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Sequences of algebraic integers and density
modulo 1

par RoMmaN URBAN

RESUME. Nous établissons la densité modulo 1 des ensembles de
la forme

{™AE + 1y c nym € N},
ol A, 1 € R sont deux entiers algébriques de degré d > 2, qui sont
rationnellement indépendants et satisfont des hypotheses tech-

niques supplémentaires, £ # 0, et r, une suite quelconque de
nombres réels.

ABSTRACT. We prove density modulo 1 of the sets of the form
{" A"+ rp, i nym € N},

where A\, € R is a pair of rationally independent algebraic in-
tegers of degree d > 2, satisfying some additional assumptions,
& # 0, and r,, is any sequence of real numbers.

1. Introduction

It is a very well known result in the theory of distribution modulo 1 that
for every irrational ¢ the sequence {n¢ : n € N} is dense modulo 1 (and
even uniformly distributed modulo 1) [11].

In 1967, in his seminal paper [4], Furstenberg proved the following

Theorem 1.1 (Furstenberg, [4, Theorem IV.1]). If p,q > 1 are rationally
independent integers (i.e., they are mot both integer powers of the same
integer) then for every irrational £ the set

(1.2) {p"q™& : n,m € N}

1s dense modulo 1.

Manuscrit recu le 17 aout 2006.

Mots clefs. Density modulo 1, algebraic integers, topological dynamics, ID-semigroups.

Research supported in part by the European Commission Marie Curie Host Fellowship for
the Transfer of Knowledge “Harmonic Analysis, Nonlinear Analysis and Probability” MTKD-
CT-2004-013389 and by the MNiSW research grant N201 012 31/1020.



756 Roman URBAN

One possible direction of generalizations is to consider p and g in Theo-
rem 1.1 not necessarily integer. This was done by Berend in [3].

According to [10], Furstenberg conjectured that under the assumptions
of Theorem 1.1, the set {(p™ + ¢")& : n,m € N} is dense modulo 1. As
far as we know, this conjecture is still open. However, there are some
results concerning related questions. For example, B. Kra in [9], proved
the following

Theorem 1.3 (Kra, [9, Theorem 1.2 and Corollary 2.2]). Fori = 1,2, let
1 < p; < g; be two rationally independent integers. Assume that py # pa or
q1 # qo. Then, for every &1,& € R with at least one & &€ Q, the set

{Pla" & + phay'&e - n,m € N}

s dense modulo 1.
Furthermore, let r, be any sequence of real numbers and & & Q. Then,
the set

(1.4) {PTq"€ 4 rm s m,m € N}
1s dense modulo 1.

Inspired by Berend’s result [3], we prove some kind of a generalization
of the second part of Theorem 1.3 (some kind of an extension of the first
part is given in [15]). Namely, we allow algebraic integers, satisfying some
additional assumption, to appear in (1.4) instead of integers, and we prove
the following

Theorem 1.5. Let A\, u be a pair of rationally independent real algebraic
integers of degree d > 2, with absolute values greater than 1. Let Ao, ..., Ag
denote the conjugates of A = \1. Assume that either A or u has the property
that for every n € N, its n-th power is of degree d, and that p may be
expressed in the form g(X\), where g is a polynomial with integer coefficients,
i.€e.,

(1.6) w=g(A), for some g € Z[z|.

Assume further that

(1.7) for each i =2,....d, either |\;| > 1 or|g(\;)| > 1,
and

(1.8) for each i =2,...,d, |\j| # 1.

Then for any non-zero &, and any sequence of real numbers r,,, the set
(1.9) {W" AN + 1 2 mym € N}

1s dense modulo 1.
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As an example illustrating Theorem 1.5 we can consider the following
expressions

(V23 4+ 1)" (V23 +2)™ + 2B or (3+v3)"(v3)"5+7"8, B € R.

Remark. We believe that assumption (1.6) is not necessary to conclude
density modulo 1 of the sets of the form (1.9).

Another kind of a generalization of Furstenberg’s Theorem 1.1, which we
are going to use in the proof of our result, is to consider higher-dimensional
analogues. A generalization to a commutative semigroup of non-singular
d X d-matrices with integer coefficients acting by endomorphisms on the
d-dimensional torus T¢ = R%/Z?, and to the commutative semigroups of
continuous endomorphisms of other compact abelian groups was given by
Berend in [1] and [2], respectively (see Sect. 2.3). Recently some results for
non-commutative semigroups of endomorphisms of T have been obtained
in [5, 6, 13].

The structure of the paper is as follows. In Sect. 2 we recall some notions
and facts from ergodic theory and topological dynamics. Following Berend
[1, 2], we recall the definition of an ID-semigroup of endomorphisms of the
d-dimensional torus T?¢. Then we state Berend’s theorem, [1], which gives
conditions that guarantee that a given semigroup of endomorphisms of T¢
is an ID-semigroup. This theorem is crucial for the proof of our main result.
Finally in Sect. 3, using some ideas from [9, 3] we prove Theorem 1.5.

