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On p-adic zeros of systems of diagonal forms
restricted by a congruence condition

par HEMAR GODINHO et PAurLo H. A. RODRIGUES

RESUME. Cet article étudie I'existence de solutions non triviales
en entiers p-adiques de systemes d’équations pour des formes ad-
ditives. En supposant que I’équation ax” + by* + cz* = d (mod p)
ait une solution telle que zyz # 0 (mod p), nous montrons qu’'un
systeme quelconque de formes additives de degré k et d’au moins
2. 3871 .k + 1 variables possede toujours des solutions p-adiques
non-triviales, si p 1 k. L’hypothese ci-dessus pour existence de
solutions non-triviales de I’équation est vérifiée si, par exemple,
p > k.

ABSTRACT. This paper is concerned with non-trivial solvability
in p-adic integers of systems of additive forms. Assuming that
the congruence equation az® + by* + cz¥ = d (modp) has a so-
lution with zyz #Z 0 (mod p) we have proved that any system of
R additive forms of degree k with at least 2 - 3%~ . k + 1 vari-
ables, has always non-trivial p-adic solutions, provided p { k. The
assumption of the solubility of the above congruence equation is
guaranteed, for example, if p > k*.

1. Introduction

A classical problem concerning systems of diagonal forms over p-adic
fields involves finding an explicit relation between the degree of the forms
and the number of variables that will ensure non-trivial p-adic solubility.
The guideline given by Artin’s conjecture is that p-adic solubility is guar-
anteed once the number of variables exceeds the sum of the squares of the
degrees of each one of the forms of the system. Although we still do not
know if this conjecture is true or false for systems of additive forms of the
same degree (see [4]), an extensive theory on the subject has been devel-
oped over the last decades (see for example [1],]2],[5]). Recently the authors
have proved that for systems of three diagonal forms of odd degree k in NV
variables, p-adic solubility for all p { k is ensured, once N > 14k 4+ 1 and
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a mild condition (at least in our view) is fulfilled. The condition is that
the congruence equation az® + by* + cz* = d (modp), with a, b, ¢ nonzero
modulo p, has a solution with zyz #Z 0 (modp) (see [3]). In this paper we
generalize this result proving, for any degree k and any number R of forms,
that

Theorem 1.1. Let p be a prime and k an integer such that p t k. Let
us suppose that the congruence equation ax® + by* + cz* = d (modp), with
a,b, ¢ nonzero modulo p, has a solution with xyz % 0(modp), for all d.
Then, for any R > 1 the system

(1) Fi(zy,...,xN) :aﬂxlf—{—--'—i—aﬁvvazo, (i=1,...,R),

with coefficients a;; € Z, has a non-trivial p-adic zero, provided N > 2 -
Ry N

Corollary 1.2. Let k be an integer and p be a prime such that p > k*.
Then, for any R > 1, the system (1) has a non-trivial p-adic zero, provided

N>2.3871. k41

Proof. This is a consequence of Meir [6] (Lemma 8), where it is proved that
if p > k* then the congruence az* 4 by* 4 cz* = d (mod p) has a solution
with zyz # 0 (mod p). O

It is important to mention that the hypothesis p > k* can be improved
in many cases (and it is generally believed that it can be improved in all
cases), for example, for k = 5, it is enough to consider p > 101 (see [3] for
details).

We believe it is interesting to compare these results with the previous
results of Atkinson, Briidern and Cook [1] and I.D. Meir [6] in which they
proved that:

Theorem 1.3 (Atkinson, Briiddern and Cook). Let R, k, N be positive in-
tegers, with k > 1 and N > 2Rk + 1. Then the system (1) has a p-adic
zero, provided p > k21+2,

Theorem 1.4 (Meir). Let k, N be positive integers, with k > 1 and N >
4k + 1. Then a system of two diagonal forms of degree k has a p-adic zero,
provided p > 3k*.

