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On an approximation property of
Pisot numbers II

par TOUFIK ZAIMI

RESUME. Soit ¢ un nombre complexe, m un entier positif et
Ln(q) = f{|P(q)],P € Zu[X]. P(g) # 0}, oit Z,,[X] désigne
I’ensemble des polynomes a coeflicients entiers de valeur absolue
< m. Nous déterminons dans cette note le maximum des quan-
tités I,,(q) quand ¢ décrit l'intervalle Jm, m + 1[. Nous montrons
aussi que si ¢ est un nombre non-réel de module > 1, alors ¢ est
un nombre de Pisot complexe si et seulement si [,,(¢) > 0 pour
tout m.

ABSTRACT. Let ¢ be a complex number, m be a positive ratio-
nal integer and l,,,(q) = inf{|P(q)|, P € Z,[X], P(q) # 0}, where
Zmm[X] denotes the set of polynomials with rational integer co-
efficients of absolute value < m. We determine in this note the
maximum of the quantities l,,,(¢) when ¢ runs through the interval
Jm, m+1[. We also show that if ¢ is a non-real number of modulus
> 1, then ¢ is a complex Pisot number if and only if ,,,(¢) > 0 for
all m.

1. Introduction

Let g be a complex number, m be a positive rational integer and 1,,,(q) =
inf{|P(q)|, P € Zm[X], P(q) # 0}, where Z,,[X] denotes the set of polyno-
mials with rational integer coefficients of absolute value < m and not all
0. Initiated by P. Erdos et al. in [6], several authors studied the quantities
l;m(q), where ¢ is a real number satisfying 1 < ¢ < 2. The aim of this note
is to extend the study for a complex number ¢q. Mainly we determine in the
real case the maximum ( resp. the infimum ) of the quantities /,,,(¢) when
g runs through the interval |m,m + 1[ ( resp. the set of Pisot numbers in
Jm,m + 1] ). For the non-real case, we show that if ¢ is of modulus > 1
then ¢ is a complex Pisot number if and only if [,,,(¢) > 0 for all m. Re-
call that a Pisot number is a real algebraic integer > 1 whose conjugates
are of modulus < 1. A complex Pisot number is a non-real algebraic inte-
ger of modulus > 1 whose conjugates except its complex conjugate are of
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modulus < 1. Note also that the conjugates, the minimal polynomial and
the norm of algebraic numbers are considered here over the field of rationals.
The set of Pisot numbers ( resp. complex Pisot numbers ) is usually noted
S (resp. Sc ). Let us now recall some known results for the real case.

THEOREM A. ( [5], [7] and [9] )

(i) If g €]1,00], then q is a Pisot number if and only if l,,(q) > 0 for all
m;

(i) if ¢ €]1,2[, then for any € > 0 there exists P € Z1[X] such that
[P(q)| <e.

THEOREM B. ([15))
(i) If q runs through the set SN|1,2], then infl(q) = 0;
(ii) if m is fixed and q runs through the interval |1,2[, then max iy, (q) =

Im(A), where A = HT‘/E
The values of [,,(A) have been determined in [11].

In [3] P. Borwein and K. G. Hare gave an algorithm to calculate I,,,(q)
for any Pisot number ¢ ( or any real number ¢ satisfying l,,(¢) > 0 ). The
algorithm is based on the following points :

(i) From Theorem A (i), the set Q(g,€) = Ug>0824(g, €), where ¢ is a fixed
positive number and

Qa(g,e) ={IP(q)], P € Zn[X],0P = d,0 < |P(q)| < e},

is finite ( OP is the degree of P );

(ii) if P € Zp[X] and satisfies |[P(q)| < 2 and 9P > 1, then P can be
written P(z) = 2Q(z) + P(0) where Q € Zy,[X] and [Q(q)] < 53

(iii) if ¢ €]1,m+1[, then 1 € Q(q, ;%) and lin(g) is the smallest element
of the set (g, q—%) (if ¢ €lm + 1, 00[, then from Proposition 1 below we
have ,,(q) =1).

