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ABSTRACT. This text investigates homogeneous systems of linear
ODEs with smooth coefficients. Associating to an equation a differen-
tial module proves that these equations form a monoidal category with
respect to the tensor product of modules, and objects in this category
include homomorphisms, symmetric and exterior powers as well as dual
equations. Viewing symmetries as endomorphisms of the D-modules en-
ables direct application of results from the theory of representations of
Lie algebras. In particular we find decomposition and solution meth-
ods of equations with semisimple symmetry algebras, as well as solvable
symmetry algebras. Sufficient conditions for equations to be solved by
algebraic manipulations and quadrature are given, and unlike most pre-
vious results, there is no requirement on the symmetry algebras of having
dimension equal to the order of the equations, in some cases even a single
symmetry is sufficient to solve an equation.

1. INTRODUCTION

This text is devoted to the study of linear ordinary differential equa-
tions. Main results are found in Sections 9 and 10, where we obtain meth-
ods to decompose and solve equations with both solvable and semisimple
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Lie algebras of symmetries. We prove that for a number of such equa-
tions one can obtain solutions through combining algebraic methods and
quadrature. Also, there are no requirements on the dimension of a sym-
metry algebra of an equation being equal to the order of the equation, the
ability to solve the problem rather depends on eigenvalues and weights of
the representation of the symmetry algebra into the relevant module of
endomorphisms. Given the right conditions it may even be sufficient with
a single symmetry to solve an equation through eigenvalue decomposition
and quadrature.

The starting point is to connect to systems of linear ODEs algebraic
objects, differential modules, or D-modules. The equations considered
have coefficients in the differential R-algebra A = C*°(R), with derivation
being the usual derivative in the variable x, 64 = %.

The notion of a differential module appears in differential algebra, see
e.g. [14, 15], but differential Galois theory and Picard-Vessiot theory
deals with modules over differential fields, and mainly the study of dif-
ferential field extensions by solutions of ODEs. That approach may be
used to state whether solutions are algebraic with respect to the base
field, study solvability of the extensions and address inverse problems in
differential Galois theory etc. The approach in this text has geometrical
roots, dating back to Sophus Lie, and points in a different direction with
respect to applications.

The correspondence

System of linear ODEs < D-module (E, ) over (A,d4),
is given by the isomorphism of vector spaces
Solution space of the ODE <« kerd C E.

A straightforward explanation of this correspondence can be found in
Section 2, based purely on the definition of D-modules.

Sophus Lie initiated a geometric approach to differential equations,
where one uses symmetries of equations to study their properties and
to reduce and solve them. Viewing ODEs as submanifolds of an appro-
priate jet space provides a geometrical framework widely used to study
geometric properties and symmetries of equations. From this framework
D-modules emerge in the following way. A linear ODE is a linear sub-
bundle in jet space, with a linear connection determined by the Cartan
distribution. The D-module corresponding to an equation can be identi-
fied with the A-module of sections in the linear bundle, with derivation
determined by the lifting of % by the linear connection. This relation is
accounted for in Section 6. D-modules form a monoidal category, and
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Section 3 describes this category and algebraic constructions within the
category. That forms the basic algebraic framework used to produce the
results of this text, with the key result being Theorem 3.3. It is the
main tool allowing us to lift properties and results which apply to the
vector space kerd to the whole module E. Section 4 provides proce-
dures to describe a D-module of a given equation, particularly in terms
of so called primitive element bases.

In Section 5 a third view on D-modules is introduced, through linear
differential operators. From a practical viewpoint this is an important
addition to the theory, giving a generic way to calculate with classes of
operators being the elements in the D-modules.

In Section 7 we investigate equations with Euclidean, symplectic,
complex and Hermitian structures. For second order equations we de-
termine classes of equations with such structures. Also, we encounter
D-modules with Sy-representations produced by solutions of the Yang -
Baxter equation.

Section 8 contains results on symmetries of equations in general. Due
to Theorem 3.3 we establish how to apply results from the theory of rep-
resentations of Lie algebras into vector spaces to D-modules, and whence
to equations with these symmetry algebras. Sections 9 and 10 are based
on this observation.

Section 8.2 explains how to incorporate symmetry operators in the D-
module picture. Proposition 8.3 determines how a symmetry operator
of an equation induces a d-invariant endomorphism of the corresponding
D-module, and Theorem 8.2 explains how it acts inside ker 9.

Section 9 deals with equations with solvable symmetry algebras and
eigenvalue decompositions of D-modules. We find a sufficient condition
for when an equation can be solved by use of a single symmetry, Theo-
rem 9.1. Theorem 9.7 gives a sufficient condition for equations with
solvable symmetry algebras to be solvable in terms of quadratures.

In Section 10 we encounter semisimple symmetry algebras. For a
semisimple Lie algebra g there is an associated symmetry ring D(g), an
analogue of the the Grothendieck ring of isomorphism classes of finite
dimensional vector space representations of g, and its symmetry ring is
generated by a finite number of elements just as its Grothendieck ring
is. The generators are isomorphism classes of D-modules with symmetry
algebra g, Theorem 10.2.

As a consequence, any D-module with symmetry algebra g is polyno-
mial in D-modules isomorphic to the generators, meaning that solutions
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of the generator differential equations generate all solutions of the original
equation.

In particular, any equation with an sly-algebra of symmetries has so-
lution space spanned by powers of solutions of second order model equa-
tions of sly, Schrodinger equations, Theorem 10.6. Solutions may in
many cases be obtained by algebraic methods and quadrature, and an
algorithmic approach is outlined.

2. CONNECTING MODULES AND EQUATIONS

2.1. D-modules over a general algebra. Fix an algebra A over a field
K, and a derivation 04 : A — A. A pair (A,04) is called a differential
algebra.

Definition 2.1. A D-module over (A,d4) is a pair (E,d) where E is a
module over A and the map

0:F— F

is a derivation over 04, i. e. it is (i) K-linear, and satisfies a Leibniz
rule (1) with respect to 64 :

(7,) (5(61 + 62) = 5(61) + 5(62) e1,e0 € F (1)
(i1)  0(ae) = da(a)e + ad(e) ac€AecE. (2)

Throughout the text we will consider free D-modules, i.e. free modules
over an algebra A, that are also D-modules. D-modules (E, §) over a fixed
pair (A, d4) constitute the objects of a category which we will denote C,
and morphisms are A-homomorphisms of modules that commute with
the respective derivations.

Proposition 2.1. C is monoidal with respect to the tensor product of
modules with the induced derivation & over 64 as defined in Definition

3.1.

Note that (A,04) is a unit object in C.

2.2. D-modules corresponding to linear ODEs. Fix A = C*(R),

the R-algebra of smooth functions in one real variable. The pair (A, §4 =

4L ) is a differential algebra.

Definition 2.2. By a D-module over (C*(R), L) we mean a pair (E, )

) dz
where E is a free module of rank = n < oo over C*°(R) and the map

0. F—F



SOLVING AND DECOMPOSING LINEAR ODES 151

L. e it is (i) R-linear, and satisfies a

Leibniz rule (ii) with respect to L

(i) d(er+e2) = d(er)+0(e2), e,e2€F,

15 a derivation over 64 =

(17) d(ae) = Z—ae+a5(e) , a€Aeck.
T

From the definition we can immediately deduce a correspondence between

a D-module (F,0) of rank n and a system of linear ordinary differential
equations.

Theorem 2.1. Given a rank = n D-module (E, ) as in Definition 2.2.
Then the R-vector space E# = kerd C E is isomorphic to the solution
space of an n X n system of linear first order differential equations.

Proof. E'is a free module of rank n over A, so thereis a basis {e1, ... , e,}
of E over A. The action of § on E can be written in matrix form

d(e) = Ae
where A = (a;;(x)), entries a;; € A, and e = [ey, ..., e,]". Considering a
general element
h=hi(z)e; + ... + hp(x)e, €F, (3)

coefficients h;(x) € A. Then ¢ applied to h is

S(h) = > (Hiei+hide)) = Y (hie;+hi Y aye;)
121 ) i=1 =1 (4)
= Z(h;+zazshz)€s
s=1 i=1
Thus,
d(h)=0
if and only if the coefficient functions hy(z), ..., h,(z) satisfy the system
W4+ ATh =0, (5)
where h = [hy(2),. .., h,(2)]T.
The map

¢ : hsolution of (5) +— h = Zhiei € kero

=1

is an isomorphism of vector spaces. O
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3. THE MONOIDAL CATEGORY OF LINEAR ODEs

Proposition 3.1. D-modules in the sense of Definition 2.2, over the
fixed differential algebra
~ d
(A=C¥(R), 04 =)
constitute the objects of a category which we will denote LODE, linear
ODFEs.
For objects (Ey, 01), (B9, 62) in LODE, morphisms, Mor( (Ey, 1), (Es,02) ),

are A-homomorphisms F' such that the diagram (6) commutes

B 1 E,

Tt 0

E, T)Ez
i.e. 60 F = F 0.

Proof. The only category property of composition of D-module mor-
phisms we need to check is that the composition o¢ of A-homomorphisms
¢: Fy — FEy and ¢ : E5 — FEj3 really satisfies the necessary commutator

relations. But

(Yog)odr=1vo(pod)=1o(dz09) ™)
=(odz)op=0d30(thog),

so ¢ € Mor((Ey,61),(E2,02)), ¥ € Mor((Es,02), (Es,d3)) implies that

Yope Mor((Ey,d1),(E3,03)) . O

All tensorial constructions of D-modules belong in this category, and
each corresponds to an equation. Taking the tensor product of two mod-
ules in the category,the resulting D-module with an induced 9§ is as fol-
lows.

Definition 3.1. The product of two D-modules (E1,61) and (Es,d2) is
the object (E1 ®4 Fs,d) where

0: E1®4 By — FEy®4 Fy
is defined by the requirement that it is a derivation over (A,d4) and that
d(eg ®eg) = d1(e1) ®eq + €1 @ da(es)
on decomposable elements, e; € Fy,eq € Fs.

Theorem 3.1. LODE is monoidal with respect to the tensor product of
modules with the induced § as defined in Definition 3.1.
(A,04) is a unit object in the category.
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Proof. We may take basis element 1 € A. For any object (F,d) in the
category we have the following isomorphism [ : A ® F — FE defined by

1®e — e, ecl,
and requiring A-linearity. Note that [ is a morphism in the category:
(dpol)(b®e) = dp(e) = L(b®Ip(e))
= lo(04b®e + b® dge) (8)
= lodgp(b®e)
O

Corollary 3.1. The unit object (A, d 1) in the category LODE corresponds
to the first order equation

y'=0 (9)

Proof. Obviously f € kerd C A if and only if f/ = 0. O
We also have products of morphisms.

Given D-modules (E1,dg,), (E2,0g,), (F1,0r) and (Fy, 0r,) and two

module homomorphisms ¢ : Fy — Fi, ¢ : Fy — F, we may consider their
usual tensor product

oY By Ly, — F1®F, (10)

which on decomposable elements is
oY (e1®e) — dler) ®Y(ea).

Proposition 3.2. Given morphisms ¢ € Mor( (Ey,dg,), (F1,0r)) and
€ Mor((FE2,0g,), (F2,0r,)). Then their product is again a morphism,
pR1Y e Mor((E,dg), (F,6p)), where E = Fy @4 Ey, F' = F) @4 F
and dg, OF the induced derivations on the products E, F.

Proof. We need only check that ¢ ®1) satisfies the necessary composition
property (¢ ®1) 0dp = dpo (¢ ®@1). Writing 0g = 0p, ® Ig, + Ig, ® Ig,
and 0p = 0p, ® Ik, + Ip, ® dp, in product notation we see that
(p®@Y)odrp = (¢®Y)o (0p, ®1g, + 1p ®op,)
= (po )@Y+ 9@ (Yoig,)
= (0p09) @Y+ ¢ ®(6r, 0¢) (11)
= (0p, ®Ip, 4+ Ip, ®0p,) o (¢ @)
= 0po(p®).
Thus, (¢ @) € Mor((E,dg), (F,dF)). O
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Some D-modules come with a bit of extra structure, we will encounter
both algebras and Lie algebras, the D-module versions are as follows.

Definition 3.2. A D-algebra (E,9) is a D-module with a product
m:EQqFE — FE

such that
E®FE —5 FE

i E (12)
FEQFE — FE
commutes, which satisfies the associat?m’ty condition
E®RE®FE 2™ EQE
m®lJ/ Jm (13)
E®FE — E
on E.

Note: If (E,0) is a D-algebra, then kerd C E is an R-algebra.

Definition 3.3. A D-Lie-algebra (E, ) is a D-module with a bracket
[, ]:ExXE—FE
which s
(1)  A-linear in both arguments, skew-symmetric and satisfies the Jacobi
wdentity, i.e.
[X’ [Y> Z]] + [Z7 [X7 Y]] + [Yv [Zv X]] = 0,
and,
(2)  the bracket operation is §-invariant, i.e.

