X'/PB,.
To verify (a), let u € Y_B,, v € R”\(X'/PB,). Then there exist u, € B,,
Vi ER"\B,, withu=Y_u,, v= X1y, By Lemma 4,

v |14+ d —u
* 02y_ *

hence Iy_p,(u)é,(v—u) = 0 for all u € R", therefore (a) is true. Similarly,

let u € R"\(Y,B,), v € X/PB,. There exist u, € R"\B,, v € By, with
u=Y,u,, v= X1/ry,. Again by Lemma 4,

W
e CQXl/p v

thus Ign\ (v, 5,)(0)du(v —u) = 0 for all u € R", hence Ign\(y,5,) * 6w =0
on Xl/po, which is equivalent to (b). Since 0 < Iy, g, *d,, < 1 throughout,
(a) and (b) imply that

lv—uf, =Y-

>w,
2

la—vll, = X'/ > w,

2

IY_BP * Oy < IXl/po < IY.,_B,, * Oy -

Therefore,

Y Uyog, #0.)(k) < Apr(X) < Y (Iy,s, *8,)(K) -
kez™ kezm

By Poisson’s formula in R"™ (see Bochner [1]), we thus infer that

3 hrg,m)bu(m) < A, x(X) < Y Tyop (m)d,(m).  (3.2)

mezm™ me7zm"
Since 5;(0, ...,0)=1and
Ty, 5,(0,...,0) = vol(B,) YL = vol(B,) X"/? + O (XW—U/%) ,

we obtain from (3.1) and (3.2)

Ap k(X) —VOI(BP)Xn/p’ < max Z ’IYin(m)’ ‘&(m)’ 1 x(n=1/p,,
me7Z}
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<max 3 [Ty, ()] min (1, (@ mlly) ) + X0 (3.3)
mezn
with Z7 := 7" \{(0,...,0)}. Writing Y instead of Yy for short (thus ¥ =<
X1/P), we have to estimate

—

Iyp,(m) = / em-u)du=Y" / e(Ym-u)du. (3.4)
YB, B,

To this integral we apply the linear transformation u — v = Mu defined
n (2.2). Thus

—

Y™ _
Py m) = o [ eVm- (M) av
B

yn» _
= Aot M| e(Y('M™tm) - v)dv,

By

<1 1<j5<r
B =qv=(v1,...,0p): il <1, -2
P { (V1 ) (Vry2k—1,Vrg2k) € Dp, 1<k <os.

Using throughout the notation introduced in section 2, in particular (2.6),
we can write this as

—

1
vy 1
Iyp,(m) = ]detM!jl:[l /G(YLj(m>”j>d”j X
=10

<11 / (Y (Fyt(0) 021 + Grit()0421)) (061, r421) - (3.5)
k=1
As an immediate by-result, we obtain, by an appeal to (2.4),

—~ "(area 8 "5 (area s
vol(By) = I (0,...,0) = 2 (| det%’)) 2 Tdisc(%")) . (36)

By Lemma 5, (3.5) implies (for m # (0, ...,0))

.
Tyg,(m) < Y""=3/2 ] min (y, \Lj(m)y-l) x
j=1

X ﬁ min <Y3/2, (Fr+k(m)2 =+ Gr+k(m)2)_3/4)
k=1
r r+s
< v [Lmin (Voizy0m)l ) T] min (Y272 |25 %) . (37
j=1 j=r+1
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in view of (2.7). Combining this with (3.3), we arrive at
‘AP,K(X) - Vol(Bp)X”/p‘ <

< X0y 4 x¥/C) N min <1a(w||m”2)_N) .

mezn
T r+s

x [ min (Y,;Lj(m)rl) [] wmin (Y3/2,|Lj(m)|*3/2). (3.8)
j=1 j=r+1

We divide the range of summation of this sum into subsets

n 1 —
M = 1m =M m <M m m m
S( 7J) { € Z* 2 < || Hoo — ’ ‘LJ( )‘ 1§]€27)"{-f—8 ’Lk( )‘ }’

where J € {1,...,7 + s}, and M is large. By (2.8), always
meS(M,J) = |Lym)| <M. (3.9)

We have to distinguish two cases.
Case 1: r =0, i.e., K is "totally complex”. Let w.l.o.g. J =1, then we
conclude that

Z ﬁ min (Y3/2, |Lk(m)]73/2) <
meS(M,1) k=1

< y5(s=2) 5 7-3/2 Z min (Y3/27 |L2(m)|_3/2>
0<||m]| <M

< V3625 p2s-T/24¢ | y3(s-2) pr2s—sie (3.10)

by (3.9) and an application of Lemma 3, (ii) and (iii). As a consequence,
the corresponding portion of the sum in (3.8) can be estimated by