Theorem 1.3 gives a better bound for N (comparing to Theorem 1.1), but
the given bound for the values of p grows exponentially from R.

In this paper we are going to make use of the p-adic normalization in-
troduced by Davenport and Lewis (see [2] for details). They associated a
function ¥ to the coefficients of the forms F}’s

9(Fy,..., Fg) = [[det(a;;), (1<i<R and j€.J)
J
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where J runs over all subsets of {1,2,..., N} with R elements. By an
argument involving the compactness of the set of p-adic integers, it is proved
in [2] that we can assume the additional hypothesis J(Fy,...,Fr) # 0 in
the proof of Theorem 1.1, with no loss of generality.

We are going to say that a system of R additive forms Fy' = ... = Fp =0
is p-equivalent to the system (1) if it is obtained from (1) by a combination
of the operations (i) and (ii) below:

(i) F;y =1 \jFi, Ay €Q,  and det(\i;) #0, or,

(ii) Fj(z1,...,2n) = Fj(p"z1,...,p"™VaN), 1 €L

Since we are assuming that ¢(Fi,..., Fr) # 0, and the p-adic fields have
characteristic 0, we can choose in each p-equivalence class a system for
which the power of p dividing ¥(F1,..., Fr) is minimal. This system will
be called a p-normalized system, and it is easy to see that if a p-normalized
system has p-adic solutions, then any system in its class will also have
p-adic solutions.

An important feature of the p-adic normalization is described in the next
lemma (this is Lemma 11 of [2])

Lemma 1.5. A p-normalized system of R additive forms of degree k can
be written (after renumbering the variables) as

(2) F, = fi(x1,...,20) + 0gi(Xni1,. .., xn) =0

fori=1,..., R, wheren > N/k and each of the variables x1, ..., x, occurs
in at least one of the forms f1,..., fr with a coefficient not divisible by p.
Moreover, if we form any S linear combinations of the forms f;’s, which
are independent modulo p, and denote by qs = qs(f1,- -, fr) the number of
variables that occur in at least one of these combinations with a coefficient
not divisible by p, then

gs > SN/Rk (S=1,...,R) (in particular qr = n).

From this point on we assume that the system Fy = F5 =--- = Fr =0
(see (1)) is p-normalized, with the properties stated on Lemma 1.5, which
give rise to the congruence system (see (2))

(3)  fi(z1,. .. xp) = anah + - +apal, =0 (modp) (i=1,...,R).

Remark 1.6. Let A = (a;;) be the R x n matrix of the coefficients of the
congruence system (3). The definitions of gg given by Lemma 1.5 can be
translated to the matrix A in the following way: after any finite sequence of
row operations on A, any row of A will still have at least ¢y nonzero entries
modulo p, any two rows will still have at least g2 nonzero entries (i.e., 2x 1
column vectors) modulo p, and so forth. With that in mind, we are going
to use, from now on, gs(A) instead of ¢s(f1,---, fr)-
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Following the notation given in [1], let uq(A) (1 < d < R) denote the
maximum number of columns of A that are in the same d-dimensional linear
subspace of Fﬁ. It is easy to see that

(4) Hd(A)—’_QR—d(A) =n, (d: ]-aaR_l)

The relation (4) is completely independent of the p-normalization, and
in the same way, for any R X n matrix, we have
(5) @(A) < @A) <...<qr(4) and p(A) < p2(A) < ... < pr(A4).

For the p-normalized case, and, as before, assuming A to be the R x n
matrix of the coefficients of the congruence system (3), we cannot have
puq(A) = n for any d < R, since it would imply that gqr_4(A) = 0 by
(4), which is impossible according to Lemma 1.5. Hence, for p-normalized
systems we have

(6) 1< (A) < -+ < pp1(A) < pr(4) = n

Definition 1.7. A solution £ = (&1, - ,&,) for the congruences (3) will be
called a rank v solution if the matrix (a;;&;) has rank v modulo p.

