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ABSTRACT. In this paper, a pseudospectral method is proposed for
solving the periodic problem of thermotropic primitive equation. The
strict error estimation is proved.

1. INTRODUCTION

Thermotropic primitive equation is governed by the following dif-
ferential equations!:

WU+ VI 4+ 52— vAU - FV =0,

oV oV ov ¢ _
§+U§§+Va?+a_yag VAaXV/JrFU—O, (1.1)
ot Ugm+Ve +o(5% +3) =0

where U,V are the components of the speed in x, y directions respectively,
g is the acceleration of gravity, H is the height of the geopotential surface,
¢ = gH, F is coriolis parameter and v is the coefficient of friction.
There has been a rapid development in the spectral methods for the
last two decades. They have become important tools for numerical so-
lutions of partial differential equations, and have been widely applied to
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numerical simulations in various fields [2-5]. Although the pseudospectral
methods are easier to implement for nonlinear partial differential equa-
tions, they are not stable as the spectral ones due to ’aliasing’. Therefore
some author proposed the filtering technique [10-11] to remedy the defi-
ciency of instability. Some papers have also been devoted to theoretical
study and numerical solutions of (1.1) [6-9].

The aim of this paper is to consider the periodic initial boundary-
value problem for thermotropic primitive equation. A pseudospectral
scheme with restraint operator in combination with first order time dif-
ferencing technique is considered for thermotropic primitive equation.
The stability and rate of convergence for the approximate problem are
proved.

2. THE PSEUDOSPECTRAL SCHEME

Let Q = {(z,y)] — 7 < x,y < 7} and all functions have the period 27
for the variable x and y. The norm of the space L%(2) is denoted by
[l Loy~ In particular, the scaler product and the norm of L?(Q) are
denoted by (-,-) and ||-|| 12(q) Tespectively. Let mq, ms and N be integers

and m = y/m? + m2. Define
Viy = Span {™=tm2v)| ;| < N}, N > 0.

Let Py be the orthogonal projection operator, i.e.

(PNUJP):(an)a V¢EVN'

For the pseudospectral approximation, we put the nodes

i Ui IN +1'2N +1

)7 _N§j17j2§N7

and let P, be the interpolation operator, i.e. for n(z,y) € C(Q)

Pcn(levyh):n(le?yh)v —N <ji,j2 < N.
Define P, = PNﬁc. To weaken the nonlinear instability of computation,
we follow the work of [11] to adopt the filtering operator R, with v > 1,
ie. if
DY) = > Ny g€’ ™Y,

Im|<N

R _ 1— M ! i(miz+may)
(T, y) Z N Thma ;mo € :

Im|<N

then
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Let 7 be the mesh spacing of the variable t and define
S, ={t=krlk=0,1,2,---}.

(1) = 1T = nlt)

To approximate the nonlinear terms, we define

dOé (77,’&7'0) = ad(l) (777 u, U) + (1 - Oé)d(Q) (777 u, U) ) 0 S (6% S L
on  On
(1) _
d“ (n,u,v) = P, ( 9 + v ay)

0 0
= %Pc(un) + a—yPc(vn).

Let u™, vV, oY be the approximations to U, V and ¢ respectively, where
for all (z,y) € Qand t € S;,

Ny t) = D a0 =,

Iml,|n|<N

d® (n,u,v)

The pseudospectral scheme for solving (1.1) is

[ ulY + R,dy s (Ry(u + 67u)Y), u¥, o) + a%goN —vAWN +orul)
—F@N 4+ d7m0]) =0,

v + Rydijs (Ry (0N + 610 ), u¥ o) + aygo — vAWYN + oTolY)
+F @ +6rul¥) =0,

o + Rydy (R, (N + 670), u? o)
+A(eN + 57N uN + oTul oV + dTolN) = 0,

\

where 0<6<1, 0<o<Tland A(,&n*) = P.[n (2% +225)].

3. SOME LEMMAS

Lemma 1. [1]. For all n(z,y,t)
2 (n(t), (1)) = (%), = ()1

Lemma 2. [5]. For all n(x,y,t) € Vy, then

Lemma 3. . For alln(xz,y,t) € Vi and &(z,y,t) € Vi, then
||77(7f)€(t)|| < (2N + 1) In@[1* 1E@)] -

< N |In()|I*.

< N2 ||n( H
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Lemma 4. [15]. For all n(x,y,t) € H?(Q) and &(z,y,t) € Vy, then

1Pyn(t) = 1)l sy < CIN*" ()l oy . 0 < 5 < 5,

1Pen(t) = nt)ll sy < CoeN*" ()l oy 0< s < 5, 8> 1,

IR,&(8) = Ol sy < CsNT el oy, 0< s < B, v > B =5,
1R, Pan(t) = n(0)l| sy < CaN* " HIn(t)ll oy, 0 < s < B, 7> B =,

where C — (' are positive constants.