J[X.Y] = [6X,Y]+ [X,6Y].

Note: If (E,0) is a D-Lie algebra, then the solution space ker d is a Lie
algebra over R in the usual sense, with respect to the restriction of the
bracket to kerd.

A natural construction to consider in the category LODE is homomor-
phisms of modules.

Proposition 3.3. Given D-modules (E1,d1) and (Es,d2),
then ( Homa(Ey, Es), §) with

d: Homy(Ey, Ey) — Homa(E1, Es)
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defined by
0 Fw— 520F—F051,

for F € Homa(E1, Es), is an object in the category LODE.
Proof. Given a € A, F' € Hom(FE1, E>) and e € E; we see that
dF(ae) = (00 F — Fody)(a-e)
= dy(a- F(e)) — F(0a(a)-e+a-d(e))

= da(a) - F(e) +ada(F(e)) —dala) - F(e) —a- F(d1(e)) (14)
=a-(0g0o FF—Fod)(e) = a-dF(e).
So, 0F is an A-homomorphism. Second, we have that
d(aF)= dg0(a-F)—a-Fod
=dqa-F+a-630F —a-Fod (15)
= dqa-F +a-0F.
Thus ( Homa(E1, Es), 0) is an object in LODE . O

We introduce the notation
E#
for taking the kernel of 6 in F, i. e. E¥ =kerd, C E4, and Ef = ker d, C

E,. Note that a §-invariant homomorphism F € ( Homa(E\, E») )¥ is a
morphism in the category, with

§p0F = Fod. (16)

How can we interpret morphisms? If (F1,0;) and (Es, d3) correspond to
ODE systems (17) and (18) respectively,

B+ Ah =0 (17)
Ql + AQQ = O, (18)

then the vector spaces Ef& C E; and E;éé C E5 are isomorphic to the
solution spaces of the systems (17) and (18) respectively. By requirement

F(kerd;) C kerdy, (19)

so a morphism F' € ( Homa(E, Ey) )# maps solutions of system (17) into
solutions of system (18). Thus solutions of the induced homomorphism
equation

(Homa(E:r, Ez), 9) (20)

give precisely linear maps that transfer solutions of equation E; to so-
lutions of Fy. If system (17) is an n X n system and (18) is an m x m
system, then the homomorphism equation is an (nm) x (nm) system.
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Definition 3.4. Given a D-module (E,0) in LODE, the ODE corre-
sponding to the induced D-module of endomorphisms

(Enda(E), d) (21)
will be denoted the Lie equation, or symmetry equation of (E,J).
Proposition 3.4. (End4(FE),9) is
(i) an associative D-algebra with respect to composition of endomor-

phisms, and,
(ii) a D-Lie algebra with respect to commutators of endomorphisms.

Proof. In (i) multiplication of endomorphisms ¢, is defined by
m(¢®y) = ¢oy. (22)
Thus
m(0(p @) =m(6¢ @Y + ¢ @ 5¢)
=090+ pody
=(0op—¢pod)op+go(doyy—¢od)
=dogop—gorpod = d(m(o®Y)),
and whence § om = m o d. In (i) the bracket operation is defined by
[0, ¥] = m(e@Y—¢®9), (24)

so it follows from the previous computation that the bracket operation
and 0 satisfy

(23)

ol¢, ] =109, ¢]+1[¢, 0¢].
U

Proposition 3.5. For any D-module (E,0) in the category LODE, the
dual module

(E* = Homu(E,A),d)
is also an object in LODE. The equation (E*, ) is the adjoint of equation
(E,9).

Proof. Assume (E,§) is of rank n with a basis {e1,...,e,} over A, and
that e = Ae on matrix form. Taking the dual basis {e],..., e} as basis
in £* and applying the definition of the induced § on basis elements
e; € B yields

(dei)(e;) = (0oej)(es) — (e 0d)(e;)

_ 56— (D ) = 0= i = —ay )
s=1 s=1
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where 6/ denotes the Kronecker delta. Whence

bet = —Al¢* (26)
on matrix form and the corresponding system of ODEs is

N —Ah=0, (27)
which is the adjoint system. O

Proposition 3.6. Given a d-invariant representation of a group G into
a D-module (E,§), i.e. a group representation

r: G — Endy(F)

such that 6 or(g) =r(g) o d for any g € G. Then the set of G-invariant
elements in F,

Ya(E) = {e€ Elr(g)(e) = e, Vg € G},

is a sub-D-module of E with respect to restriction of 9, i.e. (Xg(E),d) €
Ob(LODE).

Proof. ¥¢(F) is obviously a sub-module of E, and we need only prove
that 0(Xg(E)) C Xg(F). Let e € ¥g(F). Then

d(e) = 6(r(g)(e)) = r(g)(9(e))
for any g € G, thus de € g (FE). O

There are some well-known constructions that are of this type. Both
symmetric and anti-symmetric tensors, S™(E) and \"(FE) arise as invari-
ant sub-modules of E®" with respect to representations of the symmetric
group G = S,,. Regarding representations of S,, we have the following
general result. Let E be a finite rank module over A. A homomorphism

T E¥? — B2 (28)
with the condition 72 = 1 determines a homomorphism
T, — Ii—l RTR In—i—l . E®n — E®n (29)

for n < 2, with 7 acting only on the ith and (i + 1)th copy of E in E®™.

Theorem 3.2. 7,...,7T,_1 generate a representation of S, into E®" iff
T satisfies the so called Yang - Baxter equation :
re)(len)(rel) =1n)(re1)(1T) (30)

on E®3.
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The symmetric power S™(E) = X'(E®") consists of elements in E"
invariant with respect to the action of S, given by the twist-solution of
the Yang-Baxter equation,

(f®g) =g f.
Note that for the twist 7
(7(f®g)) =6(gef) =g f+g@df
= 7(0f@g+f@dg) = 7(6(f®9)),
so this 7 generates a d-invariant representation of Sy into E®™.
Similarly, A"(E) = X7 (E®") C E®" where 7 is minus twist,
T(f©g) =—9& [

Proposition 3.7. The symmetrization of the kth tensor product of E,
SK(E) C E®*, is again an object in LODE together with the restriction
of § on E®* to
§:S*E) — S*E).
The restriction of 6 acts on decomposable elements of S*(E) by
0. 0k)=08(61) ... Op+...+60-...-0(6y), (31)

where 6; € E, and - is the symmetric product.

Proposition 3.8. Any exterior power N¥(E) C E®* of a D-module
(E,d) is an object in LODE with & being the restriction of § on E%F
to

§: NN(B) — ANE).

The restriction of & acts on decomposable k-forms by
Swi Ao Awg) =0(w) A Awg + .o Fwi Ao A0 (wr) (32)

where w; € F.

In Section 7 we will see examples of non-trivial representations of Sy for
second order equations.

Theorem 3.3 below is a key tool allowing us to move between studying
the D-module and the solution space of the corresponding differential
equation.

Theorem 3.3. For any (E,9) € Ob(LODE)
E =~ E* 2 A (33)
by an D-module isomorphism

¢:E*or A — E (34)
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defined by ¢ : v; ® 1 — w; for any basis {vi,...,v, } of E*.

Proof. First note that we may rephrase the statement, it is equivalent to
the following:

For (E,0) € Ob(LODE) any basis of E# over R is a basis of E over A.
Let E be as above, rank n, with d-matrix A. Every element of E* is on
the form h = > | hi(x)e; where h solves (5). From the theory of ODEs
we know that there exist a fundamental set of solutions of the system
(5). Let hy = [h1y(2),. ., hin(2)]", .. Ry, = R (), ... By (2) ]F e
such a set. Then

{m = Zhu(x)ei, e Y= th(x)ei}

is a basis of E# over R. The matrix H = (h;;(z)) is the Wronskian of
the system (5), hence its determinant is non-zero everywhere, and

y=He

constitutes a basis of E over A. Any basis of E# over R is on the form

as the set {;} above, hence a basis of E over A.
U

Corollary 3.2. Given (Ey,d1), (E2,02) in Ob(LODE), then,
(i) (By @4 B2)* = Ef ®@g EY, and,
(ii) (Homa(Ey, E»))* = Homg(EY, EY).

Proof. This follows directly by combining the theorem above with the
definitions of the induced d-s on £y ® Ey and Hom 4(F1, E») respectively.
O

4. PRIMITIVE ELEMENT BASES

For a given equation that we wish to study, we need to be able to iden-
tify and work with the corresponding D-module. Considering a system
resolved into single equation, a convenient way to describe the corre-
sponding module is to introduce the notion of a primitive element in

E.

Definition 4.1. Let (E,d) € Ob(LODE), with ranks(E) = n. An
element e € E with the property that

B = {e1=¢,e3="0e, e3=10%,...,e,=06""e} (35)

is a basis of E over A is called a primitive element of E, and B a primitive
element basis of E.
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In a primitive element basis as B above the action of ¢ is completely
described by n functions a;(z) € A where

n

Me = Z ai(z) 8 te. (36)

=1

In this basis the matrix form of the action of § becomes

e = Ae, (37)
where
e ] [0 1 00 0] [ e |
de 0 0 10 0 de
0 I T
o . . . 0 1
_5"‘16_ a1 ay .. ap1 Gy _5"‘16_

The advantage of this approach is that the corresponding equation system

B+ Ah =0 (38)
with b = [hy(2), ..., h,(z)]", may then be resolved into a single equation
v + (@) = ()P (C) ey =0, (39)

That is, h, = y(x) and hy = Hy(y) for k =1,...,n — 1 where

3
End

Hi(y) = (1" (g + 3 (=) ansy) ") (40)

Il
—

Written as an operator, with 0 = %, Hy is

e

Hk: _ (_1)n—k ( a(n—k) + (_1)l+la(n_k_l)an+l—l ) ] (41)
=1

3

We may sum up as follows.

Proposition 4.1. Given an equation on the form (39), then the corre-
sponding D-module (E,0) € Ob(LODE) has a primitive element basis

{e, de, 6%, ..., 0" e}

with 0 : B — E determined by the coefficients a; in the equation through
the relation

e = Z ai(r) 6 te.
i=1



SOLVING AND DECOMPOSING LINEAR ODES 161
The kernel of § is
E* = {h, =) Hi(y) 5 'e|ysolves (39) } (42)
=1

with the operators Hy on the form (41).

Remark: A natural concern is whether, starting with an equation on
the form

Y™+ f(@) gy 4+ (@) gD 4+ film)y = 0, (43)

it is a problem to write it on the form (39), in order to be able to write
down the structure of the corresponding D-module (E, §).

This is not a problem. To express the coefficients a;(x) in terms of the
fi-s and their derivatives we need only start with the highest coefficient
a, = fn, and nest our way down to a;. At each stage a; is given in
terms of derivatives of the functions f;, fii1,..., fn, and the formulas are
recovered by performing the derivations in the expression (39) and collect
terms of the same degree of derivatives of y and compare with the form
(43). The equations are on the form

fn = Qn,
fn—l - CL; — Ap-1,
-1
ﬁh2==<n1 )aﬁ—a;4+ama,
A= =a? —al P 4. (1) .

Knowing E7#, i.e. knowing solutions of the corresponding equation,
means that we can produce solutions of equations corresponding to such
D-modules as
E®" . SME), A(E),

since (E®™# = (E#)®n SHEY# = SK(E#) and N'(E)* = N/(E#)
are completely described when E7# is described. We may use primitive el-
ement bases to precisely describe solutions of symmetric powers of second
order equations. Let (E,d) correspond to an equation

Y+ (a2y) —ay =0 (44)

with primitive element basis {ej, es}. Let {ef, €5} denote the dual basis
of (E*,§). This basis generates a basis of the module S*(E*)

{on = ()™ ()" I=1,. k+1}. (45)
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To find the equation S*(E*) for some k simply apply 6 to a general

element
k+1

0 = Z a(z) o (46)

=1
in S*(E*). Recall that de; = —aye}, and dej = —e} — age}. Thus

b — —ai(k—=1l+D)ay —a(l—1)a— (=1 gy . (47)

Setting
00 =0
and collecting basis terms «ay yields a system of k£ + 1 equations,
g — ar(k—s+2)gs1 —as(s—1)gs — $gs11 =, (48)
for s = 1,...,k + 1. This system resolves into a single equation in

g1 = y(z). We may conclude the following about S*(E*)*.

