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QUANTIZATIONS IN A CATEGORY OF RELATIONS

ABSTRACT. In this paper we develops a categorical theory of rela-
tions and use this formulation to define the notion of quantization for
relations. Categories of relations are defined in the context of symmetric
monoidal categories. They are shown to be symmetric monoidal cate-
gories in their own right and are found to be isomorphic to certain cate-
gories of A — A bicomodules. Properties of relations are defined in terms
of the symmetric monoidal structure. Equivalence relations are shown
to be commutative monoids in the category of relations. Quantization
in our view is a property of functors between monoidal categories. This
notion of quantization induce a deformation of all algebraic structures
in the category, in particular the ones defining properties of relations
like transitivity and symmetry.
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1. INTRODUCTION

The concept of quantization is somewhat mysterious and rather ill de-
fined. It first appeared in a rudimentary form in the work of Max Planck
[12] . Tts role there was as a purely technical device to solve a problem
central to the physics of radiation at the time, the so called ultraviolet
catastrophe for the blackbody radiation spectrum. Planck’s original idea
was shortly thereafter used by Einstein to explain the photoelectric effect
[5] and was further developed by N. Bohr into what we today call the
Old Quantum Theory. This theory explained with greater precision than
ever before the position of the spectral lines for the hydrogen atom. The
theory was however rather ad hoc and it was difficult to generalize the
theory to more complicated atomic systems. The next step forward was
introduced by Louise De Broglie [2], [3],[4]. He generalized the already
well known wave-particle duality for light to matter and postulated that
electrons confined to an atom would display wavelike properties. The
idea of wave-particle duality inspired E. Schrgdinger in 1926 to write
down a wave equation for matter waves. A different view on the notion
of quantization was introduced by Heisenberg [6][14] in 1925 through his
matrix mechanics. These two approaches was soon shown to be equiva-
lent. From a modern point of view the difference in the two approaches
lies in Schrgdingers use of the Hamiltonian formulation of classical me-
chanics and of Heisenbergs use of a formulation of classical mechanics in
terms of Poisson brackets. Schrgdinger’s approach gave rise to the canon-
ical quantization procedure. This procedure has been applied successfully
to many systems but contain ambiguities, like variable ordering, and has
invariance problems. The method of Geometric Quantization [7] was
introduced in order to resolve these problems. Heisenbergs approach to
quantization although equivalent to Schrgdingers approach at an elemen-
tary level, has a distinctly more algebraic flavor than the wave mechanics
of Schrgdinger. Here the structure of a physical system is represented
in terms of an algebra of observables. Representations of this algebra of



QUANTIZATIONS IN A CATEGORY OF RELATIONS 63

observables are possible models of the system in question. Whereas alge-
bras derived from a classical description of the system are commutative,
the algebras representing quantized systems are in general noncommu-
tative although still associative. Deformation quantization [1],[13] is a
collection of tools and methods that have been developed in order to
find quantized version of classical systems by deforming the algebraic
description of the system within some class of algebras. What is clear
from the existence of all these different approaches is that the notion of
quantization is not well defined. The various approaches agree for simple
systems, but they have different domains of applicability and even for
a single approach several possible quantizations are possible for a given
system. What are the properties, or constraints, a system need in order
for the notion of quantization to be applicable? Is quantization one thing
or several different things? What is the relation between constraints and
quantizations? These are just some of the questions that comes to mind.
This paper will not give a definite answer to any of these questions but
will introduce a mathematical framework that emphasize the idea that
quantization is something that depends on constraints and that these
constraints may not belong to the domain of mechanics or not even to
physics. In fact we believe that quantization has its natural description
in terms of a theory of representation for constraints. We also believe
that at the present time the only mathematical framework with the right
kind of generality for the formulation of a representation theory of con-
straints is Category Theory [8]. Constraints will in this framework take
the form of relations between natural transformations and a representa-
tion of the constraints will be a category that supports all given functors
and natural transformation with the assumed relations. Quantizations
will be related to morphisms in the category of possible representations
of a given set of constraints. What we describe here is of course a lot
of bones with very little flesh. The goal of this paper is to put a little
more flesh on the bones. This we will do by developing a theory for the
quantization of relations along the lines described above. This theory
illustrate our view of quantization, but is also of independent interest
since it gives a framework for the quantization of logic and machines as
described in the classical theory of computing. In these days when the
whole domain of classical computing is in the process of being quantized
a wider point of view on the process of quantization is certainly needed.
The categorical approach to quantization has been introduced by one of
the authors in [9],[10],[11].
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2. CATEGORICAL FRAMEWORK

In this first chapter we formulate the basic categorical machinery that
we need in order to categorize the notion of relation. In the first subsec-
tion we introduce the notion of a semimonoidal and a monoidal category.
In line with our general ideas of constraints and representations both
notions are defined entirely in terms of functors and natural transforma-
tions. This leads to a slightly more general notion of monoidal category
than the usual one although we does not pursue this here. Symmetries
for monoidal categories is introduced as a further set of constraints on
monoidal categories. A certain derived relation for the natural transfor-
mations defining a symmetric monoidal category is described and shown
to be equivalent to the usual Yang-Baxter equation. This new formula-
tion of the Yang-Baxter equation is essential when we later in this paper
introduce a generalization of the usual notion of symmetry that we need
in order to formulate commutativity in the context of relations. We lay
the groundwork for this generalization by showing how the Yang-Baxter
equation is intimately connected to an action by a certain Sy-graded
group. In the last subsection in this part of the paper we introduce the
notion of M-categories and C-categories. These categories have exactly
the constraints needed in order to formulate and develop a theory of
relations.

2.1. Symmetric monoidal categories. A semimonoidal category is a
category that has a product that is associative up to a natural isomor-
phism. A semimonoidal category is a monoidal category if there is an
object that is a unit for the product up to a natural isomorphism. Prop-
erties of categories are most clearly expressed in terms of functors and
natural transformations. We now review this formulation. On any cate-
gory we have defined the identity functor 1o. Let us assume that there
also is a bifunctor ® : C' x C' — (' defined on C.

Definition 1. A semimonoidal category is a triple ( C, ®, a) where C' is
a category, ® : Cx C'— C' is a bifunctors,

a:®0(lgx®) — ®o(® x 1)
is a natural isomorphism and where the following relation holds
(a0 lgxioxic) - (@0 ligxiexe) = (g o (@ x 11.))
(o ligxexic) - (1 o (L X a)).

A semimonoidal category is strict if ® o (1 X ®) = ® o (® X 1¢) and
a = lgo(1ox®)- The relation on a given in the previous definition is the
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object-free formulation of the usual MacLane coherence condition for the
associativity constraint a.

For any category C' we have defined two bifunctors P : C' xC' — C
and ) : C' xC' — (. These are the projection on the first and second
factor, P(X,Y) = X and Q(X,Y) = Y with obvious extension to
arrows. Let e be a fixed object in the category C' and define a constant
functor K, : C — C by K.(X) = e and K.(f) = 1l.. Using these
functors we can give a definition of a monoidal category entirely in terms
of functors and natural transformations.

Definition 2. A monoidal category is a 6-tuple (C',®, K., «, 3,7) such
that (C', ®, a) is a semimonoidal category and where

6:®O(K6X1C)—>Q7
v:®o(lg x K.) — P,

are natural isomorphisms such that the following relations holds

(1® © (’7 X 110)) ' (Oé o 1lc><Ke><1c) = (1® © (11(; X ﬁ))?

/8 o 1lc><Ke = 'Y o 1Ke><lc'

A monoidal category is strict if (C, ®, a) is a strict semimonoidal cat-
egory and if ® o (K, x 1¢) =Q, ®o (lg x K.) = P and 8 = 1g.,y = 1p.

Note that (C, P, 1po(1. xp)) and (O, Q, Lgo(1,, xq)) both are strict semi-
monoidal categories. None of them can be made into a monoidal category
by selecting a unit e. However if ® is part of a monoidal structure on
C then we can reduce the product to projections by fixing the first and
second argument to be the unit object.

Our definition in fact deviate somewhat from the standard formulation
in terms of objects. Recall that a monoidal category in the usual sense is
a 6-tuple (C, ®,e,a/,#,7") where 'y, : X Q@ (Y ®Z) — (X ®Y)®Z
, By e®X — X and vy : X ® e — X are isomorphisms in C' that
are natural in X, Y, and Z and where the following MacLane Coherence
[8] conditions are satisfied

/ !
Ax Y,ZQT AxQY,Z,T
— > —

XoYe(ZeT) XeY)®((ZeT) (Xeoyv)ez)eT

! /
Ix®ay z Ay y,z ®lr

Xe(Y®2)eT) o - (XY ®2)eT
X, Y®Z,T
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It is easy to see that if we define

5X,Y = ﬁ;fa
Xy = Vx
axy,z = Oélx,y,z-
for all objects X and Y in C, then (®, K., «, 3,) is a monoidal cat-
egory as defined in 2. If we assume that C is a category such that for
all pairs of objects there exists at least one arrow f : X — X’. Then
K.(f) = 1. and naturality of § implies the commutativity of the following
diagram

eV Bx,y

Y
16@1}/\ \ly

eRY —— Y
XY

We thus get Bxy = Bx/y. In a similar way we find vxy = vxys. This
gives us a monoidal category in the usual sense if we define 3% = By x and
Yx = 7x,y. Our aim in this paper is not to investigate generalizations
of the notion of a monoidal category and we will therefore assume that
solutions to the relations in 2 satisty Bxy = Bx/y and vxy = vxy.

We will need to express categorically the process of changing order in
a product with several factors. For any category C' we have the trans-
position functor 7 : C' x C' — C x C defined by 7(X,Y) = (Y, X) and
7(f,9) = (g, f). A symmetry for a monoidal category is expressed using
the functor 7.

Definition 3. A symmetric monoidal category is a 7-tuple (C', ®, K., o, 3,7, 0)
such that (C',®, K., a, 3,7) is a monoidal category and where

o: Q0 —RorT
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is a natural isomorphism such that the following relations holds

00 lgxie = (@ olyp0lixr)  (1go (o x 1y,)
(aolipxs) (Igo (1, x0))-a™,

goligxe = (@olixroli,)  (Igo(liy X 0)olra,)

(@t olag) - (lgo (o x 1)) - e,

B=(yols)-(o0olk.xic),

y=(B01;) (00l xk.),
o L.

—~

ogol

3

A symmetric monoidal category is strict if the underlying monoidal
category (C',®, K., a, 3,7) is strict.
The conditions in the definition are not independent.

Proposition 4. Let (C',®, K., a, 3,7) be a monoidal category and let
0:® — ®orT be anatural isomorphism such that 0 o1, = oc~*. Then
the following two conditions are equivalent

00 lgxie = (@ olyip0lixr) (lgo (o x 1y,))
(aoliawr)  (Igo(li, x ) -a™t,
00 liaxe = (@0 lioxr 0 Lrxig) - (g o (Lip X 0) 0 1ry1,)
(a ol (Igo(ox 1)) a.
Proof. We have the following relations 707 = lgxe and 70 (1¢g X ®) =
(® X 1¢) o (1g x 7) o (T X 1¢r). Using these functorial relations we have

ool xe
:UolTolTolch®
=00 ]-T o ]-®><1C o ]-lc><T o ]-TXIC
—1
- (001®ch) olchTolTxlc.
We thus have a relations between ool xg and 0olgyi.. The equiva-

lence of the two conditions stated in the proposition follows directly from
this relation. 0

The third and fourth relations are also equivalent

Proposition 5. Let (C',®, K., a, 3,7) be a monoidal category and let
0:® — ®orT be a natural isomorphism such that co1l. = o~1. Then
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the following two conditions are equivalent

B=(vols)-(oolkc),
vy=(Bol;) (00lixk.)
Proof. Let the first condition be given. Then we have
Bol,
— (o 1,) (00 ki) o 1,
=(yol,o0l;) - (colk,xi.01;)
=7v-(0ol;0li.xk.)
=7 (07 o lioxk.).
and this is equivalent to the last condition. O

The symmetry conditions have a consequence that will play an impor-
tant role.

Proposition 6. Let (C',®, K., «, 3,7,0) be a symmetric monoidal cat-
egory. Then the following equation holds

(@olyjxrolixip0lipxs) (0o(0x1y,.)) - a=00(l, X o).
Proof. We have
oo(ly, xo)
= (00 (L X 1ger)) - (1g 0 (11, X 7))
= (0oligxe o ligxs) - (g o (11, X 7))
= (0o lioxr 0 Lrxic) - (Ig o (lip X 0) 0 Ligxr)
@ 0 L) (160 (0 % 110) @) 0 Tigr) - (1 (L1 X )
= (o ligxr 0 Lrxic © Ligxr) - (1o © (Lig X 0) 0 Lrxig 0 Ligxr)
(@t olivip 0 ligxr) - (Igo (0 X 11.) 0 Lipwr) - (o 1iaxr)
(lg o (L, X 0))
= (@oligur 0 lrxie 0 ligxr) - (Ig 0 (1ip X 0) 0 Lrxip © Ligxr)
(00lgyi,) - @
= (ol xr0lixip 0 ligxr) (lgor 0 (0 X 11,)) - (00 1gxi,) - @
= (ol xrolixig0liaxr) - (0o (0 x 1)) a.
U

If we introduce the expressions for o o 1gy1, and o o 1;_«g into the
equation from the previous proposition we get an equation that is cubic
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in . This equation is the well known Yang-Baxter equation. In terms
of object it takes in the strict case the following form

(12 ®CTX,y) [©] (UXZ & 1y) o (1){ (029 O'y,Z)
= (UY,Z ® 1_)() ©) (1y ® UX,Z) @) (UX,Y ® 12)

The equation from the previous proposition is clearly equivalent to the
Yang-Baxter equation in a symmetric monoidal category. We will call
this equation also for the Yang-Baxter equation. A certain generalization
of this equation will play a fundamental role in our theory of relations.
This generalization is based on characterization of symmetries in terms
of a group action.

2.2. Symmetries and group action. Let Sy be the group of per-
mutation of two elements with the single generator given by t. Let
7 :C x(C — C x C be the transposition bifunctor. The functors
Ty=1c, Ty=7and T35 = (1¢ X 7) o (T X 1¢) o (1¢ x 7) defines action of
the group S on the categories C,C? = C'x C'and C? = C' x C' x C. Let
[C?,C] and [C?,C] be the category of bifunctors and trifunctors on C
with natural transformations as arrows. We can induce an action of Sy
on the functor categories [C?, C] and [C?, C] in the usual way by defining
for objects F' and arrows « in [C?,C],i = 2,3
tF =FoT;,
ta=aolg.
It is easy to see that this really defines an action of S5. Let us first

consider the case when C' is a semimonoidal category with product ®
and associativity constraint . Note that

H@o(lo x ®))

=®o(leg x®)o(rx1g)o(lg x 7)o (T X 1¢)
=t®o(® x 1¢) o (1 X 1¢)

=t®o(t® x1¢).

In a similar way we find that {(® o (® x 1¢)) =t ® o(le x t®). We
have here used the fact that (1¢ x 7)o (7 X 1g) o (g x 7) = (T X 1¢) o
(I¢ x 7)o (T x 1¢). We therefore have a natural isomorphism

tal t®o(lg X t®) — t®o(t ® x1¢).
This is in fact an associativity constraint as the next proposition show

Proposition 7. (C,t®,ta™') is a semimonoidal category
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Proof. Let g = (1¢ x 7 X 1g) o (T X 7)o (lg X T X 1¢) o (7 X 7). Then
we have

(ta”'o Ligxioxic) - (ta™ ' o Ligxioxts)

a tolp o Liguiaxie) (@ olp ol ki)

a™ o Ligxiaxic © Ig) - (@7 0 Ligxioxie © 1g)

= [(@o lioxioxim 0 1g) - (@0 Liguioxie © 1g)] 7

@ o 11c><1c><1t®) : (O./ o 1t®><lc><1c)> © 19]_1

4

Let us assume that there exists a natural isomorphism o : ® — t®
and let o be an associativity constraint for a semimonoidal category
(C,®,a). Then ta™ : t®o(lg xt®) — t®o(t® x1¢) is an associativity
constraint for a semimonoidal category (C, ®,ta~'). On the other hand
we have natural isomorphisms

go(ly, x0):t®o(lg xt®) — ®o (l¢ X ®),
go(o0x11,):t®o(t® xlg) — ®@o (® x 1¢).

We therefore have a natural isomorphism @ : ®o(lgX®) — ®o(®x1¢)
where we have defined

a=(c"to(c7 ' x 1)) tat (o0 (1, x0)).
This new isomorphism also an associativity constraint.
Proposition 8. (C,®, Q) is a semimonoidal category.

Proof. We only need to show that the MacLane coherence condition hold
for a. Let us first observe that

-t o (0_1 X 110) o 1lc><lc><®)

(00 (li, x0)olgxipxie) - (0
= (0o (li, x0o)o(lg x 11, x 11,))
(07 o (o7 x 1) o (11, X 11, X 1g))
= (00 ((lipolg) X (0o (11, x 11.))))
(07 o ((07 o (L x 110)) X (Lip 0 1g)))
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— (00 (L x 0))- (07 0 (07" x 1))

= (Lo (07" x0))
= (Ligo (07! x Lig)) - (lig © (Lig X 0))

= (Lig o (Lig o 07" x (Lig o (Lie x 11.))))
(Lig © (Lig © (Lie X 1ig)) X (Lig 0 9)))

= (ligo (L1 X Lig) o (7! x 11, x 11,.))
(Lig o (Lig x 11.) o (11, X 11, X 0)).
Let g = (lg xTx1g)o(rxT7)o(lgxT X 1¢)o (T x 7). Using the previous
identity we have for the left hand side of the coherence condition
(@olgxiaxie)© (@oligxioxe)
= (07 o (07! X 11p) 0 lgxapxie) - (Fa™ 0 Tgxiaxie)
—1

’ (U © (110 X U) © 1®><lc><lc> ' (U © (‘7_1 X 110) o 1lc><1c><®)

(ta™" o Ligxigxa) - (00 (Lig X 0) 0 Ligxicxe)

=(0 o (07" x 11,) 0 lgxiexie) - (ba™ o (1g X 11, X 13,.))
(Lig 0 (11 X Lig) 0 (07! X 11y X 1))

(Lg o (1t® X 1ig) o (Lig x L, X 0))

- (ta

ol x 11, X 1g)) - (00 (Lip X 0) 0 ligxiexe)

(0_1 o (a_l X 11.) 0 (lg x 11, X 13.)) - (toz_1 o (a_l x 11, % 11,))
(ta"to (11, x 11, x0))-(00o(ly, xo)o (L1, x1;, X 1g))
o (0_1 X 110) © (U_l X 110 X 110)) ' (a_l © 1T3 © (1t® X 110 X 110))

(atolp o(liy X 11, X 1ig)) - (0 (11, x 0) o (11, X 1y, X 7))

“lo(o x L)oo (07 x 1y x 1))

—1 —1
& O]-lc><10><®olg) : (O{ Ol@chcholg)

o (11C X O') o (]_1C X ]_1C X O'))

= (0o (o7 x i) o (07! x 1y, x 11,))
([(a o 1®><1c><1c> (a o 11c><1c><®>]_1 °© 19)

(U (110 X U) (11c X 110 X U))
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o lo(o x 1) o (07! x 11, x 11,))

o (@ X 1)) (@6 Tigxeio) - (Lo 0 (i x )] o 1,)
(o0l xo)o(ly, X 1, X 0))

oot x 1) o (07 x 1y x 11.)) - (g o (11, x a™ ) o 1y)
(oo lipxexip 01y) - (Igo (@™ x 1,) 01,)

(ool x0)o(ly, x 1;, X 0)).