Lemma 5. [9]. Assume that the following conditions are fulfilled:
(i) &(t) and n(t) are non-negative functions defined on S.;

(i) p,a, My, My, and M3 are nonnegative constants;

(i) A(x)is a functwn such that, if v < Mj, then A(x) <

(o) €0) < potr ST VL) + MoNE(E) + AP
(v)  peMi+M2)T < mip (Mg, Na) E0)<p, t<T.
Then

§(t) < peMitM)t,

In particular, if My =0 and A(&(t')) = 0, then for all p and n.

£(t) < pe™.

4. ERROR ESTIMATION

For simplicity, we take § = 0, let UYN = PyU, VN = PyV, and ¢V =
Pn¢, then (1.1) leads to

UN + Rydyys (R,UN, UN VN) + LN — vA(UN + o7UN) — FVN
VN4 Rydyjy (RVN,UN V) Z6N —vAVN + o7VN) + FUN =

&Y + Rydo (Ryo™, U, V) +A(¢N,UN,VN> =0,
(4.1)

=0,

0,



where

Put

THERMOTROPIC PRIMITIVE EQUATION

ouN
Giv = UtN T ot
oUu _oU
Gy = Rydyya (R,UY,UY, VY) — Py {U% " Vﬁ_y] ,
GY = —voTAUY,
ovN
N N
Gy =V ==
ov. oV
GY = Rdijp (RVY,UN, VY) — Py {U% + va—y] :
GY = —vorAVN,
N
¢t at 9
;00 00
G = R,dy (R,0™,UN, VN) — Py { 0t V@y]
G =AUV~ P |05 4 05|

t=u—-UN, v7=v-VN g=p-—¢".

Then from (1.1) and (2.1), we obtain

i

where

at +§1 +§2 +ax90

+Zk s &0 = Zz LGV,

&' = Rydijp (RN, UN,0N) + Rydy o (R,UN 0N, 0N)
& = Rydy ) (Ru a, o),

& = Rydijs (R, UN V) + Rydije (RVN,GN,0Y)
&Y = Rydyys (R o, o),

& = Rydo (R, 3"V, UY, VY) + R dy (R,0", 0™, "),
=R L do (RygoN ay ’UN),

& = A @A),

& =—A (s’aN,UN,vN) ,

& = —A (", u", o).

83

—vA (@ +oru)) — FoN Z?:leNa
oY+ N+ &Y +8yg0 —vA (VN + o70; )+Fu =30, GV,

(4.2)
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We shall use the following notations
E=(UV.g), EY=(U",VNo"), EV=(@@"o"3"),

2

)

|E¥@| = 3@l + 17 @ + 1)
|Ex || = 7@l + ool + |2y o)

‘EN(t))i — @) + |7

2

)

2 |~ 2
A GO Ol
Let HP() be the Sobolev space equipped with the norm [ g (- In

particular L?(Q) = H°(Q), we define E; = (U,V, ¢)

1B 7y = 1T @)y + IV O oy + 16 1z -

HEL s = max [[B2(8)]] ooy -

Now we suppose

p(t)Z\IEN(0)||)+VT(U+ )| EN(0) \1+TZHGN WP 1=1,..,9

B(t) = |EY O + vr(o + HIEO)1
b 3nr [IEN @)+ v(2 - 79 BV

Theorem 1. Suppose the following conditions are fulfilled

(1) §=0, TN? < oo,

(i1) o>1/2 or TN? < %20),

(111) for suitably small positive constant My and allt < T, such that
p(T) < 3.

Then there exists a positive constant My such that for allt € S;, t < T,
we have

E(t) < p(t)eM,

Theorem 2. Assume that the conditions (i), (ii) of Theorem 1 are satis-
fied. In addition E € C*(0,T;m$(Q)), By € C(0,T; Hs (02 YNmE(Q)),
r>0, [(>1, then

E(t) < Ms(r? + N~20)Mat,

M, being positive constants depending only on |||E1H|%+T and v.
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Now we define

1/2
aa—i—b ZE y,t)
90 = o { 15 S //( L ) dudy|
a+b=0
9"n(t)
19l ago,rime oy = foax max || — ¢ .

1 (0, 73ml() = (1@, 9.01 llcwrmgion) < ) -

5. THE PROOF OF THEOREM 1

Let ¢ be a positive constant which may be different in different cases,
q denote an undetermined positive constant and € > 0. Taking the scaler
product (4.2) with 2u”™ + qrul’, we have

@2 + 7la — 1 — )| (1)
() + g (0,85 () + 8 1)
+ 2% ) 1 P ) + )

Oz (5.1)

+ur(o+ 2><|u< JB): + v (og — o = Dl (1)

3
~ q 7'
< @O +e(t+ ZHGz 1.