Acknowledgements. The author wishes to thank the anonymous referee
for remarks that improved the overall presentation of the result.

2. Preliminaries

2.1. Algebraic numbers. We say that P € Z[z]| is monic if the leading
coefficient of P is one, and reduced if its coefficients are relatively prime.
A real algebraic integer is any real root of a monic polynomial P € Z[z],
whereas an algebraic number is any root (real or complex) of a (not neces-
sarily monic) non-constant polynomial P € Z[z]. The minimal polynomial
of an algebraic number 6 is the reduced element @ of Z[z] of the least degree
such that Q(f) = 0. If § is an algebraic number, the roots of its minimal
polynomial are simple. The degree of an algebraic number is the degree of
its minimal polynomial.

Let 0 be an algebraic integer of degree n and let P € Z[z]| be the minimal
polynomial of . The n — 1 other distinct (real or complex) roots 6o, ..., 0,
of P are called conjugates of 6.

2.2. Topological transitivity, ergodicity and hyperbolic toral en-
domorphisms. We start with some basic notions, [12, 7]. We consider
a discrete topological dynamical system (X, f) given by a compact metric
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space X and a continuous map f : X — X. We say that a topological dy-
namical system (X, f) (or simply that a map f) is topologically transitive
if for any two nonempty open sets U,V C X there exists n = n(U,V) € N
such that f™(U) NV # (. One can show that f is topologically transitive
if for every nonempty open set U in X, (J,,~o f~"(U) is dense in X (see [§]
for other equivalent definitions). If there exists a point x € X such that
its orbit {f™(z) : n € N} is dense in X, then we say that z is a transitive
point. Under some additional assumptions on X, the map f is topologically
transitive if and only if there is a transitive point x € X. Namely, we have
the following

Proposition 2.1 ([14]). If X has no isolated point and f has a transitive
point then f is topologically transitive. If X is separable, second category
and f is topologically transitive then f has a transitive point.

Consider a probability space (X, F, ) and a continuous transformation
f X — X. We say that the map f is measure preserving, and that u is
f-invariant, if for every A € F we have u(f~1(A)) = u(A). Recall that f
is said to be ergodic if every set A such that f~'(A) = A has measure 0 or
1.

Let L be a hyperbolic matriz, that is a d X d-matrix with integer entries,
with non-zero determinant, and without eigenvalues of absolute value 1.
Then LZ¢ C Z% so L determines a map of the d-dimensional torus T¢ =
R? / 7Z%. Such a map is called a hyperbolic toral endomorphism. It is known
(see e.g. [12]) that the Haar measure m of T¢ is invariant under surjective
continuous homomorphisms. In particular, it is L-invariant. We state two
propositions about toral endomorphisms. Their proofs can be found in [12].

Proposition 2.2. Let L : T — T¢ be a hyperbolic toral endomorphism.
Then L is ergodic.

The next proposition gives an elementary and useful relation between
ergodicity and topological transitivity.

Proposition 2.3. Let L be a continuous endomorphism of T¢ which pre-
serves the Haar measure m. If L is ergodic then it is topologically transitive.
In particular, if L is a hyperbolic toral endomorphism then L has a transi-
tive point t € T, d.e., {L™t : n € N} is dense in T

We will also need the following lemma about finite invariant sets of er-
godic endomorphisms. For the proof see [1, Lemma 5.2].

Lemma 2.4. Let L : T¢ — T¢ be an ergodic endomorphism. A finite
L-invariant set is necessarily composed of torsion elements only.

2.3. ID semigroups of endomorphisms acting on T¢. Following [1,
2], we say that the semigroup ¥ of endomorphisms of a compact group
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G has the ID-property (or simply that 3 is an ID-semigroup) if the only
infinite closed Y-invariant subset of G is G itself. (ID-property stands for
infinite invariant is dense.) A subset A C G is said to be X-invariant if
YACA.

We say, exactly like in the case of real numbers, that two endomorphisms
o and 7 are rationally dependent if there are integers m and n, not both of
which are 0, such that ¢ = 7", and rationally independent otherwise.

Berend in [1] gave necessary and sufficient conditions in arithmetical
terms for a commutative semigroup ¥ of endomorphisms of the d-dimen-
sional torus T4 = R¢ / Z% to have the ID-property. Namely, he proved the
following.

Theorem 2.5 (Berend, [1, Theorem 2.1]). A commutative semigroup %
of continuous endomorphisms of T% has the ID-property if and only if the
following hold:

(i) There exists an endomorphism o € ¥ such that the characteristic
polynomial fon of o™ is irreducible over Z for every positive integer
n.

(ii) For every common eigenvector v of X there exists an endomorphism
oy € X whose etgenvalue in the direction of v is of norm greater than
1.