The algorithm consists in determining the sets Qd(q, ) for d > 0 and
the process terminates when U< (q, qfl) Uk<d+1Qk(q, q71) for some
( the first ) d. By (i) a such d exists. In this case, we have Q(q, ™) =

q
Uned(g, 225) by (i). For d = 0, we have Qu(g, 25) = {1,.
min(m, E( 7))} where E is the integer part function. Suppose that the
elements of Q (q —M2) have been determined. Then, every polynomial P
satisfying |P(q)| 6 Qd+1(q, = 1) is of the form P(z) = zQ(x) + n, where
Q@) € Qulg, 25) and 1 € {—m, ...0,...,m}.
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2. The real case

Let ¢ be a real number. From the definition of the numbers I,,(q), we
have 1,,(q) = ln(—q) and 0 < l+1(q) < Ln(g) < 1, since the polynomial
1 € Z,[X]. Note also that if ¢ is a rational integer ( resp. if |¢| < 1), then
Im(q) =1 (resp. ln(q) < |¢"|, where n is a rational integer, and l,,(¢q) = 0).
It follows that without loss of generality, we can suppose g > 1. The next
proposition is a generalization of Remark 2 of [5] and Lemma 8 of [7] :

Proposition 1.

(1) If ¢ € [m + 1, 00], then l,,(q) = 1;

(i1) if ¢ €]1,m+ 1], then for any € > 0 there exists P € Z,,[X] such that
[P(q)] <e.
Proof. (i) Let ¢ € [m+1,00[ and P(z) = gz + 12t +... 4 ¢4 € Zp[X],
where d = 0P > 1 (if d =0, then |P(q)| > 1 ). Then,

IP(@) > |e0g”| = [e10™| = - = leal > fnala),
where the polynomial f,, 4 is defined by
fa(z) =zt —m@® + 272 4 x4+ 1).

It suffices now to show that f,, 4(¢) > 1 and we use induction on d. For
d =1, we have fp, 4(q) = ¢—m > m+1—m = 1. Assume that f,, 4(q) > 1
for some d > 1. Then, from the recursive formula

frmar1(z) = 2 fm.a(z) —m
and the induction hypothesis we obtain
fm,da+1(q) = ¢fmalg) —m =2 qg—m = 1.
(ii) Let ¢ €]1, m+1][. Then, the numbers §; = eg+e1g+. . .+e,¢", wheren
is a non-negative rational integer and ¢ € {0,1,...,m}, 0 < k < n satisfy
0<¢§ < mqn;_ll_l for all j € {1,2,...,(m + 1)"*!} From the Pigeonhole

principle, we obtain that there exist j and [ such that 1 < j < I < (m+41)"H!
and

qn+1 -1
- < .
e (T e V)
It follows that the polynomial P € Z,,[X] defined by
Plg)=¢&—-&

n+171
m+1)" T —1)(¢—1)
choosing for any € > 0, a rational integer n so that

m qn+1 -1
(q—1) (m+1)ntt -1

satisfies the relation |P(q)| < my and the result follows by

<eE.
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We cannot deduce from Proposition 1 (ii) that ¢ is an algebraic integer
when ¢ satisfies [g(4)(q) > 0 except for the case F(q) = 1. However, we
have :

Proposition 2. If lgg)4+1(q) > 0, then q is a beta-number.

Proof. Let Zn>0 Z—z be the beta-expansion of ¢ in basis ¢ [13]. Then, ¢ is
said to be a beta-number if the subset {F},(q),n > 1} of the interval [0, 1],
where
F,(x) =2" — gzt — ez 2 — L — e,

is finite [12]. Here, the condition lg(4)41(g) > 0, implies trivially that q is
a beta-number ( as in the proof of Lemma 1.3 of [9] ), since otherwise for
any € > 0 there exists n and m such that n > m, 0 < |F,(q) — Fin(q)| < ¢
and (Fn - Fm) S ZE(q)+1[X]. O