The next lemma is a version of Hensel’s lemma, and it was proved by
Davenport and Lewis (a particular case of lemma 9 in [2]).

Lemma 1.8. Ifptk and the congruences (3) have a rank R solution mod-
ulo p, then the corresponding system (2) has non-trivial p-adic solutions.

Based on Lemmas 1.5, 1.8, and the observations above, the proof of
Theorem 1.1 is a consequence of the proof of the following result (taking
041:...:043:0).

Theorem 1.9. Let p be a prime, k be an integer such that p 1 k, and
suppose that the congruence
(7) az® + byF + ¢2* = d (modp),

with a, b, ¢ different from zero modulo p, has a solution with xyz #Z 0 (modp),
for any d. For any aq,...,ar € Z, consider the system

f1= anxlf 4+ Faprt = ag (modp)
(8)

fr =ama} + -+ arnzk = ap (modp).
If for s =1,..., R we have

©)  a(d)> 5

then the system (8) has a solution of rank R modulo p.

2.3kl (in particular n = qr > 2 - 3871 4-1),

The proof of this theorem will be done by induction on the number R
of forms f;’s, and will follow from a series of lemmas presented in the next
section.
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2. Proof of Theorem 1.9

We start this section with some simple remarks. Let ¢ = ged(p—1,k). It
is easy to see that the equation z‘ = a (modp) has a solution if, and only
if, ¥ = a (mod p) has a solution. This implies that the set of ¢-th powers
and the set of k-th powers in F, are equal. Since we are assuming k to
be any natural number, there is no loss of generality if we replace k by ¢
in the congruences (3). Hence, from now on, we will always assume that
p =1 (mod k), whenever considering the congruence system (8).

Let [F;, be the group of all non-zero elements of Fj, and let K be the
subgroup of I} of all k-th powers. Since we are assuming p = 1 (mod k),
there exists a § € (F; — K), such that

(10) Fi=KUSKUGPKU---US* 'K (a disjoint union).
Let us denote by S the following set of representatives of the k cosets above
(11) S=1{1,6,6%...,6" 1.

It follows from these considerations that any o € Fy; can be written in the
form

(12) a=da”

for some a € F; and some 5t es.
The next lemma gives the initial step of inductive argument used for the
proof of Theorem 1.9.

Proposition 2.1. The statement of Theorem 1.9 holds for R = 2.

Proof. Let A be the 2 x n matrix of coefficients of (8). It follows from (9)
and (4) that

n=q¢=7 @A) =4 and m(A)+q(A)=n.
Hence the system (8) (with R = 2) can be rewritten as

(13) {alxlf—i—---—l—amxﬁl+ bly’f—i—...—i—bqukl
ayt + -+ cqly,

ay(modp)
az(mod p)’

where pi = p11(A) and q1 = q1(A).

Let (£1,...,&,,) be a solution for cyyf +---+¢,, yf;l = ay (mod p) with all
entries nonzero modulo p, which is a consequence of the hypothesis (7) (one
can take, for example, y4 = --- = y4, = 1 and solve cly{C + czyéC + 03y§ =
ag—(ca+-+++cg) (modp)). Now write b1 &F +- - - +bq1§§1 = 7 (mod p) and
consider the congruence

(14) alxlfjt---—i—amxﬁl = a1 — 7 (mod p).

If 11 > 3 then, by hypothesis, we can find a nontrivial solution (e1,...,&,,)
for (14), and (e1,...,€41,&1, ..., &g ) is a rank two solution for (13). Let us
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suppose that p; = 2. If 7 = a1 (mod p) then (0,0,&,...,§, ) is a solution of
rank 2 for (13) since this solution has at least three entries nonzero modulo
p and pp = 2. Now suppose that a; — 7 # 0 (modp). Let (£1,e2,¢) be a
solution for the congruence