= (o

For evaluating the right-hand side of the MacLane condition we need the
two identities

(Igo((oo(lie x0)) x11.)) - (07 o (07! X 11e) 0 Lipxoxic)
= (lgo (o x 1) o (L X 1g X 11,))
(07t o (07 x 11.) 0 (1, X 1g x 13,.))
= (07" o (Lig x L) o (L1 X 0 X 11,))
= (07" o (Lig X Lip) 0 (Lip X Lig X 115)).
(Lig o (Lig X 11,) o (L X 1g X 11,))

and

(00 (lie X 0) 0 lioxgxie) - (g0 (L X (07 0 (07 x 11,))))
= (00 (L, x0)o(li, x 1g X 11,))

“(lgo(liyxo ) o(li, xo ' x 1y,))
= (00 (liy X Lig) o (11, x 07! x 1y,,))
= (Lig o (lie X Lig) o (1, x 07! x 14,))

(00 (Lig X Lig) o (Lip X Lig X 115)).

Using these identities we have for the right-hand side of the MacLane
condition

(1® o (a X 110)) ’ (ao 11c><®><1c) ’ (1® X (110 X a))
=(lgo([(c7 o (07 x1ip)) - ta™ (oo (L, x 0))] X 11.))
([(07 o (o7 x 1ig)) - ta™ - (o0 (Lig X 0))] 0 Ligxaxic)

(lgo(Lig x [(07 o (07 x 11.)) - ta™ - (00 (L1 x 0))]))
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=(lgo((07 o (07! x 11.)) X 11p) - (Ig o (ta™" x 14,,))
(lgo((oo(li, xa)) x11,)) - (07 o (07! X 11.) © Ligxexie)
-(ta™ o Ligxexie) - (00 (Lie X 0) 0 Ligxexie)
(lgo(lig x (07 o (07" x 11,)))) - (Ig o (L x ta™))

(lg o (Liy x (00 (11, X 0))))

=(lgo(c ' x 11 )o (0 x 11, x11,))  (1go (ta™! x 13,,))
(07 o (Lig X Lig) © (Lig X Lig X 11,))

(Lig o (Lig X Lig) o (Lig x o x 1)) - (ta™ o (Lig % 1g x 11.))
(Lig o (Lig X Lig) 0 (Lig X 07" x 14,))

(00 (Lig % Lig) o (Lig X Lig X 11p)) - (1g © (Lig X ta™))

(

. ]_® o (11C X O') ¢} (110 X 110 X O'))
=(lgo(c ' x 11 )o(0 " x 11, x11.)) - (Igo (ta™' x 11,))

Lig o (11p X lug)) X 11)) - (Lig © (Lig X 1iz) o (Lig X 0 X 14,,))

(0™ o ((

(ta ™t o (11, x 1g X 11.)) - (yg 0 (11, X Lig) o (11, x 07! x 13,,))
(

(

(g0 (1 X (Iig o (Lip x 11.)))) - (1g o (11, X ta™))
(lgo(ly, xo)o(ly, X1, X 0))

=(lgo((o7 o (07 x 11.)) x 11p)) - (07 o (ta x 11.))
(tat o (11, X Ly X 11,)) - (0o (13, x ta™t))

(g o (Lig x (00 (L X 0))))

= (0 to((o7to(07! x11)) X 11,)) - (Lig o (bt x 14,.))
c(tam o (11, X Lig X 11.)) - (Lig 0 (11, X ta™t))

(o0 (1, X (00 (1, x0))))

= (U_l © ((U_l © (0_1 x 110)) X 110)) ) (1® © (110 x a_l) © 19)

’ (a_l o 11c><®><1c © 19) ’ (1® o (O‘_l X 110) © 19)

“(o0o(ly, X (0 0(l1, X 0)))).
The left-hand side and the right-hand side are thus equal and this proves
the proposition. 0

Let us define S¢ g = {a | (C,®,a) is a semimonoidal category }.
Then the previous proposition show that for each natural isomorphism
0 ® — t® we have a mapping of S¢ g to itself.
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Let us next consider the case of a monoidal category (C, ®, K., a, 3,7).
Using the natural isomorphism ¢ we can define new natural isomorphisms

~

B=(ty) (colk.xi.): ®o (KX 1le) — Q,
/’}7: (tﬁ) . (O'OlchKe) : ®O(1C X Ke) — P

For @ and the two natural isomorphisms B and 7 we have
Proposition 9. (C,®, K., a, B, ) is a monoidal category

Proof. The First MacLane coherence condition has already been verified.
For the second MacLane condition we need the identities

(1® © ((0 o 11C><K5) X 110)) ' ((0_1 o (U_l X 110)) © 1lc><Ke><1c)

= (1go (o x11,)0 (11, X 1k, X 11.))

-1

(07 o (a_l X 11.) 0 (11, X 1g, x 11.))

= (0_1 o (l4g x 11.) 0o (11, X 1g, x 11,))

= (07" o (Lig © (Lie ¥ 1x.) X 11.))

and

(Lig o (16 x 11,,)) - (t " 0 1y pxguxic)
= (1® © (11C X 6) o 1T3) : (a_l o ]-lcxKeXlC o ]-T3)

= (((1® o (110 X ﬁ)) ’ (a_l °© 1lc><Ke><1c)) o 1T3)
= (1® © (’7 X 110) o 1T3)'

Using these two identities we have

(1® © (:Y\ X 110)) ' (a © 1lc><Ke><lc>

= (g o ((t0- (00 licxk.)) X Lig))

(07 o (07 x 1ip)) - ta™ - (00 (Lip X 0))) 0 Ligxkexic)

= (1® © (tﬁ X 110)) : (1® © ((0 o 11C><K5) X 110))
(07 o (07 x 11.)) © Ligxruxic) - (ta o Lok xic)

’ ((U o (11(; X U)) © 1lc><Ke><1c)

=(lgo(tBx11,)) - (0 o (Ligo (l1p X 1g,) x 11.)) - (ta™! o Lipxk.x1c)

’ ((U © (110 X 0)) o 1lc><Ke><1c)
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= (0o (lpx11,)) (Lgo (8 X 11,)) - (ta™" 0 Ligxk.x1c)

’ ((U © (110 X U)) © 1lc><Ke><1c)
- (0_1 © (1P X 11c)) ’ (1® © (7 X 110) © 1T3) ’ ((U © (110 X U)) © 1lc><Ke><lc>
= (0_1 © 1P><1c) ' (1t® © (110 X t'}/)) ’ (0 © (110 X U) © 1lc><Ke><1c)

= (07" 0 Ligxq) - (Liw 0 (Lig x 1)) - (00 (Lig X (00 (1x, X 11.))))
(1® © (110 X [t’}/ ’ (0 © 1Ke><1c)]))
= (1g 0 (11 x B)).

For the last MacLane condition we have

/8O 1lc><K€
= (tyoliexk.) - (0o lg,xic© ligxk.)

— ’y O 17— o 1IC><K€) ° (J o ]-KeXKe)

(
(
(
(
(
(

’y o 1Ke><1C o 17’) : (0- o 1K5XK5)
Boligxk,01l;) (001K, xk,)
tﬁ o 1K€><10) . (0 o 1lc><K5 o 1K5ch)

= (B (0olioxk,)) o Ik, x1c

O

Let Meg.e = {(a,8,7) | (C,®, K, a, 3,7) is a monoidal category}.
Then the previous proposition show that for each natural isomorphism
0 :® — t® we have a map

Tt(U) : MC,@,e — MC,@,e

defined by Ti(o)(a, 5,7) = (@, B, 7). Let us next for each p: ® — ®
define a map on elements in M¢ g

Ti(p)(e, B.7) = (@, 5,7),
where we have
a=(p"o(p " x 1)) o (po(liy x p)),
B=6-(polrxic),
Y=7-(polioxxk.)
For this map we have

Proposition 10. Ti(p) : Mg — Mog.e.
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The proof of this proposition is similar to the one for the map T;(o)
and is not reproduced here.
Let

Gewe ={Ti(0),Ti(p) | 0: ® — t®,p: ® — @ , 0, p natural isomorphisms}.

From the construction it is evident that all maps in G¢ g . are bijections.
The next proposition show that G¢g . is closed under composition of
maps.

Proposition 11. Let 01,09 : ® — t® and p1, ps : @ — @ be natural
1somorphisms. Then we have

The proof of this proposition is routine and is left out. The set G g .
is thus closed under composition and contains the identity map 77 (1g) =
Lye .. -All maps in the set Ge g . are invertible by construction and G g .
is closed under the operation of taking the inverse of a map. We have

Ty(p) o Ty(p™") = 1nig ..
Ti(o) o Ty((to) ") = Lo, -

The previous propositions can now be restated in the following way.

Corollary 12. The set Mc g . of monoidal structures on C' corresponding
to a fized product @ and unit e is invariant under the action of the Ss-
graded group Geg .

We can use the S;-graded group G¢ g to give an interpretation of the
notion of a symmetric monoidal category.

Proposition 13. Let (C,®, K., «, 3,7,0) be a symmetric monoidal cal-
egory. Then H = {Ty(0),1lg} is a Sy graded subgroup of Geg. and
(o, B,7) € Meg. is a fived-point for the action of H.

This gives an interpretation of the Yang-Baxter equation and the two
unit conditions in terms of invariance with respect to the action by the
group H. No such interpretation appears to be possible for the first two
conditions from the definition 3, of a symmetry. These two conditions
appear to be of a technical nature.
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2.3. o-commutative comonoids in symmetric monoidal categories.
Recall that a comonoid in a monoidal category is a triple (A, d 4, €4) where
A is an object in the category and 64 : A — A® A and ey : A — e are
morphisms in the category such that the following diagrams commute

Ap(Apa) A2 4o 00y
QAAA
da®1a
(AR A)®A
c® A €a®ly Ao A la®es Ao e

The simpler structure (A, d,4) is called a cosemigroup. The morphism
€4 is the counit for the comonoid and ¢ 4 is called the coproduct.

Before we proceed with formal developments we will first consider some
examples of these constructions. Let us first consider the case of sets.
The category Sets is a monoidal category with Cartesian product, X
as bifunctor. The neutral object is the one point set e = {x}. The
associativity constraints ay pc : A X (B x C) — (A x B) x C' and unit
constraints 4 :e ® A — A and y4 : A ® e — A given by

aapc(, (y,2)) = ((z,9),2),
Ba(x, )
’YA(*Tv*)

Z,

Z.

Finite sets offer many examples of cosemigroups. Let A = {a, b, ¢} and
define a map 64 : A — A X A by

=
bS
—~

Q

8
Q
~

) =
Sa(b) =
da(c) =

A direct calculation show that (A,d,4) is a cosemigroup. There is only
one possible map €4 : A — e since e = {x} is terminal is Sets and this
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is the map e4(z) = * for all 2 € A. But for this map we find
[Ba 0 (€4 ®14) 004](b) = [Ba o (ea @ 14)](b,a) = Pa(*,a) = a,

so (A, d4,€4) is not a comonoid.
Let A be any set. Define the map 4 : A — A x A by

6A(x> = ((L’,ZL’)
This is the diagonal map in Sets. We then have

[a@aaa0(lgxda)oda)(z)=]aaanoc (laxda)](z,z) = ((x,x),x),
[(64 X 14) 0 0a)(z) = (04 X 1a)(z,2) = ((z,2),2),

so (A, d4) is a cosemigroup. The only possible counit satisfy

[Bao(ea®14)0dal(z) = [Bao(€a®14)](7,7) = Ba(*,7) =,
[Yao (la®ea)odal(r) = [yao (1a®ea)l(z,z) = va(z, %) = 7,

so (A,04,€4) is a comonoid. Let 64 : A — A X A, €4 : A — {x}
be any comonoid structure on A. We have d4(a) = (f(a),g(a)) and
ea(a) = *. The first counit condition G4 o (€4 X 14) 004 = 14 gives
g(a) = a for all a. Similarly the second counit condition gives f(a) = a
for all a. So the previous example in fact gives the only possible comonoid
structure in this category. We will always assume that the objects in Sets
are comonoid with this structure.

As our next example let us consider a pointed set. This is a set A with
a chosen point xg € A. Defineamap d4 : A — AXA by da(x) = (xg, ).
Then we have

[(14 X 0a)0da](z) = (14 X 04) (20, ) = (20, T0, T),
[(04 X 14)0da](z) = (64 X 14)(x0, ) = (20, T0, T),

so (A, d4) is a cosemigroup. It is not a comonoid because the only possible
map €4 : A — e gives

[Yao (la®ea)odal(x) = [yao (1a ®ea)l(xo, ) = va(o, *) = Zo,

so if there are any elements in A different from zy then A is not a
comonoid. This construction only gives a comonoid when A = e. This
fact is true for any monoidal category.

Let us next consider the category Vecty. This is the category of vector
spaces over a field k£ with morphisms given by linear maps. This category
is monoidal with product bifunctor given by the tensor product of vector
spaces ® = ®j. The neutral object is k. The associativity constraint o
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and unit constraints # and « for this case are the linear maps a pc :
AR (BRC) — (A®B)®@C,Pa: k@A — Aandy4: A®k — A
given on generators by

aspe(r®(y®@z)) = (Y @z,
Ba(r @ z) =rx,
yalz @71) =re.

Let A be any finite dimensional vector space in Vecty. Let Q be a
finite index set and let {a;}icq be a basis for A indexed by 2. Then
{a; ®a;y }iieq is a basis for A® A. Define a linear map 4 : A — A® A
by

5A(a2-) =a; ¥ a;.

Then evidently (A,04) is a cosemigroup. Define a linear map €4 :
A — k on generators by €4(a;) = 1 € k. Then we have

[Bao(€a®1a)0dal(a;) = [Bao(ea® 1a)|(a;,ai) = Ba(l ®a;) = a;,
[vao (1a®€a)odal(a;) = [yao (1a®ea)l(aia;) = yala; ® 1) = a;,

so (A, 04, €4) is a comonoid. In contrast to the case of Sets we can have
many nonisomorphic comonoid structures on a given object in Vect. Let
0p:A— A® A and €4 : A — k be linear maps. We have thus

dala;) = Zr;-,kaj ® ag,
gk
EA(a'i) = gi,

where all indices run from 1 to m, the dimension of A.
Then (A,d4,€a) is a comonoid if {r?,} and {g;} are solutions of the
following system of quadratic equations.

i g i ,J _ ;
E (Tj,krl,n — rl,jrmk) =0 forallik, I n,
J

Zr;»,kqj = 0;, for all 4, k,

J

Zﬁi;,ﬂj = 0, for all 4, k.

J
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For m = 2 this system have four different families of solutions. One of
these families is the following

dalar) = a1 ® aq,

dalaz) = —xa; @ ay + a1 @ ag + az @ ay,
qa(ar) =1,

qa(az) =z,

where z is an arbitrary element of k.

Let now G be a finite group and let A = F(G) be the vector space of
k valued functions on G.

Note that since G is finite we have F(G x G) ~ F(G) @, F(G). Define
a linear map dx ) : F(G) — F(G) @k F(G) by

o) (f)(x,y) = [(zy).
This clearly makes F(G) into a cosemigroup. The linear map exq) :
F(G)—k
ere (f) = f(e),

where e € G is the unit of the group G, makes ( F(G),0rc), €x())
into a comonoid. Note that this conclusion depends strongly on the
identification F(G xG) ~ F(G)®xF(G). For infinite groups this relation
does not hold in general but for some infinite groups it does. For these
cases we also get comonoids.

The tensor product is not the only monoidal structure on Vecty. Let
@ be the direct sum of vector spaces. This is a monoidal structure with
the neutral object given by the zero dimensional vector space e = {0}.
The maps «, # and v are the standard identifications used for the direct
sum. The symmetry is the linear map o(u,v) = (v,u). These structures
defines the structure of a symmetric monoidal category on Vecty. A
cosemigroup is a pair (A, d4) with 4 : A — A® A a coassociative linear
map. Any such map is determined by a pair of linear maps f,g: A — A
through d4(a) = (f(a),g(a)). The coassociativity gives the following
conditions on the maps f and g.

fof=/,
gog=y,
Jog=golf.

So any pair of commuting projectors on A define the structure of a
cosemigroup on A. There are thus in general many nontrivial cosemi-
group structures on a linear space. The comonoid structure is however
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much more restrictive. This is because the neutral object for @ is also
the terminal object for the category. This means that there is only one
possible counit for any comonoid. It is straight forward to see that the
counit property for the only possible counit gives f = g = 14. So there
is only one comonoid structure on A and this is the diagonal map

dala) = (a,a).

In all the examples we have seen that coproduct for the comonoids
have been monomorphisms. This is true in general

Proposition 14. Let (B,ép,ep) be a comonoid. Then the coproduct is
a monomorphism.

Proof. Let D be any object in C and let ¢, : D — B be two morphisms
in C such that g o ¢ = dp 0 ¢). Then we have

Yp=1poy
=fpo(ep®@1p)odpor
=fOpo(eg®1lg)odgop
=1lgoyp
=,
so dp is by definition mono. O

We will in general only be interested in comonoids where the coproduct
has the additional property of being commutative. Only such comonoids
carry enough structure to support a full theory of relations. We express
this property by using the symmetry o.

Definition 15. A comonoid (A,04,€4) in a symmetric monoidal cate-
gory is o-commutative if 044004 = 04.

2.4. C-categories and M-categories. In Sets each object is a o-com-
mutative comonoid in one and only one way. For the case of a general
symmetric monoidal category we have seen that objects may have sev-
eral o-commutative comonoid structures defined on them. We need to
preserve the unique relation between objects and structures when we
generalize from Sets. This relation is expressed in terms of functors and
natural transformations. To any category C' we have associated a set
of functors. These are the projection functors P : C' x C — C and
Q : C x C — C the diagonal functor A : ¢ — C x C defined by
A(X) = (X, X) and the transposition functor 7 : C' x C — C x C .
Let e be a fixed object in the category C'. To this object we associate
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the constant functor K, : C' — C' . Finally let us assume that ® :
C x C — (' is a bifunctor and let H = (1¢ X 7 X 1¢) o (A x A). We
are now ready to define the notion of a C-category.