Remark 1. Recall that beta-numbers are algebraic integers, Pisot numbers
are beta-numbers, beta-numbers are dense in the interval |1, co[ and the

conjugates of a beta-number ¢ are all of modulus < min(g, 1+—2‘/5) (4], [12]

and [14]). Note also that it has been proved in [8], that if ¢ €]1, 1+2\/5] and
ZE(q)H(q) > 0, then ¢ € S. The question whether Pisot numbers are the
only numbers ¢ > 1 satisfying g4 (q) > 0, has been posed in [7] for the

case E(q) = 1.

q)

From Proposition 1 ( resp. Theorem B ) we deduce that infl,,(¢) = 0
( resp. maxli(q) = l1(A) ) if ¢ runs through the set SNJ1,m + 1[ ( resp.
the interval |1,2[ ). Letting A = A;, we have more generally :

Theorem 1.
(i) If q runs through the set SN |m,m + 1], then inf l,,(q) = 0;

(ii) if q runs through the interval m, m+1], then maxl,,(q) = Iy (Ap) =

m+vm2+4m

A, —m, where A, = 5

Proof. (i) Let ¢ € SN|m, m + 1], such that its minimal polynomial P €
Zm[X]. Suppose moreover, that there exists a polynomial @) € Z[X] satis-
fying Q(¢) > 0 and |Q(z)| < |P(#)| for |z| = 1 ( choose for instance ¢ = A,,
since m < A, <m+1, P(z) = 22 — mz —m and Q(x) = 22 — 1. In this
case \P(z)|2 — |Q(z)|2 =2m?2—1+m(m—1)(z+ %) —(m—1)(z2+ Z%) and
P2 = 1Q)=2m2—1—2m(m—1)—2(m—1)=1>0).

From Rouché’s theorem, we have that the roots of the polynomial

Qn(r) = 2"P(z) — Q(),

where n is a rational integer > 0P, are all of modulus < 1 except only one
root, say 6,. Moreover, since Q,(q) < 0, we deduce that 6, > ¢ and 0,
e€s.
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Now, from the equation
eszn) - Q(‘gn) =0,

we obtain \Q( )l ” ”
Q Q
|P( )‘ - g eg_aQ g qn—8Q7

where Cg is a constant dependlng only on the polynomial Q). As ¢ is
the only root > 1 of the polynomial P, from the last relation we obtain
lim@,, = q and 6,, < m + 1 for n large. Moreover, since 1,,(0,) < |P(6,)|,
the last relation also yields

liml,,(0,) =0
and the result follows.

(ii) Note first that m < A,, = Ztvm-tam V’72L2+4m <m+1land A2 —mA,,—m =
0. Let ¢ € |m,m + 1] and ¢ # Ay,. Then, l,,(q) < ¢ —m < A, —
when ¢ < A,,. Suppose now ¢ > A,, and l,,(q) > 0 ( if 1,,(¢) = 0, then
Im(q) < Ay —m ). Then, from Proposition 1 (ii), we know that for any
€ > 0, there exists a polynomial P € Z,,[X] such that |P(q)| < ¢. Letting
€ = lin(q), we deduce that there exist a positive rational integer d and d+ 1
elements, say 7;, of the set {—m,...,0,...,m} satisfying nong # 0 and

no+mq+ ... +nag” = 0.

Let ¢t be the smallest positive rational integer such that 1, # 0. Then,
from the last equation, we obtain

Mo
q

m
<—<

- m
In(q) < M+ 1 q + - - -+ nag” t‘: .

and m
To prove the relation l,,(A;,) = Ay, —m, we use the algorithm explained
in the introduction. With the same notation, we have Qo(Am, 77=) = {1},

since 3 = —— 2 < 5. Let P € Zp[X]. IfOP = 1 and |P(Ay)| €
Q1 (Am, 1=1), then P(x) = x —¢, where € € {—m,...,0,...,m}. A short
computatlon shows that if € # m, then Ay, — 2 Ay — (m — 1) 2 17
It follows that Qi (Am, 1) = {An —m} and if OP = 2 with |P(An)| €
Qo(Am, 177), then P(z) = z(x —m) —e. Since Ap(An —m) = m
and the inequality [m —e| < 2 holds only for ¢ € {m — 1,m},we deduce
that P(Ap) = £1, Qo(Ap, 777) = {1}, QAm, 17) = Q(Am, 1) U
D (Am, 107) = {1, A — m} and Iy (An) :Am—m. O