(15) arzh + agxh 4+ (1 — aq)2F = 0 (mod p)

with e1e9¢ #Z 0(modp). Then, (e167 1, e9e7!) is a solution for (14) (now
p1 = 2) and then (1671, 62671, &1, ..., &) is a rank 2 solution for (13).
Finally suppose that uy = 1 and ¢; > 6. After the change of vari-
ables cjyéC — 5T(cjyj)k based upon (12), we can consider the coefficients
Cly...,Cq €S (see (11)), that is, they form a subset of the representatives
of the equivalence classes modulo K (see (10)).
We are going to conclude this proof by considering the following two
cases:
Case (i): Suppose that there are two equal coefficients among ci,. .., cq,
say ¢; = cp. Since g3 = 1 we must have by # by (modp). Now, since
¢1 = co, the congruences

a1yt + esyh + cayf = 0(modp) and  coyh + esyh + cayf = 0 (mod p)

have a common solution, say (£1, &3, &) with £163€4 # 0 (mod p). Let b1&F +
b3&k+b,ek = w (mod p) and batk+b3¢5+-b4E8 = v (mod p) we must have that
w # 7 (mod p), otherwise we would have b; = be (mod p), a contradiction.
Thus, with no loss of generality, we may assume that w # 0 (mod p). Next
let (&2,&5,...,&) be a solution with all entries nonzero modulo p for the
congruence coyk +csyf+- -+ ygl = ay (mod p) (as done in the beginning
of this proof). Now let bofs + bs&l + -+ + by, &k = 7 (modp). If r =
a1 (modp) then (0,0,&,0,0,&s,...,&,) is a rank 2 solution for (13), since
p1 = 1. Otherwise we have the congruence

a1z + wT* = ay — 7 (mod p)

which has a solution (g1,¢) (as done in the case p; = 2 of this proof).
Hence,

(517 5157 527 5357 5457 £5> R §QI)

is a rank 2 solution modulo p for (13) (by the construction of w).
Case (ii): Suppose that cq,...,¢q € S and they are all distincts. Since
there are at least 6 of them, we may assume, after a renumbering if neces-
sary, that ¢; # —ca (mod p) (which also means that they do not belong to
the same class modulo K (see (10))).

Rewriting the system (13) as

(16) {alm’f—i— blylf—i-...—i-bql_lykl_l
cyl + o+ eyt g +eqyl

ai(mod p)
az(modp)’
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with all b;’s and ¢;’s different from zero modulo p, with a possible change
in the values of a1 and «s.

Follows from the hypothesis (7) (as done before in this proof) that we
can find solutions (e1, &1, &) and (&3, . .., &, —1) for the congruences ajz% +
biyk + boyh = 0(mod p) and b3y + - + bql,ly{;’l_l = a3 (mod p), with all
entries nonzero modulo p. Now let 03§§ 4+ 4 Cq1—1§§1—1 = 7 (modp). If
T = ag (modp) then (0,0,0,&s,...,&;-1,0) is a rank 2 solution for (16).
Otherwise, let c1&F + ¢k = w (mod p) and observe that if w = 0 (mod p)
we would have ¢; and —cy in the same class modulo K, a contradiction.
Hence w # 0 (mod p). Since as — 7 and w are nonzero modulo p, we can find
a solution (p, &,, ), with all entries nonzero modulo p, for the congruence

wT* + cqug1 = ay — 7 (mod p).

Then (e1p,&1p,&2p,€3,...,&,) is a rank 2 solution for (16), by the con-
struction of w. O

Induction Hypothesis: Let us now assume, as the induction hypothesis, that,
under the hypothesis (7) and for any R’ < R, any congruence system
Gi = B; (mod p) of R’ forms of degree k in at least 2 - 3% ~1 1 variables,
and such that its coefficient matrix ¢ has ¢,(¢) > (s/R') -2 - 3%~1 for
i=1,..., R, has always a rank R’ solution modulo p.