Definition 16. A C-category is a collection { C,®, K., «a,[3,7,0,0,¢€)
where ( C,®, K., a, 3,7,0) is a symmetric monoidal category and where
0, € are natural transformations

0:1c — ®o A,

€: 1l — K.,
such that the following relations holds

(Igo(d x11.)0 1A) = (o luoxaypa) - (Igo (11, x 0)ola) -9,
= (Bola) - (lgo(ex1y,)o0la)-0,
=(y01la) - (lgo(ly, X €)ola)-9,
= (07t o14) -6,

§olg = (atolguiexieoly)  (1go(ax1y,)o01y)

“(Lgo@xic) © (lie X 0 X 11,) 0 Taxa)
“(lgo(a™ x 1) 0 laxa) - (@0 lgxigxie © laxa)
(g 0 (6 x9)),

colg = (folixk.)  (1go(exe)).

The four first relations ensure that for each object in C' there is fixed a
unique commutative comonoid structure. The last two relations say that
if an object X can be decomposed as X = A ® B, then we can express
the unique comonoid structure on X in terms of the comonoid structures
on A and B. For the strict case they take the following form in terms of
objects

dagp = (la®oap®1p)o(ds®0p),

€AoB = €4 Y €B.

A M-category is the dual of a C-category. We get its defining equations
by reversing all arrows. It is a category where for each object there is
fixed a unique monoid structure and where the monoid structure on an
object of the form X = A® B can be expressed in terms of the structures
on A and B.
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3. CATEGORICAL THEORY OF RELATIONS

In this part of the paper we use the categorical framework described
in the previous section to define a category of relations and develop its
properties. We first define the notion of a relation and a corelation in a
C-category. In a similar way relations and corelations can be developed
in a M-category. The notions of C-categories and M-categories are dual
concepts so that any definitions made or propositions proved in one of
them hold in a dualized version in the other. Since the notion of relation
and corelation also are dual of each other it is clear that it is enough
to develop the theory of relations in C-categories. The other cases fol-
low by duality. We start this section by defining relations on an object
A in a C-category C' in terms of arrows and collect such arrows into a
category of relations R“(C). This category of relations is then shown
to be isomorphic to the category S*4(C) of A — A bicomodules in C.
A semimonoidal structure X4is introduced in this category and by iso-
morphism into the category of relations. This semimonoidal structure
is then used to introduce a bifunctor ®on §4(C') and by isomorphism
on RA(C). This bifunctor is used to introduce a monoidal structure on
the category of relations. Certain properties of relations like transitiv-
ity and reflexivity are formulated in algebraic terms using the monoidal
structure. In the final sections a generalized notion of symmetry is intro-
duced, this notion of symmetry use in an essential way the formulation of
the Yang-Baxter equation in terms of action of a Sy graded group. The
new notion of symmetry is then used to further categorize properties of
relations. Equivalence relations appears as commutative and associative
algebras with units.

3.1. Relations. Let (C,®, ke, a, 3,7,0,0,€) be a C-category and let A
be an object in C.

Definition 17. A relation on A is an arrow in C with codomain A® A.

Note that we will use the same symbol for an arrow in C' and the
corresponding morphism of relations. Also note that a given arrow f :
B — B’ in C can give rise to more than one morphism of relations.
This can happen because we might have r; = 7} o f and 7y = rj o f where
ry,ry: B— A® A and r|,7, : B — A ® A are two pairs of relations
on A. In this sense we can write 1, = 15 where B is the domain of the
arrow 7. Let us now consider a few examples of this construction.

Let us first consider the case of Sets. This is a C-category with dx(x) =
(x,z) and ex(z) = * for all objects X € C. Let A and B be sets and let
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r: B — A x Abe amap of sets. We can write (b) = (f(b), g(b)). We
have

[(r x 1) odg|(b)
= (f(b), f(b),g(b), g(b))
= (04 x 04)(f(0),9(D))
= [0axa o 7](b),

so r is an arrow in the C-category Sets and is therefore a relation in
Sets in our sense. A relation on A in the usual sense is a subset of A x A.
This is equivalent to assuming that the map r is a monomorphism. In
general the map r assign to each element in B a source and a target.
Several elements in B can be assigned the same source and target. In
fact we observe that in Sets a relation in our sense is the same as a
directed labelled graph.

Let us next consider the C-category Vecty with direct sum as monoidal
structure and § and e defined as for Sets. A relation on a linear space A
is any linear mapr : B — A®A. Let L : A — A be an endomorphism
on A. Let B= A and define r: B— A& A by

r(a) = (a, L(a)).

Then r is a linear map and therefore defines a relation on A in our
sense. Note that the image of A under r is by definition the graph of the
linear map L. More generally, let L be a linear subspace of A ® A. Let
B=Landr: B— A® A the inclusion map. Then r is evidently a
relation on A. In general a relation on A is like a graph, where the set
of vertices and the set of labels have a vector space structure and the
source and target maps respect these structures.

As with any categorical concept the notion of a relation has a dual.

Definition 18. A corelation on a A is an arrow in C with domain AQA.

Let r : § — Q x Q) be a relation on €2 in Sets. We assume now
that the sets S and 2 are finite. The algebraic description of the sets S
and (2 are given by the space of k valued functions B = F(S) on S and
A= F(Q) on Q. Let ¢ defined by ¢(f ® ¢)(z) = (f ® g)(r(z)). Then
c: A® A — B is alinear map and by duality a morphism of the induced
algebra structures on B and A ® A.

Therefore the algebraic image of the relation r in Sets is a corela-
tion ¢ in Vecty. This example show that corelations arise naturally by
algebraization of relations in Sets. Note that in general a corelation
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c: A® A — B in Vecty, with the tensor product as monoidal structure
is in algebra usually called a A ® A algebra.

3.2. Categories of relations. Letr: B — A®Aandr’' : B — ARA
be two relations on A. A morphism f:r — 7’ isan arrow f: B — B’
in C' such that the following diagram commute

B / > B’
N
A®A

Let RA(C) be the category of relations on A. This is a category
whose objects are relations and morphisms are morphisms of relations
as just defined. It is evident that to each diagram in R4(C) there is a
corresponding diagram of arrows in C' and commutativity of diagrams in
RA(C) follows from commutativity of the corresponding diagrams in C.
For now there is no restriction on the object A or the arrows that are
relations on A. We will introduce further restrictions as we develop the
properties of the category of relations.

Morphisms of corelations are defined by dualizing the corresponding
diagrams for morphisms of relations. Corelations and morphisms of core-
lations form the category of corelations on A, R 4(C).

We will now proceed to develop some formal properties of the category
RA(C). The corresponding dualized properties holds for the category
RA(C).

Let 7 be an object in R*(C) with domain B. Define two arrows &' :
B— A®Band ¢ :B— B® Ain C by

' =(va®1p)o((la®es) ®1p)o(r®@lg)odp,
(V:(13@514)O(lB®(6A®1A))O(1B®’/’)OéB.

Define ' : B — (A® A)®@ Band 0" : B — B® (A® A) by

0' = (r®1p)odp,
6””: (13@7”)053.

We first prove the identities
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Lemma 19.

(0aga ®1p) o0 0 = QAQA,ARA,B © (1aga ® 91) o 917
(15 @ daga) 00" = ap ana s © (0" ® 1aga) o b,

(0' ® 1aga) 00" = aaga,paza © (Laga @ 07) 0 0.

Proof. Since r is a morphism in C' we have the diagram

BxB 2l AgAmAsA

‘5A®A

AR A

0B

B

But then we have

A aeaB © (Laga ®6') o 0

= e AeAB © (laga @ (1 ® 1p)) o (Laga ®dp) o (r @ 1p) o dp
= QAgAA24B° (1@ (r®@1p))o(lp®dp)odp

= Qapasga O (r® (relg))o OéE;,lB,B o(0p®1p)odp
=((reor)odp®1p)odp

= (apa ® 1) o (r®1p)odp.

The proof of the second relation proceeds in a similar way. For the
third we have

(Ql ® 1aga) 0 b"

=((r®1p)®1laga) o (0p® laga) o (lp®7)0dp
=((r®lp)®r)o(dp®1p)odp
=((r®lg)®@r)oagppo(lp®dp)odp

= QaaBAzAC (T® (1 ®71))o(lp®dp)odp

= Qiuga,BA2AC (T ®0O") 0 0p,

we can now prove the following

Proposition 20. Let r be a relation. Then the following diagrams com-
maute
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Sa®1
AeB A%R ugaeB

st 1
/ e®B<€iieiA®B

B QA AB
BB
5l
B

A®B —— A® (A® B)
1A®5l

51

15®6
BoAB2% pgasa)

B aBAA g
B
y\
B
BOA ——— (BRA)®A
67‘
A28 22% A% (B A)
%

B QA B,A

BRA—» (ARB)® A
S ®1a

87
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Proof. Using the lemma and the naturality of a and § we have

aA7A,Bo(1A®5l)o5l

=as48°(1a® (14®15))o(14® ((1a®eas) ®1p))
0(14®0) o (7a®1p) o ((la®es) ®1p) 00
=(((vao(la®e€a)) @ (yao (la®ea))) @ 1p)
0 aga,apaB © (laga ®0') 06
=(((vao(la®e€a)) @ (yao (la®ea))) ® 1p)
0 (0aga ®1p)o 6’

= (0a®1p)o((ya0(la®ea)) ®1p) 0 '

— (64 ®1p) 06
=(64®1)o(14®@es @ 1p) 0

= (64 ®1p)od".

Since € is natural and r a morphism in C' we have the identities

€ARe = €4 O YA,
€ARA = €A®e © (1A & ffA),

€EB = €AxACT.

But then we have

Bpo(ea®1p)od

=Opo(ea®lp)o(ya®lp)o((la®@ea) ®1p)o(r®1p)odp
= Bpo(€age ®1p) o ((La®es) ®1p)o(r®1p)odp

=g o (capa®1p)o (r®1p)odp

=fpo(eg®1p)odp

= 1Ba

o~ o~ o~~~

so the first pair of diagrams are commutative. The proof of the commu-
tativity of the second pair of diagrams is similar. For the last diagram
we have

aA,B,AO (1A®(5r)051
aspa°(la® (1@ Ba)) o (1a® (1p® (€4 ®14)))
0(1a®60)o(ya®1p)o((la®ey) @1p) o0
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(1a®1p)®Pa)o (14 ® 1) ® (€4 ® 14))
o ((1a®1p) ®laga) o ((1a ® €4) ® 15) ® Laga)

r l
0 ApAB AA O (laga ®607) 06

= ((7ao(1a®ea)) ®1p) ® (Bao (€4 ®14)))
0 (0" ® 1aga) ol
=(0'®14) o (1p@ (Bac(ea®1a)))0f"
= (' ®@14) 046",
so this diagram is also commutative. 0

The previous proposition show that the pair {¢’, 6"} define the struc-
ture of a A — A bicomodule on B.

Definition 21. Let §' : B — A® B,§" : B — B ® A be arrows in
C. Then {8',07} define the structure of a A — A bicomodule on B if the
diagrams in proposition 20 commute

We call the object B in the previous definition the underlying object
for the A — A bicomodule § = {§',6"}.

Let now § and v be A — A bicomodules with underlying objects B
and F. A morphism f : 6 — v of A — A bicomodules is an arrow
f B — FE in C such that the following diagrams commute

1 1
A908 1%L 4or Boal®M pea

]

B

’71 ST ~"

E B
f !

E

We now form a new category where objects are A — A bicomodules
and where morphisms are morphisms of A — A bicomodules. Let this
category be named S4(C).

3.3. Relations in terms of A — A bicomodules. To each object r
in R4(C) there corresponds an object § in SA(C). For morphisms of
relations we have the following.

Proposition 22. Let r and s be two relations with domains B and E
and let f : r — s be a morphism of relations. Let 6 and v be the
objects in SA(C) corresponding tor and s. Then the corresponding arrow

f:B— E in C defines a morphism f : 6 — v in SA(C).
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Proof. Since f is a morphism in C' and also a morphism from r to s we
have the following commutative diagrams

g B®B-— ref EQFE

\/\ -

B——» F

Using these identities we then have

(la® f)od
=(1a®@f)o(1a®1lp)o((ly®ea)®1p)o(r®lp)odp
=(1®lp)o((la®l)® flo(s®@1p)o(f®1p)odp
=(1a®1p)o((la®es) ®1p)o(s®@1p)o(f® f)odp
= (1a®@lp)o((la®esa) ®1p)o(s®1p)odgo f
:fylof.

In a similar way we prove the identity (f ® 14) 0d" =" o f. O

The previous definition show that we have a well defined functor & :
RA(C) — S4(C), where ®(r) is the A — A bicomodule corresponding
to r and where ®(f) = f. We will next construct a functor from S4(C)
to RA(C).

Let 6 be an object in S*4(C). define a morphism r : B — A ® A by

r=014®84)0(1a®(ep®1a))0(l4®5) 04"

We have proved that 34 and eg are arrows in C' and have therefore
the following result.

Proposition 23. r is an object in R*(C).

Using this result we can define a map of objects ¥ : S4(C') — RA(C)
by W(§) = r. For morphisms in S4(C) we have

Proposition 24. Let §, and vy be two objects in SA(C) and let f : § —
be a morphism. Then the corresponding arrow in C' defines a morphism

of the objects r = ¥(8) and s = ¥(vy) in RA(C).

Proof. Let the domains of r and s be B and E. We have the following
commutative diagrams
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1 1
A9 1%L 4or Boal®M pea

= (14®fa)o(1a®@ (g ®14)) o (la®@7" )0 o f
(1a®Ba)o(1a®@ (g ®@1a)) 0 (1a®@7) 0 (1a® f)od'

= (1a®Ba)o(1a@ (g ®@1a)) 0o (1a® (f®14)) 0 (14®d") 04
(1a®Ba)o(Ia®@ (ego f@14))0(la®d)o0d
(1a®fBa)o(la®@ (g @1a)) 0 (1a®) 0 d

so f is a morphism of relations.

Lemma 25.

(74 ®@ Ba) o ((1a®ea) ® (€4 ®14)) 06apa = Laga,

91

O

We use this result to extend ¥ to a functor from S*4(C) to RA(C)
by defining ¥(f) = f. We will now show that R4(C) and S*(C) are
isomorphic categories. We need the following lemma

(8'®1p)odp=asppo(la®dp)od,
(1B X (Sr) 053 = QB}B7A o) (5B & 1A) od".

Proof. For the first part of the lemma we have

(YA ®Ba)o((la®es) ®(ea®14)) 0baga

= (74 ® Ba) o (1a®€a) ® (€4 @ 14)) 0 Auiq 44
o (aaaa®1a)o((la®0oaa)®14)o0 (Oéj,lAA ® 14)

0 (apAaAA0 (04 ®d4)
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=(1a®PBa)o(va®(1le®1y4))o0 a;l;@e,e,A 0 (Qaee®1a)
0 (14 ® 0ce) ®1a) 0 (Al ® 14) © Aage aa
0((lay®ea)® (ea®14))0 (04 ®0d4)

=(1a®Ba)o(7a® (le®14)) 0 a,Zée,e,A 0 (aee®1a)
0 (14 ®0ee) ®1a) o (ayl, ®14) 0 Aagean

o(val® By

= (1la®Ba)oay, 10 ((1a®fe) ®1a)o (14 ® 0ce) @ 14)
o (Waye ® 1a) 0 Qageeno (V4 ®65")
= (1a®Ba)oay, 40 ((1a®7.) @ 1a)o

o (ayh, ®14)0aageeac (V4 ®81)

=(1a®Ba)o (14 ® (7. ® 1a))o

00 e a0 (@nh, ®14) 0 Aagecao (14 @ B1Y)

= (1A ® ﬂA) o (1A ® (7@ (%9 1A)) o (1A X ae,e,A)
03k a0 (1a®@ 1) ® B o (74 © 1)

=(1a®Ba)o(1a®(1e®Ba)) o (1a® (1. ® B4"))

ooyl 407y ®14)

= (1a® fa) oy a0 (12 @ 1a)
= (La®Ba)o(la® ")
= laga-
For the second part of the lemma we have
(8'®1p) 0 dp
=((a®1p)®1p) o ((la®ea) ®1p) @ 1p) o ((r@1p) @ 1p)
o(0p®1p)odp

=((14®1p)®@1p)o((1a®ea)®1p) R 1) o ((r®lp) ® 1p)

o aB,B,B (0] (13 & (53) @] (53

=0 (7Aa®1pgp)o((la®ea)®1pgp)o (r®lpgp)o (1p®dp)odp
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=(1p®dp)o(1a®1g)o (14 ®es)®1p)o(r®lg)odp
= (1 ®6p) 0o

The proof of the third part of the lemma is similar to the second
part. [l

We now use the lemma to prove the following theorem

Theorem 26. The functor ® : RAY(C) — SA(C) is invertible with
inverse ¥ : S4(C) — RA(C).

Proof. We only need to prove that & is bijective with inverse ¥ on objects
since ¥ is obviously the inverse of ® on morphisms.
Let r be an object in R*(C) with domain B. Using lemma 25 we have

(W od)(r)

= (14®@Ba) 0 (14 @ (g ®14)) 0 (14 @ ((r))") 0o ((r))"
=(1a®pBa)o(la® (e ®1a)) o (la® (15 ® Ba))
o(la®(lp®(ea®1a)))o(la® (1 ®r)) o (la®Ip)
o(ya®lp)o((la®es)®1p)o(r®lp)odp
=(1a®B4a)o(14a® (1le®Ba)) 0 (1a® (1. ® (€4 ® 14)))
o(la®(le®r))o(la® (ep®1p)odp)o(ya® 1p)
o((la®es)®@1p)o(r®1p)odp

=(14®Ba) 0 (1a® (1 ®Ba)) 0 (14 ® (1 ® (€4 ® 14)))
oc(la®(le®@r))o(la® ') o (ya®1p)
0((14®eq)®1p)o(r®lp)ods

=(1a®Ba) 0 (1a® (1 ® Ba)) 0 (14 ® (1 @ (€4 ® 14)))

0 (14 ® Baga) © (74 ® laga) 0 (14 ® €a) ® Laga) o (r @) 0 dp
=(1a®fao(1e® fa) 0 frga) © (La® Bga) © (74 ® (L @ 14))
(la®ea) @ (ea®1a))0dagaor

= (1a®PBa)o((la®es) ®(ea®14))0dagaor

:7"7
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s0 U o ® = lpaiy. Next let § be any object in $#(C') with underlying
object B. We have

(®(()))

= (14a®1p)o (14 ®es) ®1p) o (¥(8) ® 1) 0 d5

= (7a®1p)o((la®ea) ®1p) o ((14® Ba) ® 1p)

o (1a® (g ®14)) @ 1p) 0 (14 ® ") @ 15) 0 (6" ® 1) 065
= (1a® 1) o (1a®ea) @ 15) 0 (14 ® Ba) ® 1)

o (Ia®(ep®14))®@1p) 0 ((1a® ") ® 15)
oasppo(la®dp)od

= (14 ®1p) o (14 ®€epa) ®1p) o ((la ® (ep ® 14)) ® 15)
0((1la®é))®1lp)oaappo(la®dp)o 5

= (7a®1p) o ((1a ® €pga) ® 15) o (14 ® ") ® 1)
oasppo(la®dg)od

= (1A ®1p)o((1a®@€pge) ®1p) o (14 @ (1p ®ea)) ® 15)
o(la®d")®1g)oaappo(la®dp)od

= (74 ®1p) 0 (14 ® €pge) ® 1) 0 (L4 ®75") ® 15)
oasppo(lya®dg)od
=(va®1p)o((la®ep)®@1p)oasppo(la®dp)od

= (1a®1lp)oascpo(la® (g ®1p)) o (la®dp)od

= (14 ®0p) o (la® (s ® 1p)) 0 (L4 ®dp) 0 &'

=0

and similarly we find that (®(¥(d)))" = 0". This proves that ® o U =
1SA(C)' D

By definition d4 : A — A® A is an object in R4(C). Its image by ®
is therefore an object in S4(C).