Corollary. If ¢ runs through the interval |1, m + 1] and is not a rational
integer, then max| =ln(Ay) = —2—.
g X m(Q) m( m) 1+\/1+%
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1+ 1+4
Proof. From the relations 4,, \/ Ap) = Aﬂ we have

—1+,/1+—>1+~/1+
lm +1 Lt ( m+1)

and the sequence l,,(A;,) is increasing with m ( to 1 = lim

1+\/1+$ )- 18
follows that Ip(g)(Ag(g)) < lm(Am) when g € J1,m + 1[. From Theorem 1
(ii), we have lg(q)(q) < lg(g)(AE(g)) if ¢ is not a rational integer. Further-
more, since I, (g ) < lp(q)(q) we deduce that 1,,,(¢) < ln(Ar) and the result
follows. O

Remark 2. From Theorem B ( resp. Theorem 1 ) we have max l,,,11(q) =
lim+k(Ap) when ¢ runs through the interval |m,m + 1], m =1 and k > 0
(resp. m > 1 and k = 0 ). Recently [1], K. Alshalan and the author
considered the case m = 2 and proved that if k € {1,3,4,5,6} (resp. if

k€ {2,7,8,9}), then maxly (q) = lotk(1 + +/2) (resp. maxlo (q) =
3+\f))

logi(
3. The non-real case

Let a be a complex number. As in the real case we have [, (a) = 0 if
la| < 1. Since the complex conjugate of P(a) is P(a) for P € Z,,[X], we
have that [,,,(a) = l,,(a). Note also that if a is a non-real quadratic algebraic
integer and if P € Z,,[X]| and satisfies P(a) # 0, then |P(a)| > 1, since
|P(a)|* = P(a)P(a) is the norm of the algebraic integer P(a). It follows in
this case that {,,(a) = 1.

Proposition 3.

(1) If |a| € [m + 1, 00], then ly(a) = 1;

(it) if |a]* € [1,m + 1[, then for any positive number e, there exists
P € Z,,|X] such that |P(a)| < e.

Proof. (i) The proof is identical to the proof of Proposition 1 (i).
(ii) Let n > 0 be a rational integer and a” = x,, + iy, where x,, and y,
are real and i> = —1. Then, the pairs of real numbers

(X;,Y;) = (eoxo + €121 + ... + €nTn, €0Yo + €191 + - .. + Enln),

where ¢, € {0,1,...,m} for all kK € {0,1,...,n}, are contained in the rec-
tangle R = [m ), 0Tk MY oy, Tkl X M2, <oUkm D oy, Ykl If we
subdivide each one of two intervals [m> , Tk, m> e, k] and
[m 3, <o Yk: M D oy, Yk into N subintervals of equal length, then R will
be divided into N? subrectangles.

Letting N = (m + 1)%rl — 1, where n is odd, then N? < (m + 1)"+!
and from the pigeonhole principle we obtain that there exist two points
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(X;,Y;) and (Xj,Y%) in the same subrectangle. It follows that there exist
N0y M,y ---Mn € {—m,...,0,...,m} not all 0 such that

m Zogkgn ||
N )

m Zogkgn Y|
N

| X — Xi| = [nozo + ma1 + ... + npay| <

Y = Yi| = [novo +my1 + - .. + naynl <
and the polynomial P € 7Z,,[X]| defined by
Pa) = (X; — Xg) +i(Y; — Yi) =m0 + ma+ ... +mua”,

satisfies
m
[P(a)] < &7, /( Do lmD2 ) w2
0<k<n 0<k<n
Since
max( Y Jul, 3 )< Y ot =n+1
0<k<n 0<k<n 0<k<n
( resp.
k ’a|n+1 —1
max( 3 foils 32 b < 3 || = F=)
0<k<n 0<k<n 0<k<n

when |a| =1 ( resp. when |a|] > 1), from the last inequality we obtain

Pl < ™2+ 1)

( resp.
Pla) < T2l =
a)l X
N a|-1
and the result follows by choosing for any € > 0 a rational integer n so that
n+1

mv'2 <e

( ) (m+1)”+1—1)
( resp.

m\/§ |a’n+l 1

( ) ) <e).

la] =1

NCES o

g

Remark 3. The non-real quadratic algebraic integer a = iv/m + 1 satisfies
la)* = m + 1, I,y(a) = 1 and is not a root of a polynomial € Z,,[X], since
its norm is m + 1. Hence, Proposition 3 (ii) is not true for |a|* = m + 1.