One important comment before continuing the proof is that, if the matrix
of coefficients A, of order R X n, is written in the form

_ (4
=(%)
where A; has order d x n and Aj has order (R—d) xn, then g;(A;) > ¢;(A)

for j =1,...,d and ¢;(A2) > ¢;(A) for j =1,..., R — d. In particular, if the
matrix A has the form

[ A Ap
" (A A)

where A has order (R — d) x (n —t) then we still have g;(A22) > ¢;(A)
forj=1,...,R—d.

Lemma 2.2. Let us suppose that there is d, 1 < d < R — 1, such that
pa(A) > 2371 Then (8) has a rank R solution, modulo p.

Proof. Let d, 1 < d < R — 1, be the smallest number such that pq(A4) > 2-
391, After re-enumerating the variables (if necessary) and after performing

row operations on the coefficients of the matrix A, we can rewrite the system
(8) as
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g1, xuy) + by, Yqpy) =1 (modp)

ag  (modp)

(18) gd(xl,...,x“d)—i— hd(yl;---aqu,d)
ag+1 (modp)’

hd+1(y17 ey qu,d)

hR(yla cee 7y‘IR—d) R (mOdp)
where ¢1,...,94,h1, ..., hr are diagonal forms of degree k, ug = pq(A) and
qr—d = qr-d(4) .

Now consider the subsystem of (18) given by
(19) hi(yi, .. Yqp ) =0i (modp) (i=d+1,...,R)
and let B be the coefficient matrix of the system (19), of order (R—d) Xqr—q-
From the above comments, we have, for s=1,..., R — d,

S S
o(B) > qs(A) > =2.38°1 5 _~__9. 3R-d-1
0(B) > q,(4) > 72371 > 523

Hence, by the induction hypothesis, (19) has a rank R — d solution (&1, .. .,
&4n_,) modulo p.
Next we can consider the following system

(20)  gj(@1,...,2p,) =aj —hi(&r, ... 6ge ) (modp)  (=1,...,d).

Let C be the coefficient matrix of this system of order d x pg. For s =
1,...,d —1, we have

:ud—s(c) + QS(C) = ,ud(A) >2- 3d_1
and, by the minimality of d and since C' is a sub-matrix of A, we have

ps(C) < ps(A) <2371,

hence
QS<C) >2- 3t — Mdfs(c)
>2.3071 — 2. 3471
So . ad-1
> d2 <347
Next we can apply the induction hypothesis for the system (20) to obtain
a rank d solution (e1,...,€e,,) modulo p.
Let (w1, ,wy) be a solution for the system (18), given by w; = ¢; for
t=1,---, pa, and Wpg+j :éj forj=1,--+,qr—a
Now let A = (a;5) be the coefficient matrix of (18). Together with the
solution (w1, -+ ,wy), we can have the matrix M = (a;jw;) as in Defini-

tion 1.7. Next observe that M has order R x n and the form

([ M1 M
M_<0 M3>
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where Mj has order d X pg and rank d, and M3 has order (R — d) X qr—q
and rank R — d (by the way, we obtained the above solutions (e1,...,¢&,,)
and (§1,...,&g,_,))- From a simple linear algebra argument, it follows that
M has rank R, proving that (wy,--- ,wy,) is a rank R solution for (18), as
desired. O

Let us rewrite the system (8) of theorem 1.9 (with a possible change in
the values of a;’s) modulo p as

g1z, ..., x,) + bnylf+--'+blqy§ =o
(21) : " P
gr-1(T1, -, @) + br_1)1Y7 + + b(R-1)q¥g = AR-1
bRyt + - + bReyk =ap

where 1 = pr—1(A), ¢ = q1(A), and the coefficients bgi,...,bg, are all
nonzero modulo p. From this point on we are going to focus our attention
on this system, observing that, from (4) and (9) follows that n = ¢+ pu >

2 - 3571 and since we can assume that p < 2 - 3772 (see Lemma (2.2)),
then we have
(22) q>4-3%2 >,