(iii) ¥ contains a pair of rationally independent endomorphisms.

Remark. Let ¥ be a commutative ID-semigroup of endomorphisms of T¢.
Then the Y-orbit of the point = € T? is finite if and only if x is a rational
element, i.e., x = r/q, r € Z%, ¢ € N (see [1]).

3. Proof of Theorem 1.5

Let A > 1 be a real algebraic integer of degree d with minimal (monic)
polynomial Q) € Z|x],

Qx(x) = 2+ g2t .+ em + .

We associate with A the following companion matriz of @y,

0 1 0o ... 0
0 0 1 ... 0
o\ = : :
0 0 0o ... 1
—Cp —C —C ... —Cq-1

Remark. We can think of o) as a matrix of multiplication by A in the
algebraic number field Q(A). Namely, if z € Q()A) has coordinates a =
(g, 1,...,0q_1) in the basis consisting of 1,,..., A1, then Az has co-
ordinates «oy.
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Let u = g(\), where g € Z[z] is a polynomial with integer coefficients,
and define the matrix o, = g(o).

Denote by ¥ the semigroup of endomorphisms of T¢ generated by oy
and o, The vector v = (1,\,A%,. .., A1) is an eigenvector of the matrix
oy with an eigenvalue A, that is oyv = Av. Since ¥ is a commutative
semigroup, it follows that v is a common eigenvector of ¥, in particular
ouv = g(on)v = g(A)v = po.

Clearly, under the assumptions on A and p, the operators oy and o, are
rationally independent endomorphisms of T¢ and the characteristic polyno-
mial either of o or oy, is irreducible over Z for every n € N. Furthermore,
it follows from (1.7) that the condition (ii) of Theorem 2.5 is also satisfied.
Thus we have proved the following

Lemma 3.1. Let A and p be as in Theorem 1.5. Let X3 be the semigroup of
endomorphisms of T% generated by oy and 0. Then X is the ID-semigroup.

The next lemma is a generalization of [9, Lemma 2.1] to the higher-
dimensional case. Let X be a compact metric space with a distance d.
Consider the space Cx of all closed subsets of X. The Hausdorff metric dg
on the space Cx is defined as

du(A,B) = max{rggf d(z, B), gleaé( d(z, A)}a

where d(z, B) = minyep d(z,y) is the distance of z from the set B. It is
known that if X is a compact metric space then Cx is also compact.

Lemma 3.2. Let 0,7 be a pair of rationally independent and commuting
endomorphisms of T¢. Assume that the semigroup ¥ = (o, 7) generated by
o and T satisfies the conditions of Theorem 2.5, and o is a hyperbolic toral
endomorphism of T%. Let A be an infinite o-invariant subset of T¢. Then
for every e > 0 there exists m € N such that the set T A is e-dense.

Proof. 1t is clear that, taking the closure of A if necessary, we can assume
that A is closed. We consider the space Cra of all closed subsets of T¢ with
the Hausdorff metric dy. Let

F:={mA:n €N} CCpa.

Since the set A is o-invariant, it follows that every element (set) F' € F is
also o-invariant. Define,

T = U F c T
FeF

Since A is an infinite set and A C T, it follows that T is infinite. Notice
that T is closed in T?, since F is closed in Cpa. Moreover, T is o- and
T-invariant. Hence, by Theorem 2.5, we get

T =T<.
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Since o is a hyperbolic toral endomorphism, it follows by Proposition 2.3,
that there exists t € T such that the orbit {o™t : n € N} is dense in T¢, i.e.,

(3.3) {ont :n e N} =T¢

Clearly, t € F for some F' € F. By definition of F, there is a sequence
{nr} C N such that F' = limy 7"* A, and the limit is taken in the Hausdorff
metric dg. Since t € F and F is o-invariant, we get F D {o"t : n € N} = T¢
(see (3.3)). Hence, F' = T?. Therefore, for sufficiently large k, 7% A is e-
dense. O

Now we are ready to give

Proof of Theorem 1.5. Let a = §(1,)\,)\2,...,)\d_1)t € R? be a common
eigenvector of the semigroup X. Consider

A= {o%r(a):neN}={x(\e XN, .. AmHdle)t . p e N},

where 7 : R? — T? is the canonical projection. By (1.8), o is a hyperbolic
toral endomorphism. In particular, by Proposition 2.2, o) is ergodic. Since
() is not a torsion element, it follows from Lemma 2.4 that A is infinite.
By Lemma 3.1, ¥ = (0, 0,) is the ID-semigroup of T?. Thus, by Lemma 3.2
applied to o and oy, there exists m € N such that o)’ A is e-dense. Let
Vm = (T, 0, ..., 0). Since

op At v = AT (A + T, pmA e pmantdTlat sy e N}

is a translate of an e-dense set, it is also e-dense. Now, taking the projection
of the set 0" A + vy, on the first coordinate we get the result. OJ
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