Proposition 27. ®(64) = {4,04}.
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Proof. We have
B(6)'
=(1a®1a)o((1a®ea) ®14)0 (64 @ 1a)0da
=(140(la®eq)004a®@14)064
=(1a®14)0064
=04.
In a similar way we prove that ®(d4)" = Ja. O

The object {64,054} in SA(C) will play an important role for a product
we will define later and is given a special name.

a = {(5,4,5,4}.

In the following we will mostly work in the category S4(C') and use
the isomorphism to induce the corresponding structures on the category
of relations R(C). Note that the category of corelations on A, R 4(C),
is by duality isomorphic to the category of A— A bimodules. Denote this
category by S4(C).

3.4. The X4 product of relations. Let § and v be two objects in
S4(C) with underlying objects B and E. Define two arrows in C' (§ X4
N:B®F — A® (B®FE) and (K4)": B E — (B® E)® A by

(6 =4 7)l = a;l,lB,E © (5l ® 1),
(684 9)" = appac(lp®7).
Then we have
Proposition 28. § X4~ = {(§ R4 +)!, (§R4 )"} is an object in SA(C).

Proof. Using the naturality and the MacLane coherence condition for «
we have

asaporo (1a® (XY 4)) o (§ X4 )

= asapep° (la®ay'gg)o (14(0'® 1)) o ay'p o (6'® 1p)
= aa4896° (14 ® O‘Z,IB,E) °© aZ}A@B,E o((1a®d')od' @1p)
= aaaBeE° (la® ag}BE) o O‘;X,lA®B,E o (O'/;LlA,B ®1g)
0((ba®1p)®@1p)o (8 ®1g)

= O‘;\é@A,B,E o ((fa®15)®1p)o (8 ® 1p)

= (0a® 1pgr) o (ay'ppo (8 ©1E)

= (04 @ 1per) o (6 " 7)f
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and

Bper o (€4 ® 1pgr) o (6 B4 )
= fpepo(aa®(1p®@1p))oay po (6 ® 1p)
= Bpepoa,ppo((ea®1p)0d @ 1)
= Bperoa,pgo (B @1p)
= BpgE © 55613@
= lpgE,
so B® E is a left A comodule. In a similar way we show that B @ FE

is a right A comodule. For the compatibility between the two structures
we have

aapopao(1a® (R 7))o (FR 5)
=aapepA(la®appa)o(la® (1p®@7"))
°© O‘;x,lBE o (6'® 1)
= axpop,A©° (14 ®appA) 00, s pos
o (5l R(1p®14))o(lp®~y")
= (o' p ®14) 0 agBE A
0 (0'®(1g®14)) o (1p®7")
= (O‘;l,lB,E ®1a) 0 ((6'®1p) ® 14)
oapgpao(lp®7")
= (6= y)! ©@14) 0 (IR )"
[

Using the previous proposition we can define an object map X4 :
SA(C) x SA(C) — SA(C) by

X408, 7) = 6 R .

Let 8,7, p and 6 be objects in S4(C) with underlying objects B, E, D
and T in C'and let f : 6 — p and g : v — 6 be two morphisms in
SA(C). Let f: B— E and g : D — T be the corresponding arrows
inCandlet f@g: BQE — D®T be their product in C. Define

fRYg=f®g

Proposition 29. fX4 g :4 XAy — pXRA0 is a morphism in SA(C).
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Proof. We have previously proved that f ® ¢ is an arrow in C'. It is also
a morphism in $4(C)

(p R4 6) o (f R4 g)
=ay'pro(pf®@lr)o(f®yg)
= O‘J_3,ID,T o(plof®y)

=agpro(la® f)®g)o (6 ®1p)
=(la®(f®g))o O‘Z,IB,E © (5l ® 1p)
= (1a® (R g)) o (§ & 7)".

The identity (p®R40) o (f®g) = ((fR4g)®14) 0 (§ KA 4)" is proved
in a similar way. U

Using this proposition we can extend the object map X to a bifunctor
by defining
RA(f,9) = fRYg.
In terms of this bifunctor we have the following immediate consequence
of lemma 25

Corollary 30. Let § be an object in S*(C) with underlying object B.
Then 6p : 6 — 6 A § is a morphism in SA(C).

In general there exists no neutral object for K4, This is clearly seen in
the case of Sets. Let B be a set and let f : B — A be a injective map
of sets. Define a A — A bicomodule structure on B by &' (z) = (f(z), )
and 0"(x) = (x, f(x)). Assume that w is a neutral object for K4and let
the underlying object for w be S. Then there must exist a isomorphism
h:6 X4 w — § and therefore bijective map h : B x S — B that is a
morphism of A— A bicomodules. But this implies that f(h(z,s)) = f(z)
for all x and s. But since f is injective we must have h(z,s) = z and
this is not possible if there is more than one element in S. A neutral
element w for X4 therefore must have e = {*} as underlying object. Any
A — A bicomodule structure w on e must be of the form w'(x) = (g, *)
and w”(x) = (x,7p) for some elements xg,yo € A. Let B be a set with
more than one point and let f : B — A be a map of sets that is not
constant. Define a A — A bicomodule structure on B by §'(z) = (f(z), )
and 6" (z) = (z, f(r)). If w is a neutral object for X there must exist an
isomorphism A : e x B — B that is a morphism of A — A bicomodules.
But this implies that for all b € B we have f(h(*,b)) = xo and this
implies that f is constant since h is bijective. This is a contradiction and
this proves that X4 does not have a neutral object in the case of Sets.
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3.5. Semimonoidal structures on the category of relations. Recall
that (S4(C), X4, M4) is a semimonoidal category if M4 : K4 o (1 x
X4) — X4 o (X4 x 1) is a natural isomorphism such that the first of
the MacLane Coherence conditions is satisfied. We will in general assume
that the category S*(C') is a semimonoidal category with respect to some
choice of natural isomorphism M4,

At least one semimonoidal structure for X4 will always exists.

Proposition 31. Let § and 7y be objects in S*(C) with underlying objects
B and E in C. Define

Mé?%p = OB ,E,D,
where «v is the associativity constraint for the category C. Then (SA(C), KA, M4, S4)
15 a symmetric semimonoidal category.

Proof. We have proved previously that ap g p is a Carrow in C'. Next
we need to show that the associativity constraint for ® on C'is in fact a
morphism in $4(C). If we use the naturality and the MacLane coherence
condition for o we have

((6 4 ) 4 p) © B ED
= Qalpepp © (4l p ®1p) o (0'® 1) ® 1p) o appp
= O‘Z,IB@)E,D ° (O‘Z,IB,E ® 1p) o aagp.Ep o (' @ (1p ® 1p))
= (la®apgp)o O‘;l,lB,E®D o (65 ® 1gep)
= (la®appp)o (6 & (v X4 p)).
M4 is clearly an isomorphism and is a natural transformation if the

following identity holds ((fR*g)R4h)o Mzt = Ms , o fR4(gR4h))

67,0

for all morphisms f: 6 — §,g: v — 7 and h: p — p'in S(C). But

the corresponding identity in C'is ((f®g)®@h)oappp = ap gpo(f®

(g®h)) and this identity holds because « is a natural transformation. [
The previous proposition leads us to the following definition

Definition 32. The semimonoidal (S*(C'), &4, M?) category is external
if for all objects 9, and p we have

A
M&'y,p - aB’E7D’

where a is the associativity constraint for the product ® on the category
C and where B,E and D are the underlying objects for 6, and p.

Since S4(C) is isomorphic to the category of relations, a semimonoidal
structure on S4(C) will induce one on the category of relations. Let the
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product in R4(C) corresponding to X4 be (14 : RA(C) x RA(C) —
RA(C). We thus have

04 =TV oR0 (O x D).
We have the following explicit expression for the product
Proposition 33. Let r and s be two objects in R*(C). Then we have
rOs=(14®B4) 0 (la®ea) ® (ea®14)) 0 (r@s).

Proof. Since ¢ and ¥ are isomorphisms with ® = ¥~!we only need to
verify that
d(r 04 s5) = o(r) B O(s),
for all objects r and s in R4(C). Note that the naturality of € gives
the following relations

€40 a0 (€4 ®1y)
= €A 0 (€4 ® 14)
= €ARA

= €aze © (14 ®e€n)

=€eq0740 (€4 ®14).

We then have

(®(r D4 5))!

74 © 1per) o (1a®€a) © 1pgr) o (tE4 s) @ 1pgr) 0 Spep
Y4 ® lpgr) o ((1a ® €4) @ 1pgr) o (74 @ Ba) ® 1psr)
(la®ea) ® (€a®14)) @ 1pgr) o ((r®s) @ 1per) © dpen
Y4 ® 1pgr) o ((1a ® €a) ® 1pgr) o (74 @ Ba) ® 1psr)
o((1a®ea)@(ea®14)) ®1pgr) o ((r®s) @ lpgr)

ocapbpppC(sEs®lp)o(lp®opEp)® 1E)

=
=
o ((
=

© (O‘JE}B,E ® 1g)oapgpeEe° (0 ®E)

= O‘Zl,lB,E 0((1Aa®1p)®1g)o(aaes®1p)o((la®ope) ®1E)

o ((1a® (1p®ea)) ®1p) o (ayp 4 ® 1g) 0 Aaspar

o ((1a®1p) ® (Ba®1g)) o (14 ®e€a) ® 15) @ ((€a ® 14) ® 1p))
o((r®lp)®(s®1g))o (05 ® p)
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= 0‘2,113@ o((la®vyp)®1g) o (OZZ}B,G ®1g) o dagper© (lags @ (€4 ® 1g))

o (1a®1p) @ (Ba®1p)) o (((1a ®ea) @ 15) @ ((ea ® 14) ® 1))
o((relp)®(s®1g))o (0 ®Ig)
= (14® (7B®@18)) 0 04 pgern © (@ap, ® 18) 0 Aagp.er © (lags ® (€4 ® 1))
0o ((7a®1p) ® (Ba®1p)) o ((1a®ea) ®1p) @ ((ea ® 14) ® 1p))
o((relp)®(s®1g))o (0p ®Ig)
=(14®(1B®@1p)) 0o (14 ® apen) © Oap op© (laes @ (4 © 1))
o(7a®1p) @ (Ba®1g)) o (((1a ®ea) ® 15) @ ((ea ® 14) ® 1))
o((reolp)®(s®1lg))o(dp®dg)
= a5 p 0 (P(r) ©@PBro((eacfao(ea®1a))os)®1g)odp)
(®(r)' ®Bpo((eacyac(la@ea))os)®1p)odp)
=g po (@(r)' @ Bp o (ea ® 1g) 0 D(s)")
=g po (@(r)' ® 1)
= o(r)! X O(s)".
The proof of the identity (®(r04s))" = (®(r) X4 &(s))"is similar. O

:aABEO ®

By duality the category of C-corelations R 4(C) is isomorphic to the
category of A — A bimodules S4(C).

3.6. The tensor product of relations. For categories of bimodules
over rings we have a standard construction of a tensor product. This
construction is categorical in nature and can in a natural way be gen-
eralized to the category of A — A bimodules S4(C). By dualizing this
construction we arrive at our definition of a tensor product of A — A
bicomodules. The isomorphism ¥ : S4(C) — RA(C) is used to define
the tensor product of relations.

The following lemma is fundamental for the construction of the tensor
product.

Lemma 34. Let 6§ be an object in SA(C). Then &' : § — a X4 § and
5" — 6 ®* a are morphisms in SAC) and if f 1 6 — v is a
morphism in SA(C) the following diagrams in S*(C) are commutative.

1, XA X4 1,
a&(i—li a4 ~ 6®Aaf—> R4 a
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Proof. There are four diagrams that need to be commutative for the first
part of the lemma to be true. It is seen by inspection that this set of
diagrams is included in the set of diagrams defining § to be a A — A
bicomodule. The second part of the lemma is clearly true since the
diagrams in C' corresponding to the given diagrams are the conditions
for f to be a morphism of the A — A bicomodules ¢ and ~. O

Let now § and « be any pair of objects in S*(C). From the previous
lemma we can conclude that 773‘}7 given by

A

R4 (o KA Mo R4 ¢) K
O (a W y) ——— (K" a) Ky

15 gAx %&A 1y

6 R~y
is a diagram in S4(C). The limit of this diagram, when it exists, is
determined by an object in S4(C) denoted by 6 ®* v and a morphism
7T§},YI(5®A’7—>5®A’)/.
Definition 35. Let § and v be two objects in SA(C). The tensor product
of 0 and 7y is given by
®4(0,7) = 6 @ .

The following property of 7T§},Y is important.
Proposition 36. 7r§}7 15 a monomorphism.

Proof. Let p be an object in SA(C) and let f,g: p — J ®“ 7 be a pair
of morphisms such that 7r§}7 of = 7T§},y o g. Define h = 7r§}7 o g. Then
(p, h) is a cone on Pg‘}ﬂ/and therefore the equation

wé‘}wof:h

has a unique solution. But both f and g are solutions and therefore
by uniqueness we can conclude that f = g and this proves that wg‘}w is a
monomorphism. [l

We now want to extend the tensor product to morphisms. Let §,v,0
and p be objects in SA(C) and let f : § — f and g : v — p be
morphisms. Then we have

Lemma 37. (f X4 g)o 7T§},y is a cone on the diagram Pé‘}p.

Proof. We have
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Meap (10&A l) (ng )Oﬂg}y

= M\, 0 (fR (plog))oms,

= Mg, 0 (fR" (1,8% g) o)) o gl

= Mg, o (f B (1,84 g)) o (1,84 7)) o 75,

= ((f®* 1,) R g) o MZ, o (1, ®* ) ol
= ((f®*1,) R g) o (6" ®* 1,) o 5},

= ((f®*1,) 00" R g)o i
= (070 f)R* g) o w5,

= (0" X4 1 1,)o (f@Ag)owg}w.

O

Let f@1¢g:6®%y — 0@ p be the unique morphism that exists
by the universality of the cone § ®4 p. For this morphism we have the
commutative diagram

A
§XA 5 / 0 XA
A
7'('5Y’Y 7r0,p
5 @4y ey o4 p

In general § ®* v will not exist for all pairs of objects in S4(C). In
order for it to exists and have reasonable properties we need to restrict
the notion relation as we have defined it. Our first restriction is to assume
that ®4 is defined for all pairs of objects in S4(C'). Our second restriction
347 Let 9, and p be relations. We require that the
morphism 7T5,y XA 1 7 is mono. We have proved that 3! », 1s always mono,

involves the arrow =

but requiring that WM 4 1, is mono is a nontrivial restriction in general.
It can be thought of a some kind of "flatness” condition on A.
Given the above restrictions we can define a map ®4 : S4(C) x
SA4(C) — S4(C) by
®4(8,7) =d @,
4 (f,9)=fe’y.

Proposition 38. The map @ is a bifunctor
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Proof. Let 6,8",0",7,7" and 4" be four objects in SA(C) and let f :
o0— 0, f 0 —08,9:v— " and ¢’ : ¥/ — +” be morphisms. By
universality we know that the equation

mran 00 = ((f'o f) R (g0 g)) o3,

has a unique solution. One solution is by definition (f’o f) ®4 (¢’ o0 g).
But we also have

w0 (f @t g) o (f @’ g))
= (f'®g)omy o (f&"yg)
= (/'R ¢) o (f R g) oy,
=((f'o B (¢ 0 g)) omfl,.
By uniqueness we must have
(frof)@t(gog)=(f®"g)o(fe’y).
Also by universality the following equation has a unique solution.

A A
T, O = ]_(ﬂgA,y O T

One solution is clearly 154.. But we have

o (15 ®" 1“/)
= (15 &A L/) ©) 71':;},y

_ A
- 16&’4’}/ o 7-‘-6,77
so by uniqueness we have 1554, = 15 R4 1. O

We will call § "~ for the tensor product of the A — A bicomodules §
and .

We defined the map ®“ using universal cones in the category S4(C')
but we will now prove that it can be constructed from universal cones in
the category C.

Let 0 and 7 be two objects in S*4(C') with underlying objects B and
E in C. Let the diagram 73’,37 g in C be given by

B (A®E) —EZAF | (Bo e

13®\ %@119
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Assume that there exists a universal cone (X, h) on the diagram Pg 5
in C. Define
©' = (74 ® 1x) o ((la ® epar) ® 1x) o (a5 p ® 1x)
o ((5l ®1p)®1x)o(h®1x)odyx,
O =(1x®0Ba)o(lx ®@(epgr ®14)) o (lx @ ap r.a)
o(lx®(1p®~4")o(lx ®h)odx.

Proposition 39. © = {0',0"} is a A — A bicomodule with underlying
object X.

Proof. Let us define morphisms L, M : X — A by
L=7x0(la®epgr)oay’pgo (8 @1g)oh,
M = a0 (epgp @ 1la)oappao(lp®7")oh.
Then ©' = (L ® 1x) 0o dx and O" = (1x ® M) o §x and we have for the
left structure
asaxo(ly®6hHoo!
(1a®(L®1x)odx)o(L®1x)odx
(1a®(L®1x))o(1a®dx)o(L®1x)o0dx
— daax o (1a® (Lo 1x)) o (L@ (1x ® 1x)) o (Lx ® 6x) 0 0x
(La® (L@ 1x))o (L@ (1x ®1x))oayx,y 0 (dx ® 1x) 0 dx
=(lu®@L)®1x)o((L®1x)®1x)o(dx ®1x)odx
=((L®L)odx ®1x)odx
= (a0l ®1x)odx
= (04 ®1x) 0O

The proof for the right structure is similar. For the compatibility of
the left and right structure we have

(0'®@1,4)00"

(L®1x)odx ®14)0(lx ® M)ody
(L®1lx)®14)o (0x ®1a)o(1x ® M)odx
(L®1x)®@M)o(0x ®1x)odx
(L®1X)®M)oaXXX (1x ®dx) 0 dx
L®(1x ® M)odx)odx
1,®67) 06,

= (xp,A,x ©
= (¥p,A,x ©

L®
= Q44X O L®

(
(
(
(

-1
=0y x40

(
(

-1
Ay x,A°
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O

We will next show that A is a morphism in S4(C'). For this we need
the following lemma

Lemma 40.