Proposition 4.2. Let (E,0) be the D-module corresponding to an ar-
bitrary second order equation (44). For each k > 1 the kernel S*(E*)#
consists of elements

k+1
0, = you + Yoy + Z ay) o (49)
1=3
where
1
"=r1 (g1 — a2l =2)gi1 — ar(k =1+ 3)g12 ] (50)

forl=2,.,k+1 and g, = y solves the S*(E*) equation, i.e. the equation
n y we obtain from setting

90, = 0
for 6, on the form (49), with g;-s expressed in derivatives of y.
A list of symmetric powers of second order equations is easily produced,
and particular hierarchies of this sort will be investigated in Section 10.2.

We may immediately deduce the following result concerning solutions of
such an hierarchy of equations.

Theorem 4.1. Given a set of fundamental solutions {u,v} of a second
order equation corresponding to a D-module (M, 0). Then

{uF uF o, u T R Y = Lt oR YR

is a fundamental set of solutions of the equation corresponding to the
D-module (S*(M),§) for any k > 2.
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Proof. We may freely choose (F,0) such that (M,d) = (E*,0) as in
Proposition 4.2. Given the solutions {u,v} we know that {6,,6,} span
(E*)#, thus
{oF, 050, ...,0,-081 08}

span S*(E*)# over R. Also, S¥(E*)# is closed with respect to the sym-
metric product, and we need only collect the a; = (e%)* term in products
0%=1. 9 to state that

O 0] = Oppiyi, (51)

tpk=i 1k span the solution space of S¥(E*). O

hence, {u'v

Note: The kth symmetric power of an equation may be defined as the
equation whose fundamental solutions are spanned by precisely degree k
monomials in fundamental solutions of the base equation. Theorem 4.1
connects this to the D-module picture.

5. DIFFERENTIAL OPERATOR VIEW ON D-MODULES.

There is a third way to approach D-modules corresponding to linear
ODEs, introducing differential operators, practical for calculations with
symmetries. Let IC be the ring of linear differential operators over R. An
operator

P=0"+cp(2)0F + .. +ei(a) (52)
where 9 = <L defines a D-module (Ep,§) € Ob(LODE) with

def

Er % K/(KoP), ()
and
0: Ep — Ep defined by 0 : [X]|— [00 X]. (54)

Obviously this operation is well defined with respect to choice of repre-
sentative X € K modulo (K o P), and it is a derivation over 0. For P as
above

{er=e=[1],ea=0e=1[0], ... ,ex =6"te=[0""} (55
is a primitive element basis of Ep over A. In Ep
[0 = —cie — ... — 6 e, (56)

thus
ker§ = ker P!

To return to the situation in Section 4, considering an equation

Lly) = (0" +cp(2)0" ' +... +c(2))(y) = 0 (57)



164 C. V.JENSEN

we get the corresponding D-module (E,§) from taking
E = Ep (58)

so that
kerd = ker L. (59)

6. GEOMETRIC IMAGE OF ODES IN JET SPACE

Consider a vector bundle B 2> R of rank m with its A = C*>*(R)-
module of sections C*(f) = {s € C®(R,€) | fos = Ig}. The corre-
sponding bundle J*(3) & R of k-jets of sections of 3 is of rank m(k + 1)
over R, and is equipped with the Cartan distribution. A system of linear
k-th order ordinary differential equations is a linear subbundle

ESR c JVEB) BR (60)
of codimension m such that the Cartan distribution on J*(3) when re-
stricted to £, and denoted Cg

(i) is 1-dimensional, and
(ii) projects isomorphically to R

We denote the A-module of sections in the bundle a by C*(«). We have
a linear connection in the bundle «,

V :D(R) — Der(C*(«)) (61)
where Der(C*(a)) denotes derivations of C*(«a) over L, i. e. R-linear
maps

D:C*(a) — C™(«a)
such that

D(fs)=f"-s+f-D(s),
for any f € A, s € C®(«). V is defined by the requirement that it
lifts -2 on the base R to a generator X € D(€) of C¢ on £. Consider
s =s(x) € C*(a)) as a curve in £. Then, geometrically, V.4 on acts on
s by

A_tosoAt:s—l—Vdi(s)-tho(t) (62)

where A; is the flow generated by % on R, and A, is the flow generated
by X on &£. Thus, constant sections of V| i.e. sections s such that

Vy(s) =0, VY € DR)

are precisely the integral curves of C¢ on &.
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The pair (C*(«),d = V(<)) is a D-module over (A,d4), and we have
the correspondence.

(C*(a), V%) & (E,6) € Ob(LODE)
A kth order linear equation
v+ fy® T+ L+ fiy =0 (63)
has corresponding linear bundle

ESR c JMR)B R

where
E={pe=—fibr-1— ... — firo} C J*R)
with coordinates (z, po, . . ., pr—1), taking standard coordinates (z, po, . . . px)
on J¥(R).
Denote F(x,po, ... ,Pk—1) = —fxPr—1— --. — fipo. The vector field

D = ar +p18p0 + .. -pk—lapk_z -+ Fapk_l

is a generator of the Cartan distribution on &£, and its integral curves are
on the form

o(z) = (,y(z), y'(2), ..., y* (@)
where y = y(x) is a solution of equation(63). Here § = Va, where V
lifts L on the base to D in the bundle & = R.

7. CLASSIC GEOMETRIES AND ODEs

7.1. Euclidean structures.

Definition 7.1. By a harmonic oscillator we mean a D-module

(E,9) € Ob(LODE) equipped with an d-invariant positive symmetric 2-
form g € (S*(E*))”.

Theorem 7.1.

(1) For any linear ODE there ezists a quadratic 1st integral.

(2) Any two Harmonic Oscillators (E,d,q) and (E',d',¢") of the same
dimension are equivalent in the sense that there exists an isomorphism
A:E—F

such that
(i) Aod=0"0A and
(i) ¢'(Az, Ay) = g(z,y)
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Proof. (1) An ODE of degree n specifies a module E of dimension n as in
Theorem 3.3 , hence there exists a d-invariant basis {7;} of E as described
in the proof of the theorem. Then g = (v§)*+...4+(7})?* € S?(E*) and
it is obviously positive definite. g(h, h) = ¢ is our quadratic first integral,
for h € E7.

(2) Let {7;} and {v/} be bases of E# and (E’)# respectively as in Theo-
rem 3.3. In these bases g and ¢’ are given by orthogonally diagonalisable
R-matrices G and G’. Let {n;} and {1/} be bases of (E*)# and (E™)#
such that G and G’ are diagonal. Then the map A is given by

1/2
9\, i /
A:n— ( ( ) ) ;.

g'(nfs71;) Z
Since {n;} and {n;} are bases of E and E’ over A, expand A as an A-
homomorphism £ — E'. O

Before moving to more specific results on Euclidean structures we in-
clude the following property of d-invariant symmetric bilinear forms.

Proposition 7.1. Given a D-module (E,§) in the category LODE. For
any g € S?*(E*), and arbitrary X,Y € E the following are equivalent

dg =0 & g(bX)Y) + ¢g(X,d8Y) = g(X,Y) . (64)

Proof. Given g = 1", gijef - €} in S?(E*) and arbitrary XY € E.
Then

0g9(X,Y)

D giser e + 3 giloe; - ¢ + e - dep)| (X,Y)
= D (ger(X) - (V) + gy [8(e](X))es (V) + i (X) - (e (Y))])

= > 9slei(6X) (V) + € (X)¢5(6Y)]
(65)
U
7.1.1. Fuclidean equations of second order. We will take a closer look

at 2nd order equations and Euclidean structures. Consider a general
equation of second order

y" + (as(2) y) —ar(z)y = 0 (66)
corresponding to a D-module (E, §) with primitive element basis {e; = e, es = de}
where ¢ is described by

5%e = aje + asde .
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We want to study the induced module (S?(E*),d) and look for positive
d-invariant symmetric forms. Taking the dual basis {e}, e} of E* we
recall that the induced ¢ in the dual module is given by

i = 9 0] (67)

Constructing a basis {(e})?, e} - e, (e3)?} of S?(E*) by taking symmetric
products in the basis elements of E* and calculating the induced § gives
us a full description of (S?(E*),4).

(e7)? 0 —2a; 0 (e7)?
d: leg-es| — |-1 —ay —ag er-es| . (68)
(e5)? 0 -2 —2ay] | (e3)?
Thus the system of equations (S?(E*),d) is
s — 89 =0 (69)
Sy — 2a181 — A8y — 283 =0 (70)
S5 — 182 — 20283 =0 (71)

for

g = s1(z) () + sa(z) el - ey + s3(z) (e5)* € S*(EY).
So, obviously, we may attack the problem directly, and see that the
system (69) - (71) can be resolved into a single governing equation

s" + (=3az)s” + (2a3 — ay — 4a,)s’ + (dajay —2d})s = 0 (72)
by setting s; = s(x). Equation (69) implies that
s =81 =5",

and

1
Sg = 5(3" — ass’ — 2a,5)

by (70). Then (71) becomes (72), which we will denote the 2nd symmetric
power of the equation (E*,d). We may conclude that any element ¢ in
the kernel S?(E*)# C S?(E*) is on the form

1
g = s(€)) + (€] &) + 5(s" —as' —2ms) (e3)*,  (T3)

where s = s(x) is a solution of (72).

There is a second approach to the quest of finding -invariant symmet-
ric bilinear forms of an equation; we may use Proposition 7.1 to deduce
properties of positive, symmetric bilinear forms on a general second or-
der equation (66). Let {e}, €5} be the dual basis of the primitive element
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basis {e, de} of (E,d) as before. Consider g = Z?,j:l gi€e; - € in S*(E¥).
We will require throughout that g is positive.

Step 1 We may start with the assumption that g is normalized on the
primitive element, i. e.

gle,e) = gu(r) = 1.

We have the requirement that ¢ is positive, so if g(e,e) = a?(z) > 0,
a? # 1, we may perform a change of primitive element basis

1
e = —e. 74
: (14)
Then de = —g‘—;e+ éé e. Writing the transformation in matrix form yields

] = [ L) ™

The determinant of the transformation matrix is a%(r) # 0, thus this is a
change of basis. On the level of equations a transformation that changes
the primitive element by a non-zero factor as above corresponds to a
change of variable transformation of (66):

1
y = —u.
a
Thus we may assume that ¢ is normalized in e, up to a change of variable
in the original ODE.
Step 2 For g(e,e) = 1 applying Proposition 7.1 immediately deter-
mines g(e, de) by

gle,de) + g(de,e) = 2g(e,de) = gle,e) = 0,
hence, g(e, de) = 0.

Step 3 By positivity of g we have that g(de, de) = w?(x) for some non-
zero w(x). Using Proposition 7.1 again we get a requirement on g(de, de)
by

g(de,de) + g(e,0%) = g(e,de) = 0.
But
gle,6%) = gle,are + axde) = ayg(e,e) + azg(e,de) = a

thus we get the requirement w? = —a;.
Step 4 The last relation we are able to get from applying the propo-
sition determines a relation between w and as. First we have

g(de, 6%e) + g(0%e, de) = 2g(de, 6%€) = 2g(de, are + azde) = 2azg(de, de)
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and due to Proposition 7.1,
2ay g(de,6e) = 2a,w* = g(de,de) = 2w,

that is, as = % We may sum this up as follows. In matrix form, i. e.
g = e*T'Ge*, g is given by

1 0
o=
Proposition 7.2. An equation
W Y

y' + (Zy) +w?y = 0 (76)

with w # 0 has a quadratic first integral

W'\ W'

o= (D)1 2 2]+ o (77)

Proof. The calculations above determine that equation (76) has an asso-
ciated positive, symmetric bilinear form g = (e})? + w?(e})? € S*(E*)#
on its solution space E#. That is, for any h € E#, g(h,h) = ¢, constant.
But any element h € E* is on the form

h = (—y — asy)e + yde, (78)
where y is a solution of (76). Thus, setting ¢ = g(h, h) gives the desired
quadratic first integral. O

There is another question to be considered here, namely, how to trans-
form one equation with “potential” w into another with “potential” w?
Theorem 7.1 in the beginning of this section shows the existence of a
transformation between any two harmonic oscillators preserving the 9-
invariant Euclidean structure. But the construction in the proof depends
on knowing solutions of our two equations, and deals only with existence.
The following result for second order equations determines a transforma-
tion independent of knowing any solutions of the equations.

Theorem 7.2. Let (E,, ) be the D-module corresponding to the equation
W\
Yy + <5y) +wly = 0. (79)

The transformation of primitive element bases

e € cos 6 Lsing e
To - {(56:| {65] B {—(w +0)sing ) cog 9] {(56:| (80)

w
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yields an equation (Ez,0)
&\
y'+ <ry) +&% =0,
w

where w = w+0'. The associated Euclidean structure is, in matriz form,

~ 10
il s

and is non-degenerated for W = w + 0" # 0.