Now we obtain a characterization of the set S..

Theorem 2. Let a be a non-real number of modulus > 1. Then, a is a
complex Pisot number if and only if l,,(a) > 0 for all m.
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Proof. The scheme ( resp. the tools ) of the proof is ( resp. are ) the same
as in [5] ( resp. in [2] and [10] ) with minor modifications. We prefer to
give some details of the proof.

Let a be a complex Pisot number. If a is quadratic, then l,,(a) = 1 for

all m. Otherwise, let 01,60, ...,605 be the conjugates of modulus < 1 of a
and let P € Z,[X] satisfying P(a) # 0. Then, for k € {1,2,...,s} we have

1P(0)] < m(|0k°F +16,°7 7 ...+ 10k +1) =m

1— 16k = 16|

Furthermore, since the absolute value of the norm of the algebraic integer
P(a) is > 1, the last relation yields

ITicrcs(1 = 16k])

ms

1—10
mww>¢HK“iS’kD>o

|P(@)* = |P(a) |P(a)| >

and

To prove the converse, note first that if a is a non-real number such that
lm(a) > 0 for all m, then a is an algebraic number by Proposition 3 (ii). In
fact we have :

Lemma 1. Let a be a non-real number of modulus > 1. If I, (a) > 0 for
all m, then a is an algebraic integer.

Proof. As in the proof of Proposition 2, we look for a representation a =
Zn>0 °n of the number a in basis a where the absolute values of the rational

integers e, are less than a constant ¢ depending only on a. In fact from
la]4+1
|sint| )’

Lemma 1 of [2], such a representation exists with ¢ = E( + |a?|
where a = |a| e®. Then, the polynomials

F,(x) =2" — cor" Tl — e — e,

where n > 1, satisfy F,, € Z.[X] and

o Entk C
|[Fn(a)] = Z ak+1 S la] —1°
k>0
It follows that if la.(a) > 0, then the set {F),(a),n > 1} is finite. Conse-

quently, there exists n and m such that n > m and F),(a) = Fi,(a), so that
a is a root of the monic polynomial (F,, — Fy,,) € Za[X]. O

To complete the proof of Theorem 2 it suffices to prove the next two
results.
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Lemma 2. Let a be an algebraic integer of modulus > 1. If l,,(a) > 0 for
all m, then a has no conjugate of modulus 1.

Proof. Let I, = {F € Zy[X],F(x) = P(x)Q(x),Q € Z[X]}, where P is
the minimal polynomial of a. Let F' € I,, and define a sequence F*) in
Zm[X] by the relations F(© = F and F*+D (z) = w
k is a non-negative rational integer. Then, the polynomials F*) sat-
isty |F®) (a)] < Indeed, we have F(¥) (a) = 0 and |[F*+D ()] <

[F®) (a)|+]F™ (0)] B &
l < @ey + i = @i vhen [F® (a)] < gty Let

R%c) € Z[X] be the remainder of the euclidean division of the polynomial
F®) by P. Since P is irreducible and 8R¥C) < 0P, the set of polynomi-
als {R%k),k: > 0,F € I} is finite when the complex set {Rl(pk) (a),k >0,
F € I,,} is finite.

Suppose now that a has a conjugate of modulus 1. Then, from Propo-
sition 2.5 of [10], there exists a positive rational integer ¢ so that the set

{ R%C) .k > 0,F € I.} is not finite. Hence, the bounded set {Rgf) (a) =
F®)(a),k > 0,F € 1} is not finite and for any € > 0, there exist Fy € I,
and Fy € I. such that 0 < ‘Fl(k)(a) —Féj)(a)‘ < g, where k and j are
non-negative rational integers. Hence, l2.(a) = 0, and this contradicts the
assumption l,,(a) > 0 for all m. O

,where

_m
lal]—1"

Lemma 3. Let a be an algebraic integer of modulus > 1. If l,,(a) > 0
for all m, then a has no conjugate of modulus > 1 other than its complex
conjugate.