(Yao(1a®eper) ® (Bpo(ca®1p)®1g)oaa B E)°das(BoE) = las(BoE)-

Proof. Let T be defined as

T=((14®0ee) ®1pgr) o (ay. . ® 1pgE) © Gagee.BaE
0 ((1a®ea) @ (eper ® lper)) © (64 ® dpgr).

Then we have

(Yao (la®eper) ® (o (ea®1p)®1g) o aap k)
= (14 ® (B ®@1g)) o ((14a ® €pgr) @ ((ea ® 15) ® 1g))

o (Lag(BoE) ® aAB,E) © dAg(BoE)

= (14 ® (Be®1E)) o (lage ® aep k) o (14 ® epgr) ® (€4 ® 1gr))

o Oéjé(B(@E),A’B@E o (aa,BeE,A® lpgr) o (14 ® 0a,BeE) ® 1psE)

o (3" por @ 1BoE)¥AeA,BoE,BoE © (04 © 0poE)

= (14 ® (B ®1E)) o (lage ® Qe.B,E) © Vagee,BoE © (Maee ® lpgp) o T
= (14 ®(Bp®1g))o OéZelge,an,E 0 (@age,e,B @ 1E) © A(age)se,B,E

0 (Apee®lpgp)oT

= ppo((1a®1p) ®1g) o ((Lage ® ) @ 1) © (Vazeen © 1)

0 X(Aze)we,B,E O (Qaee @ 1pgr) 0T

= a5 o (14 ®18) ® 1) o (Yase ® 1) ® 15) © A(ase)2e,B,E

o (aee®1pgp)oT
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= (74 ® 1pgE) © (Vage @ 1pgr) © (ace ® 1pgp) o T

=(74®1lpgr) o (1a® 1) ® lpgr) © (Aace ® lpgr) 0o T

= (14 ®1lpgr)o (1a® Be) @ 1lpgr)o (14 ® 0ce) @ lper)

o (04;171576 ® 1pgE) © Cagee,Ber © (14 ®€a) 004 ® (epgr ® 1pgr) © OpsE)
= (1A ®1pgr) o (14 ®7) ® 1por) 0 (4, ® 1BoE) © VAgec,BoE
°(Ya' @ Bpsp)

= (74 ® 1pgr) © (14 ® 1) ® 1pgEr) © Qagee,8oe © (V4| @ Bperp)

= (74 ® 1BsB) © Aaeer © (Y4 ® (1e ® 1psr)) © (V4" © Bpep)

= (74 ® Bpar) o (V4" @ Bpap)

= lag(BoE)-

We can now prove that h is a morphism in S4(C).

Proposition 41. h defines a monomorphism in SA(C) with domain ©
and codomain 6 XA

Proof. The fact that h is a monomorphism in C' follows from the univer-
sality as it did for 7r§}7 in proposition 36.
For the left structure we have

(14®@h) 06!

(la®h)o(L®1x)odx

= (L ®lpgr)o (1x ® h)odx

= (a0 (14 ® epgr) @ 1pgr) 0 (0455 @ 1per) o ((0' ® 1p) ® 1per)
o(h®h)odx
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= (ya0(la®epgr) ® lpgr) 0 (OK,Z}B’E ® 1pge) o ((6' ® 1p) ® 1pgr)
odpgroh
= (ya0 (1a® eper) @ lper) © (04 p © 1sr)
0 ((lags ® 15) ® (Bp @ 1) o ((ea ® 15) @ 1)) 0 ((0' ® 1p) @ (8' ® 1))
0 0pgr ©h
= (740 (1a®epep) @ (Bpo(a® 1) ® 1g) o aapr) o (A p @ ay'y )
0 d(A@B)®E © (8'®@1g)oh
= (740 (1a®epgr) ® (Bpo(ea®1p) ®1p) o aapE) 0 dax(BoE)
caylppo (0 ®1p)oh
= O‘Z}B,E o(6'®1g)oh
= (64 4) o h.

In a similar way we show the identity (h®14)00" = (K44) oh. O

Proposition 42. Let the semimonoidal category (S4(C), X4, ) be ex-
ternal. Then (©, h) is a universal cone on Pg..

Proof. It is evident that (©, h) is a cone on the diagram Pj. . Let (6, u)
be any cone on 775/}7. Let ¢, : § — © be two morphisms in S4(C)
such that
hoyp =20,
hov =86.
Then h oy = ho and since h is mono we have ¢ = 1. Therefore the
equation h o ¢ = 6 has at most one solution.
The fact that (0, u) is a cone gives us the relation
M, 0 (1584 ) ou= ('R 1) ou.

If the underlying objects for 9,y and 6 are B, E' and D, then u : D —
B ® E and the previous identity corresponds to the following
identity in C
(1@ )ou=(8®1g)ou
and therefore (D, u) is a cone on the diagram Pg 5 in C. By univer-
sality there exists a unique morphism ¢ : D — X in C'such that

hop=u.

The fact that ¢ is a morphism in C' and v and dp are morphisms in
S4(C) gives us the following four commutative diagrams
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u op
D—— » BRFE D——— »D®D
el\ stelp 6 lél@)lp
AR®D ——> ARBQ®EFE AR®RD —— ARD®D
1la®u 14 ®dp

¢

D— » X u

D » BRQFE
op Ox
€D €EBRE
e

D®D — XX
P® ¢

If we define L as in proposition 39 we have the following identities

Loy

=740 (la®epgp) oa,'ggo (8 @lg)ohoy

=740 (la®epgp)oa,ggo (8 @lg)ou
(
(

=740 (la®epgp)o(la®@u) o
=740 (la®ep)od.

But then we have

Ology

=(L®lx)odxoyp

=(L®1lx)o(p®p)odp

=(Lop®ep)odp
=(1a®@¢)o(14a®1p)o((1a®ep) ®1p)o (0'® 1p) 0 dp
=(1la®p)o(ya®@1p)oasepo(la® (ep®1p))o(la®dp)od
=(la®p)o(la®PBpo(ep ®@1p)odp) ol

=(14®p)od.

In a similar way we prove the identity ©" o p = (p ® 14) 0 6". This

proves that ¢ is a morphism in §4(C) and therefore that the equation
hop=u

has a unique solution in S4(C).

This proposition show that § @4 v ~ © since universal cones are deter-

mined up to isomorphism. This is the way the tensor product is usually

computed.
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We now have two bifunctors X4and ®4 defined on S*4(C). These two
structures are related at the functorial level as the next proposition show.

Proposition 43. 7r§}7 are the components of a natural monomorphism
A o4 R®A

Proof. The proposition follows directly from the commutative diagram
3.6. O

3.7. Monoidal structures on the category of relations. We have
seen that X4 defines a semimonoidal structure on S4(C) with associativ-
ity constraint M4. We will in the following only consider the case when
the product ®* defines a monoidal structure on S#4(C') with neutral ob-
ject a. This is a further restriction on the category S*4(C') and thus on
the category of relations. Recall that the pair ®4,a defines a monoidal
structure on SA(C) if for all objects 6,y and p there exists isomorphisms

mMp § @ (7®AP) —>(5®A7) ®AP>
B aets — 4,
ri @ a — 4,

that are natural in 0,7 and p and such that the MacLane coherence
conditions are satisfied. The coherence conditions are a set of equations
for the morphisms m*, !4 and 74 and these equations may have no solu-
tions, a unique solution or many solutions depending on the category C'

and the coalgebra A.

Definition 44. A monoidal structure (S4(C), ®4,a,m*, 14, r4) on the
category SA(C) is induced if for all objects 8,y and p in SA(C) the fol-
lowing diagrams commute

A A
»§ s%a

NA N A
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A
BA (7 B4 p) 02 (594 )
6697 (v B% p) (OXR7 ) Np

15 XA 7'(',‘?’/3 7r34,y®1p
54 (y @4 p) Gety) R p
A A
Tsv®@4p Ts@4,p
s @ (y®” p) Getyetp
8,7,p

We will in the following derive a necessary and sufficient condition for
induced constraints to exist in the external case. Let us assume that
the semimonoidal category (S4(C), X4, M#) is external. Let P2 be the
diagram

MA
a®4 (a B4 6) el (6 @4 q)

la &A A&Au

Then (§,4') is clearly a cone on this diagram since this is equivalent
to the condition that &' is a left comodule structure on the underlying
object of 4. But we have also a stronger condition.

Proposition 45. Let the semimonoidal category (SA(C), &4, M4) be
external. Then (0,8') is a universal cone on Py

Proof. In order to prove that (§,d') is a universal cone we must show that
the equation

dop=f,
has a unique solution ¢ : v — ¢ for any f : v — a X4 § such that

(ba®1s)o f=M 50(1,®8)0Ff.

Since fpo (€4 ® 1p)o 0" = 1p the equation can have only one solution
and this solution must be

¢ =Ppo(ea®lp)of.
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The universality is proved if we can show that this is in fact a solution
and also a morphism in S4(C).

sloy

=0'ofpo(ea®1p)of

= Bagpo(le®d)o(ea®1p)o f

= Bagpo(ca®@(1a®1p))o(ly®d)o f

= fBaspo(ea®(1a®1p))oayygo(6a®1p)of
= Bagpoagypo (B3 @1p)o f

=/,

so  is a solution. Here we have used the identity Sagp = (B4 ® 1p) 0
Qe 4,.p- By construction ¢ is an arrow in C', but we also have

(la®p) o
(14 ®Pp)o(1la® (ea®1p)) o (1a® f)or
(14®Pp)o(14 @ (4 ®@1p))o(14,®0) o f
(1a®PBp)o(la® (ea®1p))oay,’ygo(ba®1p)o f
)
)

(1a®PBp)oay,po((la®es) ®1p)o(la®1p)o f
=(m®1p)o(yy ®1p)of

f

=d'og,

S0 ¢ is a morphism in S4(C). O
We have the following two corollaries to the previous proposition

Corollary 46. Let the semimonoidal category (S*(C), X4 M4) be ex-
ternal and let the underlying object for § be B. If induced unit constraints
exists they must be of the form

I8 = Ppo(ea®1p) owﬁé,
7"34 =vpo(lp®eq) o7r§}a.

Corollary 47. Let the semimonoidal category (S*(C), X4 M4) be ex-
ternal. Then the morphism 6' : § — a ®* § is a monomorphism.

Proof. Let 7 be any object in S4(C) and let f,g: v — J be any pair of
morphisms. Assume that §' o f = 6’ o g and define h = §' o g. Then both
f and h satisfy the equation

§top=h.
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By universality we can conclude that f = g. O

Proposition 48. Let the semimonoidal category (SA(C), &4, M4) be
external. Then induced unit and associativity constraints are unique if
they exist.

Proof. By definition an external unit constraint I3 is a solution of the
equation
51 9] l? - 7'(—:14’5

But by universality this equation has a unique solution. The unique-

4 . we note that the morphism

ness of r{ is proved in a similar way. For mZ,,
— (A A : .
t = (m5, ®1,)0 Tiga,, 15 mono. Let f and g be two morphisms such

that the third diagram in definition 44 commutes. Then we have
tof= <7T§71’Y ®1,)0 7T34®A%p of=apppo(l;® Wﬁp) © 7T§§7®Ap’
tog= (7@475 ® 1,)) o 7r(§4®A%p 0g=AapEpo° (1Is ® Wﬁp) o 7T§?,Y®Ap,
soto f=tog. But tis mono and therefore f =g ]

We can now give sufficient conditions for the existence of induced unit
and associativity constraints.

Theorem 49. Let the semimonoidal category (S4(C), R4, M4) be ex-
ternal and assume that for all 6,7 and p there exists a isomorphism
my., 0 0 @4 (v @4 p) — (6 @ 7) @4 p such that the following dia-
gram commaute.

A
5 A KA M&%p A
(v B p) (X% y)Hp

A_A A
1 WA, s

w®1/’

§ R4 (v @? p) Gty B p

A A
™ ™
5,y®4p 5@4,p

s (y®% p) Gety ety

A
M .0

Then a induced monoidal structure (SA(C), @4, a,m?,1*,r4) on the
category SA(C) exists.

Proof. Let us first prove that mg‘%% , are the components of a natural
isomorphism. Let 0’,7" and p’ be three other relations and let f : 0 —
§,9g:v7v— ~ and h : p — p' be three morphisms. For any three
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relations 0,7 and p define p5,, = (WM ®1,) o 7T5®A~,p and s, , =
(15 @4 W,’:p) o 7r§§7®Ap. Then we have

905/7’7/79/ © ((f ®A g) ®A h) o mé’y,p
- ((f X4 g) =4 h) O L5y, © mé’y,p
- ((f IXA g) IEA h‘) © M(f’y,p © w&%p
A
= Mg’l,w’,p’ © (f X (g &A h)) © w&%ﬂ
= Mg’l,w’,p’ © wé’,v’,p’ © (f ®A (g ®A h))
= P50 © m?,%p’ o(f®” (g @4 h)).
From this the naturality of mg‘%% , follows because ¢y is mono. We
have thus far proved that we have a natural isomorphism
My 0@ (Y@ p) — (0 @% ) @ p.
A induced left unit constraint is a natural isomorphism in §*(C) that
satisfy the equation
§lop= 7T(‘14’5.
By definition @ ®“ § is a universal cone on the diagram 73;35. But ¢
is also a universal cone on this diagram so there exists an isomorphism
0 :a®5 — 6§ such that §' o p = Wéé. We have seen that the only

solution of this equation in §4(C) is given by I = B 0 (€4 ® 15) o w25

where the underlying object for § is B. We can therefore conclude that

14 a®40 — 4 is an isomorphism. This isomorphism is natural because

if § and ¢ are objects in S4(C) with underlying objects B and B’ and
f: 8 — ¢’ is any morphism the naturality of 3 and 7 give
folf
= foBpo(ea®1p)om;
=B o(le® f)o(ea ® 1p) ol
=B o(ea® f)omsy
=Bpo(ea®@lp)o(la® f)om
:ﬁB/o(eA®1B/)o7Ta5, of
=1I5of.
In a similar way we find a natural isomorphism 7“34 =vpo(lp®e€q)o0

7T5a The proposition is proved if we can show that these three natural
isomorphisms satisfy the MacLane coherence conditions for a monoidal
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category. We clearly have

I A _ _A _ r A
aoly =m,,=a or,.
But ¢! = §4 = a” and 4 is a monomorphism so we have (4 = r4.
a a

This is the third MacLane condition. Let us now consider the second
MacLane condition. Let § and v have underlying objects B and FE.
Using the formulas for Ij, ;' and the definition of mj. , we find

A A oA A
ms. 0 (ry @7 1,) omg,
ry ®@lg)om omg
s E d®4a,y d,a,y

VB © (13 ® EA) © 7T6a ® 1E) © 7T6®Aa7 m?a

= (r§
= (
= (18®1p)o((1p @ea) @1p) o (15, B 1)) 0 Wi, 0 Mg,
=(vp®1p)o((lp®ea) @ 1p)oapapo (15 X4 Wﬁy) o ﬂ-(l;}a@)A’y
=(vp®1p)oapero(lp® (4 ®1p)) o (1s R 7 av) o 7T5a®A
= (1@ Bp)o(1p@ (ca®1p)) 0 (13 @) © Tylyga,
=(1p®Bro(ea®1g)o Wﬁw) o 7r§}a®,47
(1R 1) o mflugay
(15 " 1)

71—5"1

and 7T§},y is mono so we have
(ry " 1,) omg, ., = (1@ 1)

and this is the second MacLane condition. The first MacLane condition
follow from the assumptions in the Theorem and the fact that X4 is a
semimonoidal structure on §4(C) with associativity constraint M4. O

Since S4(C) is isomorphic to the category of relations a monoidal
structure on S4(C) will induce one on the category of relations. Let the
product in R*(C) corresponding to ®4 be 4 : R4(C) x RAYC) —
RA(C). We thus have

Ot =Tox" o (P x ).
We have the following explicit expression for the product
Proposition 50. For any pair of objects r and s inR*(C) we have

rots= (148 84)0(1a®es®ea®14) 0 (1 ® s) 0 Ty a(s)-
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Proof. We have a natural monomorphism
9t — x4,

Since by definition [14 = W o X4 o (¢ x ®) and ®4 = ¥ o @4 o (® x
®), horizontal composition of natural transformations give us a natural
transformation

(1\11 O7TA ] (1@ X L})) . @A — DA.
If we evaluate this natural transformation at a pair of objects r and s
in R4(C) we get the following morphism in R4(C)
Wé(r)7¢(s) r s — r s
But this means that
A A A
rots=(rld"%s)o T (r),a(s)
and this is the formula in the proposition if we take into account the

formula for r [J* s that we have derived earlier. O

We will now consider a few examples of the tensor product. Let us first
assume that the underlying category C'is Sets with its unique choice of
natural C-category C'. We have seen that all possible A — A bicomodule
structures 6 = {&',0"}on a set B are of the form §'(z) = (f(x),z) and
0"(z) = (z,g(x)) for some functions f,g : B — A. The relation on
A corresponding to ¢ is clearly given by r(x) = (f(x),g(z)). Let now
r(z) = (f(x),g(x)) and s(y) = (h(y), k(y)) be two relations with domains
B and F and let the corresponding A — A bicomodules be § and . The
two maps (0" X 1g) and (15 x 4!) are given by

((V X 1E)(IL’,y) = (x7g(x)7y)7
(1p x ¥ (z,y) = (z,h(y),y).

In Sets the underlying object X for the A — A bicomodule § ®* v is
the equalizer of the two given maps. We therefore find that

X ={(z,9) g(z) = h(y)}
and
(6 @" ) (z,y) = (f(2), 2,y),
(6 @" ) (x,y) = (2,9, 2, k(y))-
The map 7r§}7 : X — B x E is the inclusion map. The relation r ®4 s
corresponding to § ®” 7 is then given by (r ©4 s)(z,y) = (f(x), k(y)).

We have seen that each relation r and s is in fact a directed labelled
graph. Each element in B can be thought of as an arrow that has a
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source and a target in the vertex set A for the graph and similarly for
elements in E. Let us define two arrows to be composable if the target of
the first is the same as the source of the second. The set X then consists
of all composable pairs of arrows from B and E. Two relations on A,
BCAx Aand E C A x A, in the usual sense corresponds to relations
r and s in our sense if we let r(x,2') = (z,2') and s(y,y') = (y,9)
be the inclusion maps. If we use the same notation as above we find

[, 2") =, g(z,2") = o', h(y,y') = y and k(y,y') = ¢/
For this special case we find
X ={((zy). (y.¥')},
(r &% s)((z,9), (4.9)) = (x,3).
We then observe that
(r " 5)(X) = Bo B,

where B o E is the usual composition of relations.
Let t: D — Ax A be a third relation with #(z) = (p(2), ¢(z)) and let
p be the A — A bicomodule corresponding to ¢t. Let X be the underlying

object for (6§ ®4 ) ®* p and Y the underlying object for § @ (v @4 p).
Direct calculation show that
X ={((z,y),2)| 9(x) = h(y), k(y) = p(2)},
Y ={(z,(y,2))| 9(x) = h(y), k(y) = p(2)}.
Define
mé'y,p(x? (yv Z)) = ((ajv y), Z)’
I3 (a,z) =,
ri(z,a) = 2.