Similarly from the second and third formulas of (4.2), we have

(V@) + (g — 1 — )TN ()]
+ <26N<t> +qrol (1), €Y (1) + €V (1)

+ Z—(t) + Fu™ (1) + 2v|o™ (1))2

+vr(o + %)(Iﬁ( WD +vri(og — o — g)\fﬁt]v(t)‘%

6
N qT
< oM (@)]* + c(1 + IDRIENO]k

=4
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UISYOI)e + 7(g = 1 = )1 & ()]

+ (2™ (1) + g7 ( Z (53

2

< @V + (1 ZIIGz O] s

Putting (5.1)-(5.3) together, we get

EV @)+ (g = 1= )| EN (@)
+ 2| EN ()|} + vr(o + )(IE(t)I )

v (og— o — g)|E§V(zs)|§ n Z MM (54)

=1

9
< | EN@)IF + (1 Z IGr @I,

MY (0) = (2@(2) + a7 (0, 6 (1) + (257 (1) + a7 (1), €5 (1)
V() + a3 (0,68'0) - ar(@ (1), P (1)
+qr (@ (1), Fa (1),
MY (8) = (23(2) + a7 (0, €5 (1) + (257 (1) + a7 (1), €5 (1)
+ V0 + Bl (0,6(0),
M(0) = (20 () + i (), oo™ (1)) + (25 (1) + gl (1), 53 (1)
MY () = (257 (1) + a7 (1), € (1),
MY (6) = (25% (1) + a7 (1), € (1),
MY () = 28V (1) + ar 3 (1), 6())

We now estimate |M}N(t)|. Because of the Schwarz inequality and em-
bedding theorem, we have



THERMOTROPIC PRIMITIVE EQUATION 87

MY ()] < ev| EY O + T | EF O + — (1 + 7" N)IEN |3, |1 EY ()],

C

EV

N TN (412 vz L N EN

M5 (1)) < e BX()F; + 27l EN ()2 + — (1B (1)

FIENOR + BN D IEY 01,

MY ()] < erl EY O + v EY ()R + — (14 rN) | BV ()],
~ ~ C ~

MY ()] < er| BYOIR + ev BV O] + (1 + rN) | EN (1),
~ ~ cN? ~

MY (1)) < x| BY I + ev BV O] + — - (1 +r N | EY ()],

~ ~ C ~
Mg ()] < eT|EF ()] + v E¥ (1)]F + 6_1/H|E1H|g+r||EN(t)”2‘
By substituting the above estimates into (5.4), we get
UEN @)+ 7(g — 1 = Te)|EN (@) + v(2 — 62) [EV (1)}
~ q ~
+vr(o+ g)(lEN(t)lf)t +vri(og—o - §)|EN(15)|§ (5.5)
< HY(t) + A | EN @)1 + B BN (4)[|* + Bo EN(1)]5,

where

C &
Av=c (14 =+ (1 +7¢*N) [ Eull g,

N2 N2
Bi=—(1+7¢'N?) + —,
eV EV

cN? ~
By = IEN (@))%,

eV

2

9
qT
HN(t) = c (1 + 4_5) >GNP
=1

Now let € be suitably small, 7; > 0, and

20
q=mazx |[1+r +7e,——— |,
20— 1

2

vT
Go=r1+1+7e+ 5
g = (2r1 + 2+ 14e + 2007N?) [2 — vTN*(1 — 20)] .
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If 0 > 1/2, we put ¢ = ¢1, and it follows from (5.5) that
(IEY @) + rar|EY (@) + (2 = 62) [ EY (1)
+vr(o+ )(IEN( e
< HY() + A BN + B E¥(0)]* + Bo| EY (1)]3.
If 0 =1/2, we put ¢ = g2, and so

~ q ~ ~
(g =1 =TEN +v7(oq — o = DIE (O = nr| B (1)

Therefor (5.6) is still holds.
Ifo<1/2, TN?< ﬁ, we put ¢ = g3, and thus (5.12) holds.
By summing up (5.6) for t € S, , we get

t—T1

(BN O+ vr(o + 5 )(IEN() De+7 Y mrl BN @)

t'=0

t—1

+7 Y AEY(H) + B E(t)
t'=0

+ Bl B (1)},

where
p(t) = IEX(0)]%) + v (o +3 DIEN () + TZ HY(t
from which and Lemma 5, the proof is completed.

6. THE PROOF OF THEOREM 2
We first have
IGY (1) < erll Bllc2orimgyy: 1 =1,4,7.
From Lemma 4 and the embedding theorem, we get
GO < clllEillls 1 N 2N Bull, 1) 1=2,5,8.
It is easy to show that

s« (20

We have also

IGTOI < NN B3 I E@)]0+1 ) IEV(O)]] < eN 7P| E(0)]]

m3(s) H ot

E
Z=(t) ) . 1=3,6.
m3 ()

(5.6)

(5.7)

mg (Q)”
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Therefore if the conditions of Theorem 1 are fulfilled, then

p(t) <c(r*+N?).

By combining the above estimations with Theorem 1, we complete the
proof of Theorem 2.
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