Definition 2.3. Consider the sub-forms of the forms of the system (21)
blryf + blsyéC + bltyf

breyy + brsyE + breyf
such that its R x 3 matrix (b;;) has rank 3 modulo p. From the hypoth-
esis (see (7)) we can find a solution (&,&s,&) for the congruence equa-
tion br,y* + brsy¥ + bryyF = 0(modp). The substitution of (&, &, &) by
(T, TE,s, TE), where T is a new variable, in the remaining sub-forms will
give

bir(TE)F + b1s(T§s)k + b (TE)* 1 T* (mod p)

b(r—1)r(T&)F + bep_1) (Tfs) + bip—1yt(T&)" é’YR—lTk (modp)

This substitution of the variables y,,ys, ¥ by a new variable 1" will be
called a rank 3 contraction to a new variable T. It is important to observe
that we cannot have 794 = -+ = yg—1 = 0(modp) since the coefficient
matrix (b;;) has rank 3.

In order to set the stage for the proof of the remaining four lemmas, we
will need the following remark.
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Remark 2.4. It follows from the definition of pg4(A) that any set of p + 1
columns corresponding to the variables y;’s in (21) must have rank R. Since
q > 2u (see (22)), we can choose, in this set of columns, R columns forming
a rank R matrix modulo p. Let us say that the R columns corresponding to
the variables yi,...yg are of rank R. From the hypothesis (7) follows that
there is a solution (£1,...,&R) for the congruence byt + --- + bRRyﬁ =
agr (modp) with all §& # 0(modp). Now suppose that we can produce
v rank 3 contractions with 3v variables among the remaining variables
YR+1,- - -, Yq (see definition 2.3 above)
Writing

ﬁﬂ =05 — (bjlgic et b]Rgf;%) (mOdp)7 for ] = 17 e 7R - 11

and renumbering the variables (if necessary) of the system (21) we can form
the following system modulo p (with r = R — 1)

mi(Th, ..., Ty) + g1(@1, - 20) + b1(YR+30 41,5 -+ -, Yg) =

(23) ' .
mr(Tla oo Ty) + gT’(:I:17 B x,u) + br(YR+ 3041, - - - 7yq) =0
bR(YR+30+15- -+, Yg) =

a system with n — 2v — R variables, since
(24) v+pu+(g—3v—R)=(u+q)—2v—R=n—-—2v—R.
Observe that if we can find an nontrivial solution

(alv T aava)‘lw . 'a)‘uaryR+311+1a s qu)

modulo p for the system (23) above, then

(25) (>\17 s 7)‘,LL7£17 s 7£R7wR+17 -+« s WR+3v) YR+3v+15 - - - 77(1)

will be a rank R solution (guarantied by ({i,...,€Rr), see above) for the
system (21), where, for i =1,...,v,

(WR43i—2; WR+3i—1, WR43i) = (azﬁii)’ ai5§i), Oéi5§i))

and the v triples (5%1), 5&2), 59), are the solutions necessary to perform the
v rank 3 contractions produced above (see definition 2.3). And this would
conclude the proof of theorem 1.9.

Let € be the R x (n — R — 2v) coefficient matrix of the system (23), and
M its R x v sub-matrix composed by the coefficients of the variables T;’s.

By definition, p = pur—1(A) and ¢ = ¢1(A), where A is the coefficient
matrix of the system (21), and since the last line of the matrix 9t has only
zeros, then

(26) nr-1(€) = p+v.
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Since
pr—1(€)+q(€)=n—R—-2v and p+qg=n
it follows that
(27) @(€)=qg—3v-R
Lemma 2.5. Let R > 4 and suppose that for the system (23) we can find

1<d< R-2, such that v > 2 - 39-1 4 1 and the matriz 9 has rank d.
Then there is an nontrivial solution for the system (23).