Proof. The transformation can be divided into three steps. First one
transforms {e, de} into a basis orthonormal with respect to g.

vl |1 0] e
vl |0 é oe
The orthonormal basis is then “rotated” by an “angle” 6 = 6(x)
wy| | cosf(xz) sinf(x)| [v
wy|  |—sinf(z) cosb(x)| |vo
Now, taking w; as new primitive element we find,by applying ¢ that

dwy = (0 +w)wsy

The total transformation is

1 0 cosf sind] [1 0 cosd Lsing
Tg = f o 1| = N (w+0)

0 w+¥0 sinf) cosfl| [0 = —(w+0")sing =——cosf
and has determinant (“’2—9,), which is non-zero for (w + ") # 0. Thus, if

you wish to transform an equation E, to another Ej, you need a 6(x)
such that ¢ = w —w.

O
Example 7.1. The equation
u' =0 (81)
has the first quadratic integral
u® — 2zun’ + [2° + 1](u)? (82)
It is obtained by a change of variable y = uw="? from the equation
y'+ (%’y)’ +wly =0 (83)
with )
w= (84)
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7.1.2. 3rd order Euclidean equations. Consider a third order equation

y" + (a3y)” — (a2y) + ary = 0 (85)
with corresponding D-module (F, ) and primitive element basis
{e, de, 6%},

with §%e¢ = aje + asde + asdre. Using Proposition 7.1 repeatedly we can
derive requirements for a symmetric bilinear form g € S?(E*) to be 4-
invariant. Additional requirements determine the coefficients a; in terms
of a, 3, as in the step by step calculations leading to Proposition 7.2.
Assuming that g is normalized in e, written in matrix form, ¢ has to be
on the form
1 0 —ao?
G=|0 o da (86)

—ao? da 2

where o = a(z) # 0 and 8 = ((z) # 0.

Theorem 7.3.
y" + (a3y)” — (azy) + a1y = 0 (87)
has a d-invariant symmetric bilinear form given by G as in (86) for
)\/
a = _(a2>/ _a2x 7
Oé” O/ )\/ 62
- - 7 88
2 a * aX o’ (88)
o N
B =T
where

A = g(qu)—l/Q _ (52 . a4 . (0/)2)_1/2
for
O/
v = o’e+ —de + 6,
o
which is orthogonal to both e and de.

7.2. Symplectic structures. We may equally study equations with
symplectic structure on the solution space.

Definition 7.2. A symplectic equation is a D-module (E,§) € Ob(LODE)
of even rank 2n equipped with a non-degenerated d-invariant w € /\Q(E*)#

Thus, if we seek a symplectic structure on the solution space of an
equation (E,J) we should investigate the second exterior power of E*.
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7.2.1. Equations of second order. Consider a second order equation
y' + (azy) — a1y = 0 (89)

corresponding to the D-module (F,¢), with the usual primitive element
basis {e; = e, ey = de}, %e = aje + azde. A general element in A?(E*) is
on the form

w=a(r)e] Ne; (90)
for some a € A. Applying J to w yields
dw = defNey + a[(—aey) Nes + e A (—e] — agel) ]
= (&/ —ag)e} Ney (1)
so ( \*(E*), §) corresponds to the equation
o —aa=0. (92)

The 2-form is non-degenerated if and only if & # 0. We may interpret
this as a requirement on the coefficient ao, and sum up as follows.

Theorem 7.4. For o(z) # 0, any ai(x) in A, the equation

/

y'+ (%y)’ —ay =0 (93)
is a symplectic equation with the d-invariant 2-form
w=a(x)e] Ne; (94)
determining the symplectic structure on E¥ .

Recall that an element h, € E# corresponding to a solution y of (93)
is on the form h, = (—y' — %'y)el + yes. Given two solutions yq, s,

, o o

Wa(hy,, b = al|(-y —— — (—yy — —
(hys y,) (= = —y)ye = (=% = —2)un (95)
/ /
= (y1y2 — y1vs) -
7.3. Complex and Hermitian structure. There is a natural way to
introduce a complex structure on a D-module (E, ).

Definition 7.3. Let (E,0) be a D-module in LODE. A complex struc-
ture on the corresponding equation is a d-invariant A-endomorphism
J € Enda(E)* such that

J? = —Idg

We may immediately deduce the following.
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Proposition 7.3. Denote A = C @g A. We may identify the it with
smooth complex valued functions in one real variable, C*(R,C). Given
(E,5) with a complex structure J € End(E)*.

(1) E is an ./T—module, which we may denote E, by the following
definition:

u(z) +i-v()e E u@) e+ v(z)- J(e) (96)

foru(z),v(x) € Aande € E. (2) If J is d-invariant, i. e. 0J = 0,
or, equivalently,
doJ = Jod.

Then
J* = J|ps : E* — E* (97)

is a complex structure on the vector space E7.

As a digression we may stop to note that J is actually a symme-
try of our base equation E that satisfies the extra condition J? = —1.
Symmetries and the corresponding symmetry equations will be discussed
extensively in section 8.

Proposition 7.4. Given a second order equation with complex structure

J, (E,6,J), its solution space E* is isomorphic to C as vector space,
and as a field.

Proof. We know that any basis of E# is generated by two linearly inde-
pendent solutions w1, us of the equation corresponding to (E, ). Written
in the primitive element basis of E the basis elements are on the form
hy = (—u' — agu)e + ude. Choose u = u,. We know that J(E#) C E#,
thus the linear independent set {h,,, J(h,)} is a basis of E#. Now,

¢ : E* - C

defined by
hy—1 and J(hy,) i

and requiring R-linearity, is an isomorphism of vector spaces. Defining
multiplication in E# accordingly by

h2 = h,,
hy - J(hy) = J(hy), and (98)
J(hy)? = —hy,

yields that ¢ is also a multiplicative homomorphism, i.e.

¢(h1 : h2) = ¢(h1) ) ¢(h2) )
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and thus

as fields by ¢. O

Definition 7.4. Given a D-module (E, ) with a complex structure given
by J € End(E)*, a Hermitian structure on E is a non-degenerate 0-
invariant 2-form H € (E*)®? which satisfies the conditions

H(z,y) = H(y, z)
and
H(Jz,y) = —H(z,Jy) = iH(z,y)
forallz,y € E.

Any Hermitian form corresponds to a pair g, w of Euclidean and sym-
plectic forms satisfying the relation

H=g+w.

In the next subsection we will see examples of equations with complex
structure and compatible Euclidean and symplectic structures, hence
Hermitian structure.

7.4. Second order equations with complex and Hermitian struc-
tures. Investigating when a second order equation

Y+ (ay) — ary = 0 (99)

has complex structure yields the following. Denote the corresponding
D-module (E,§), with primitive element basis {e; = e,es = de}. We
may identify End4(E) with E* ® E and write an endomorphism

J=Fi(z)e] ® e1 + Fy(x)e] @ es + Fi(x)es ® eq + Fy(x)e; @ es, (100)

or, in matrix form, J = e** MTe,

_|F1 F3
M, = {Fg FJ . (101)
Then
F2+ Py F3(F) + Fy)
M3 = ! : 102
g {F2 (Fy + Fu) Fi+FFy (102)
Requiring M2 = —I gives us four equations on the coefficients Fj, and

one immediate requirement is that F2 = F?. Splitting the problem into
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two cases we get the following classes of endomorphisms.
Class (A), characterized by Fy = F} :

J = {0 ﬂ (103)

Q=

where a = a(z) # 0.
Adding the requirement that 6/ = 0 gives four new equations, and for
F;-s as above they are reduced to

a(r) = —a? (104)
and
(105)
Class (B), characterized by F} = —F} :

J = [_ﬁTaz _ﬁa] , (106)

where @ = a(z) is any function, and § = f(z) # 0. The requirement
0J = 0 with F;-s as above is reduced to

_ BB-a)
ai(z) = T itz (107)
and
an(x) = % %. (108)

Theorem 7.5. There are two classes of second order equations that pos-
sess complex structure.

(A) For a(x) #0,

!/

(0%
y”+(gy)'+a2y =0,

with complex structure J determined by (103).
(B) For p(z) # 0 and any o(z),
B 2a(B-a) ] BB —a)

"

=0
3 1+ a2 Jy ’

with complex structure J determined by (106).

Corollary 7.1. The complex structures of class (A) and (B) as above
are symmetries of the respective equations.
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(i) For equation

/

y”+(%y)’+oz2y =0 (109)

of class (A), a # 0, the complex structure J acts on solutions
y(x) as follows

1., o/
Oy 1y — 2 :(a)y +(§)y- (110)

(ii) For equation
g 2aB-a). 1 B(B—da)

"5+ |+

of class (B), B # 0, any «, the complex structure J acts on solu-
tions y(z) as follows

aB(B—a)+ B(1+a? 1+ a?

L BB Bt (ta?)
B B

The class (A) equations are precisely on the form as equations with Eu-

clidean structure in Proposition 7.2. A compatible symplectic structure
is given by the defining 2-form

w(z,y) = g(Jx,y), (113)

where ¢ is Euclidean and J is the complex structure. The triple corre-

Jy =0 (111)

Oy

(112)

sponds to a Hermitian structure
H=g+w.

Theorem 7.6. The equation

/

y'+ (% y) +a’y =0 (114)
where o = a(x) # 0 has Euclidean, complez, symplectic and Hermitian
structures.

g=(e1)* + a’(e3)*, (115)
1

J=——e®e + ae;®ey, (116)
Q@

w= —aejNe;, (117)

H=g + iw, (118)

in matrix form,
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Example 7.2. The equation

y'+y =0 (119)
is on the form as in Theorem 7.6 for a®> = 1. We may take o = —1 and
get the standard complex structure with matriz

0 -1
J = .
i

Choosing o = 1 only alters the sign of J. The solution space is spanned
by u = cos(x), v = sin(z), which in turn determines the basis

Peos(z) =  sin(x)e + cos(z)de

120
J(heos(z)) = — cos(x)e + sin(x)de = hgn(a) (120)

of E* over R, and of E over A.

7.5. S, representations from Yang-Baxter solutions, examples.
Proposition 3.6 states that if we have a d-invariant group action into a
D-module, then the invariant elements of this action constitute a D-sub-
module, which in turn corresponds to a new ODE. In Theorem 3.2 we
saw that, given a D-module (F, ¢), any solution 7 : EQ F — E®FE of the
Yang-Baxter equation with the property 72 = 1 gives a representation of
S, into E®" for all n > 2. Recall that 7 being plus and minus twist gave
us sub-modules S*(E) and A\"(E) of E®™. The twist operation may be
used to construct other solutions of the Yang-Baxter equation.

Proposition 7.5. Given a splitting of a D-module E = Ey & E;, we
may introduce the following map on E®? given by a combination of
+ and — twisting:

f()(g>.g7,'_> gz®f07 7':07]-

T fl®90'_> gO®fi7 Z:071
fi®g— - ®fi

This T is a solution if the Yang - Baxter equation (30), and thus induces
a representation of the symmetric group S, into E®".
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Given a D-module (E, 0) corresponding to the second order equation
y" + (a2y) —ary = 0 (121)

with primitive element basis {ej, €2}, we may try to find a splitting of F
by means of an operator A : £ — E with the property

A =1,
such that E splits into two one-dimensional modules
E=Ey,®FE; =ker(A—1) @ ker(A+1).

Ensuring that the splitting preserves the D-module structure we require
that

0A=0. (122)
We get two classes of non-trivial splittings.
Class (1) consists of equations

/

Y+ (Sy) —aty =0 (123)
«
with « # 0. This equation splits non-trivially into
E = Ey@® E; = ker(A—1) @ ker(A+1)
for
* 1 *
A= ae2®el+ael®eg,
with By =< ng = aey1+e; >4 and By =< n; = —aey + e > 4. Restricting
0 to Fy and E; yields
oy = (O‘E/ +a)ny, and (124)

S = (% — ). (125)
This means that E# = {uny + vy = a(u—v)e; + (u+v)ey }
where v and v solve equations

/

(Eo,0): +(% +a)u=0 (126)
(Eq,0) : v’ +(%/ —a)v=0 (127)

respectively, i.e. sums of solutions y = u+ v give all solutions of equation
E.

But we also have an action into E® E of the symmetric group S, given
by 7 as in Proposition 7.5. Invariants of this action X2(E) = ker(1—1) C
E ® E is generated over A by

M=M®N , Y2=NX@N +11&n.
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Investigating derivatives we get that
o= (22 +2a) 1 (128)
072 = (2%’) "2 (129)
thus,
Y2(E) = My® M, C E®E,

where (M7, d) corresponds to the equation

/

W+ 20+ 2% = 0,
(6%

and (Ms, d) corresponds to the equation

/

@
! 2— = 0.
u 4+ ( a)u

On the other hand, we may take —7 to generate an action of Sy, and
Y2 _(F) =ker(r +1) C E® E is generated over A by
V3= @M, Ya="1o &N — 1 & No.