It is easy to see that mg‘%% , is a morphism of relations. The underlying
object for a ®“ § is easily seen to given by

Z ={(f(x),z)| © € B}.

Therefore I{ is clearly a isomorphism and
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In a similar way we show that 73! is a isomorphism that satisfy §"ors =
7T§}a. It is easy to see that w, ,, 67" and ;! satisfy the MacLane coherence
conditions. They are therefore the associativity and unit constraints for
a monoidal structure ®“4on S4(C). A simple calculation show that they
are induced.

In a similar way we can define products of any number of relations. It is
evident that the product of n relations consists of strings of composable
arrows of length n, one arrow from each relation. Note that 64 is a
relation on A. Let us assume that there exists a morphism of relations
f 104 — r. This means that for each element a € A there exists a
element b, = f(a) in B such that a is both the source and target of b,,.
If we now take all possible products of the relation r we observe that the
result is in fact the (internal) category generated by the graph defined
by the relation.

Let us next consider Vect;, with & as monoidal structure. Let A be a
linear space and let r : B — A@® A and s : E — A ® A be relations
on A. The domain for the product r ®4 s is a linear subspace of B @ E

V= {(u,v)] g(u) = h(v)},
(r &% s)(u,v) = (f(u), k(v)).

where r(u) = (f(u),g(u)) and s(v) = (h(v),k(v)). Let L : A — A
and S : A — A be two endomorphism of A and let B = F = A and
r:B— A®As: E— A® A be relations where r(a) = (a, L(a))
and s(a) = (a,S(a)). We then have f(a) = a,g(a) = L(a),h(a) = a
and k(a) = S(a). Therefore the underlying object for r ©®4 s is X =
{(a, L(a))} and

(r % s)(a, L(a)) = (a, (S o L)(a)),

so the image of X in A @ A is the graph of the composition of L and
S. More generally let L C A@® A and S C A® A be two linear subspaces
and let r : L — A® Aand s : S — A& A be the corresponding
relations with r and s the inclusion maps. Then the image of the product
relation of L and S in A @ A is formed by selecting vectors in u € L |
decomposing them as u = a + b with a,b € A, selecting vectors v € S
with decomposition v = b+ ¢ and finally forming the vectors w = a + c.

A monoid in the category of relations is a relation r and two morphisms
of relations

/LTZ’/’@A’F—>7‘,

Uy 1 04 — T,
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such that the associativity and unit diagrams commute. Let us con-
sider the case when the basic category is Sets. Then we have seen that a
relation is a graph with vertex set A and arrow set B. The source and tar-
get for any arrow x is given by f(z), g(z) € A where r(z) = (f(x), g(x)).
The domain X for the relation » ®4 r consists of all composable pairs of
arrows from the graph B,

X ={(z,2")| g(z) = f(2) }.

The map p, will define an associative rule of composition for com-
posable pair of arrows in B. Furthermore the unit map will provide for
cach vertex a € A an arrow u(a) that has a as both source and target
and that acts as left and right unit for composition. The structure we
have described is clearly a internal category in Sets with objects A and
arrows B. Let B C A x A be a transitive and reflexive relation in the
usual sense. If we define r((z,y)) = (z,y) then r is clearly a relation in
our sense. We have seen that the domain of the relation r ®4 r is of the
form

X =A{((z,9),(y,2)) | (x,y) € B, (y, 2) € B},
and (r @4 7)(((z,v), (y,2))) = (2, z). Define a map of sets p, : X —
Ax Aby p-(((x,y),(y,2))) = (z,2). But both (x,y) € B and (y,2) € B
and since B is transitive we have (x,z) € B and so we have in fact
Wy X — B. But we also have

(rop)(((z,9), (y,2))
=7r((,2))
= (ZL’, Z)

= (r & r)(((z,y), (v, 2));

S0 i, : T@47r — r. The map u, is clearly associative. Define a map of
sets u, : A — A X A by u,(x) = (x,x). Since the relation B is reflexive
we have (z,2z) € B for all x € A and therefore we have u, : A — B.
This map is clearly a morphism of relations and acts as a left and right
unit for the rule of composition p,.. We therefore have proved that the
relation in our sense,corresponding to a reflexive and transitive relation
in the usual sense, is in fact a monoid in the category of relations. We can
thus think of monoids in R4(C) as generalized reflexive and transitive
relations or generalized categories.

3.8. Symmetries for the category of relations. From an algebraic
point of view we know that commutative monoids is an important and
interesting subclass of all monoids. From a categorical point of view the
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notion of commutativity can not be formulated unless there is a symmetry
defined on the category.

Let us therefore consider the notion of a symmetry for the category of
relations. In Sets a relation r with domain B is a labelled and directed
graph with vertex set A and arrow set B. We have seen that the tensor
product of two relations r and s with domains B and F is a new graph on
the vertex set A where the set of arrows consists of all composable pairs of
arrows from B and E. If (z,y) with x € B and y € FE is a composable pair
of arrows it is clear that in general the pair (y, z) is not a composable pair.
It is thus evident that for relations the simple transposition (x,y) —
(y, z) is not the right notion for a symmetry. We will develop our theory
for the category S4(C) and use the isomorphism whenever we need the
corresponding structures in the category of relations. Dual properties
holds for the categories S4(C') and the category of C-corelations.

Before we give the right definition of symmetry for the category of
relations we need to introduce a new structure. Let § = {&',0"} be an
object in S4(C'). Let r = ¥(§) be the corresponding relation and define
r*=o04407r and

= d(r").
An explicit expression for the new object 6* is given by the following.

Proposition 51. Let § be an object in SA(C) with underlying object B.
Then we have

(5*)l =0p,400",
(6*)" =oapod.
Proof. Let r = U(§). Then we have
(67)'
= (14 ®1p)o((la®es) ®1p)o(r* ®1p)ods
=(7a®1lp)o(la®ea)®1p)o(0aa®1lp)o(r®lp)odp
=(1a®1p)o(0ea®1p)o((ea®1a)®1p)o(r®lp)odp
=(fa®1p)o((ea®14)®1p)o(r®1lpg)ooppoip
=0 a0 (1p®Pa)o(lp® (ea®14))0o(lp®71)0dp
=0B,A 04",
where we have used the commutativity of 0. In a similar way we show
that (6*)" =04 pod. O

Note that § and 6* both have the same underlying object. In order to
extend the new operation * to morphisms we need the following lemma
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Lemma 52. Let § and ~y be two objects in S*(C) with underlying objects
B and E and let f : § — ~ be a morphism. Then the corresponding
arrow in C define a morphism in SA(C) with domain 6* and codomain

*

vr.

Proof. We have
(1a® f)o ()
=(14® f)oogaod"
=opao(f@1y)0d"
=ogaoy of
= (7)o f,

and in a similar way we prove that (f ® 14) o (6*)" = (v*)" o f. O

We define f*: §* — ~* to be the morphism described in the previous
lemma. It is evident that the map T : S4(C) — S4(C) defined on
objects and arrows by T'(§) = 6* and T(f) = f* is an endofunctor on
S§4(C) and since o is a symmetry we have T'oT = 1ga(c). This show that
the category S*(C') has a nontrivial action by the group Sy = (¢ | t? = 1).

The action have at least one fixed-point

Proposition 53. Let a = {04,04} be unit the object for the monoidal
structure @on SA(C) Then we have a* = a.

Proof. Recall that 64 : A — A ® A defines a commutative coalgebra
structure on A. But then we have

*

a

= {04,04}"
={04,4064,044004}
= {04,04}

= a.
U

The nontrivial group of symmetries must be taken into account when
the notion of a symmetry for the product structures X4and ®* in S4(C)
are defined. We have previously shown that for a symmetric monoidal
category in the usual sense we have an interpretation of the Yang-Baxter
equation and the unit symmetry conditions in terms of invariance with
respect to the group H = {Ti(0),1g}. This whole construction was
based on a certain choice of action by the group S; = {1,¢} on the
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category C, C? and C® generated by the functors T} = 14,15 = 7 and
T3 = (¢ x 7)o (T X 1g) o (1¢ x 7). What is new for the category of
relations is that we have a nontrivial action of S;. We will generalize
this and consider monoidal categories (C, ®, K., a, 3,7) where we have a
nontrivial action of Sy generated by a functor T} : C' — C'. We use this
action together with 7 to define actions of S, on the categories C% and C?
generated by To = 70 (17 xT1) and T3 = (T} x Ty) o (Ty, x T1) o (11 x T3).
It is easy to see that ThoTy, = 12 and T307T3 = 15 so that these functors
really defines an action of S5. Note that if T} = 1¢ we get the action
we discussed previously in the section on symmetries and group action.
We now lift this action to the functor categories [C?, C] and [C?,C] in
the usual way. From this point we proceed in a way that is exactly
parallel to what we did in the section on symmetries and group action.
In general one could imagine that the functor 7 does not fix the unit so
that T7(e) # e. In this general situation we would assume the existence
of a natural isomorphism 6 : K, — tK, in addition to the isomorphism
o:® — t®. We would thus allow the constant functor K, to be fixed
only up to natural isomorphism. In this paper we will not consider such
a possibility. This is because the unit is fixed both for the usual case
with trivial action and for the case of the category of relations S4(C) as
proved in proposition 53. Allowing the unit to move would also make all
formulas and derivations more complicated. With this out of the way we
can now state that all results derived in the section on symmetries and
group actions,up to and including corollary 12 ,also holds for the current
situation if we substitute the Sy action from this section in all statements.
The proofs of these results are of course different since they must take
into account the more general action considered in this section. We do
not reproduce these proofs here since they are long and rather similar to
the ones already given in the section on symmetries and group action.
We now reverse proposition 12 that characterized symmetric monoidal
categories in terms of invariance and is lead to the following definition of
symmetries for monoidal categories with a action of the group Ss.

Definition 54. Let C' be a category where there is defined an action of the
group Sa. Then (C,®, K., «, 3,7, 0) is a symmetric monoidal category if
(C,®, K., a, 3,7) is a monoidal category and o : @ — t® is a natural



122 P. K. JAKOBSEN, V. V.LYCHAGIN

isomorphism such that the following identities holds.
go(ly, xo)=(ta) - (cgo(ox1y,)):a,
B=(ty)-(00lkxc),

Y= (tﬁ) ’ (U © 11C><Ke>7

to =0 L.

We say that o is the symmetry for the monoidal category (C, ®, K., «, 3,7).

The first condition is equivalent to the Yang-Baxter equation if we
consider symmetric monoidal categories in the usual sense with trivial
action of Sy. We will in all cases call the first condition for the Yang-
Baxter equation. Note that even for the case of trivial action our notion
of symmetric monoidal category is more general than the standard one.
The standard definition of symmetry for a monoidal category implies
that the Yang-Baxter equation holds but the fact that the Yang-Baxter
equation holds for ¢ does not necessarily imply that o is a symmetry in
the usual sense.

We say that (C, ®, a, o) is a symmetric semimonoidal category if (C, ®, a)
is a semimonoidal category and the first and last of the above conditions
hold.

We will now apply the definition of symmetry for the case of the cat-
egory of relations. For this case we denoted the map T by *. Let us
first consider the structure 4. In terms of objects, the definition of a
symmetry for the semimonoidal category (S4(C), K4, M4) is as follows.

Definition 55. A symmetry for the semimonoidal category (S4(C), K4, M4)
is an isomorphism S3. : 0 B v — (y* &4 §%)* that is natural in & and
~v and such that the following identities are satisfied for all 6,y and p.
A * * A * '\ * A A \x %\ A
(Mp*m/*,é*) © (]'p X (Sg,lﬂ) ) o S&&""y,p °© M({l'y,p = ((S%p) ®A 16) ° S&,VIXApv
(S:?*’é*)* o S(‘S?’Y - 16®A'}/'
In general many symmetric semimonoidal structures may exist for

S4(C) with the product X4, We will now show there is always at least
one.

Proposition 56. Let §,7y and p be objects in SA(C) with underlying
objects B,E and D. Define
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where o and o are the associativity constraint and symmetry for the

category C'. Then (S4(C),RA, M4, S4) is a symmetric semimonoidal
category.
Proof. We already know that (S4(C'), X4, M4) is a semimonoidal cate-
gory. First we need to prove that Sil is a morphism in S4(C). Note
that the underlying object for (y* X4 6*)* is E ® B. If we use the fact
that o is a symmetry in C' we have

((’Y* xA 5*)*)[ o Sg}«,

= opeB.A° (V' =4 6" ) oopp
1E X (5*)r) o UB,E
1E®UA,B 051) O0BE

lp®oap)o(lp®@d)oopp

= 0E®B,A°C OE B A©
= 0E®B,A°C OF B A©

= 0E®B,A°C OE B A©

~—~~ —~ —~

=opepacappAo (lp®oap)odaenro (8 @ 1g)
= (1A X UB,E) 9] OZZ\,IB,E 9] ((Sl & 1E)
=(1a® Sg‘}v) o (§ 4 ).
and this proves that Si' is a morphism in §4(C). It is clearly an
isomorphism and naturality is evident. The condition for S# to be a
symmetry in S4(C) is satisfied since it turns into the condition for o
being is a symmetry in the category C. 0J

The previous proposition leads us to make the following definition.

Definition 57. A symmetric semimonoidal structure (S4(C), X4, M4, S4)
on the category SA(C) is external if for all objects 6,y and p we have

A
Mév’%p - aB’E’D7
A
S&,'y = O0B,E-

where B,E and D are the underlying objects for 6,7 and p and where
a and o are the associativity constraint and symmetry for the category

C.

The previous proposition then proves that an external symmetries on
S4(C) with product K4always exists.

We now turn to the definition of symmetries for S4(C) with the prod-
uct ®“. In terms of objects the general definition now takes the form

Definition 58. A symmetry for the monoidal category(S4(C), ®4, a, m*, 14, r4)
is an isomorphism 33‘}7 0@y — (v @4 0%)* that is natural in & and
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~v and such that the following identities are satisfied for all 6,y and p.

(mﬁ*m*ﬁ*)* © (1:; ®A (Séw)*>* © 834®A%p © mé%ﬁ - ((Sﬁp)* ®A 13)* © 837@'4/)’

(I5:)" 0 850 =73
()" o sas =1,
(s 4-)" 0 85, = 15ga,,

Note that identity two and three are not independent. One can be
derived from the other by using identity four and the fact that the neu-
tral object a is fixed by the action of S,. There are several equivalent
formulations of the first symmetry condition

Proposition 59. Let s* be a natural isomorphism 53‘}7 iRy —
(v* @1 6*) such that the following identities hold

(15:)" 0 85 =15,

(53 12)" 0 85, = 1sga,,.

Then the following statements are equivalent:

(1) s
(2) (

S

(3) (

18 a symmetry.
A * * HA (LA k\* A A _ A A
P ,5*) O(1p® (SM> ) ©S504y,0 ° Mé7,0 = S5 (p*@Ay)* O<15®

*

> 3

2
‘°*D>v

P

3

o 6*) © Sé*@f“&*)ﬁp © (Sév ®4 19) © mé%p - ((S:?,p)* @4 15)7 0

A

»
& s
®

Y&ApT
* A A A A _ LA A
77 5*) OS(’Y*@‘A(;*)*,;)O(S(S,'Y@ 1p>0m6777p - 867(p*®A,\/*)*O(]—5®

(4)

g /g
S

hS

P

Proof. By naturality of s* we have the following two identities
A A A
(( o) @4 15) 0 SM®A = S5 (i © (16 @7 57,),
* A A A A
(1,0 ®* (SM) )" o 85®A%p = S(yreas)p © (SM ®7 1y).
The proposition now follows directly from these identities. O
Let us now consider the existence of symmetries.

Definition 60. A symmetry for the monoidal category (S4(C), @4, a, m?, 14, r4)
is induced by a symmetry S4 of the semimonoidal category (SA(C), K4, MA)
if for all objects 6, in SA(C) the following diagram commute
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SRy s (A )
”Qw ‘(ﬂ'ﬁ 5 )
6®A ’Y ~ (,y* ®A 6*)*
S
8,y

We will in the following show that an induced symmetry exists in the
external case and is uniquely determined by the symmetry S4.

Recall that for any pair of objects § and « in S4(C'), the diagram 733‘}7
was given by

MA
SRA (@BA ) — 297 L (§RA Q) Ry
1 gA\x %&A 1,
6 R~y

From the general theory of categories it is well known that isomor-
phisms of categories preserve universal cones. By definition (y* ®4
6,7\ 5+) is a universal cone on the diagram PZ. s.and therefore ((7* "
6%)*, (w2 5.)*) is a universal cone on the diagram (P:. ;. )*. But we have
the following result

Lemma 61. Let the symmetric semimonoidal category (SA(C), )4, M4, S4)

An QA o AN : Ay
be external, then (6 @ v, 5% o, ) is a universal cone on (P 5.)".

Proof. Let us first prove that it is a cone. For this we must prove that
the following identity

(M:fi,aﬁ*)* © (1“/* gA (5*)l)* °© Sg}'y o Tr:;}'y - ((,y*)r gA 15*)*7

holds in S4(C). Since the semimonoidal structure on S4(C) is exter-
nal, the previous identity is for the strict case equivalent to the following
identity in C'

QF A B© (1E' (%9 ((S*)l) O0BE O’]Tg},y = ((’y*)r X 1B) O0BE O’]Tg},y.
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But this identity follows from the Yang Baxter equation and the fact
that (§ @ v, 3. ) is a cone on Pj. .

QE AB© (17* &A ((5*)1)* OO0BE© 71':;,y

=agapo(lg®opa (1E®(ST)OO'B7EO7T§},Y

T A
E®0pa)o0pgar© (0 ®1E)O7TM

)o
o (1 )
:OéE,A,BO(lE@JUBA)OUB@AEOOéBAEO(lB@@V)O7T347
=apapo(lp®0pA)00BeAE©aBAECTaeEB O (Y <2§>1B)OUBEO7T(§47
=ap a0 (1l ®0pa)00BgAECABAECTAzEB O (05A® 1B)
o((v") @ 1p) o opp o mi,

=((yv")"®1lp)oopgo WS‘}W.

Let now (6, u) be any cone on (P 5.)*. The proposition is proved if
we can show that the following equations has a unique solution ¢ : § —
S R4y

A A _
Siy © Mo 00 = U

The equation has at most one solution since Sg‘}ﬂ/ o 7r§717 is a monomor-
phism. In a calculation very similar to previous one we can prove that
(0,(S5L) " o) is a cone on Pl . But (§ @y, 75l ) is a universal cone
on P{! and therefore there exists a morphism h : 6§ — d ®@* v in S4(C)
such that 7T§},y oh = (S L)' ou. Composing on both sides with S 5. Show
that S 3‘}7 o 7r§717 cp=u and the proposition is proved. OJ

We can now prove the existence of induced symmetries in the external
case.

Theorem 62. Let the symmetric semimonoidal category (S*(C), &4, M4, S4)
be external, then there exists a induced symmetry for the monoidal cate-
gory (§4(C), @, a,m™, 14, r4).