Proof. Let J,, be the set of polynomials F € Z,,[X] satisfying F(a) =
1
%, for some S € Z,[[X]] ( the set of formal series with rational integers

coefficients of absolute value < m ). If the polynomials F*) and Rg) are

defined for F' € J,, by the same way as in the precedent proof ( I,,, C J,, ),

1
we obtain immediately F*) € .J,, and |F(a)| = ‘¥ < ML—I Therefore,
k

by the previous argument, the set {R%) yk > 0,F € J,} is finite when

lgm(a) > 0.
Let a be a conjugate of modulus > 1 of a and let S(z) = ), spa™ €

Zn[[X]) satisfying S(2) = 0. Then, S(2) = 0. Indeed, if F(z) = sp2" +
s12" 14+ ... +s,, then F € J,,, F(a) = RES)(Q) and
(0)
1 F R
S(—) zlim(s()—l—ﬂ—l—...—i—s—n) zlimﬂ :hm& =0,
« a am am am

since the coefficients of the polynomial Rg,)) are bounded ( R;?) € {Rgf) ,
k>0,F € J,}). It suffices now to find for a ¢ {a ,a} a positive rational
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integer m and an element S of Z,,[[X]] satisfying S(1) = 0 and S(1) # 0.
In fact this follows from Proposition 7 of [2]. O

Now from Theorem 1 we have the following analog :

Proposition 4.

(i) If a runs through the set S N{ z, vVm < |z| < Vm+1 }, then
inf [,,,(a) = 0;

(it) if a runs through the annulus { z, Vm < |z| < vVm+1 }, then
sup lim(a) = b (iv/Ap) = A — m.

Proof. First we claim that if ¢ is a real number > 1, then l,(q) = I (i1/q).
Indeed, let P € Z,,[X] such that

P(q) =m0 +mg+ ... +nopq”" #0.
Then,

P(q) =m0 — m(iv/a) + ... £ nop(iva)*” = Q(iva),
where Q € Z,,[X] and 0Q = 20P. It follows that |P(q)| > [,,(i\/q) and
Im(q) = lm(iy/q). Conversely, let P € Z,[X] such that
P(i/g) = no + m(iv/a) + n2(iv/a)? + . ..+ nap(i/Q)°" #0.

Then, the polynomial R ( resp. I ) € Zy,[X]U {0} defined by

P(iy/q) + P(=iy/q)

R(q) = 5 =10 —m2q+ ... £ 120",
where 0 < 2s < 9P, satisfies |R(q)| < |P(iy/q)|
( resp.
Pliyvg) — P(=i/q) ‘
I(q) = =n — R
(q) NG m —n3q+ UIASY
where 0 < 2t + 1 < 9P, satisfies |I(q)| < —7 | < |P(iv/q)] )
Since P(i/q) # 0, at least one of the quantities R(q) and I(q) is # 0. It
follows that ,,,(q) < ‘P(z\/(j)’ and I (q) < Ln(iy/q).

Note also that if ¢ € S, then i,/q € S. and conversely if i,/q € Sc, where
q is a real number, then ¢ € S. Hence, by Theorem 1 we have

0 < infl,,(a) < infly(iy/q) = infly,(¢) =0,
( resp.
I (i Am) = L (Ap) = max l,(q) = maxl,(i\/q) < suplpn(a),

when a runs through the set S. N {z,v/m < |z2| < vVm+ 1} and ¢ runs
through the set SN|m,m + 1] ( resp. when a runs through the annulus
{z,v/m < |z| < v/m + 1} and ¢ runs through the interval jm,m +1[). O



On an approximation property of Pisot numbers 249

Remark 4. The question of [7] cited in Remark 1, can also be extended to
the non-real case : Are complex Pisot numbers the only non-real numbers
a satistying lgq2))(a) > 0, a?+1#0and a®? —a+1+#0?
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