Taking derivatives we get that

S = (2% —2a) 7 (130)

e = (2% (131)
thus,

¥? (E) = Ms& M,

where (Ms, d) corresponds to the equation

/

u + (20 — QZ)u =0
a
and (My, d) corresponds to the equation
u' + (4a)u = 0.
We may sum up as follows:
E®FE = Y2(E)Y® Y2 (E) = My © My ® M3 ® My,
and

(E® E)# = {mam + mavy2 + mays + maya },

where m; solves equation M;.
Class (2) consists of equations
g jaB—a) 1 BB

y'+ (§+2(a2—1))y —myzo (132)
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with 0 #£ 0, a # —1, 1. It splits with respect to the operator
(1-a?)

B
into a direct sum E = Eq@ E; = ker(A—1)® E; as for class (1)-equations,
with By =< ng = fe1+(1—a)ey >4, and By =< 1y = e —(14+a)es > 4.
The corresponding equations are

A= ael]®e +Pe; e + €] ®ey — ey ® ey

Ey u’+< + (fa;;)))u ~ 0, (133)
Ei: v+ (E + ﬁ‘_ﬁf) v = 0. (134)

Thus
E#* ={uny+vm = Bu+v)e; + [(u—v) — afu+v)ey }
so solutions of equation E are y = (u — v) — a(u + v) for solutions u, v
of Fy, F;. Repeating the study of the representation of Sy into £ ® E as
for Class (1) equations yields that
S2(E) = Mie&M, C EQE

and

Y (E) = Ms® M, C EQE,
with

E®FE = Y2(E)e X2 _(E) = My ® My ® M3 ® M.

The modules M; correspond to the following equations

Myomy 42 (B Ym0 (135)
My: mhy +2(855) 4 S )me =0 (136)
My ml 42 ((@‘j{)) + %) ms =0 (137)
Moz my =88 (S5 + 5 ) mi =0 (138)

8. SYMMETRIES AND REPRESENTATIONS

In this section we study symmetries of equations, in particular through
symmetry operators. Section 8.2 contains results for linear operator sym-
metries, most of which is discussed in detail in [11]. The most important
addition to these results is the description on how this embeds into the
category LODE, through Proposition 8.3 and Theorem 8.2.

Symmetry operators are convenient tools for calculations with sym-
metries in D-modules, and are important to ensure full applicability of
solving strategies developed in Sections 9 and 10.
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8.1. Symmetry algebras and representations. In the category LODE
a symmetry of an equation (FE,¢) is an endomorphism of E which is 6-
invariant, that is an element

X € Endyu(E)* (139)

Such an X is simply a map of the module E into itself such that it maps
solutions to solutions,

X:E— E such that X(E#) c E# (140)

We thus arrive at a natural way to introduce symmetry algebras of equa-
tions in our picture, in terms of representation theory.

Definition 8.1. A Lie algebra g is a Lie algebra of linear symmetries of
an equation (E,0) € Ob(LODE) if there is a representation

p g — Endy(FE)
such that

plg)ed = doplg) , Vgeg,
i.e. p maps g into d-invariant endomorphisms of E,

p(g) C Enda(E)* .

Proposition 8.1. If g is a symmetry algebra of (E,0) with associated
representation p, then

p : g — Endg(E¥)
is a representation into the R-vector space E¥ .

We just need to recall that taking the kernel of § commutes with the
algebraic constructions in our category, End4(E)#* = Endg(E?), ref.
Proposition 3.2.

The consequences of combining Proposition 3.2 and Theorem 3.3 are
immediate, this enables us to make use of results from the rich theory of
representations of Lie algebras into vector spaces. In particular decom-
position theorems from the theory concerning semisimple Lie algebras.

8.2. Symmetry operators. Most of the results in this section concern-
ing theory of linear differential operators are found in [11].

Proposition 8.3 and Theorem 8.2 enables the incorporation of these re-
sults in the D-module perspective. In particular, Proposition 8.3 and
Theorem 8.2 explain precisely how a symmetry operator induces a 6-
invariant endomorphism of the relevant D-module, using the formula-
tions of Section 5, and determining its action on actual solutions of the
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equation. Let I still denote the ring of linear differential operators over
R.

Definition 8.2. A symmetry operator of an equation
Ly) = y® +ep(a)y™ D+ +e(z)y = 0 (141)
1$ a linear operator
A = bo(x) + by ()0 + ...+ b1 (2)0F! € K
with the property that there exists V € K such that
LoA=VolL. (142)

Note that A(ker L) C ker L, i. e. it maps solutions to solutions. Re-
mark: Recall the discussion in Section 6 on the jet space approach to
ODEs. Studying an equation (141) we make the following connection.
Associated to an operator A = by(x) + by (2)0 + ...+ by_1(x)0*! is the
function

fa = bopo+bip1 + ...+ bp_1pr—r € CF(E)

where £ % R is the linear subbundle in J*(R) corresponding to (141).
The function f solves the Lie equation for (141) and generates a shuffling
symmetry of the Cartan distribution C¢ on & C J*R if and only if A is
a symmetry in the above sense. See [3] for a more detailed discussion on
symmetries of Cartan distributions and their generating functions. We
denote the set of symmetries A by Sym(L).

Consider more generally

Y(L)y={PeK|3d3QeKsuchthat LoP=QoL}. (143)

Proposition 8.2. ¥(L) is

(1) an associative R-algebra with respect to composition of operators,
and

Lo(PioPy)=(Q10Qs)o0 L.

(2) a Lie algebra with respect to commutators of operators, and

Lo [P, Py] = [Q1,Qs] 0 L.

Lemma 8.1. For any P € K of orderl, L as in (141) there are uniquely
determined operators Cp and Rp in K, of order < | —k and < k respec-
tively such that

P=CpoL+Rp. (144)
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This is proved by induction and order arguments, as done in [11]. An
analogous argument shows that there are unique operators cp and rp
such that

P=Locp+rp. (145)

Theorem 8.1. For P € X(L) the remainder Rp from right division by
L as in Lemma 8.1 is an element of Sym(L). The map

R:¥(L) — Sym(L) with R(P)= Rp
induces

(1) associative R-algebra structure on Sym(L) by
m(Ar, Az) = Rajon,
(2) Lie algebra structure
[+, o 2 Sym(L) x Sym(L) — Sym(L)
by [A17A2]L = R[Al,AQ]

Proof. Let A € Sym(L) with associated operator V s.t. Lo A =V o L.
Decompose A = Ca o L + Ra according to Lemma 8.1, and likewise
V = Locy + ry by left division by L. Then the symmetry property
implies

Lo(cg —Cpa)oL = LoRx—ryolL.
If cg — Ca # 0 the left hand side is an operator of order > 2k, which
is impossible since the operator on the right hand side is of maximum

order 2k, whence ¢y = Ca and L o Ro = ry o L, which proves that
Ra € Sym(L). Statements (1) and (2) follow directly. O

In the category LODE we viewed symmetries of an equation E as o-
invariant endomorphisms of £. We will make the link between symme-
tries viewed as endomorphisms and symmetry operators in the following
way.

Proposition 8.3. Let E = Ey: be the factor D-module corresponding to
an equation
L(y) = 0.
A symmetry operator A € KC of the equation induces a d-invariant endo-
morphism A of E
A:E — E (146)

defined by

[X] — [X oV, (147)
where V € IC such that Lo A =V o L.
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Proof. Note primarily that right composition by V* is well defined with
respect to choice of representative modulo L' :

(X+AoLN oV = XoVi + Ao (Vol) =
= XoV '+ Ao (LoA) = XoV'+ (Ao A") o L".
Moreover, A is an A homomorphism, and obviously commutes with §:
(Ao d)[X] = [00XoV'] = (00 A)[X]
Thus, A € Enda(E)*. O

Theorem 8.2. Given a symmetry operator A of the equation L(y) = 0
the corresponding d-invariant endomorphism A : E — E acts as follows
when restricted to ker § = E# C E:

A X)) = [Xaw)]
where [X,] € E* is generated by a solution y of L(y) = 0.

Proof. We start by noting that for a representative X of a class [X] €
ker 0 there is an associated operator A such that

Do X = AolL". (148)

Recall from Section 4 on primitive element bases that a solution y of
L(y) = 0, generates an element [X,] € E# on the form

[X,] = Hi(y)e + Hy_1(y)de+ ...+ Hy(y)6* e +y s te,
that is, with a representative
X, = Hp(y) + Hy 1 (y)0 + ...+ Hy(y)0F 2 +yo* ! €k,

with primitive element e = [1], de = [0] etc. For choice of representative
X, the left hand side in (148) is of degree k with highest degree coeflicient
equal to y, whence the operator A is of degree zero, and equal to y, that
is 0 o X, = yL'. Further we know that

X,0oV' = X, +B o L' (149)

for some solution u of L(y) = 0, and some operator B. Again, applying
0 to this representative yields

do(X,+BolL')=(u+doB)o L.
But 9o (X, 0V = (00 X,)o V= (yL') o V! =y Al o L', whence
u+0oB=yA",
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ie. u + Bod = A oy. Collecting terms of degree zero yields precisely
that

u = Ay).
0

Remark: Certainly we wish to be able to calculate the action of A

directly for a known symmetry A, whence V* should be directly retrieved

from A. If we look to the condition (142) of A being a symmetry of the

equation L(y) = 0, we see the following: Recall that L = 0% + ¢,0* ! +
..+ cp. Let

A = A+ A0+ ... + A0
V = B+ B0+ ... + BLo" !

On the one hand we get

-1

LoA= (92’“1+2Akl+ak1Ac)]82kl1+Z¢k1Ac)8’”
=1 =1

where ay,_; depends on the coefficient functions ¢;(x) of L, and A;-s and

their derivatives for j > k — [. The functions ¢;_; depend on A;-s and

c;-s. Likewise,

k‘

-1

VolL=[BJ0* "+ [Br + BB, c)o* '~ 1+Z Vei(B, c)0*!

=1 =1

where, similarly f;_; depends on the coefficient functions ¢;(z) of L, and
Bj-s and their derivatives for j > k — [. The functions ¢;_; depend on
B;-s and ¢;-s. Thus, by setting L o A = V o L and collecting terms of
the same order in 0 we arrive at 2k equations. The first k£ equations
determine the B;-s in terms of Aj-s and ¢;-s:

(i) Bp =Ag
(11) Br—1 =Ap_1+ ax_1(Ax, c) — Bi(By, c)

(I+1) B =Ap+ api(Ap—ig1s - - A, ) = Bet(Br—i41, - - - » Bi, ¢)

(k) Bl :A1+a1(A27"'7Ak7c>_/61(327"'7Bk7c>

Starting with equation (i) and successively substituting into the following
equations we find the B;-s in terms of the coefficients A; of A, and the
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coefficients ¢; of L. Thus V, and subsequently A is derived directly from
A. The last k equations are the differential equations

(k+1) vea(Bc) = dpa(Ac)

(2k)  o(B,c) = ¢o(A,c)

that determine conditions on A;-s for A to be a symmetry, Lie equations
for L.

8.3. Skew- and self- adjoint equations. Note that the map
¢+ Sym(L) — Sym(L')

A — V! (150)

is an isomorphism. Whenever L is skew- or self-adjoint, i.e L' = L, we
note that

¢ : X(L) — X(L) (151)
and likewise
¢ : Sym(L) — Sym(L) (152)

gives us an involution on symmetries, ¢* = Id. Whence the ¥(L) and
the symmetry space decompose into

(L) = Bo(L) @ (L),
Sym(L) = Symo(L) @ Symi(L) ,

where

Yo(L) = {A|LoA = Ao L}, (153)

YW(L) = {A|LoA = -A'o L}, (154)
and Sym,(L) = X,(L) N Sym(L).
Theorem 8.3. Let L be skew- or self-adjoint. Then

Sym(L) = Symy(L) ® Sym4 (L)
1S a Zo-graded Lie algebra, i.e.
[Syma(L) , Symy(L)] C Symas(L)

a,b e Zs.
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8.4. Symmetries of second order equations. We will investigate in
detail the symmetry equation of a second order equations, using both
the operator approach and direct calculation in the module of endomor-
phisms of the equation, and thus illustrate both methods. Consider the
equation

Ly) = y"+ (ay) —ary = 0 (155)
Note that the corresponding module (F,4) has primitive element basis
{e1 = e, ey = e} with §%e = ase + azde. The module of endomorphisms
(Endy(E),d) may be identified with (E* ® E,J), and we may write a
general endomorphism

F = Fi(z)e] ® eq + Fa(x)e] @ ea + Fi(x)e; @ eq + Fy(x)e; @es. (156)
Thus

0F =0
if and only if the coefficient functions F; satisfy the system
(’L) Fll +CL1F2 —F3 =0
(Z’L) FQI +F1 +CL2F2 —F4 =0
y (157)
(1ii) F} —a1Fy —asFy +a Fy, =0
(’LU) Fi —CLlFQ +F3 =0
Adding (i) and (iv) yields
Fi=-F
Integrating, we get that
F4 = —F1 +c
for some constant ¢ € R. Denoting
= p(x) (158)
equation (i7) implies that
1
Fy=g(c—p' —ap), (159)
and thus,
1
Fi=3(c+ 9 +aw). (160
Finally, from (i) we get that
1
F3; = 5(—29" — (azp)’ + 2a1p) (161)

and (7i1) becomes

p" + (2d, — a5 — 4ay)p’ + (a — agal, — 2a))p = 0 (162)
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This may be summed up as follows. In matrix form, F' is given by
1., 1 1 / 1
M, — |gle—P —ap) @p 2((/@ p) +p") (163)
p s(c+p' + azp)
where p = p(z) solves equation (162) and ¢ € R. Note that this tells us
that, as a D-module,

Endys(E) = Ey® Ey
where (Ep, §) and (E1, 6;) are the D-modules corresponding to equations
s =10
and
p" + (2d, — a3 — 4ay)p’ + (a — agal, — 2d))p = 0

respectively. (Ep, dy) contributes with the trivial part of our invariant F,
the constant c. This part §(e] ® e; + e ® ez) only acts by multiplying
an element in F by 3.