Proof. The previous lemma show that both (@47, S5l oms ) and ((y*©4
6%)*, (mk 5.)*) are universal cones on (P2 5.)*. We can therefore conclude
that there exists a unique morphism sgfw D0 @4y — (v @1 5%)* such
that (7. 5.)* 0 55, = S5L o m;l . We will show that s is a symmetry
for the mon01dal category (SA(C’)7 @4, a,m*, 14, r4) on SA(C). The first
symmetry condition for s* follows from the first symmetry condition for
54, the identity (7% 5.)*os5 = St omgl and the fact that m* is induced
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by M#. For the second symmetry condition we have for the strict case
(l5:)" 0 554
=fpo(ea®1p)o 7T;4,5* o Séa
=fpo(ea®1p)o Sg‘}a 07T§71a

=fpo(ea®lp)oopa O7T§}a

=fpoop.o(lp®en) o7r§}a

=0 (lp®e€a) 07?{{1@
A
= ’]”6 5
where we have used the fact that the symmetry S# is external. The
last symmetry condition follows easily from the commutative diagram
defining s4 in terms of S4and from the fact that S4 is a symmetry. [

3.9. Commutative monoids in the category of relation. We will
define the notion of a commutative monoid for categories with an action
of Sy and then apply this definition to the case of relations. Let now
(C,®, K.,a, 3,7,0) be a symmetric monoidal category with an action
of Sy generated by the functor T} : C — (. The conditions from
definition 3 thus holds for «, 3,y and o.

Our definition of a commutative monoid is a natural extension and
categorization of the notion of a commutative monoids in algebra. Let
(M,-,e) be a monoid in the usual algebraic sense, so that M is a set
and - is an associative product on M with unit element e. Define a new
associative product on M by xxy = y-x. Then (M, *, €) is a new monoid
on the same underlying set. The monoid M is said to be commutative
if (M, *,e) is the same monoid as (M, -, e) and this is equivalent to the
condition x -y = y - x for all x and y in M. The previous condition is
really too strict since in algebra we consider isomorphic monoids to be
essentially the same. Thus it would be more natural to require that the
two monoids (M, -, e) and (M, x,e) are isomorphic. From a categorical
point of view the last condition is the only one that really makes sense
since the relation of equality exists only between arrows and not between
objects. If we now recall that the symmetry o is the categorization of
the idea of changing order in the category C' we arrive at our definition
of commutativity.

Let X be a monoid in the category C' with product p: X @ X — X
and unit u : e — X. Define morphisms p7 : T1(X) @ T1(X) — T1(X)
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Proposition 63. (71 (X), u?, u®) is a monoid in C.

Proof. The Yang-Baxter equation and the naturality of ¢ implies when
evaluated on (77(X),T1(X),T1(X)) the following relation
o (X), T (X®X) © (1T1(X) & UTl(X),Tl(X)) =T (aX,X,X) OO0 (X®X),T1(X)

o (o (x)m(x) ® Lry(x)).
Using this relation we have
1o (1pyxy @ p7)
) o oy (x)m(x) © (Iryxy @ (Th(p) 0 o7y (x0),11(x)))
)o 0Ty (X),Ty(X) © (1T1( x) ® Ty(p)) o (1T1(X) ® UTl(X)yTl(X))

Ty
T

1

Ti (i) o Th(p ® 1x) © o1y (x). 1 (xex) © (1) @ 07y (x),13.(x))

Ti(p) o Ti(1x ® ) © o1y (xex),11(x) © (07 (x).13(x) ® 11y (x))

7
(u
(
Ti(po (p®1x)) o Ti(ox,x,x) © 01y (xex)11(x) © (073(x),11.(X) ® 113 (3))
(
(

Ty(p) © o1y (x).1(x) © (Ty (1) © o1y (x)10(x)) @ L1y (x))

=p7 o (0 ® 1p(x)),
so the morphism 7 is associative. The first unit condition evaluated
at the pair of objects (e, T1(X)) given the identity
Beri(x)y = Th(Vx.e) © ey (x)-
From the naturality of o and the fact that (X, pu,u) is a monoid we
have
o (u® ® 1ry(x))
=Ti(p) o ory ()19 © (Th(w) @ 11y (x))
=Ti(p) o Ti(1x ®u) o oe 1 (x)
=Ti(p

= Tl (’YX,E) o O¢, Ty (X)

o (lx ®@u)) 0 0em(x)

= Be11(X)5

and this is the left condition on the unit. The proof for the right
condition is similar. U
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Recall that ¢ : X — Y is a morphism of monoids ¢ : (X, p, u) —
(Y, i/, u') if the following two diagrams commute

X®X&>Y®Y

| \\/

X
¢

We are now ready to define the notion of a commutative monoid in

the symmetric monoidal category C.

Definition 64. Let (C,®, K., «, 3,7,0) be a symmetric monoidal cate-
gory. A monoid (X, p,u) in C is commutative if there exists an isomor-
phism of monoids

2 <X7:u7u> I <T1(X>7:u07u5>‘

We will now apply these definitions to the Sets. For this case there is
only one possible choice that makes Sets into a C-category. Let r(z) =
(f(x),g(z)) and s(y) = (h(y), k(y)) be two relations with domains B and
E. Then r*(z) = (g(x), f(x)) and s*(y) = (k(y),h(y)). If X and Y are
the underlying sets for r @ s and (s* ®“ r*)* we have

X =A{(z,y) [ g(z) = h(y)},
Y ={(y.2) [ h(y) = g(2)},

and the relations are given by

(r &% s)(@,y) = (f(2),k(y)),
(5" &% 1) (y, x) = (f(2), k(y)).
Define s, (z,y) = (y,2). Then clearly we have s, : X — Y and also

((s* @* r*) o s )(z,y)
= (s @" 1) (y,z)

= (f(z),k(y))

= (res)(z,y),

so that we have a morphism in sz, : r@*s — (s*@%7*)*. It is straight
forward to prove that s4 is a symmetry on the category of relations. It
is in fact induced by the symmetry of the external category Sets. Since
a relation r : B — A x A is a directed labelled graph it is clear that we
get the relation 7* : B — A x A by reversing all arrows in the relation
r. We have seen that r is a monoid if there exists an associative rule of
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composition for composable arrows in r such that for each object x € A
there exists an arrow with source and target given by x and that acts as
right and left unit for the composition. Let b and 4" be two objects in B.
Then the rule of composition for the relation r*is defined by first reversing
both arrows, then composing them as arrows in r and then reversing the
result to get an arrow in r*. Now an isomorphism ¢ : r — 7" is a
bijective map with domain and codomain given by B and such that

for all x € B. If ¢ is also an isomorphism of the monoids (r, 1, u) and
(r*, u*, u®) we must have

o(p((z,y))) = u((p(y), ¢(r))),

for all objects (z,y) € A x A such that g(z) = f(y). These conditions
are in general impossible to satisfy for the identity map ¢ = 1p. Let
B C A x A be a relation in the usual sense. Then B corresponds to a
relation in our sense if we define r : B — A x A by r((z,y)) = (z,y) so
that f((z,y)) =  and g((z,y)) = y. We know that if 7 is a monoid in
the category of relations then B is a reflexive and transitive relation in
the usual sense. Assume that B is also symmetric so that it is in fact an
equivalence relation. Thus we have (z,y) € B if and only if (y,z) € B.
Then we can define a map ¢ : B — B by ¢((z,y)) = (y,x). For this
map we have

=
5
)
&
I
=
<
8
=
I
< 8
I
=X
®
&

so that ¢ : r — r*. We have seen that the rule of composition and
unit maps for r are given by

pr(((2,9), (,2))) = (2, 2),

ur(z) = (z,x),

but then the composition and unit maps for r* must be given by

1 (((y,2), (2,9) = (2,2),

u®(z) = (z, ).
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It is evident that ¢ preserve that unit and the following computation
show that ¢ : (r, u,u) — (r*, u®, u®) also preserve the product

e(u(((2,9), (y,2))))
= QO((LE, Z))
= (Z,l’)

=17 (((y, 2), (2,9)))-

We have thus proved the following result

Proposition 65. Let B C A x A be an equivalence relation. Define
r:B— AxAbyr((xz,y)) = (x,y). Thenr is a commutative monoid in
the category of relations with respect to the symmetry in RA(C) induced
by the symmetry o(x,y) = (y,x) in Sets.

Note that this result show that relations that are not equivalence rela-
tions in the usual sense might correspond to commutative monoids with
respect to a different symmetry than the standard one used in the propo-
sition. Such a class of relations would corresponds to an extension of the
notion of equivalence that might be of interest.

4. QUANTIZATION OF RELATIONS

In this section we apply our ideas of quantization as properties of
functors in categories of representations of constraints. The constraints
here are the system of functors and natural transformations defining a
symmetric monoidal category where we have an action of the group S,.
Morphisms in this category of representations are what we call quantized
functors. These are determined by a functor and a triple of natural
isomorphisms that satisfy certain conditions that ensure that the functors
behave in a natural way with respect to the representations. Properties
of relations are coded in terms of commutative diagrams of arrows in
the category of relations. Equivalence relations appears as commutative
associative algebras with unit. In the last section we show how we can
quantize relations by mapping them with quantized functors.

4.1. Quantized functors. Quantization has in our view its most nat-
ural formulation as a property of functors between categories. We will
define quantization in the context of symmetric monoidal categories with
an action of the group S;. The symmetries are supposed to be symme-
tries in our modifies sense, they are natural isomorphisms that satisfy
the conditions given in definition 54 .
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Let now (C;, ®;, P.., a;, B, Vi, 0;) for i = 1,2 be two symmetric monoidal
categories and let F': Cy — (5 be a functor.

Definition 66. A quantization of the functor F' is a triple of natural
isomorphisms (X, u,n)

)\:®20(FXF)—>FO®1,
Wi F— tF,
n: K., — FolkK.,

such that the following relations hold

g 0 lpxpxr = (1g, 0 ()\_1 X 1p)) - ()\_1 o 1®1><lcl) “(Ipoay)
(Ao lig, xer) - (lay © (1F X A)),
Brolpxr = (1pofr) - (Ao li, xiq,) - (Lgy 0 (1 X 1F)),

Y20 lpxr = (lpom) - (Aolig xk., ) (la, o (1r x 1)),
030 1w = (Ligy o (" X 7)) - (A7) - (o o) - A,
b =

The only true justification of this definition, as for any mathematical
definition, lies in the importance and depth of its consequences. We will
now start investigating some of those consequences. We will first show
that quantized functors are composable.

Proposition 67. Let ' : C; — Cy and G : Cy — C3 be quantized
functors with quantizations (Ag, ur,nr) and (A\g, g, nc). Then Go F is
a quantized functor with quantization (Agor, ficor, Naor) Where

Agor = (g o Ap) - (Ag o Llpxr),
HGoF = MG © UF,

Neor = (lg onr) - Na.
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Proof. For the first condition we have

a3 0 1lGoFxGoFxGoF

= 030 lgxaxG © Llrxrxr

= [(1gs 0 (Ag" X 1) © Lpxrxr) - (Ag! 0 lgyxic, © Lrxrxr)

“(lgoazolpxrxr) - (Mg © leyx@molryryr)

“(Igg o (g X Ag) 0 1pxrxr)]

= (Lo 0 (Ag' 0 1pxr X 1gor)) - (Ag' © (laye(rxr) X 1F))
(lgolg, o (Mg x1p)) - (g o Ag' o lg e, )
“(lgolpoa) - (1goArolexe,)
(lgolg,o(1p x Ap)) - (Ag o (1p X lg,o(rxr)))
“(Lgg © (Lgor X (Ag 0 1pxF)))

= (lgz o (()\_1 olpyr) X lgor)) - (Mg © (lgno(rxr) X 1£))
(Lgows © (Ap' X 1p)) - (Lg 0 AR o (Lg, X Lig,))
“(lgopoaq) - (lgoApo (11Cl X 1g,)) - (1gog, © (1F X AR))
(Mg o (Ir X Lgyorxry)) * (las © (Llgor X (Ag © 1rxr)))

= (Log © (Mg o 1rxr) X Lgor)) - (AG' 0 (AF' X 1F))
(g oAz o (1g, x Lig,)) - (gor 0 )
(IgoApo(le, X 1g,)) - (Ago (1p X Ap))
“(1gs o (1gor X (Ag 0 1pxF))

= (1®5 o (Ag' 0 1rxr) X lgor)) - (lgs © loxa © (AR X 1r))
0 (Irog, X 1p)) - (g 0 Ap' o (1g, x 11,.))

lgor o) - (lgo Apo (i, X 1g,))

A0 (1p X 1pog,)) - (1gy 0 laxg © (1F X AR))

Lo, o (1gor X (Mg © 1rxr)))

(1®3 ([(AG" o 1pxr) - (g 0 AF)] X 1gor)

([(AG" o Lrxp) - (g 0 Ap')] o (1g, X 11p,)))

“(lgoroar) - ([(1g o Ar) - (Ag o 1rxrp)] o (L1, X lg,))
(lgy 0 (lgor X [(1g 0 Ap) - (Ag © 1pxF)])

= (1®3 o (Agor X Lor)) - (Ager © leyxic, )

“(Lgor 0 1) - (Agor © Lig, x@) * (1os © (1gor X Agor)).

(g
(
(
(
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The proof for the second and third conditions are the similar and we
only show the proof for the third condition

73 © Llgorxiy

=730 laxiy © lrxiy

=[(1ego72) - (Ag o lig,xk.,) * (Las © (1 X n6))] 0 1rxiy

= (lgor20olpxiy) - (Ag o lig, xk., © 1rxiy) - (las © (16 X Ma) © 1pxiy)
= (lgo[(Irom) - (Arolig xk.,) (e, o (1r X nr))])

(Ac 0 Lig,xke, © 1rxiz) - (lag © (1g X ne) © Lrxiy)

=(lgolpom) (lgoAroli, xk., ) (lgolg,o(1r X nr))

“(Ag 0 lig, xk., © 1rxiy) - (lgg © (1a X n6) © 1pxiy)

= (lgorom) - (lg o Arolig xk.,)

“(Lgog, © (1r X nr)) 0 (Ag o (1F X 1k, )) - (1g, © (Laor X 16))

= (Laorom) - (le o Ap o lig xk.,) - (Ae o (1p X 1F)) - (1g, © (1gor X 1))
= (lgorom) - (lgoArolig xk.,) - (Ac o (1r X np))

(lgs © (1gor X lgok.,)) - (1ey © (lor X 16))

= (lgorom) - (lg o Ap o lig xk,,) - (Ac o (1r X p))

“(Lgy © (1gor X Na))

= (Leorom) - (la o Ar o lig xk.,) - (Ag o (1p X 1pok.,))

“(leg o (1 x 1g) o (1r X 1)) - (lego(igor X M)

= (lgorom) - (legoArolig xk.,) - (Ag 0 lpxr o (L1, X 1k,,))

“(Lgg © (lgor X (1g 0 mr))) - (las © (Laor X 1))

~—~

—~

= (lgorom) - ([(1g 0 Ar) - (Ag 0 1pxr)] 0 L1 k., )
“(Lgs © (Igor x [(1c o mr) - ncl))

= (Lgor M) - (Agor © Lig, xk.,) - (Lgs © (Lgor X Naor))-
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For the fifth condition we have

03 0 lgoFxGoF

=030 lgxg o lpxr

= [(Lig 0 (1g' X p1g")) - (1AG") - (e 0 02) - Al © L

= (Ligy © (ug" X pg') 0 Lpwr) - (IAG © Lpxr) - (B 0 020 1pyp)

(Mg o lpxr)

= (Ligy © (g X pg') 0 1pxr) - (tAG © Lexr)

(pe o [(Ligy © (p' X ppt)) - (FAE") - (wr o 01) - Ap]) - (Mg 0 1pup)

= (Ligy © (g' X p1g") 0 Lixr) - (1AG" © 1pxr) - (TyGoma) © (1 X piz"))
(Lig o (LX) - (g o proor) - (lgo Ap) - (Ag © Lpxp)

= (Ligy © (g * 1g') 0 Lrser) - (EAGY) © (p" X pip')) - (Lic © (EA5"))
(pgoprooar) - (lgoAr) - (Agolpxr)

= (Ligs © (g' X ig') © Lexr) - (Ligy © (i X L) © (up' X pp'))
(A" o (Lir % Ler)) - (Lig © (tAR")) - (g 0 pur 0 01)

“(IgoAr) - (Agolpxr)

= (Ligy © ((ne o pr) ™" X (pa o pr) ™)) - (H(le 0 Ar) - (Mg 0 1pxr)] ™)
(g oprpoor)-[(laoAr) - (Ag o lpxr)]

= (Ligy © (Haor X Haer)) - (PAGor) - (Haor © 01) © AGor-

The last condition is clearly satisfied because action by ¢ pass through
horizontal composition. 0J

As a consequence of this proposition the class of symmetric monoidal
categories form a category where arrows are four tuples (F, A\p, g, nr)
and where composition of four tuples is defined using the previous propo-
sition.

<G> >\G7,U/G777G> o <F> >\F7/LF77]F> - <G © F7 /\GOFaﬂGoFunGoF>‘

A given category C with a product bifunctor ® and unit functor K, is
a symmetric monoidal category if the conditions on «, 3, v, o and 6 stated
in definition 54 are satisfied. These conditions are equations that may
have none or many solutions depending on the category C' and the choice
of functors ® and K.. We thus in general have a set of solutions. Let
this set be denoted by S. We will now show that there is a group acting
on S. The definition of this group action is derived from the formulas
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defining a quantized functor. Let G be the following group of natural
isomorphisms

G:{()\7/“L7n) | /\5®—>®aﬂ310—>107773Ke—>Ke}>

where the product is taken componentwise. The size of this group
depends on the category C' and functors ® and P,. Let now (A, i, n) be
any element of the group G' and define a mapping F) ,, on S by

F)\”um(Oé, /67 s J) = (aa 67 37 6)7
where

Ao (At x1y,)) - a- (Ao (1, x N)),
) ()‘ © (77 X 110)7
’ ()‘ © (110 X 77))7
(Ligo (u™tx p™h)) - (A1) - (uo o) - A

I
—

Q) 2 @y
I
= @

Let H be the subgroup of GG defined by the relations
tp=pt,

polgo (' x1g,) = lectoxk.),

o 1® (0] (1K€ X I[L_l) = 1®0(K€><lc)7

tn=(polk,) n.
Then we have the following important result.

Theorem 68. F) ,, : S — S and defines an action of the group H on
the set S.