Proof. Let 1 < d < R — 2 be the least integer with the property given in
the lemma, and let us assume v = 2- 397! + 1. Rewrite the system (23) as

(ma(Th, ..., Ty) + t1(T3v41, -, Tn—r) =51 (modp)
(28) mg(T1, ..., Ty) + ta(x3p+1, -y Tn—r) =Pa  (modp)
tr—1(%3041,- -+, Tn—R) = Pr-1 (modp)
tr(T3p+1y -« -yTn—r) =0 (mod p)
where my,...,mg,t1,...,tr are diagonal forms of degree k, and since the

coefficient matrix 9t of the new variables T;’s has rank d.
Now consider the subsystem

tat1(23041, -+, Tn—R) = Bay1 (modp)

(29) : ,
trR—1(23v41,---,Tn—r) = Br—1 (modp)
tR($31,+1, . ,xn,R) =0 (rnodp)

and let C' be the coefficient matrix of this system (29), of order (R — d) x
(n — R — 3v). Note that follows from the comments made just before (17)
and from (27)

(30) @ (C) > q1(€) =q(A) — R — 3v,
hence, for s=1,...,R—d,

45(C) > q1(C) > q1(A) — R—3(2-37" +1)
>(2-38 141 - pr1(A)-2-32-3-R
(31) >2.30"1_9.38-2_92.3d _2_R
=4-37%2_2.31 _2_R
ZQ'SR_d_l > ﬁQ'?}R_d_l,

for R >4 and 1 < d < R — 2. Applying the induction hypothesis to
-
system (29), we can obtain a solution & = (&41,...,&—r). Replacing

this solution in (28) we have the system
—

(32) mi(Tl,...,Tv)zﬂi—ti(g)(modp) (i: 1,...,d).
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Let D be the matrix of the coefficients of (32) of order d x v. Since d is
the least one with the property given in the lemma, we have pg_s(D) <
2.39=51for s=1,...,d — 1. Hence
QS(D) =v - Nd—s(D)
(33) > 9. 3d71 —9. 3d7571
S
> —2. 301
—d

for s=1,...,d— 1. Again by the induction hypothesis, there is a solution
(T1,...,7y) for (32). Therefore (71,...,7y,&41,---,&n—Rr) IS a nontrivial
solution modulo p for the system (28).

O

Lemma 2.6. Let R = 3 and suppose that for the system (23) we can
produce two new variables (i.e. v =2), such that the rank of M is equal to
1. Then we can find an nontrivial solution for the system (23) modulo p.

Proof. Since R = 3, it follows that, (see (9) and (22))
n>19 and ¢ > 13.
As done in the previous lemma, rewrite the system (23) as

NTF + T + t1(z7,...,20-3) = B1 (mod p)
(34) to(x7,...,xp—3) = P2 (modp).
ts(x7,...,2p—3) =0 (modp)
Then the subsystem (see (29))

{752(567, ..y Tn-3) = P2 (modp)

ts(zr,. . 2n3) =0 (modp)

has at least 10 variables and ¢; > 4, by (30). Therefore it satisfies all the
conditions required in the Proposition 2.1, and hence it has a nontrivial
solution E} = (&7,...,&n—3) modulo p. Applying this solution in the first
equation we would have

(35) NI+ 3TF = By — 1(€) (mod ).

If 1 —t1( &) = 0 (modp) then (0,0,&7,...,&,—3) is a nontrivial solution for
(23), otherwise we can apply the ideas given in the proof of Proposition 2.1
(see (15)) and find a solution (w;, w2) for (35), and then (w1, w2, &7, ..., Ep—3)
is an nontrivial solution for (23). O

Lemma 2.7. The system (8) has a rank R solution modulo p provided
R > 4.

Proof. With no loss of generality, let us assume that the coefficient matrix
A of the system (8) is written as in (21), with the same notations described
there. We make use of the ideas presented in Remark 2.4, but forming a
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system like in (23) in a very specific way. As done before (see Remark 2.4),
in any set of ;1 + 1 columns of A corresponding to the variables y1, ..., yq,
we can find R columns of rank R, from where we can extract 3 linearly
independent columns. But we want to repeat this process v times, as long
as
q—3v=>p+1.