Calculating the symmetry equation using the operator approach yields
the following. Our equation is given by

L:82+8a2—a1.

Recall that a first order linear operator

P =P + P0
is a symmetry of the equation Ly = 0 if there is an operator
Q= Q1+ Q20
such that
LoP=QolL. (164)

Setting L o P = () o L and collecting terms of the same order gives four
equations, of which the two first determine the functions )1 and @5 in
terms of P; and P,, as promised in Section 8.2 :

Q2 = P, (165)
Q1 = P1—aQy+2P 4+ ayPs, (166)

thus
Q1 = P+2PR (167)

The two last equations are
P2” + (CLQPQ)/ + CL1P2 + 2P1, + a2P1 — CLQQl — a1Q2 — 2@’2622 =
P+ (aaP1) + a1 Py — a3Qy — a1 Qs — a5Q1 — a1 Qs

0 (168)
0.(169)
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They become

P2” — (CLQPQ)/ + 2P1/ =0 s (170)
P+ ayP] — 2a, Py — 2a,Py — (ay +ay) =0, (171)
of which the first may be integrated to give us
1
P1:§(a2P2—P2’)+c (172)

for ¢ € R. Setting P, = p(z) we arrive at the following. Any symmetry
operator of equation (155) is on the form

1
P =c+ S(ap—p) + pd (173)
where p = p(x) solves
p" + (2ah, — a3 — 4a1)p' + (al — azal, —2a))p = 0. (174)

This equation is precisely equation (162), which we arrived at when con-
sidering endomorphisms of our equation.
Again,
Sym(L> = Symtr S Symeq

where Symy, is the trivial part, i.e P = ¢ € R, a solution of the equation
s =0.

There is another property to note from the non-trivial symmetry equa-
tion (162). It is the symmetric 2-power, S%(Ep), of the equation

Ly = 0* +W(x), (175)
where
1, 1,
Wi(z) = 50— 702~ ar. (176)

From Theorem 4.1 we know that if {u, v} is a set of fundamental solution
{u, v} of the equation

Lo(u) =0, (177)
then {u? uv,v?} are fundamental solutions of
S*(Lo)(p) = 0. (178)
Thus, we may produce symmetries from solutions of
1 1
u” + ( 5&’2 — Za% —a;)u = 0 (179)

by operators P2, P,, and P,.
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9. SOLVABLE SYMMETRY ALGEBRAS AND QUADRATURES

It is a general opinion that to solve an ODE by quadratures with
the use of symmetries one needs a solvable algebra of symmetries of
dimension equal to the order of the equation. In [3] it is shown that
knowing a solvable k-dimensional transversal Lie algebra of symmetries
of a kth order ODE (in general non-linear) one can find the general
solution by quadratures. In this geometric approach the method consists
of finding a complete set of first integrals of the Cartan distribution of the
equation by integrating closed 1-forms and solving functional equations,
where the solvability of the algebra is crucial to recover the appropriate
1-forms.

Our approach here is somewhat different, and we shall see that whether
we are able to solve an ODE directly by quadratures is not dependent
on the order of the equation or the dimension of its symmetry algebra,
but rather on eigenvalues of symmetries viewed as endomorphisms of the
corresponding D-module. Thus it may happen that a single symmetry
is sufficient to solve an equation, conditions for this are stated in in
Theorem 9.1.

In Theorem 9.7 a sufficient condition for an equation with a solvable
symmetry algebra to be solved directly by quadratures is given, with no
requirement on the dimension of the algebra.

9.1. Decomposition of equations by eigenspaces of symmetries.
We begin this section with a result that should be kept in mind whenever
working with symmetries of equations. It is not limited to any particular
type of symmetry algebra, and even states that a single symmetry may
be enough to solve an equation by quadratures, regardless of order of the
equation, the only factor being eigenspaces of the action of the symmetry.
Given an equation (E,d) with a symmetry X € End4(E)*, for A € R
denote

Eyx={heE|X(h)=M}, (180)

For a non-empty E), we call A a eigenvalue of X.
Proposition 9.1. E, is a sub-D-module of E.
Proof. E) is obviously a sub-module of E. For h € F,
X(0h) = 6(X(h)) = §(Ah) = X-0h
since X commutes with ¢, thus §(E)) C E), and E) is a D-module. . [

The rank of the module F) over A we will call the multiplicity of .
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Theorem 9.1. Let (E,0) be a D-module of rank n, and X a symmetry
of E. If X has n distinct eigenvalues A1, ..., \,, all of multiplicity 1,
then

E=E\®.. 0k, (181)

and E 1s solvable by quadratures.

Proof. The E), are all non-empty by definition, and are sub-D-modules
of E/. Since the eigenvalues are distinct, the E;-s don’t intersect, and
they span the whole of E, since there are n. Each E), corresponds to
a first order equation which is identified by applying d to an arbitrary
element w; € E),. If dw; = ow;, then the corresponding equation is

/
u; +ou; = 0

and elements e; = w;w;, where the u; solve the E) -equations span the
solution space E7 C E. 0

The Theorem describes a situation where we get a maximal decompo-
sition of the module F by pure algebraic calculations, due to the fact that
multiplicities equal 1 for all eigenvalues. We may encounter situations
where we have eigen-module decomposition of F with multiplicities of
eigenvalues larger than 1.

Theorem 9.2. Let (E,0) be a D-module of rank n, and X a symmetry
of E. If X has k distinct eigenvalues A1, ..., g, of multiplicities m;
respectively, with Zle m; = n, then

E=E,®.. ®E,. (182)

Proof. The E), are non-empty, non-intersecting sub-D-modules of E.
The sum of their ranks over A equals the rank of E, thus they span
the whole of £ and their direct sum equals E. OJ

Note: Knowing a decomposition of £ as in Theorem 9.2 corresponds
to knowing a set of equations of lower order whose solution spaces span
the solution space of the original equation. Assume that we know a
decomposition of £ into modules E)_, i.e. we know a set of “eigenvectors”
{w], ..., w%j} in ' that span E},. TQ identify the equation corresponding
to (Ey,,0), simply apply d to the w]. If
dw = Aj(z)w’
for some matrix A;(z), then the corresponding ODE is the m; x m;

system
ff+ATf =0 (183)
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If E, i =1,...,m; are solutions of the respective (£),,0) systems, then
E7# is spanned by

E# = SpanR{ﬁ-ij, i=1,.,m;, j=1,..,k} C E.

9.2. Solving and decomposition procedures for solvable alge-
bras. We turn to study D-modules (E,§) with a solvable symmetry
algebra. Following the nature of solvable Lie algebras, we shall describe
a procedure whose aim is to identify a chain F; C FE;_; of sub D-modules
in F of codimension 1 at each step so as to solve the total equation by
combined algebraic operations and quadratures. We begin by recalling
the Lie Theorem for representations of solvable Lie algebras.

Theorem 9.3. (Lie) Let g be a solvable Lie algebra over a base field
F, char(F) = 0 and F algebraically closed. Given a representation
g — Endp(V), V # 0 a finite dimensional vector space over F, there
exists a mon-zero v € V' such that it is a common eigenvector for the
whole action of g. I. e.

p(g)(v) = Ag)v, Vgeg
for a weight A € g*.

As seen earlier, structures on the vector space level V = E# can be
lifted to the D-module E, due to Theorem 3.3. To apply Lie’s Theorem
in full generality we need the base field, F', to be algebraically closed,
so if needed we may assume that we work with C-valued smooth real
functions, ie with Ac = C®(R,C) = C ®g A, 04, being the usual
derivative in x. The analogue of the Lie Theorem for D-modules then
reads as follows.

Theorem 9.4. (D-Lie) Let g be a solvable algebra under the conditions
in Theorem 9.3, and a symmetry algebra of (E,J), a D-module over
(Ac,0a.). Then there exists § € E and X € g* @ C such that

p(9)(B) = Ag)B, Vgeg.

Proof. Applying Lie’s Theorem to the representation
p:g— Endc(V),

with V = E7, ensures that there exists an element v € V which is
a common eigenvector of the dual representation, with a corresponding
A€ g"®C. Any multiple 5 = f(z)v € E, f(z) € Ac satisfies g(f) =
A(g)B, the action of g being linear in functions. O
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Definition 9.1. Given a symmetry algebra g of an equation (E, &) with a
corresponding representation p : g — Enda,(E). An element A € g*®@C
such that the associated sub-module

Ex={BeE]|pg)B)=Ag)8 Vgeg} C E (184)

is non-empty, is called a weight of the representation. The rank of E)
over Ac is called the multiplicity of \, and E) the associated eigen-sub
module.

Proposition 9.2. For a weight A\ of a representation of a symmetry
algebra g of an equation (E,0), Ey is a sub-D-module of E.

Proof. The proof is almost identical to the proof of Proposition 9.1. E)
is obviously a sub-module, and 0(E)) C FE) since

p(g)(6h) = d(p(g)(h)) = 6(A(g)h) = A(g) - 6h
for any g € g, h € E). Thus F, is a D-module. O

The next step will be to recognize that the existence of a common eigen-
vector of the dual representation of g into E* ensures that there exists a
sub-module E; C E of codimension 1.

Corollary 9.1. There exists « € E* and X € g* ® C such that
p(g)(a) = Ag)-a Vgeg.
If the multiplicity of A, i. e. ranka EY, is 1, then
E' = kera C F (185)

is a codimension 1 sub-D-module of E, which is stable under the repre-
sentation of g.

Proof. The existence of « follows directly from Theorem 9.4. kera =
Ann(EY) is a sub-module in E, due to the Ac-linearity of o : E' — Ag.
Also,

< a,p(g)h >=<p*(g)a,h >= Ag) <a,h >, (186)
so p(g)(kera) C ker « for all g € g. EY is of rank 1, so a spans Ef, with

o(a) = f(z)a
for some f(z) € Ac. By definition
da=ao0d—0dox

so, combining the two yields

a(dh) = (6a)(h) +d(a(h)) = (f(x)+d)(a(h)).
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Whence, h € ker « implies that §(h) € ker a, thus ker o is a D-module.
O

Theorem 9.5. Given a D-module (E,0) with a sub-D-module
E'CE

of codimension 1 for which we know a full set of solutions. Then we can
solve the whole of E by quadratures.

Proof. Let hy,...h,_1 € E* be a basis of E'. Pick any element h, €
E\E', 6h, =", fi(x)h;. For a general element s =Y . | s;(x)h; € E

we get
n

ds = Z(S; + fisn)hi .

i=1
Thus s = 0 if and only if

Sll + flsn =0

8/2 + fQSn =0

s+ fusn =0
i. e. s, = —f;uv where v solves the last equation, v' + f,v = 0, and
{s,h1,...,ha_1} C E* is a basis of the whole module E over A. O

So, if we have a procedure for stepwise identifying sub-modules of
codimension 1, starting with £; C E, we can solve the equation by
quadratures.

Theorem 9.6. Let (F,0) be a D-module with a solvable Lie algebra of
symmetries. Then there exists a filtration of E by sub-D-modules

OCE,C...CEs,CECFE,

where E; 1 C E; is of codimension 1 at each step.

