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ABSTRACT. The Weil bundle T2 M,, of an n-dimensional smooth man-
ifold M,, determined by a local algebra A in the sense of A. Weil carries
a natural structure of an n-dimensional A-smooth manifold. This allows
ones to associate with T* M, the series B"(A)TAM,, r = 1,...,00, of
A-smooth r-frame bundles. As a set, B"(A)T*M,, consists of r-jets of
A-smooth germs of diffeomorphisms (A", 0) — T*M,. We study the
structure of A-smooth r-frame bundles. In particular, we introduce the
structure form of B"(A)T*M,, and study its properties.

Next we consider some categories of m-parameter-dependent mani-
folds whose objects are trivial bundles M, x R™ — R™, define (general-
ized) Weil bundles and higher order frame bundles of m-parameter-de-
pendent manifolds and study the structure of these bundles. We also
show that product preserving bundle functors on the introduced cate-
gories of m-parameter-dependent manifolds are equivalent to generalized
Weil functors.

1. INTRODUCTION.

The Weil bundle T*M,, of a smooth manifold M, corresponding to a
local Weil algebra A was introduced by A.Weil [40] as a generalization
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of the bundle T9 M, of (m,q)-velocities of C.Ehresmann [6]. Various
aspects of geometry of Weil bundles were studied by P.C. Yuen [43], [44],
L.-N. Patterson [26], A. Morimoto [23], A.P. Shirokov [30], E. Okassa [25],
I. Kolér [12], M. Doupovec and I. Kolar [4], A.Ya. Sultanov [35], J. Munoz,
J. Rodriguez, and F.J. Muriel [24] and other researchers.

Studying product preserving functors on the category of smooth ma-
nifolds, D.J. Eck [5], G.Kainz and P. Michor [10], and O.O. Luciano [19]
proved that such functors reduce to Weil functors T*, which assign to a
manifold M,, their Weil bundles T4 M,,. In a series of papers [20], [15], [13]
I. Kolar and W.M. Mikulski clarified the structure of product preserving
and fiber product preserving bundle functors on the category of fibered
manifolds. A. Kriegl and P.W. Michor [16] studied product preserving
functors of infinite dimensional manifolds.

A.P. Shirokov [29], [30] discovered that the Weil bundle T4 M,, carries
a natural structure of an n-dimensional manifold over the algebra A, that
is, a manifold whose local coordinates take values in A and coordinate
transformations are A-smooth in the sense of G. Scheffers [28]. Natural
structures of manifolds over algebras arise also on semitangent bundles
studied by V.V.Vishnevsky, [37], [38]. Extensive lists of references on
the subject can be found in [30], [14], [37], [38], [34].

The bundle T»M,, is naturally associated with the principal g-frame
bundle B?M,, whose structure group is the differential group G, where
q is the height (order) of A. The A-smooth structure of T*M,, implies
that T®M,, can be considered as a bundle with structure group D,,(A),
so-called [31], [34] A-affine differential group. In the case of tangent
bundle T'M,,, this group is the group of affine transformations of R". In
[2], it was shown that D,,(A) appears as a natural structure group of the
(generalized) Weil bundle T A(M,, xIRY), £is the width of A, over an object
of the category of trivial bundles M, x R’ — R’ with smooth mappings
M, x R* — M x R’ projecting into the identity mapping id : R — R’
as morphisms. T*(M, x RY) — M, x R’ is defined as the bundle over
M,, x R of A-velocities of smooth sections R¢ — M,, x Rf. Note that
Weil bundles of type T*M x R and natural affinors on such bundles were
studied by M. Doupovec and L. Kolaf in [4].

This paper is devoted to the study of higher order geometry of Weil
bundles considered as manifolds over algebras and to the study of geome-
try of (generalized) Weil bundles over m-parameter-dependent manifolds
M, x R™,

In Section 2, we recall necessary notions and results from the theory of
Weil bundles and smooth manifolds over Weil algebras. We also describe
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here the category M f™ of m-parameter-dependent smooth manifolds
and outline some results from [3] concerning the structure of product
preserving bundle functors on M f™.

In Section 3, we study the structure of the bundle B"(A)T* M, of A-
smooth r-frames over the Weil bundle 7% M,,. We construct the structure
form ©" of B"(A)T*M,,, study its properties, and derive the structure
equations of B"(A)T*M,. In particular, it is proved that a local diffeo-
morphism of B"(A)T* M, which maps the structure form O into itself
coincides in a neighborhood of every point with the prolongation of a
local A-diffeomorphism of T4 M,,.

In Section 4, we study the structure of product preserving bundle func-
tors on the category M f{I' whose objects are the trivial fiber bundles
M, xU — U, where M, is a smooth manifold and U is an open subset of
R™, and whose morphisms are the smooth mappings M, x U — M’ x U’
which project into translations of R™. It is proved that each such func-
tor is equivalent to a (generalized) Weil functor 74 determined by a Weil
algebra A and a constant section o : R™ — TAR™,

Section 5 is devoted to the higher order geometry of manifolds from the
category M fir'. We construct the principal r-frame bundles E’“(Mn x U)
associated with a manifold M, x U from M f', define the structure form
of B(M,, x R™), prove that a local diffeomorphism of B"(M,, x U) which
maps the structure form into itself is the natural prolongation of a local
isomorphism from the category M f[”', and derive the structure equations
of B"(M, x U). We also construct connections in B"(M, x U) and the
associated connections in the Weil bundles TA(M, x U).

2. PRELIMINARIES.

2.1. Weil algebras. A finite-dimensional commutative associative R-al-
gebra A with unity 1, is called a local Weil algebra or, briefly, a Weil
algebra [40], [14], [34] if it has a unique maximal ideal m = m(A) con-
sisting of all nilpotent elements of A and the quotient algebra A/m is
isomorphic to R.

The dimension ¢ of the quotient algebra m/m? is called the width of A.
The natural number ¢ defined by the relations m? # 0, m?™! = 0 is called
the height or the order of A. The ideal m is generated by every collection

of elements {7%}, a = 1,..., ¢, such that the collection of residue classes
{7% + m?} is a basis of m/m?. Following V.V. Wagner [39], we will call
such a collection {7}, a =1, ..., ¢, a pseudobasis of m (and of A). Every

element X of A can be represented in the form of a linear combination
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of products of powers of pseudobasis elements: X = Z\qp\:o X,7P, where
p = (p1,...,pe) is a multiindex of length ¢, |p| = p1 + -+ + pe, 7 =
(Thypr (TP, 70 =1,

A Weil algebra A of width ¢ and height ¢ is isomorphic to a quotient
algebra of the algebra R[[t!,... t!]] = R({,00) of formal power series
in ¢ variables t',...,t’ with coefficients in R. The mapping ¢ which
assigns to a formal power series Zﬁ:o a,t? (as above, p = (p1...,pe) is
a multiindex) the element ZT:':O a, 7" € A is an epimorphism of algebras,
and A = R(¢, 00)/ker . The epimorphism of algebras ¢ : R(¢,00) — A
induces the epimorphism of the modules of n-tuples ¢ : R(¢, 00)™ — A",
which, for simplicity, is denoted by the same symbol .