> min (1, (w y\myy2)—N) f[min (Y3/2, \Lk(m)|_3/2) <

3 M<|jm]| <M k=1
< (Yg(s—2)+§Mzs—7/2+a n Yg(s_z)Mzs—3+e') min (1’ (wM)—N) ‘

We fix N sufficiently large and let M run through the powers of 2. It follows
that
P, i(X) := Ay i (X) — vol(B,) X™P <

< X(=D/py, 4 x5/(2p) (Yg(sfz)%wq‘sw/zfa +Y%(372)w725+376’) .
Recalling that Y =< XV/P, and balancing the remainder terms, we get w =
1 3
X »2=5 and thus

Pyx(X) < Xp(mimms)te, (3.11)
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For larger n, it is favorable to choose a different (actually somewhat cruder)
approach. For any U € {1,...,s} and parameters 1 < T1,...,Ty < M,
we consider the body
KU(TL cee ,TU) =

L TR<ad  +ad <AT? for 1<k <,

{(:Ul,...,mn)GR : x%kfl—i—xgkgl forU+1<k<s }

It is plain to see that the number of points of the lattice M* 7" (with M*
as in (2.2) through (2.6)) in Ky(T1,...,Ty) satisfies
#(M* 2" NKy(Ty,. .., Ty)) < (Th ... Ty)?.
Therefore®,
> B m)| min (1, ml,) ) <

IM<|m| <M
M*meKy (T1,...,Ty)

< min (1, @)™y 3 H min (Y72, L (m)| ~*?)
m: M*mGKU(Tl,.‘.,TU) k=1
< min (1, (M) V) YEEE0 (1 1) 72 3 |

m: M*mEKU(Tl,...,TU)
< min (1, (wM)_N) Y3U (T . Ty) V2

We let the T} range over dyadic sequences < M, and sum also over U =
1,...,s to arrive at

S || min (1, @ m),) ) <
sM<|m|| <M

< min (1, (wM)_N> max (Y”_%UMU/2> .
SUSS

With N fixed sufficiently large, we let again M range over the powers of 2
to obtain

Pk (X) < X=D/Py 4 max (X%(”*%U)M*Uﬂ) '
’ 1<U<s

Taking w = X~ /P) we thus get

Pox(X) < X»™ %) 4 max (X%(”%U)) < X773, (3.12)

1<U<s

8Note that, because of (3.9), this sum would be empty for U = 0, if M is sufficiently large.
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Case 2: r > 1. Dealing again with the sum in (3.8), we consider first those
domains S(M, J) with J € {r +1,...,r + s}, say, J = r + s. Similarly to
(3.10),

r r4s
> TTmin (Volgsm)l ™) T min (Y32, 2,(m) ) <
meS(M,r+s) j=1 k=r+1
< yr—1+5(s—1) 5 7 -3/2 Z min (Y, |L1(m)|_1)
0<|jml| <M
< YT+%87%M”75/2+6/ ’ (313)

by an appeal to (3.9) and Lemma 3, part (i). Secondly, we deal with

S(M,J) where J € {1,...,r}, say, J = 1. The corresponding argument
now reads

> ﬁmin (KILJ’(m)I_l) ﬁs min (Y3/2,|Lk(m)!‘3/2) <

<yt 3T min (YS/Q, !Lr+1(m)‘_3/2>
0<|lm|| <M
<< Yr+%sf2Mn73+€/ + YT+%S*%M7L75/2+E/ s (314)

again in view of (3.9) and Lemma 3, (ii) and (iii). Therefore, the part of
the sum in (3.8) which corresponds to M < |ml| < M is

< (Yr+%s—2Mn—3+e’ + Yr-‘r%s—gMn—E)/Q-i-e’) min <17 (wM)_N> .

Again, with fixed N sufficiently large, we let M range through the powers
of 2, and sum up to infer from (3.8) that

Pr(X) <

< X(n—l)/pw +Xs/(2p) (Yr+%s—2w—n+3—5’ +Y7"+%5—gw—n+5/2—e’> )

Recalling that ¥ = X7, and balancing the remainder terms, we choose
1 1
w = X P»»=2 and thus obtain

P, (X) < Xp(1lmms)te, (3.15)

Combining the estimates (3.11), (3.12), and (3.15), and recalling (3.6) and

(2.1), we complete the proof of our Theorem. O
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