Proof. Applying Lie’s Theorem for vector spaces to the dual representa-
tion

P g — Endc(V7)
ensures that there exists an element v* € V* V* = (E*)#, which is

a common eigenvector of the dual representation, with a corresponding
A€ gt ®C. It is clear that

Vi=kerv*CcV
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is a sub-space of codimension 1 of V. Denote by E; the sub-module of
E generated by kerv* C V* over Ag,

By = {Zfz(l")’l/z | fi € Ac,v; € kerv™ } .
The module Ej is in fact a D-module, since 6(E;) C Ey, by

5(2 fivi) = Z(fi’vi+fi5vi) = Zfilvi SO
for a general element > fiv; in Ej.
Moreover, F, as well as ker v*, is stable under the action of g:

< v p(g)(w) >=<p (g, w>= Ag) <v*,w>,

so w € kerv* C V implies that p(g)(w) € kerv*, for any g € g. The
Ac-linearity of v* gives the same result for Ey, thus the representation of
g restricts to E). Repeating the procedure n = rank(F) times, starting
with Ej, proves that the desired filtration exists. O

Note to Theorem 9.6: Theorem 9.6 merely says something about
the existence of such a filtration, it uses the underlying vector space
V*, which is of course, in general unavailable to us, since knowing it
corresponds to having solved the equation in the first place. In practice
we will always work with the representation into the module E. The main
obstruction in this algorithm to reduce the problem to quadratures, is
to get codimensions 1 for the desired sub-D-modules with pure algebraic
tools.

Theorem 9.7. Let (E,0) be a D-module of rank n with a solvable sym-
metry algebra g. If there are n distinct weights A1, ..., A\, of multiplicity
1 of the dual representation of g into E*, then a filtration

OCE,C...CE;CE,CE, codim(E; CE;_1)=1,
can be found directly, whence E can be solved directly by quadratures.

Proof. Given a filtration of sub-D-modules as above, Theorem 9.5 ex-
plains how to stepwise solve E by quadratures, starting with the first
order equation F,. To find the filtration, start with an arbitrary eigen-
value \; of the dual representation, find E} = {a € E*|p*(g)(a) =
A1(g)() }, and take £ to be the annihilator of EY in £,

E, = Ann(E}) = {e€ E|a(e) =0, Ya € E}, }.

The D-module Ej is of codimension 1 in £. An arbitrary remaining \;
will produce a sub-D-module £} with E} N E} = 0. We may choose
Ao, and take

E, = Ann(E})) C E; C I,
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which is again necessarily of codimension 1 in ;. Repeat for the remain-
ing eigenvalues, and get the whole filtration. U

10. EQUATIONS WITH SEMISIMPLE SYMMETRY ALGEBRAS

Semisimple algebras are popular in representation theory, as there is
a general theory on how to decompose representations of semisimple Lie
algebras into irreducible representations, and up to isomorphisms more
or less everything is known about irreducible representations for the clas-
sical (semi)simple Lie algebras. By using Theorem 3.3 we are now ready
to transfer results on representations of Lie algebras into vector spaces,
to D-modules and ODEs. We find that for a number of equations with
semisimple symmetry algebras we obtain solvability by algebraic meth-
ods. An algorithm to decompose and solve equations is provided.

10.1. General results for semisimple symmetry algebras. Some
results from representation theory of Lie algebras into vector spaces de-
pend on having an algebraically closed base field, as seen in the section
on solvable algebras. This problem occurs whenever we encounter eigen-
value calculations; to be able to say something about roots of character-
istic polynomials in general, we need algebraic closure of the coefficient
field. And this is certainly a crucial part of studying representations of
semisimple algebras, where calculating roots and weights is more or less
the whole trick. Thus, we may, as in Section 9, choose to work with
modules over complex valued functions, Ac = C*(R,C) = C®g A, with
04, being the usual derivative in real variable x.

Let g be a semisimple algebra (over C whenever algebraic closure of
the base field is necessary), and R(g) the associated Grothendieck ring
of isomorphism classes of finite dimensional vector space representations

of g.

Definition 10.1. Denote by D(g) the ring of isomorphism classes of D-
modules with a semisimple symmetry algebra g. We shall refer to D(g)
as the symmetry ring of g.

Let wy, ..., w, be a set of fundamental weights for g, and let I'y, ..., T",
denote the corresponding isomorphism classes in R(g) with highest weights
w1, . ..,wy. Recall the following result from the theory of representations
of semisimple Lie-algebras, see e.g. [4].

Theorem 10.1. The representation ring R(g) is a polynomial ring in
the variables I'y, ..., T,.
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Combining Theorems 10.1 and 3.3 we immediately get the following.

Theorem 10.2. For a semisimple Lie algebra g the symmetry ring D(g)
is a polynomial ring in classes of D-modules Ey, ..., E, such that for
eachi=1,...n EZ# 1s isomorphic to T'; as a g-space.

We will call D-modules Ey, ..., E, generators of D(g).

Corollary 10.1. Let (E,0) be a D-module with a semisimple algebra of
symmetries g. Then E s isomorphic, as a g-module, to a polynomial
P(E;) in generators Ey, ..., E, of D(g).

An equation that corresponds to an irreducible representation I';, as-
sociated to a highest weight w; of g as above we will call a model equation
for this symmetry algebra.

10.2. sl; equations. Representations of the Lie algebra sly(R) has a
special place in the view of symmetric powers of second order equations,
given that all irreducible representations of sl (IR) are isomorphic to sym-
metric powers of the standard two dimensional representation.

10.3. Schrodinger equations. Equations on the following type we will
denote as being of Schrodinger type, with potential W (z).

y' 4+ W(x)y=0 (187)

It is self adjoint, hence the corresponding module F is isomorphic to £*.
Conditions for

A:a1+a26

to be a symmetry operator of (187) are by direct calculation found to be
that ay solves

AW + 2z =0 (188)

and that a; = _Ta,? Thus symmetries are given by generating functions
that solve (188), i.e.

!/

A, = —% +ad, a€Sol(188)

In Section 8.4 we studied the symmetry equation of general second order
equations in detail. Recall that the non-trivial symmetries of an equation
Ly = 0 were generated by solutions of the equation S?(Lg) where

1 1
L0:82+(§a'2—1a§—a1)
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For a Schrodinger equation (187) as =0, a; = =W (x), so
Ly =0 —a = +W =L (189)
Theorem 10.3. For a Schrodinger equation
Lly) = y"+Wy =0 (190)

the symmetry equation is its second symmetric power, i. €.

/

Sym(L) = {A, = —% +ad | asolves S*(L)(z) =0}

where
S?(L) = 0 + AW + 2W' (191)
Moreover,
Sym(L) = sl (192)

as Lie algebras, where the Lie bracket operation in Sym(L) is the com-
mutator of symmetry operators.

Proof. The calculations in Section 8.4 and discussions above prove that
Sym(L) = S*(E)# = Sol(188). Sym(L) is a Lie algebra with respect
to commutators of operators, as discussed in Section 8.2, on symmetry
operators. To prove that it is isomorphic to sl3(R) one may calculate
symbolically with a set of fundamental solutions of (188), using differen-
tial relations, and get the desired result. However, the proposition that
follows enables us to prove this in yet another way. O

Proposition 10.1. The commutator of symmetry operators in Theorem
10.3 corresponds to the following Lie bracket (-,-) on the solution space
of the symmetry equation (188), given by

(A, Ap] = A (193)
which yields simply
{a,b) =ab' —d'b
for a,b € Sol(188). Denote the equivalent Lie bracket on S*(E)#
[, ] ¢ SAE)* x SAEE — S*(BY (194)
where
(00, Op] = Ol (195)

for elements 0,,0, € S*2(E)* generated by solutions a,b of (188). The so-
lution space of (188) is isomorphic to sly(R) with respect to this bracket.
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Proof. Calculating the commutator [A,, A,] directly gives precisely the
formula (a,b) = ab/ — a’b. Theorem 4.1 asserts that solutions a, b of the

2 uv,v? where u,v

S%(E)-equation are linear combinations of solutions u
are linear independent solutions of the Schrodinger equation. Whence,
we may calculate all brackets of elements from a basis {u?, uv, v?} of the

solution space of the symmetry equation (188), and will find that as a

Lie algebra it is isomorphic to sly(R). O
Corollary 10.2. The Lie bracket |-, -] on S?*(E)* in Proposition 10.1
extends by A-linearity to a bracket

[, ] : S*E) x S*(E) — S*(E) (196)

with respect to which (S?(E),d) is a D-Lie-algebra.

Proof. Theorem 3.3 states that S?(E)# spans S?(E) over A, thus the
bracket extends in a well-defined way by A-linearity to S?(E), with the
Lie-bracket properties intact. We need only check that [-, -] commutes
with 0 in accordance with Definition 3.3. Let X = f161,Y = f20,5, with
fi € A, 0; € S2(E)*. Then

[ X, Y] = o[ fiby, faba] = 6( fif2[01,02])

(f1f2) [01,02] + f1f20[601,0,]

= (fifo+ fifs) [01,02] = [fib1, f20:] + [ f161, f30:]
[6(f161), faba ] + [ f161,0(f262) ]

[0X,Y |+ [X,6Y]

whence S?(E) is a D-Lie algebra. O

10.4. Symmetric powers of a Schrodinger equation. We shall see
that the Schrodinger equations have special properties. From our ba-
sic equation we can derive a whole hierarchy of new equations S*(E).
Throughout this section we will work with S*(E*), choosing to work
with the dual module E* merely simplifies calculations, and generates
exactly the same equations as the module F.

In Section 4 symmetric powers of second order equations were discussed
in some detail. Let (F,¢) be the D-module corresponding to

y'+Wy=0 (197)

with basis {e}, €5} dual to the primitive element basis of E. As before,
denote the induced basis of S*(E*)

{og = (e (ep)™ 1=1,....k+1} (198)
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For Schrddinger equations with a; = =W (x), as = 0 we get that

0 : Q) = (/{5 —1 + 1)W04l+1 — (l — 1) (7] (199)
forl=1,...,k+ 1. For a general element
k41

0 = Z a(x) o (200)

in S*(E*), the requirement 50 = 0 results in the system of £+ 1 equations
g+ (k—s+2)Wgs 1 — sgsi1 = 0 (201)

s=1,...,k+1. Thus, for Schrodinger equations Proposition 4.2 has the
following form.

Proposition 10.2. For each k the kernel S*(E*)# consists of elements

k-+1
0, = yai + y'as + Z aly)a; , y e Sol(k) (202)
=3
where .
g = m[(k—u?))W-gl_g + g/4] (203)

for 1 = 2,k + 1, where gg = y solves the S¥(E*) equation, i.e. the
equation in y we get from setting

5, = 0
for 6, on the form (202), with g;-s expressed in derivatives of y.
Fix (k) below to denote the equation S*(E*). They are of the form
y' +Wy=0
y" + AWy +2W'y =0
y@ + 10Wy" + 10W'y + (W2 + 3W")y =0
y© 4+ 20Wy" + 30W'y" + [64W2 4+ 18W" )y’ + [64W W' + 4W "]y = 0

and so on. Focusing on the hierarchy of symmetric powers of Schrodinger
equations we shall now see that the bracket operation on S?(E*) extends
to the whole hierarchy. The bracket in Corollary 10.2 can be obtained in
a different way.

Proposition 10.3. Let (E,d) be the D-module corresponding to the

Schrédinger equation (197). The equation corresponding to its second
. 2/ .

exterior power, (\"(E*),9), is

v = 0.
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that is, Q = ey N\ eg is d-invariant. Here {eq, ey} is the standard prim-
itive element basis of E. Moreover, ) determines a d-invariant skew-
symmetric, A-linear bracket operation on E* defined by

(61, 02] = (61 N by, Q)
for 01,0, € E*.

Proof. The skew-symmetric form Q = e; A e, € A*(E), is in the kernel
of 4:

0 = ea Ney+ep A (CL161 +CL262) = age1 N\ ey = 0

since a; = —W,ay, = 0. The bracket is thus d-invariant and obviously
skew-symmetric and A-linear, due to the properties of €. U

Proposition 10.4. Given a D-module (E,§) corresponding to an equa-
tion of Schrodinger type as in Theorem 10.3, there is a unique skew-
symmetric bracket
[+, ] S™(E") x S™(ET) — S™ (B
for all m,n > 1 which is
(i) A-linear.

(iii) Forn =m =1 the bracket coincides with the bracket in Proposi-
tion 10.3.

Proof. Given the bracket operation in Proposition 10.3 the properties
(1) — (i7) determine its extension to symmetric powers S™(E*) x S™(E™).
O

We immediately observe that {2 being d-invariant implies that so is the
extended bracket |-, -]. Thus, it restricts to kernels of d-s as follows.

Proposition 10.5. The bracket operation in Proposition 10.4 restricts
to kernels (S*(E*))# = S¥(V'), where V = (E*)¥. The bracket

[« ]2 S™M(V) x §"(V) — S™TE(V)
has the properties

(i) R-linearity
@) [f-g,h]=f-lg,h]+g-[f, ], VfigheS{V)

This is obviously equivalent to a bracket on the solution spaces of the
symmetric power equations,

[, -] :Sol(m) x Sol(n) — Sol(m +n — 2)
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with
[9y7 ez ] = e[y’z]

for solutions y,z of S™(E*) and S™(E*) equations respectively. This
means that solutions of the S?(E*) equation (188) produce symmetries
of all equations S*(E*), and not only E*.