2.2. Weil bundles. Let M, be a smooth (C* differentiable) manifold,
and let f : (RY,0) — (M,, ) be a smooth germ. In a local chart (U, h)
on M,, where h: U > x+— {2' = hi(z)} € U' CR", i=1,...,n, to the
jet 7 f of f there corresponds the jet j*°(ho f) which can be considered
as the collection of n jets j*°(h' o f) or formal Taylor series of the germs
hio f. Therefore, j(ho f) can be considered as an element of the module
R(¢,00)". The jets j*f and j*g of germs f,g : (R*,0) — (M,, ) are
said to be A-equivalent if p(j*(ho f)) = @(j>®(h o g)) or p(j>*(h o
f—hog)) =0. A-equivalence of jets j°f and j*g does not depend
on the choice of a chart (U,h) and is an equivalence relation on the
set JO°(RY, M,,) of co-jets of smooth germs from R to M, at zero (see
[34], [14]). The equivalence class of a jet j*°f is called an A-jet or an
A-velocity on M,, and denoted by j*f. On the set T*M, of A-veloci-
ties on M, there arises a natural structure of a smooth manifold. The
natural projection 7 : T*M, — M, which assigns to the A-velocity of
a germ f : (R%0) — (M,,x) the point x € M, turns the manifold
TAM, into a fiber bundle over M, called the Weil bundle. A smooth
mapping g : M,, — M, induces naturally the mapping of Weil bundles
TAg : TAM, — T*M}, j*f — (g o f). The correspondence T* which
assigns to a smooth manifold M, the bundle T#M, and to a smooth
mapping ¢ the mapping 7"¢ is a functor from the category of smooth
manifolds to the category of fibered manifolds. The functor T is called a
Weil functor. The Weil functor T depends on the choice of a pseudobasis
in A (or on an epimorphism ). The choice of another pseudobasis gives
an equivalent functor.

A chart (U, h) on a manifold M, induces the mapping h* : 771(U) —
A", 2 f = p(3%(ho f)), which defines an A"valued chart (7=1(U), h*)
on the bundle T4 M,,, and the C*° atlas {(Uy, ha) }aca on M, induces the
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C* atlas {(771(Uy), h2)}aea on T2 M,, defining on T*M,, a structure of
an A-smooth manifold modeled on the A-module A" [34]. In the case of
manifolds R and R", this leads to the natural identifications [34], [33]

TAR=A, T*R"=A" (1)
In what follows, as a rule, the maximal ideal m = m(A) of a Weil
algebra A will be denoted by A. By A™ we will denote the submodule
in A" consisting of all elements with components belonging to ,10& On
the identifications (1), the fibers T*R and T2R™ of the bundles TR and
TAR™ are identified with the ideal A and the submodule 1&” respectively.
The mapping h* maps the domain 7=1(U) onto U’ x 10&” C A" As
this takes place, the fibers of T®M, are mapped bijectively onto the
submodule ;&” Thus, T* M,, is a locally trivial fiber bundle with standard
fiber 1&” The bundle T#M,, is naturally associated with the g-frame
bundle BYM,, [42], [14], [34] of M,, whose elements are the g-jets of germs
of diffecomorphisms (R™,0) — M,,. The structure group of BYM,, is the
differential group G¢ consisting of the ¢-jets of germs of diffeomorphisms
(R",0) — (R",0). The group G4 acts on the left on A" = TAR™ as
follows: if j9p € G4 and j4f € TER™ are determined, respectively, by
germs ¢ and f, then

GI X TER™ 3 (%, j*f) v jlp 0 5 f = j2(p o f).

Thus, to the bundle T»M,,, there is naturally associated the sequence of
principal bundles of higher order frames

3
T

M, & B, SEoprag,
d g+1 a2

L BOM, S BT, < — BRM,, (2)
where B*M,, is the bundle of infinite order frames, the limit of the
projective system M, <« B'M, « B?M, « ... endowed with the
corresponding structure of an infinite-dimensional smooth manifold in
the sense of Bernshtein-Rozenfeld [1]. The bundle B*M,, is formed by
the infinite order jets of germs of diffeomorphisms (R",0) — M,,. The
group G:° consisting of the infinite order jets of germs of diffeomorphisms
(R™,0) — (R™,0) acts naturally on the right on B®M,,.

2.3. The structure of A-smooth mappings. Let U C A" be an open
subset. A smooth mapping F: U C A" — AF is called A-smooth if the
tangent mapping Tx F': TxU = A" — Tpx)AF = A* is A-linear for any
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X € U. Let {e,}, a=0,1,...,k, eg = 14 =1 € R, be a basis in A,
v the structure constants of A with respect to the basis {e,}, and let
Xt = glte, F' = fibey i =1,...,n, i =1,...,k, be expansions of
elements of A in terms of {e,} written in accordance with the standard
summation convention. A mapping U 3 {X'} + F"(X?) = f7%(2'%)e, €
A is A-smooth if and only if it satisfies the Scheffers conditions ([28];
34,(2.6); [33], (10))

Oiaf"" =L,00f"9, where O, f"" = 0f"/0x™. (3)

For an A-smooth function F(X?), the partial derivatives OF/0X* with
respect to the variables X are defined, and (see [34], [33])

OF0X" = 0F/0z". (4)

An arbitrary A-smooth mapping F': U C A" — A* is of the form [34],
[33]

1 prfl o
Z_:_IDP ’ (5)

wherep = (p1...,pn) is amultiindex of length n, XP = ()0(1) . ()O(”)p”
X € A denotes the component of X € A in accordance with the decom-
position A = R@A, and f: U 3 {2/} — {y" = f(2)} € A¥ is

smooth mapping projectable with respect to the canonical &"—foliation
on U generated by the projection 7 : A™ — R"™. If U is a simple open
set [22] for the canonical &”—foliation, i.e., the preimages of points from

7(U) under the projection 7 : A" — R™ are connected, then A-smooth
mapping F : U — A* prolongs uniquely to an A-smooth mapping

F o Yx(U)) — Ak, (6)

In this case, we have f = (F|r(U)) o .

This implies, in particular, that every A-smooth germ F : (A", 0) — A*
is defined along the whole fiber ;&", i.e., it is an equivalence class of A-
smooth mappings defined on neighborhoods of the form 7=1(U), where
U are neighborhoods of zero in R™. For any two germs of A-diffeomorph-
isms F) : (A", 0) — (A”,)O(), Fy: (A" 0) — (A”,;’), where X,Y € A",
the composition Fy o Fy : (A", 0) — A™ is well-defined.

The mapping F : U C A® — AF defined by (5) is called the A-prolon-
gation (analytic prolongation [34]) of f: U — AF.

Similar relations hold for A-smooth germs of the form

F:(T*M,, X) — (T*M,,Y).
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Every such a germ is defined along the whole fiber T2 M, where z =
7m(X), and is the A-prolongation of a smooth germ f : (M,,z) —
(TAM],Y). In terms of local coordinates, the germs f and F are given,
respectively, by equations y* = f¥(z%) and (5).

2.4. The category of m-parameter-dependent manifolds M f™.
In [3], the following category M f™ of m-parameter-dependent manifolds
was considered. The objects of M f™ are the trivial fiber bundles p : M, x
R™ — R™, where M, is a smooth manifold. The morphisms of M f™
are the commutative diagrams of the form

M, x R™ —L = M! x R™ (7)
| |’
R"™ ———> R™
In terms of local coordinates (z,t%), i = 1,...,n, a = 1,...,m, on

M, x R™ and (27,t%), ¢ = 1,..., k', on M}, x R™, a morphism (7) is
given by equations % = f¥ (2% 1%), t* = t°.