This means that, after collecting the v sets of 3 linearly independent
columns, we are still able to find, among the remaining ¢ — 3v columns , R
columns of rank R. As seen before,

g=n—p>2-3141-4
then, we have
g—30v>(2-3% 41— p)—3v>pu+1.
Hence we can take v to be

23871 — 9

3

With these v triples of columns we can perform v rank 3 contractions
(see definition 2.3), and still have R columns of rank R. Now we have all
the necessary ingredients to produce a system in the form of system (23).
But, at this time, let us put all the unused variables y;’s equal to zero.
Thus the new system will look like

gi(x1,...,z,) + t(Th,...,Ty) =M (mod p)
(37) :
9r—1(21,...,xy) + tr—1(T1,...,Ty) = Br—1 (modp)
From (36) follows that

2u+2

9
(38) ptov>2-3°2- +u=2-3R*2+“T>2-3R*2,

since p = up—1 > R—1> 2.

Let us still write the coefficient matrix of (37) as € and the coefficient
matrix of the new variables 7’s as 9t (see Remark 2.4). At this point one
needs to observe that the first p columns of the matrix A (see (21)) are
equal to the first u columns of the matrix €, but with a zero in the last
coordinate.

Another important observation about the matrix € is the following.
Let D be the maximal set of the columns of € belonging to the same
d-dimensional linear subspace of FX~! (since € has order (R—1) x (u+v)),
and by definition the cardinality of D is equal to p4(€). Now divide D into
two subsets D1 and Dy, where D; contains the columns taken among the
first p columns of €, and Ds contains the columns taken among the last v
of €. Hence, the dimension of the two linear subspaces generated by the
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columns in Dy and D» respectively is at most d. Therefore, it follows from

(5) that, ford=1,...,R—2
(39) 1a(€) < pa(A) + pa(M).

According to Lemmas 2.2 and 2.5 (since any nontrivial solution for (37)
implies a rank R solution for (21))

pa(A) <2-37" and pg(M) <2371
hence ford=1,...,R —2
(40) pa(€) < 43971
For the matrix € one has (see (4)), ford=1,...,R—2
qa(€) + pr-1-a(€) = p +v.
Hence (see (38) and (40))
4a(€) = (p +v) = pro1-a(€) > 23772 — 4. 30—~

Now
Qd((’:) > 2 . 3R72 _ 4 . S(Rfdfl)fl 2 LQ . 3R72
R—-1
since
_ d _ 2(R—1-4d) _ Cd—
R—-1 R—-1 -
and

(R—1-4d) 2

A S

R-1 —3d
ford=1,...,R—2,and R > 4. Now we can apply the induction hypothesis
to the system (37), which guarantees a nontrivial solution for this system,
and therefore a rank R solution modulo p (see (25)) for the system (8). O

Lemma 2.8. The system (8) has a rank R solution modulo p.

Proof. It remains only the case R = 3 to consider, and we are going to
follow very closely the steps presented in the proof of Lemma 2.7. After
performing the possible v contractions and still having left, among the
remaining variables y;’s, 3 columns of rank 3, we can form the system,
putting the unused variables equal to zero (see (37)),

(41) {gl(:vl,...,:nu)—i—tl(Tl,...,Tv) = (1 (mod p)
g2(x1, ..., xu) + to(Th, ..., Ty) = P2 (modp)”

According to (38) this system has at least p + v > 7 variables, and the
matrix € of this system has (see (39))

p1(€) < pa(A) + pa (M).
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It follows from lemmas 2.2 and 2.6 that
m(A) <2 and () =1,
hence p1(€) < 3. Since n = q1(€) + p1(€), we have
q(€)>7-3=4.

It follows from Proposition 2.1 that there is a nontrivial solution of the
system (41), and therefore (8) has a rank 3 solution modulo p, concluding
the proof. O
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