Theorem 10.4. Any solution a € Sol(S?*(E*)) produces a symmetry
Op = [0a, -]+ S™(E) — S™(E")
The corresponding symmetry operator is
O = O : Sol(m) — Sol(m) (204)
with the correspondence

O (By) = Bom)

The precise expression is

om — %( —md +2a0) (205)

for any m > 1,a € Sol(S?(E*)). Due to Theorem 3.3 we know that two
linearly independent solutions
u,v € Sol( E*) = basis {6,,0,} CVof E* over A (206)
Hence, for any k£ > 1,
{O0p1y = 0100} c SH(V), 0<I<k (207)

is the basis of S*(E*) over A corresponding to the fundamental set of
solutions

uF Tt e Sol(k), 0<I<k

It is now easy to calculate the action of the symmetries

oy =0k, OF=0F O =0k (208)

uv

on basis elements 6,x1,: just in terms of brackets of the generating func-
tions.

Theorem 10.5. For any k > 1 the symmetries of S*(E*)
1 1 1
X, = —Q—Co’g, X = 2—Co’f and H = Eog

where ¢ = (u,v) € R constitute a basis of the sly(R)-algebra of symme-
tries = Sol(ii) with commutators

X, X |=H, [H X,]=2X,, [H X_]=-2X_
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Hence, S¥(E*) decomposes into rank 1 sub-D-modules corresponding to
different eigenvalues of H

SHE*) = (Bur)a ® (Bur10)a ® ... S (0u)a
—k,—k+2,....k—2k
Proof. The commutator relations are calculated directly in terms of the
brackets
[0, u?] = —dcuv , [uv,v?] =2c0?,  [uw,u?] = —2cu?
and knowing the form of the operators OF from (205). Furthermore,
HOr) = (20— k)i

for 0 <[ < k. Certainly

Xy @ Big\(H) — Eigr2(H)

X_ : FEig\(H) — Fig\_o(H)

where Figy(H) denotes the eigen-submodule of H corresponding to the
eigenvalue . It is generated over A by the eigenspace in S¥(V) of H. [

Theorem 10.6. A D-module (E,0) with a representation of symmetries
5[2(R) — EndA(E)

is decomposable into a direct sum of D-modules

E= éE
=1

where each E; is an irreducible subrepresentation of E. Moreover, each
E; is isomorphic to S™ (M;) as a D-module and as an sly(R)-module, for
a rank 2 D-module M;.

Proof. The representation of symmetries into E restricts to a representa-
tion of sly(R) in the R-vector space V = E# C E, hence it decomposes
into a direct sum of representations

where the V; are subspaces of V' such that restricted to V; the represen-
tation is irreducible. But any irreducible representation of sly(R) into
a vector space of dimension n; (< 00) is isomorphic to the (n; — 1)th
symmetric power of the standard two dimensional representation, i.e.
each V; & S™~1(1V;), where dimg(W;) = 2 for all i. Recall that the
symmetries commute with § in F, hence F; = A -V}, the A-module gen-
erated of V; over A. Due to Theorem 3.3 the vector space isomorphism
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V; = Sm=HW;) lifts to an isomorphism of D-modules F; & S™i (M),
where S™ (M;) is generated of S™ (W;) over A.
U

Corollary 10.3. Let (E,0) be a D-module with an sly(R) algebra of
symmetries as in Theorem 10.6. If the irreducible slo(R)-modules E; in
its decomposition are of distinct ranks, then the equation corresponding
to E can be solved by algebraic operations and quadrature.

Corollary 10.4. Let (E, ) be a D-module with an sly(R) algebra of sym-
metries as in Theorem 10.6. If there are irreducible slo(R)-modules E;
of ranks my,...,my > 1 in its decomposition, then the obstruction to
solve the equation corresponding to E by algebraic operations and quad-
rature is k first order systems of ODFEs, with size my X mq, ..., mg X my
respectively.

See Subsection 10.5 for a detailed account on how to decompose and
solve sly(R)-equations.

Example 10.1. A Schrodinger equation
y'"+W(x)y=0
is a model equation of sly(R).

10.5. Algorithm to solve sl;(R)-equations. The calculations preced-
ing Theorem 10.6 tell us how we should approach sly(R)-modules in order
to find its complete reduction, identify sub-D-modules M; as in Theorem
10.6, and eventually solve the original equation. Theorem 4.1 tells us
that

Solutions of M; = Solutions of S%(M;) = Solutions of F

An outline of the algorithm is as follows. Step 1  Given an sly(R)-D-
module (£, §) as in Theorem 10.6, find a basis { X, X_, H} of its sly(R)-
algebra of symmetries that satisfies the commutator relations in Theorem
10.5. Calculate the eigen-sub-modules £}, in E corresponding to weights
{A1,..., \x} of the diagonal element H. This yields a decomposition

E = @i‘g:lEAi

such that
and

X_ EM — E)\i72

The rank of E), over A is the multiplicity of the weight \;, which we
denote m;. Given a decomposition of F as in 10.6, then the values of the
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weights are precisely integers A\; = 2j —n;, 0 < j <mn;, ¢ =1,...,m.
Step 2  Identify all A\;-s of multiplicity m; = 1. For each weight \;
of multiplicity 1 any non-zero w € E,, with X, (w) = 0 generates an
irreducible sly(R)-module in £

(X™M(w) & ... & (X_(w)) & (w), (209)

where n; is the smallest integer such that X" (w) = 0. Moreover, this
is a sub-D-module in E, and it is isomorphic to S™(M;), for a rank 2
“Schrodinger” module M; as a D-module and a sly(R)-module. Recall
from Theorem 10.5 the structure of symmetric powers of a Schrodinger
equations:

S™(M;) = (Buri)a @& (Oyni—1,)4 ® ... B (Opni)a,
for a fundamental set of solutions u, v of the Schrédinger equation corre-
sponding to M,;.
To identify M; take the fraction of the last coefficients in w and X_(w)
respectively. It is a fraction

a=- (210)

of fundamental solutions of the M;-equation. Denote the potential of that
equation by W (x). Differentiating and using the differential relations

W+ Wy =0, " +W(x)v =0 (211)
yields the following expression for W
W =+ (212)

where
In(a)” — (Ina/)?

2 Ino’

v = (213)
For w = f(x)0,, 0w = f'(z)w, so from dw/w we get n = (In f)’. Inte-
grating, we get

f=elm (214)

and the last coefficient of w/f is v* from which we deduce v. Then,
u=v/a. Step 3  “Remove” the irreducible sly(R)-modules in Step 2
from the module F, i.e. work in their complement in E. For each weight
A denote the complement in E) of these sub-modules by E,\. If there are
weights of “remaining” multiplicity 1, i.e. mnk(E)\) = 1, repeat Step 2
for those weights. Identify the weight with highest integer value, denote
it A, and its remaining multiplicity m > 1. We still have that a non-zero
w € E, with X, (w) = 0 generates an irreducible sly(R)-module in E,
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but we are no longer guaranteed that this is also a sub-D-module. If w
in addition satisfies the condition

w = f(z)w, (215)

then it generates a sub-D-module in E as in Step 2. Given a basis
{wy,...,wy,} of E\ , applying ¢ yields

w = A;w (216)

for some matrix A; with coefficients in A. Solving the corresponding first
order system

N+ ATh=0 (217)

is the obstruction to identify the sub-D-modules that are irreducible
sly(R)-modules, as obtained in Step 2 above. Repeat for highest value
weights successively to get the decomposition of E.

10.6. Schrodinger equations with shared symmetries. Returning
to a base equation with potential W (x)

y'+ W(x)y=0 (218)

we may discuss, as is done in [11], which potentials share a symmetry
A, = —%l + 20, z being a solution of the symmetry equation (188). Let
Wo(z) be a potential of an equation with symmetry A, fixed z. Then
W, is a particular solution of the symmetry equation viewed as a first
order equation for W (z):

AW +2W =0 (219)

Integrating the separable homogeneous equation yields that equations
with potentials on the form

c
227

W(x) = Wy(x) + ceR (220)

share the symmetry A,. Recall also that a fundamental set of solutions
{u,v} of the base equation (218) with potential Wy(z) generate a fun-
damental set of solutions {u? uv,v?} of the symmetry equation (219),
hence all equations with potentials

C

W(z) = Wo(z) + (221)

(cru? 4 couv + czv? )2

where ¢, ¢; € R such that the denominator in the fraction is non-zero, are
integrable (by quadratures).
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Example 10.2. Let Wy = 0, {u = a3 + asx, v = by + bax}. Then
equations with potentials
c

W:

(cru? + couv + c3v?)?
are integrable in quadratures, symmetries Nyz, Nyy and A2
Example 10.3. Let Wy = w?, with {u = cos(wx), v = sin(wz)}. Then

equations with potentials

c
W =uw?+

(c1 cos?(wz) + ¢o cos(wz) sin(wz) + c3sin?(wx))?

are integrable in quadratures, symmetries

Acos2 (wz) s ACOS(U.)LE) sin(wx) and Asin2 (wez)

or, equivalently

Ala ACos(2wm) and Asin(2wx)

This is a way to generate new integrable base Schrodinger equations
from simpler ones, with shared symmetries, which we may in turn take
symmetric products and direct sums of and arrive at new solvable higher
order equations.

10.7. Model equations for sl3. Recall that Schrodinger equations are
precisely the equations of order two that have the standard d-invariant
“volume form” Q = e; Aey € A?(E)#, which in turn corresponds nicely to
the fact that sly(R) is connected to the preservation of a volume form on
a two dimensional space. We may expect that the geometric properties
of the classic Lie algebras are reflected in the associated model equations.
A search for model equations for sl3 should thus point us towards third
order equations with a d-invariant standard volume form. A third order
equation

y" + Ay + fala)y + fs(z)y =0

with associated D-module (£, §) has invariant volume forms on the form
g(2)Q2 € A3(E) for any g(z) € A that solves

9+ [i(z)g =0
Hence any third order equation on the form
y" + f(2)y +g(x)y =0

has an invariant standard volume form Q = e; A ey Aes € A3(E). A
sub-example of the above third order equations is a general skew-adjoint
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equation
" / 1 /
y' = f@)y =5 @)y =0. (222)

For L = 0% — f(2)0 — 1 f'(z) Sym(L) decomposes into

Sym(L) = Symgy & Symy

thus we may split calculation of symmetries to consider Symgy and Sym,
separately. The symmetry equations separate into

/

P =fp=5p=0 (223)
s® —5fs" — 175 f's" 4+ (47 — g s+ Aff —fMs=0  (224)
in the sense that
Symo(L) = {A) = —p' +pd | psolves (223) }, and  (225)
Symy (L) = { Al = (%” — %fs) — %/8 + s0* | ssolves (224) }
(226)

We recall the graded structure of Sym(L) from Section 8.2, and note
that the commutators

[Ag’A(q)] - A?p,Q}oo (227)

AL A = Al (228)

AL AL = Ay, (229)

induce the following structure on the solution spaces of the symmetry
equations:

{p,q}o0 = pd' —r'q (230)

{s,p}or = 2sp" — p (231)

1 1 2
{s,w} = g(s”’w —w"'s) + Z(s’w” —s"w') + gf(sw' —s'w)  (232)
where
{ Ty }ab : SOla X SOlb — SOla+b.

The Symg-equation (223) is equal to the original equation Ly = 0, which
is again the second symmetric power of the Schrodinger equation (233)

Bly) = y" - ify =0, (233)

whereas the Sym;-equation (224) is both the second symmetric power of
(223) and the fourth symmetric power of (233). This observation makes
calculations of the symmetry algebra easier, as we may do them in terms
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of powers of solutions to the basic Schrodinger equation (233). For any
set {u,v} of independent solutions of (233)

2 2

{u? uv,v*} and {u*,v’v,u?v? w? v*}

are independent solutions of (223) and (224) respectively, and generate a
full basis of Sym(L). Considering the commutators of functions asserts
that
Sym(L) = sl

and that the subalgebra Symo(L) C Sym(L) is isomorphic to sly(R).
Its action on Sym, is precisely as described in Section 10.2 on sly(R)-
equations, of S?(B) into S*(B). For g = sl3 the representation ring R(g)
is generated by V and A*(V) = V*, where V = F? F =R or C denotes
the standard (matrix) representation.

Theorem 10.7. Equation (222) with corresponding D-module (E,6) is
a model equation for the standard representation of sl3. (E*,§) =
(AN*(E),0) also correspond to equation (222).
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