The category FM™ of m-parameter-dependent fibered manifolds is
defined as follows. The objects of FM™ are the commutative diagrams

q lid

ManmLRm

where pr : £ X R™ — R™ and p : M,, x R™ — R™ are objects of M f™.
The morphisms of FM™ are the commutative diagrams

f

E xR™ - B/ x R™
Sy
M, x R™ M, x R™
) ®)
id

o R™ id R™
L2

RrR™ RrR™

The base functor

B: FM™ — Mf™
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is defined as follows:
ExR™ ——R™
| | — (LxE" R, (D) -T
M, x R™m ——= R™
The functor
e:FM™ — Mf™
which erases the fibered structure is defined as follows:
EXxR™ ——R™
| | — ExR-RY. (GHe
M, x R ——= R™
Note 1. Objects of the category M f of smooth manifolds can be consi-
dered as fiber bundles of the form M,, — {pt}, where {pt} = R is a fixed

one-point manifold. With this in mind, we will identify the categories

Mf and MfO,

Every smooth mapping v : R™ — R™, by means of the pullback
construction [14], defines the functor R, : M f™ — M f™ which acts on
morphisms as follows:

Ry (f(z,1)) = f(z,7(t)).
Such functors satisfy the relation
R% © Rw = Rwo% . (9)
In particular, the mapping
t:{pt} = R™ {pt}—teR™
defines the functor R; : M f™ — M f which acts on objects and mor-
phisms, respectively, as follows: R,(M, x R™) = M,, R(f : M, X
R™ — M| x R™) = (f|s : M,, — M],). The action of these functors on
objects is the same for all t € R™:
Ri|obmsmy = Rolobasm
where Ry is the functor corresponding to ¢ = 0.
The mapping pt : R™ — {pt} defines the functor R, : Mf — M f™
Ry (M) = M, x R™,  Ry(f)=f xid,
which embeds M f into M f™.

A covariant functor

F:Mf™ — FM™ (10)
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satisfying the prolongation condition B o F' = idym is called a prolon-
gation functor.
To a prolongation functor (10), one can associate the functor

Foy: Mf — Mf defined by
Fy=RpoeoFoRy.

A prolongation functor (10) is called a bundle functor if it satisfies
the following localization condition (see [14] for the case of the category
Mf): it V. C M, is an open subset and i : V x R™ — M,, x R™ is an
M fm-inclusion, then Fy(V) x R™ = 73,/ (V x R™) and F(i) : 7} (V x
R™) — Fy(M,,) x R™ is an F M™-inclusion (for brevity, we indicate only
the upper rows of the diagrams).

The action of a bundle functor F' on objects can be written as follows:

F()(Mn) X R —— R™
F: (M, xR"™ —=R") +—— l l/id
M, x R™

Rm

2.5. Products in the category M f™. The product of two objects C}
and Cy of a category € is defined [17] to be a triple (P, pry, pry) consisting
of an object P and two morphisms pr, : P — C}, pry : P — Cy of €
satisfying the following property: for any object D and any morphisms
fi: D — Ciand fy : D — Cy, there exists a unique morphism f : D — P
such that f; = pr;of and f, = pryof, i.e., the diagram

pry pra

Cl 02 (11)

is commutative.

In [3], it was shown that the triple (R (M,, x M}.), Ryt (pry), Rpt(prsy))
is a product of the objects p; : M, x R™ — R™ and ps : M x R™ — R™
of the category M f™.

2.6. Product preserving bundle functors on the category M f™.
Let € and & be arbitrary categories. A functor F' : € — & is called
[14] a product preserving functor if, for any product (A4, pry,pry) in the
category €, the triple (F'(A), F(pr,), F(pry)) is a product in the category
P.

Let M f x R™ denote the subcategory of M f™ whose class of objects
coincides with that of the category M f™ and whose morphisms are of the
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form f xid : M, x R™ — M] x R™, where f : M, — M is an arbitrary
smooth mapping. The restriction of a bundle functor £ : M f™ — FM™
to the subcategory Mf x R™ is denoted by F : Mf x R™ — FM™. If
F preserves products, then F also preserves products.

The following theorem has been proved in [3].

Theorem 1. Let F' : Mf™ — FM™ be a product preserving bundle
functor. Then the functor F : M f xR™ — FM™ is naturally equivalent
to an m-parameter family of Weil functors TAW

A product preserving bundle functor F : Mf™ — FM™ is uniquely
determined (up to a natural equivalence) by an m-parameter family of

Weil functors T*® and a collection of functions R™ 3 t — g’“(t) €A (1),
a=1,...,m, which gives a section R™ — A(t)™ x R™.

For exact definitions of the notions of m-parameter families of Weil
algebras and Weil functors, see Section 4.

In addition, in terms of local coordinates, the morphism F(f) has
equations of the form
q .
. . 1 olptslfi o o
Y'= f'(x,t — P(S(t))°. 12
e ) (12)

p+s=1

Equations (12) can be rewritten as follows:

, , a Ip a sl fi o o
i S 1 G -

W

sl Ots

s=1

where

~ , 4 sl fi o
Pt = fan+ Y S 2 G wr

whence it follows that the restriction of F'(f) to the fiber over t € R™ is
an A(t)-smooth mapping.

3. PRINCIPAL FIBER BUNDLES OF A-SMOOTH FRAMES ON T%M,,.

3.1. The bundle B"(A)T*M, of A-smooth r-frames on T*M,. An
A-smooth frame of order v (an A-smooth r-frame) on T*M,, is the r-
jet of a germ of A-diffeomorphism ® : (A" 0) — (T*M,, X) [32]. The
set B"(A)T*M,, of A-smooth r-frames on T*M,, is an A-smooth prin-
cipal fiber bundle over T*M,, and the canonical projection 7" (A) :
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B"(A)T*M, — T*M,, is an A-smooth mapping. Since every A-smooth
germ @ : (A" 0) — (T*M,, X) is uniquely determined by its restriction
o = ®R" : (R",0) — (T*M,, X), to an A-smooth r-frame j"® there
corresponds bijectively the r-jet 57 € TR TAM,  where R(n, ) is the
algebra of truncated polynomials of degree < r in n variables. Taking
into account the natural equivalence of the functors TR o T4 = T4 o
TRewr) =2 TReN®A (23] [14], [32], we obtain the natural identification
B"(A)TAM, = TA(B"M,) and the natural embedding of B"(A)T*M,
into TROWI®ANT as an open subset, whence it follows that the bundle
BT(A)T*M,, carries a natural structure of a smooth manifold over the al-
gebra A @ R(n,r). Under the identification B"(A)T*M,, = T*(B"M,),
to the zero section 0 : B"M,, — T*(B"M,,) there corresponds the natural
embedding

v B"M, 3 jgf — jo(T*f) € B"(A)T* M, (13)

where f : (R",0) — (M,,x) is a germ of diffeomorphism and T4f :
(A", 0) — (T*M,,z) is the A-prolongation of f, a germ of A-diffeo-
morphism.

The structure group of the principal bundle 7" (A) : B"(A)TA*M, —
TAM,, is the Lie group G7(A) of r-jets of germs of A-diffeomorphisms
(A", 0) — (A", 0), which is isomorphic to the Lie group TAG" [32].