Proof. In order to prove that (@, B, 7,0) € S we must show that (@, B, ~,0)
defines a symmetric monoidal structure. There are eight such condi-
tions. For the first condition we have (this is also a proof that the map
T1 (o) from section 2.2 maps associativity constraints to associativity con-
straints)
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(@olaxioxic) - (@0 Ligxioxe)

= (Ao (A X 1ig) 0 lgxigoxie) - (@0 loxioxic)

Ao (Ie x A) o lguioxie) - Ao (A X 10) 0 lipxiexe)

ao ligxioxe) - (Ao (le X A) o ligxioxe)

= (Ao (AT X L) 0 lgxaexie) - (Ao (e X A) - (Ao (A x 1g))
(aolegx1lex®)-(Ao(leg x A)olipxipxs)

= (Ao (W x 1) o lgxaexie) - (le 0 (AT X A)) - (@0 ligxioxe)
(Ao (le X A)olixipxe)

= To (M o(le x 1)) X 1ip)) - (@0 lgxaexic) - (lo o (AT X X))
(o ligxiexe) - (Ao (Lig X (Ao (1, x 1g))))

(
- (
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= (Ao (A x 1)) -afo (1g X 11, X 14,))

((lg o (lip x 1g)) o (A7 x 11y x 1))

(g o (1g x 11.)) o (Lig X 11, X A))

(la- (Ao (Lig x A))] o (L X 11, X 1g))
= ([(A o (AW x 1)) -afo (AT X 1y x 1y,))
([a- (Ao (Lig x A)] o (Lig X L X A))
=M oA x i) o (AT x L X 1hp)) - (a0 (Tg X 1 X 1y,))
(o (1, x 11, x1g)) - (Ao (11, x A) o (1, X 11, X N))
=M To (Mo (W X 11p)) X 1ig)) - (@0 laxigxic)
(o ligxiexe) - (Ao (Lig X (Ao (1, x A))))
= Ao (W oW x 1)) X 11p)) - (Ig o (@ X 110)) - (@0 Ligxaxie)
(g o (Lig x a)) - (Ao (L, x (Ao (1, x A))))
=M\ o (Mo (W x 1)) x 1hp)) - (Ig o (a x 13,,))
(Igo(lg x 1) o (liy x Ax1y.)) (o (1, X 1g x 11,))
“(lgo(Lig x 1g)o(Lig x A7 x 11)) - (g o (L x @)
(Ao (Lig x (Ao (L, x A))))

=(lgo (A oA\ x1i,)) x 1)) - (A o (g o (g X 115)) X 11.))

(lgo(ax1i,)) (lgo((lgo(lip x A) x 1)) - (@0 Ligxexic)

(Ao (L x (lgo (A x 11.)))) - (1g © (L X a))

“(Ig o (Lig X (Ao (L, x A))))

=(lgo (Ao (AW x1y,)) x 11.)) - (lg o (a x 1y,))

(Ao (lg x Lig) o (Lig x A x 110)) - (@0 Ligxaxic)

“(Ao(lig x1g)o(lig x A7 x 15,)) - (g 0 (11, X @)

“(lg o (Lig X (Ao (L, x A))))
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This proves the first condition. For the second condition we have

(g o (¥ % 11c)) - (@0 Ligxk.xic)

= (oo ([v- (Noligxk,)  (lo o (Lig X 0)] X 1ig)) - ([le 0 (A" X 11,))

(A olguig) ra-(Aoligxe) - (Ig o (Lig X )] o lipxr.x1c)

=(lgo ((7 X Lic) (Ao ligxk.) X 1ic) - (g o (Lig x 1)) X 11,)))
(lg o (A X 1ig) 0 lipxkxic) - (AT 0 lgxag © ligukexic)
(o Ligxkoxic) (Ao ligxe © Licxk.xic) - (e © (Lic X A) 0 Ligxk.x1c)

=(lgo (7 X 1i5)) - (Ig o (Ao ligxk.) X 11.)) - (1g o (1g © (Lip x 1)) X 11.))

(Igo(A” ' x Lig) o Ligxkexic) - ()\_1 0 lgxie © Ligxk.xico)

(a ° 1lc><Ke><1c) ()‘ © 1lc><® o 1lc><Ke><1c) . (1® o (110 X )‘) 0 1lc><Ke><1c)
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=(lgo (7 x1i,)) - (Ig o (Ao (Lig x 1k,)) X 11.))
“(Igo (Ao (Lie xn) x 11)) - (A o lgxie © Ligxkoxic)
(o lioxk.xic) - (Ao lioxe © ligxkexic) - (g © (1ig X A) 0 Lipxk.x1c)
( 20 (7 x11,)) (Igo((lg o (L, X n)) X 11.))
(AT o ((lgo (L X 1k,)) X 1)) - (Ao Ligxe © Lioxk.xic)
(g o (Lig X A) o Ligxk.x1c)
= (lgo (v x 1)) (I o ((lg o (Lip x n)) X 1))
(Ao ((lgo(lie x 1k,)) X 11g)) - (Mo (L x (Ao 1k x10)))
=\ lo(yx 1) (Igo((lgo (1 x 1) X 11,))
(a0 1lcxK6xlc) “(Ao(Lig x (Ao lk.x1,)))
= (A" o(leg x 1)) (g o (v x 1))
“(lgo(lg x Lig) o (Lig xnx 1)) - (o ligxk.xic)
(Ao (11c (Ao lk.xic)))
= (A" o(lg x L))o (lgo (v x 11.))
“(lgo(lg x Lig)o(lig xn x 11,)) - (@o (L, X 1k, X 11.))
(Ao (11c (Ao 1k, x1c)))
= (A" o(leg x 1)) (g o (v x 1))
(oo (L x 1k, x 1ig) o (Lig X X 11))
(Ao (11c (Aolk.c)))
= (A" o(lgx i) (Igo (v x 1i,))
(o ligxk,xic © (lig X 1lig))
(Ao (11, x A)o (11, x 1k, X 11,))
=\ lo(lgx i) (lgo (v x 1)) - ([(a 0 ipxr.x1c)
“(Ao(Lig x A))]o (Lig xn x1i,))
= (Ao (L, x1p)) - (g o (v x 11p)) - (@0 Lipxk.x1c)
(Ao (Lig x A)) o (L x % 11,))
= (Ao (L x1p)) - (lg o (L1, X B))
(Ao (1, x Ao (11, x 1 x 11.))
= (Ao (lip x B) - (Ao (Lig x A) o (L x 7 x 1))
= (Ao (lie xB) - (Ao (Lig x Ao (nx 11,)))
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= (lg o (L x (B~ (Ao (nx 11.)))))
=lg o (lie X (B~ (Ao lkxac) - (Ig o (X 110))))

-~

= 1®O(1lc X )

This proves the second condition. For the third condition we have

~

po 1lc><Ke
=[B-(Aolk.xi (lgo(nx 1)) o lioxr
= (Boligxk) (Ao (lk, X lio) 0 ligxr) - (1g o (0 X 11) 0 lipxk)
= (7o lrxig) (Ao (k. x 1k,)) - (g o (n % 1k,))
= (7o lkxig) - (Ao (lig X 1k,) o (Ik, x 11,)) - (Lg o (1, X 1))
= (70 lrxig) (Ao (lig X 1k,) 0 lkxio) - (1 0 (Lig X M) 0 Lkxic)
=[(v- (Ao licxk.) - (g o (Lig x )] 0 Lrxic

= 'Y o 1Ke><lc'

This proves the third condition. The proof of the fourth condition is
very technical. In the proof we will use the following symbols

Ly = (Lig o (Lip x tA™H) - (A o Liguiy) - (t) - (EX 0 Ligxie ),

Ly = (Lig o (Lip x tA™Y) - (1A o Ligna,) - (ta),

Ly = (Lig o (11, x tA™Y) - (1A o Ligwa),

Ly = (g0 (11, x tA™1),

R= (Ao (A" x11,)) - ((poa)o((noa) x 11)) - (Ao (A x 11,)),
Ry =((poo)o((noo)x 1)) (Ao (Ax 1)),

Ry = (Ao (A x1y,)),

Si=a'(Aolgx) (lgo (X x11.)),
Sy =(A"Toliixe) a - (Aolgy,) (1go (A x 11,)).
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Using these symbols we have for the fourth condition

(t@) - (G0 (7 x 110))

= (ta) - ([(Lw o (u™ x 1)) - (EAT1) - (o o) - Ao ([(Lig o (™ x u™))
S(EAT) - (po o) - A x 1))

= L1 - (Lig o (tA x 11,))

(Lgo (! xp™))o((Ligo (™ xpu™)) x 1)) R
=Li-(Ligo(ut xpu))o((tho(u™ xu™)) x 11,)) - R
=L (Lgo (u™" x pu™)) o ((tho (p™! x u™)) x 11,))
(AN (N x 1)) - By

=Li-(Ligo (™ xpu™))o((Ligo(u xu™)) x11,)) - R
— Ly (Ao (i x 11,))

(Lgo (™ xp™))o((lgo(u™ xp™)) x 1)) - R
=Ly (Ligo(u" xpu™))o((Ligo(n" x pu™)) x 11.)) - Ry
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=Ly (Ligo (u" x p)) o (Lig o (™" x p71)) x 1))
((poa)o((ue 0) X 11c))
=Ly-(Ligolgo (u' xp )) (Lig o Lig o (™" x p 1)) x 11.))

'((MOUO(llcxhc)) (pooo(liy x 1)) x 11.)) - Ry
=Ly-((pooo(u™ xph))o((uooo(u™ xu™)) x 1)) R
=Ly-((pooo(u™ xph))o((uooo(u™ xu™)) x 1)) R
=Ly-((poao(u™ xp))o((pooo(u™ xp™))x (poli,ou™))) Ry
=Ly ((lpoao(u™ x p 1))O(u><u) (0x1y)o(u ™ xpu ™t xpu™)): Ry

1

— Ly 1lcota>~<uooo<o—><hc>> (oo (oo (™ x p)) x u™)

(

(

(

=Ly (pooo((oo(u™ xpu ') xpu)) Ry
(

“(Ao(Ax 1))

= L3+ (po(ta- (oo (0 x 1)) (Ao ((No(u™ xu™h)) x p)

=Lz (o ((00(li. x0)) ™)) (Ao ((Ao(u _1><M_1)) lfl)

= Ls-(po((oo(ly, x0))- 1))'()‘0(/\X110)O( xph)

=Ls-(pooo(li. x o)) a - (Ao (Ax L)oo (u XM Y)

=Lz (nooo(li, x o)) (- (Ao (Ax1y)))o ( Pxph)
L3 (mooo(li x0)) ((Igo(lip x 1g))o(u™ x p~t x ut))

(@7t (Ao (A x 11,)))

=Ls-(pooo (110 xa))-(lgo(p™ ! x (Igo(u™" xpu™h)))) S
=Ls-(pooo(u x(go(u ™ xpu)))) S

=Lz ((lic o 1g) - (o o)) o ((u™" x (o 0( X))
(L X (Lig 0 (L1 % 110)))))) - S

=Lz ((lipolig) o (u™ x (g0 (u x 1))

“((oo)o(lip x (Lgo (Liy X 11)))) - Si

=Ls-(Lgo(u' xp ) o(liy x (pooo(u™ xu™)))
“((oo)o(lip x (Lgo (lip X 11)))) - Si

=L (Lgo(u xp)o(liy x (pooo(u™t xu™)))
“((oa)o(liy X 1ig)) - S

=Lz (Ligo (' xpu™) o (L, X [(Ligo (W' x ™)) - (poa)]))
“((poo)o 1lc><®) -5
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Ly- (A o (Tig X Lig)) - (g o (7t x ) o (T X [(Lig o (™ x 7 h)

MOU)])) ((MOU)Ollcx@o) S

Ly (tA o (!t xp™) o (Lig x [(Lig o (™" x 7)) - (noa)]))
((Hoo)o 1lc><®) S

=Ly- (A o (ut x pm ) o (i x [(Lig o (u x ™)) - (o o)]))
“([(oo) A oliixg)  So

= (Ligo (L1 x IA™H)) - (A o (™t x ) o (T X [(Lig o (u™ x 7))
(noo)])) - ([(moo) - Aloligxe)  Sa

= (Ao (ut x ) o (Lig x I (Lig o (u! > 7)) - (w0 0)]))

00)-Aolisxg) 52

[(Lig - tA™ ) o (7 x ™) - (L X i) o (i x [(BAT o (7t x p7h)
oo)]))- ([(MOU) A]Ollcx®)'52

[(Lig © ( p)) -t o (L X [(Lig o (™ x ™)) - tA™H - (no 0)]))

~—

)
(hc [(Leg o (™" x ™)) tA™1 - (poa)]))

This proves the fourth condition. The fifth and sixth condition is
proved in a similar way and we only prove the sixth.

(tB)- (G0 Lioxk.)

=13 (tho (Lip xtn)) - (Lo (W x p™)) - (AT - (o o) - A) o lioxk.,)
=7 (tooligxk,) - (tAo (11, x 1)) - (Lig o (™! X 7)o Ly,

(A o lioxk.) - (Ho o0 ligxk,) - (Ao Lipxk,)

v (oo (ut x (u™ otn)))

v-(poXo (ut xn)

v (Ao (ligxn) - (polgo(p x 1k,))

7 (

y

(Ao (110 X 77))
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For the seventh condition we have

~
Q)

t(Lo (u! x p™h)) A" (noa) - A)
=(lgo(pxp)- A" -(ptoo™) A
(1® © (:u X :u)) ’ (/\_1 © (11(; X 110)) ' ((:u_l © 0_1) © (11(; X 110))

“(tho (1y, x 11,))
AT (uTh oo ) A Lig) © (Ligxae + (1 X 1))
=AT (oo™ s th - (Lig o (X )

4

From this point of view the quantizations of the identity functor on
a symmetric monoidal category (C, ®, K., «, 3,7, 0) is exactly equal to
the subgroup of H that fix the point (o, 3,7, 0).

4.2. Quantization of algebraic structures. Let (C;, ®;, P.,, &, Bi, Vi, 0)
be symmetric monoidal categories for ¢ = 1,2 and let F' : C; — C5 be

a quantized functor with quantization (A, i, 7). Let the Sy action on Cy
and Cy be generated by the functors T} : ¢y — Cy and T5 : Cy — (.
In this section we will work with objects and need the object formulation
of the conditions defining a symmetric monoidal category and quantized
functors. We collect these conditions in the following proposition whose
proof consists of applying the definition of vertical composition and hor-
izontal composition.

Proposition 69.

(a2) PP F(2) = (Axly @2 Lr(2) © Ay, vz © Fl(01)xv.2)
o Axyez © (Lpx) ®2 Ay,z),
(B2)rx),rovy = F(Bxy) 0 Aeyy © (Nx @2 1pyy)),
(v2)rx),Pvy = F((M)xy) © Axier © (1rx) ®2 1y ),
(02)px), vy = To(Ta(py') @2 To(pix')) © To(AL vy 1y )
ol (1 (Ve 11 (X)) © Foxy) o Axy

Quantized functors preserve algebraic structures. Let (X, v, u) be a
monoid in the symmetric monoidal category C and Define arrows in Cy
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N F(X) ® F(X) — F(X),
ul ey — F(X),

by v = F(v) o Ax x and v = F(u) on. In
Proposition 70. (F(X),v* u") is a monoid in Cy.
Proof. Since (X, v,u) is a monoid in Cy we have the identities

o(lx®v)=vo(r®lx)o(a)xx.x,
o(u®lx)=(61)xx,
o(lx ®1v) = (7)x.x-

If we use these identities and the relations from proposition 69 we have

v o (1px) @9 1)

=F(v)oAxx o (lpx) @2 F(v)) o (1px) ®2 Ax x)

= F(v)o F(1x ® V) o Ax xe,x © (Lrx) ®2 Axx)

=F(vo(lx ®v))oAxxex° (lrx) @2 Ax,x)

=F(v)o F(v®; 1x) o F((a1)xx.x) © Ax.xex © (Lrx) ®2 Axx)
=F(v)o F(r®: 1x) o Axg,x,x © (Axx ®2 1p(x)) © (@2) p(x),F(x),F(X)
= F(v) o Axx o (F(v) @2 1rx)) © (Ax.x ®2 1r(x)) © (@) p(x),F(x),F(X)

o (1 @y Lrx)) © (2) r(x),F(x),F(X)s

and

O

v ( ®2 lpx )
v)oAxx o (F(u) ® F(lx)) o (nx ®2 1rx))

(
(V) o Fu®1 1x) 0 Ay x © (Nx @2 1r(x))
(
(

vo(u®lx)) o xo(nx ® 1px))
(B1)x,x) © Aer,x © (Nx @2 1r(x))
= (B2) F(x),F(x)-

IR B B

O

We call the monoid (F(X), v*, u") a quantization of the monoid (X, v, u)
in ;. Quantization of comonoids is defined by duality. Let us assume
that the monoid (X, v, u) is commutative. This property is preserved by
quantization.
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Proposition 71. Let (X, v,u) be a commutative monoid in Cy. Then
(F(X),v*u") is a commutative monoid in Cs.

Proof. Using the exchange identity for horizontal and vertical composi-
tion of natural transformations, the two last conditions in the definition
of quantized functors 66 and the symmetry conditions to; = o; ;i = 1,2
we get the following identity

t(lpooy) - (tN) - (Ligy o (W x p)) = (wolg) - A-(togo lpup).
The (X, X, X) component of this identity is gives after application of
the functor T3 the following relation
F(o1)n00.mx) © Az eomeo © (Ta(px) ®2 Tapx))
= Ta(pxeix) © Ta(Ax.x) © (02) 1 (F(x) 1(P(x))
But then we have
Ty(px) o (V1)
= T2(MX) o Tz(F(V)) o TQ()\X,X) o (02)T2(F(X)),T2(F(X))
= F(T1(v)) o Ta(pxe, x) © To(Ax,x) 0 (02) 1 (P(x)), 15 (F (X))
= F(Ty(v)) o F((01)1,(x)10(x)) © Ay (x).m(x) © (Ta(px) @2 To(px))
= (V") o (Ta(px) @2 To(ux))-
Since (X, v, u) is commutative in C there exists an isomorphism ¢ :
T1(X) — X such that the following identity holds
por’t =vo(p®p)
Let the isomorphism ¢ : T5(F(X)) — F(X) be defined by @ =
F(p)o T (u x). For this isomorphism in Cy we have

5o ()

= F(p) o Ty(ux) o (1)
= F(p) o () o (Ta(px) @2 To(pux))
= F(p) o F(v7") 0 Ay (x)mu(x) © (Ta(px) ®2 To(px))
= F(v) o F(p @1 ¢) 0 Ay (x0)1 (x) © (Ta(px) @2 Ta(px))
= F(v) o Ax x o (F(p) @2 F(p)) o (Ta(px) ®2 To(px))
=V o (5@ P),
and this proves that (F/(X),v* u*) is a commutative monoid. O

Commutative comonoids will by duality also be preserved by quantiza-
tion. Similar results holds for other algebraic structures like modules and
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comodules. As a special case of the above constructions let F' = I and
let (X, p,u) be a commutative monoid in C. Then any element (\, p,n)
in the group H described in the previous section defines a quantization
(X, p*,u") of the given monoid. We thus get a whole family of quan-
tized product and unit structures on the object X. Each such quantized
product and unit does not define a commutative monoid with respect
to the original structure («, 3,7v,0), but with respect to the structure

(@,8,7,5).
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