Thus, in addition to the sequence of principal bundles of higher order
frames (2), there is associated to T M,, the sequence of principal bundles
of A-smooth frames

7T1 7'('2 7'('3
M, O prayriag, T prayriag, Y

o) rr)

B'(ATAM, "—" .. —— B®(A)T*M,, (14)
where B*(A)T*M,, is the bundle of A-smooth frames of infinite or-
der, the limit of the projective system T*M, <« BY(A)T*M, « ...
endowed with a structure of an infinite-dimensional smooth (and A-
smooth) manifold in the sense of Bernshtein-Rozenfeld [1]. Let 72°(A) :
B®(A)T*M, — BT(A)T*M, denote the canonical projection. The
bundle B*®(A)T“M,, consists of all infinite order jets of germs of A-
diffeomorphisms (A", 0) — T»M,. The differential group G°(A) con-
sisting of all infinite order jets of germs of A-diffeomorphisms (A" 0) —
(A" 0) acts naturally on the right on B> (A)T*M,,.

In what follows we will need to consider simultaneously elements of the
manifolds T* M,, and B"(A)T* M, whose coordinates are elements of the

algebras A and A ® R(n,r) respectively. For this reason, we introduce
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the following notations for elements of the algebras A and A®R(n,r).
An element X € A has the representation X = x + X where z eR

and X S A in accordance with the decomposition A = R @ A An
element X € A ® R(n,r) can be represented in the form X = z +

)% + )?', where € R, )O( € 10&, and )*( e A® ]f%(n, r), in accordance
with the decomposition A®@R(n,r) = R@A@A@]ﬁ(n, 1), it can also be
represented in the form X = x+).(, where x € R and ).( = )%+)? e m(A®
R(n,r)), in accordance with the decomposition A@R(n,r) = R&m(A®
R(n,7)), m(A @ R(n,r)) = ADA® f&(n, r). According to the above
introduced notations, the coordinates X of an element X of TASR®M) pf
(in particular, of an element of B"(A)T*M,,) are represented as follows:

X =2+ X' + X =2+ X" (15)
Using the standard basis {e}, p = (p1,...,pn), |p| = 0,1,..., 7, in the
algebra of truncated polynomials R(n, ), where €? is the residue class
of the monomial ¥ = (t')P* ... (t")P» from the algebra R[[t!, ..., t"]] =
R(n,o0), one can also represent an element X € A ® R(n,r) as follows:

X=X+X=Y X, where X=a+X, X,cA (16)
|p|=0

The expansions of the coordinates X' of an element X of TA®RM) pf
corresponding to (16) is of the form

X =X+ xi= ZX;,@)&”, where X;EA. (17)
p|=0
3.2. The Lie group G/ (A). By the definitions given above, the group
G"(A) is the fiber (77(A))71(0) of the bundle 7"(A) : B"(A)TAR" —
TAR"™. Therefore, the standard coordinates {x'}, i = 1,...,n, on R"
induce the globally defined coordinates ZieA® m(R(n,r)) on GI(A).
In accordance with (17), the coordinates 7 can be represented in the
form
7= Z Zy @eP, where Z) €A, det(Z)) ¢ A. (18)
Ip|=1
In terms of these coordinates, the composition Y = X o Z in G (A) is
written in the form
Y=Y X, 7" (19)

Ip|=1



HIGHER ORDER GEOMETRY OF WEIL BUNDLES 65

The same formula (19) also gives the right action
Ry : B"(A)T*M, >X —Y = Rz(X) € B"(A)T*M,, (20)

of G"(A) on B"(A)T*M,, in terms of the local coordinates X =+
X'+ X on B’ (A)TAM, induced by local coordinates x* on M,,.

Proposition 1. i) The Lie group G}, (A) is isomorphic to the Lie group
of A-linear automorphisms of the algebra A @ R(n,r).

ii) The Lie algebra g (A) of G (A) is isomorphic to the Lie algebra of
A-linear derivations of the algebra A @ R(n,r) with bracket

[Dl, DQ] = D2 (¢] D1 - D1 e} DQ. (21)

Proof. Passing to the r-jets in the composition F'o GG of A-smooth germs
G : (A", 0) — (A", 0) and F : (A",0) — TAM], where M} is an arbitrary
k-dimensional smooth manifold, we obtain, similarly to (20), the right
action of G” (A) on TA®RMT) A

TAEROI N 5 GT(A) 3 {X, Z} — Y = Ry(X) € TARMI A (22)

In terms of the local A ® R(n,r)-coordinates X =+ + X'+ X" on
TAERM7) MY induced by local coordinates 2 on M}, this action is given
by the equations (19): }ﬁi’ = er\:l X;’ %p. In particular, taking as
Mj, the field of real numbers, we obtain the right action of G7(A) on
TASRMIR 2 A ® R(n, r):

A@R(n,r)x Gr(A) > {X,Z} —Y = Rz(X) € A®R(n,r), (23)

{x+)%+)?,§i}H{x+)O(+ZXp§p}. (23")
Ip|=1

Let X = j"F, Y = j'F,, and Z = j"G, where F| : (A", 0) — A,
Fy: (A",0) — A and G : (A",0) — (A", 0) are A-smooth germs. Then
(F14 F3)oG = F1oG+Fy0G and (Fy-Fy)oG = (F10G)-(Fy0G). Passing
to r-jets, we obtain (X +Y)oZ =XoZ+YoZand (X-Y)oZ =(Xo
Z) - (Y o Z). Thus, the action (23) of Z € G7(A) on A ® R(n,r) is an
automorphism of A ® R(n,r). A fixed element X € A C R(n,q) ® A can
be considered as the r-jet of the constant mapping F} : (A", 0) — A. In
this case, the relation (Fy - F3) o G = (Fy o G) - (Fy o G) takes the form
(X -Fy))oG = X-(Fyo@). Therefore, (X-Y)oZ =X-(Y 0Z), and so

Rz is an A-linear automorphism. This fact also follows from (23').
Let now h: A®R(n,r) — A®R(n,r) be an arbitrary A-linear auto-

morphism of A ® R(n,r). The ideal ‘& of A, considered as a subset
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of A ® R(n,r), generates the ideal A® R(n,r) of A ® R(n,r). The
quotient algebra A ® R(n,r)/ A® R(n,r) can be identified with R(n, r).
The ideal A ® R(n,r) is invariant under A-linear automorphisms of A ®
R(n,r). Therefore, the automorphism A induces an automorphism of

R(n,r). Hence it follows that h acts on the generators €, i = 1,...,n
of the algebra R(n,r) C A ® R(n,r) being the residue classes of the
monomials t*, i = 1,...,n, as follows:

h:e s Z o, ®e” +a', where o) €A, det(a}) ¢ 1&, o € A. (24)

Ip|=1

Denote & = 37, a, ® ¥ and &' = &' + o', Since & = 0 and a” = 0

for |p| > r, it follows that, in (24), o’ = 0. Thus, h(e') = 7€ A®
m(R(n,r)) and, for an arbitrary X = ZTM:O X, ®@e? € R(n,q) ® A,
X, € A, we have h(X) = er‘zoXph(sp) = er\zo X, 7P = Rz(X),
where Z = {Z'} € G"(A) C (A ® m(R(n,q))". Thus, h = Ry, and the
first statement has been proved.

To prove the second statement, we need to find the fundamental vector
fields of the action of G7 (A) on TA®RM") /.

Consider first a more general situation. Let F': T4M, — T*M] be an

A-smooth mapping. The composition of the r-jet j"F with r-jets of A-
smooth germs (A", 0) — T*M,, defines the A ® R(n,r)-smooth mapping

FA@R(n,T) . TA@R(n,r) Mn N TA@R(n,r) M]; (25)

In terms of the local coordinates induced by local coordinates on M,, and
M, the mapping FA®R(") has the form (5):

r+q
LDV () o,
+|Z|: 0 X (26)
p|=1

where f7(27) are the A-valued functions which give the restriction of F
to the zero section M, C T*M,. Using the partial derivatives of the
A-smooth functions

Dpf’ (27) o
F? X] )+ XP
( I; p! "~ Dap
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which give the mapping F' in terms of local A-coordinates, one can rewrite
(26) in the form

-/

1 DPFi'(X7) »

X =F (X')=F'(x9) P 27
x) = +|Z|:1p, oy X (27)
P
where
Dsz"(Xj) B DpFi'(Xj) B Dpfi'(a:j) zq: 1 Dpﬂfi,(a?j) 0
DX~ Dz Dap o st Darve

Let X € TASRMN AL and let X € TA®RM) M be the image of X under
the mapping (25). The mapping

TFA@R(TL,T) . TTA@R(TL,T)M” N TTA@R(H,T)M]; (28)
of the tangent bundles induced by (25), in terms of local coordinates,

is given by the equations X' = Fil(yj) of the form (27) and by the
equations

—t afil—j aFil : 1Dp+jFi/ op | 777
V=5V = an+ZHDXp+jX v (29)

lp|=1
The coordinates V° of a tangent vector V. € TTASRMI M, - as well as
the coordinates of elements of TA®R™) M are of the form V=i —H;j ,
where V/ € A and V7 € A ® m(R(n,7)).

If V7 = 0, then the elements V7 are the coordinates of a vertical vector
on the bundle TA®RM™M N[ — TAM,, i.e., of a vector tangent to the fiber
TEPROT N1 In the case V3 = 0, the summands in (29) corresponding to
Ip| = r + 1 are equal to zero. Therefore, the mapping VT T4@RMr) M,
of the vertical tangent spaces is defined by the r-jet 5% F'.

Letting now in (28) X be the identity e = j5(idsn) of the Lie group
Gr(A) C TR An ¢ TASRMIRY and Y be an arbitrary element

Y =jiF, F:(A"2T*R"0)— (T*M,,Y),
of the bundle TA®R™) V! we obtain the mapping
T,FAR0) - T.GT(A) 5V, v Vy € TETAER0) ) (30)

which assigns to an element V. of the Lie algebra g7 (A) = T,G" (A) the
vector Vy being the value at Y of the fundamental vector field V of
the action of G”(A) on TA®R™) M corresponding to V.. To find the
equations of a fundamental vector field V' on TA®RMT M in terms of



68 G.N.BUSHUEVA AND V.V.SHURYGIN

local coordinates, we let )*( P = ¢P in equations (29), which determine the
mapping (30). Then we obtain

r—1
VYY) =]+ (+ )Y, ")V, (31)
Ip|=1

where in', Y;;j € A, and it is supposed that the sum is taken over the

index j. In particular, the fundamental vector fields on B"(A)T*M,, are
of the form

r—1 r—1
VIX) = (Xi+ ) (o + DX WVe= (o + D)X, eV (32)
lp|=1 |p|=0

In the case M; = R, k = 1, formula (30) determines the fundamental
vector fields of the action of the group G7,(A) on the algebra A @ R(n, ).
Let V. € T.G"(A) be an element of the Lie algebra g’ (A), and let v :
(R,0) >t — ~(t) € G"(A) be a germ of curve such that (dv/dt)|y = V..
By (30), the value of the fundamental vector field V on A ® R(n,r)
corresponding to V. at a = j"F € A®R(n,r), F : (A",0) — A, is of
the form

_ _ . d
Via)=V,="T.j F(Ve)za

Applying (33) to the product a; - as € A @ R(n, ), we obtain

(7" Fo
0

(FA®R(n,r) o 'Y)- (33)
0

=L
R

Y7 d n,r n,r
Vi -az) = = | (7 R0 o) =

0

d n,r n,r

= = | (F0 0m) (B 09)(0)+
0
n,r d n,r Y7 Y7
+(F O 09)(0) - 7| (BT 0q) = V() - ag + ar - V(ag).
0

If oy € A C A®R(n,r), then «; is the r-jet a; = j"F of the constant
germ I} : (A" 0) — a; € A. Consequently, V(a;) = 0 and V(a; -
as) = a; - V(ay). Now, by means of similar calculations, one can easily
show that, for 81,0, € A, aj,a0 € A®R(n,r), the following relation
holds: V(Biay + facn) = BV (o) + 3oV ().

An arbitrary A-linear derivation D : A ® R(n,r) — A ® R(n,r) is
determined by its values D(¢") € m(A ® R(n,r)) on the generators &,
i = 1,...,n, of the algebra R(n,r) C A ® R(n,r). Since D(eP) = 0
for |[p| = r + 1, it follows (as in the case of automorphisms (24) of the
algebra A@R(n, r)) that D(e) = V' = D ipj=1 Vp ®eP, where V) € A, i.e.,
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V' e A@m(R(n,r)). Therefore, D coincides with the derivation which is
the fundamental vector field V generated by the element V, € T,G" (A) =
T.(A ® m(R(n,7))) = A ® m(R(n,r)) with A ® R(n, r)-coordinates V.
In fact, the A ® R(n,r)-coordinates of the identity e € G (A) are the
elements {€'}, i = 1,...,n, and the values of the coordinates V" (e) of the
left-invariant vector field corresponding to V. € T.G},(A) at e € G}, (A),
by (33), are equal to V' (e) = V().

To the Lie bracket of fundamental vector fields on A @ R(n,r) there
corresponds the Lie bracket of derivations (21). In fact, the group G7,(A),
which acts on the right on A @ m(R(n, r)) by linear transformations, and
the space T.G! (A) can be considered as subsets in the automorphism
algebra End(A ® m(R(n,r))) of the vector space A ® m(R(n,r)) acting
on the right on A ® m(R(n,r)). O

3.3. The Lie bracket of A-smooth vector fields. The tangent bundle
TA" of the A-module A™ is naturally identified with A" x A" and if { X"},
1 =1,...,n, are the standard A-coordinates on A", then a vector field on
an open subset O C A" is given by a smooth mapping V : O 3 {X'} —
{XEVI(XH)} € A" x A", A vector field V' is A-smooth if the functions
VI = VI(X?") are A-smooth. In order that a vector field V' be A-smooth
it is necessary and sufficient that the functions v/’ = v7(2%®) satisfy the
conditions (3):

D v7® = 'yggaiong, where  9;,v7° = Ov® /O™, (34)
Proposition 2. Let U and V' be A-smooth vector fields on a domain
O C A", and let W = [U, V] be the Lie bracket of these fields. Then

i) W is an A-smooth vector field.
ii) The A-coordinates W7 of W are of the form

Wi = U9,V — VigU?. (35)

Proof. Statement i) follows from statement ii) since the functions U7, V7
and their partial derivatives are A-smooth.

Let us prove statement ii). By the definition of the Lie bracket of

vector fields, the conditions of A-smoothness of a vector field (34), and
by relation (4) for partial derivatives of an A-smooth function, we have

Wi = wie, =
= (u"9;v"" — v Oju’%) ey = (uia'yggaiong - vmvsgaioujg)eb =
= ue,Dipv'%, — v, Opu%e, = U'Q;VI —V'O,U7. (36)
O
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3.4. Lie algebras of germs and jets of A-smooth vector fields.
We will use the following notation:

Vecto(R™) is the Lie algebra of germs of vector fields on R™ at zero,

Vecto(R™,0) is the Lie algebra of germs of vector fields on R™ at zero
which take zero value at zero.

Proposition 2 allows one to consider also the following Lie algebras of
germs of A-smooth vector fields:

Vecto(A™), the Lie algebra of germs of A-smooth vector fields on A™
at zero,

Vecto(A", 0), the Lie algebra of germs of A-smooth vector fields on A™
at zero which take zero value at zero,

Vecto (A", ‘&”), the Lie algebra of germs of A-smooth vector fields on

A™ at zero whose value at zero belongs to the submodule j&”

Vecto(A™, I™), the Lie algebra of germs of A-smooth vector fields on A"
at zero whose value at zero belongs to the submodule 1" € A™ consisting
of the n-tuples with elements from an ideal I of A.

Proposition 3. The following Lie algebra isomorphisms take place:
Vecto(A") = A ® Vecty(R"), (37)
Vecto(A",0) = A ® Vecto(R",0). (38)

Proof. The isomorphisms (37) and (38) follow from the fact that the
germs of A-smooth vector fields U, V, and [U,V] on A™ at zero are
completely defined by their restrictions to R™ (see (36)). The restriction
u = U|R™ of a germ of A-smooth vector field U is a germ of A"-valued
vector field on R™ at zero. The germ u is of the form u/(x?) = u?®(x?)ep.
Since A is a finite-dimensional algebra, u can be considered as an element
e, @ u/’(z") of the Lie algebra A @ Vectg(R"). The germ of A-smooth
vector field U is restored from u as its A-prolongation (see (5)) U’ =

ul () + D ipl=1 i(Dpui /DxP) XP. Thus, the isomorphism of Lie algebras
A ® Vectg(R™) — Vect(A™) is realized by passing from germs of A"-va-

lued vector fields to their A-prolongations. O

Note that the isomorphism (37) allows ones to regard the Lie algebras
Vecto (A", ‘&”) and Vecto(A™,I") as Lie subalgebras in A ® Vecto(R™).

Passing in the Lie algebras Vecto(R") and Vecto(R",0) from germs of
vector fields at zero to the co-jets, one obtains the following Lie algebras
[, [71:

Vecty®(R™) = W, the Lie algebra of formal vector fields on R", an el-
ement V' € W, is a collection of n formal power series V' = Z\o;\:o v;tp €
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R[[t',...,t"]], i = 1,...,n, the Lie bracket [U, V] of two formal vector
fields is computed by formula (35), where 9; = 9/0t" is the operator of
formal differentiation of a power series with respect to t?, for this reason,
V € W, can also be written as the linear combination V*9;;

Vectg®(R™,0) = Lo(W,,), the Lie subalgebra in W,, of formal vector
fields V' with V* belonging to the maximal ideal m(R[[t!,. .., t"]]) of the
algebra R[[t!,...,¢"]], which consists of the series with zero constant
term, i.e., such that Vi = > vitP;

L.(W,), r > 0, the Lie subalgebra in W, of formal vector fields V' with
V" belonging to the (r + 1)-st power of the ideal m(R[[t',... t"]]), i.e.,
such that V' =375 . vt’.

[L.(W,), Ls(W,)] C Lyys(W,,), therefore, for r > s, L,.(WW,,) is an ideal
in Ly(W,,). In particular, L,(W,,), r > 0, is an ideal in Lo(W,,).

Passing in the Lie algebras Vecto(A™), Vecto(A™, 0), Vecto(A™, 1&”), and
Vecto(A™, 1) from germs of A-smooth vector fields at zero to their oo-
jets, we obtain, respectively, the Lie algebras Vectg®(A™), Vectg®(A™,0),
Vecty” (A", ;&”), and Vectg® (A", 17).

Denote by A[[t!,...,t"]] = A(n, 00) the algebra of formal power series
a= Z|o;|=o apt?, o, € A, with coefficients in a Weil algebra A. Since A is
finite-dimensional, the algebra A[[t!, ..., ¢"]] is isomorphic to the tensor
product A ® R[[t!,...,t"]]. The algebra A[[t!,...,t"]] has the unique
maximal ideal m(A[[t!,...,¢"]]) consisting of the series whose constant

term « belongs to the maximal ideal ‘& of A.

By the Lie algebra of formal vector fields on A™ we will mean the Lie
algebra W2 of formal vector fields V' = V9, with V* € A[[t!,...,t"]],
i =1,...,n, with Lie bracket [U, V] defined by (35), where, as in the case
of the Lie algebra W,,, 9; = 9/0t" is the operator of formal differentiation
of formal power series with respect to t'.

There are the following Lie subalgebras in WA: L. (W), r =0,1,..,
the Lie subalgebra of formal vector fields V' = V?9; such that all the
truncated series >/ vit? of V' = b0 vitP, i =1,...,n, are zero; in
particular, Ly(W2) is the Lie subalgebra of formal vector fields V with
V' having zero constant terms; EO(WT‘}), the Lie subalgebra of formal
vector fields V with V* belonging to the maximal ideal m(A[[t!, ..., ¢"]]).
From (35) it follows that L,.(W2), r =1,..., is an ideal in Lo(W2).

The following propositions are consequences of Propositions 2 and 3.
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Proposition 4. The following Lie algebra isomorphisms take place:

Vect®(A™) 2 WA =2 A ® W, (39)
Vecte® (A", 0) 2 Lo(WA) =2 A © Lo(W,), (40)
Vectgo(A",.&") = ZO(W;})- (41)

Proposition 5. The vector space Vecti(A™, 0) of r-jets of germs of A-
smooth vector fields from Vecto(A™, 0) with bracket [j7V1, j"Va] = j"[V1, V2]
is a Lie algebra isomorphic to the quotient Lie algebra

Lo(W)/Lesa(Wy) = A @ (Lo(Wh)/Lysa (W)

3.5. Lifts of vector fields to B"(A)T*M,. A vector field v : M, —
T M, on a smooth manifold M, generates a local flow ¢, : M,, — M,,.
The Weil functor T applied to the flow ¢, gives the flow Ty, : TAM,, —
T* M, on the Weil bundle T M,,, the A-prolongation of the flow ¢,. The
flow T*y,, in turn, generates the vector field v¢ : TAM, — TT*M, on
TAM,, called the complete lift of v. The vector field v can be obtained
as the composition of the A-prolongation v* : T4M, — T*TM,, of the
section v : M, — TM, with the diffeomorphism T*TM, — TT*M,,
which follows from the natural equivalence of functors T»oTR() 2 TR() o
T%. In what follows we will not distinguish between the mappings v¢
and v*. The local A-coordinates V#(X7) of the vector field v* on T*M,,
in terms of the A-chart h* generated by a chart h on M,, are the A-pro-
longations of the coordinates v'(27) of v. In accordance with (5),

1 DPy? o
= pi(af) +Zp‘ o X (42)

Ip|=1

The complete lift V' of an A-smooth vector field V' on the Weil bundle
TAM,, to the bundle TR"TAN, = TASRM) VT s given by a formula
similar to (42). If v = V|M,, : M,, — TT*M,, is the restriction of an A-
smooth vector field V to M, C T*M,, (we identify M, with zero section
of TAM,), then the complete lift V = VASRM) of V' o TASRM) AL
in terms of local coordinates {X '} on TA®RM™7) N[ generated by local
coordinates {z'} on M, is of the form

where v’(27) are the A-valued smooth functions being the restrictions to
R" of the A-smooth functions Vi(X7), X € m(A®R(n,r)), and V {(X /)
are the A ® R(n,r)-smooth functions being the prolongations of v’(z?)
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and V*(X7). The principal bundle B"(A)T*M,, is an open submanifold
in TASRM) V- Therefore, formulas (43) give also the complete lift of an
A-smooth vector field V' from TAM,, to B"(A)T*M,,.

Proposition 6. The complete lift V of an A-smooth vector field V' from
TAM, to B"(A)T*M,, is invariant with respect to the right action of the
Lie group GT.(A) on B"(A)T*M,.

Proof. In terms of local coordinates, the right action (20)
Ry : B"(A)T*M, >X —Y = Ryz(X) € B"(A)T*M,, (44)
is of the form (19):
vi=Y xiz, (45)
Ip|=1
where X' = 2 + X' + X', X' = X ®eP, V=oi+ X +Y? (see (15)).
Then the tangent mapping
TxRy : T B"(A)T*M, >V — W € TyB"(A)T* M, (46)
is of the form )
wi=S"vige, (47)
lp|=1

where Vi = Vi®er. The complete lift V' of an A-smooth vector field
V from TAM, to B"(A)T*M,, in terms of local coordinates, is given by
equations (43)

=Y Vixr. (48)
p|=1

Under the right action (46) the complete lift V' goes to the vector field
W whose coordinates I/VZ at Y = X o Z are obtained by substituting
7' in place of €’ in the expansion of Vi ‘(X 7) from (48) in powers of e”:
V’(X 7 = A;,gp. For this, one should replace ? by Zp in the expansion
of each X' in the right-hand side of (48), which is equivalent to the
replacement in (48) of 37, V] X? by > ipi=1 Vs y?, where Y = X o Z,
which, in turn, gives l;i(Yj ). O

Proposition 7. The Lie algebra of right-invariant vector fields on the
Lie group GI(A) is isomorphic to the Lie algebra Vect((A™,0).
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Proof. Let V' € Vectg(A™,0) be a germ of A-smooth vector field at 0 € A”
such that V(0) = 0. In terms of the coordinates X’ on A", the germ V/
is given by functions V(X7). The A ® R(n,r)-lift V of the germ V at
Z € Gr(A) C B"(A)A™, in terms of the induced coordinates, is of the
form (48):

—i | . 1Drvi
ViZ)=> Viz, Vp:ﬁDXp' (49)

By Proposition 6, the restriction of the germ V to the Lie group G%(A)
is a right-invariant vector field V on this group. From (49) it follows that
the vector field V is uniquely determined by the r-jet of the germ V. The
correspondence (49) assigning to the r-jet of a germ of A-smooth vector
field V' the right-invariant vector field V is bijective since the value of
the field V' at the identity e € G (A) is of the form Vi(e) = D ipj=1 Voe”

What is more, the correspondence (49) is a Lie algebra 1somorphlsm In
fact, the Lie bracket [U V] of right-invariant vector fields U and V is
the restriction to G”(A) of the Lie bracket [U,V] of the complete lifts
of germs of A-smooth vector fields U and V', which coincides with the
complete lift [U, V] of the Lie bracket [U, V], and the bracket [j5U, j5V]
in the Lie algebra Vect((A™ 0), by the definition, equals to the r-jet
JolU, V1. u

3.6. Fundamental semivector fields on the bundle B"(A)T*M,,.
Denote by T7'B"(A)T*M,, 0 < r; < r, the inverse image of the tan-
gent bundle TB" (A)T*M,, under the projection 77, (A) : B"(A)T*M,, —
B (A)T*M,. An element Vy € Ty B"(A)T*M,, can be considered as
a tangent vector to B"(A)T*M,, defined up to a summand belonging to
the kernel of the projection T} (A) or, in terms of the algebra R(n,r),
up to a summand belonging to the submodule

R(n, r)"! T B" (A)T* M,

generated by the (r1+1)-st power ]lcé(n, )"+ of the maximal ideal f&(n, T)
of the algebra R(n, 7). Therefore, the fiber T¢! B (A)TA M, of the bundle
T B"(A)T*M, — B"(A)T*M, can be considered as the quotient mod-
ule T+B"(A)T*M,,/ f&(n, 7)Y eBT(A)TA M,,. From this point of view,
the bundle 7™ B"(A)T*M,, is the quotient bundle of the vector bundle
TB"(A)T*M, by the subbundle ]lo%(n, r)" T BT (A)TAM,, generated by
the ideal I&(n, r)rtl,
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In a similar manner, one can define the quotient bundles
TrlTR(n,r)TAMn N TR(n’T)TAMn.
Sections of the bundles
T B"(A)T*M, — B"(A)T*M,
and
TrlTR(n,r)TAMn N T]R(n,r)TAMn
will be called, following the terminology of A.M. Vasiliev [36], semivector
fields on B"(A)T*M, and TR™")TAM, respectively.
An A-smooth mapping F : TAM, — T*M, induces the A @ R(n,r)-
smooth mapping (25)
FA@R(n,T) . TA@R(n,r)Mn N TA@R(n,r)M/

k>
jS,XSO = JxFo jS,XSO = jS,F(X)(F ° ),
where ¢ : (R",0) — (T*M,,, X), and, in particular, as the restriction of
(25), the mapping
FA@]R(n,r) - B" (A)TAMn N TA@R(H,T)MIQ’

The mapping (25), in turn, induces the mapping of the tangent bundles
(28)

TFA@R(TLJ‘) . TTA@R(TL,T) Mn N TTA@R(TL,T) M];
If there is given only the jet j% F of F at X € T*M,,, then the mapping

TYFA(@R(TLJ‘) . TYTA(@R(TL,T) Mn N T?TA®R(H’T) M]ﬁ;;

where Y = FASRC(X) 0 n(A)G(X) = X,
is not defined, but we have uniquely defined (by equations (29)) the
mapping

j;}F _ T%—lFA(@R(n,r) . T%—lTA(@R(n,r)Mn N f]v%—ljﬂ-%(@IR(n,r)]\4];7
Y = PASRO (X)), m(A)y(X) = X.

In particular, the jet Y = jo F of A-smooth germ F : (A", 0) — (T*M], X)
defines the mapping

JoF T ' BT (A)T*R™ — To ' TARr My (50)
where e is the identity of G (A). The subspaces T/ !B"(A)T*R" and
T%‘lTA(@R(””)M . carry structures of A ® R(n, r)-modules isomorphic, re-
spectively, to the modules A ® R(n,r —1)" and A @ R(n,r — 1)*, and
the mapping (50) is A ® R(n, r)-linear. Fixing V" € Tr-1B"(A)TAR"

and varying Y, we obtain a semivector field v on TASRMI) M
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This semivector field will be called the fundamental semivector field (cf
[31]) on TA®RMT) M corresponding to VS"‘”. Similarly, fixing VS"/) €
T B"(A)T*R" for v < r and varying Y, we obtain the fundamental
semivector field on TA*R) M corresponding to Virl).

In terms of local coordinates, fundamental semivector fields are given
by equations similar to (31). The semivector field corresponding to

Vir—l) _ Vﬁaj (e), V]e € A®R(n,r — 1), is given by the equations

r—1
VIY) = (Y + ) (o + DY, ")V (51)
lp|=1
where the product in relations of the form (Ylf;jgp)Vi is understood as the
action of the algebra A ®@R(n,r) on the quotient algebra A @ R(n,r —1).
In particular, fundamental semivector fields on the bundle B"(A)T* M,
are of the form (see (32))

r—1 r—1
VX)) = (X;+ ) (0 + VX))V = O (0 + DX} e Ve (52)
Ip|=1 [p|=0

Note 2. The bundles TASR™7) M/ and T BT (A)T*M™ are, obviously, A-
smooth manifolds modeled on A-modules of type A™ for certain m € N
(these bundles can also be considered as A ® R(n,r)-smooth manifolds
modeled on the corresponding A ® R(n, r)-modules, see [33]). From (51)
and (52) it follows that fundamental semivector fields are A-smooth sec-
tions of these bundles.

Note 3. The complete lift of a germ of A-smooth vector field V on A" =
TAR™ at zero to the bundle B"(A)TAR" is a germ of A ® R(n, r)-smooth
vector field V on B"(A)T*R" defined along the whole fiber G7 (A). This
germ has equations (43). If there is given only the (r —1)-jet j5 'V of V,
then formulas (43) define a unique element V, € T/~ B"(A)T*R", which,
in turn, determines a unique (r — 1)-jet j5~'V. Thus, there is an isomor-
phism between the A ® R(n, r)-modules Vect; *(A") and T/~ B (A)A™.
Since the bundle B"(A)A" is an open submanifold of TA®R IR = (A®
R(n,7))", the A ® R(n,r)-module T""'B"(A)A™ is canonically isomor-
phic to the A ® R(n,r)-module (A ® R(n,r —1))". From (51) it follows
that the set of all fundamental semivector fields on TA®®™7) M/ is also an
A ® R(n,r — 1)-module isomorphic to (A®R(n,r—1))". We will denote
the A ® R(n,r")-module of fundamental semivector fields on TA®R™") A7
by T TASR(n,T) M];
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In the case M; =R, k = 1, formula (51) determines the fundamental
semivector fields on the algebra A @ R(n,r). As in the proof of Propo-
sition 1, one can easily verify (see also [31]) that these fundamental
semivector fields are A-linear derivations from the algebra A ® R(n, ) to
the algebra A ® R(n,r — 1) with respect to the canonical epimorphism
71 A®R(n,r) - A®R(n,r — 1), and that the set ®7_,(A) of all
such derivations coincides with the set of all fundamental semivector
fields. By Note 3, ©7_;(A) is an A ® R(n,r — 1)-module isomorphic to
(A ®@ R(n,r — 1))". The A-linear derivations 0; : A ® R(n,r) — A®
R(n,r — 1) defined by 9;(¢’) = &} form a basis in this module. Using the
derivations 0;, one can rewrite (51) as follows

V(Y =VIY"), whee V' =Y Vi, YieA (53)
p|=0
Relations (53) establish an isomorphism between the A ® R(n,r — 1)-
module 77! B"(A)T*R" and the A ® R(n, r — 1)-module of fundamental
semivector fields on TA®RMT) V7 - In particular, fandamental semivector
fields on A ® R(n,r) are of the form

V(o) =V09;(a), V' €A@R(n,r—1). (54)
Note 4. The multiplication in A ® R(n,r) induces the action
A@R(n,r—1) x A@m(R(n,r)) - A m(R(n,r)).

With this in mind, we can express an arbitrary fundamental vector field
on A ®@ R(n,r) (A-linear derivation of A ® R(n,r)) in the same form as
(54):

V(a)=V’0;(a), V'€ A@m(R(n,r)), (55)

where the operators 0; have the same sense as in (54).

Denote by @7,(A), " < r, the A® R(n,r —1)-module of A-linear
derivations from A ® R(n,r) to A ® R(n,r’) with respect to the canon-
ical epimorphism 77, : A®R(n,r) — A®R(n,r’). Each derivation
D € ©7_,(A) generates a series of derivations D!, € D7, (A), ' <r — 1,
defined by Dy, =7~ "o D. We will also denote D!, simply by D. Then
the relation [Dy, Do) = Dy 0 Dy — D; o Dy defines the bracket

[] D0 1(A) X D11 (A) = Dy _5(A). (56)

In terms of the derivations 0;, the bracket (56) is completely determined
by the relations
[0, 0;] = 0, (57)
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from which it follows that if [VS“‘”,W(’"‘”] = U(T_2), then

0.0 = V.0, W,0)) = (We0,(V,) = Veoy(Wo))oi. (58)

It will be convenient to identify VS"‘” = {Vi} € T/ 'B"(A)R" with
V390, € D1 (A).

The Lie bracket of vector fields on TA®R™m) M/ induces the A-linear

bracket of fundamental semivector fields
[ 7] . TT—ITA®R(n,r) M]; % TT—ITA(XJR(n,T) ]\4]/f N Tr—2TA®R(n,r) M];, (59)

which corresponds to the bracket (56) since the fundamental semivector
fields (53) on TA®R(IRF can be regarded as A-linear mappings (cf the
proof of Proposition 1).

3.7. The structure form of the bundle B"(A)T»M,. The structure
form 0" of the bundle B"M,, of r-frames on a real smooth manifold M,
is a 1-form on B" M, with values in the space 7"~ B"R"™, where € is the
identity of the differential group G] C B"R". The form 0" is defined
as follows [42]. If X = j"f, where f : (R",0) — (M,,z) is a germ of
diffeomorphism, then

0% (vx) = j7(f ) (T (vx))-
As the domain of values of the structure form 6", one can also take the
space Vect| '(R") of (r — 1)-jets of vector fields at zero on R™ [9], [21].
In a similar way, we define the 771 B"(A)TAR"-valued (or, equiva-
lently, (A ® R(n,r — 1))"-valued) structure form ©" = O"(T*M,,) of the
bundle B"(A)T*M,,. Let X = j"F, where F : (A", 0) — (T*M,, X) is a
germ of A-diffeomorphism, and let V+ be a tangent vector to B"(A)T*M,,
at X. We let
O%(Vx) =" (F ' )(Tm_1(Vx)). (60)
From (60) it follows that in fact the form ©” is defined on elements from
Tr=1B"(A)T*M,, and assigns to the value V%_l) at X of the fundamen-

tal semivector field V" corresponding to an element V'~ the same

element V. .
Proposition 8. The structure form ©" is an A-smooth mapping.

Proof. In terms of local coordinates, a fundamental semivector field on
B"(A)T*M, is given by functions V' (X) = (> lpi=o Y;Jrj)Vi (see (52)) of
A-valued coordinates 7;, which, obviously, are A-smooth. When the ele-

ments Vi € A®R(n,r—1) run through the all possible values, equations
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(52) define an A-smooth trivialization

Y (A®@R(n,r —1))" x B"(A)T*M, — T"'B"(A)T* M, (61)
of the bundle T"~1B"(A)T*M,. Using the mappings

A (AR, r— 1) 3 {V'}.0;(e) = V20;(e) € I BT(A)A™
and

pry: (A®@R(n,r —1))" x B"(A)T*M, — (A ®@R(n,r — 1)),
we can represent the structure form ©" as the composition

O" =Xoprioyptonl_,.

-1

Since v is an A-diffeomorphism, its inverse =" is also an A-diffeomor-

phism, whence it follows that the form ©" is A-smooth. 0

The structure form ©" possesses the following property, which is an
analogue of the corresponding property of the structure form of the bun-
dle of r-frames of real smooth manifold M, (see, e.g., [21]).

Theorem 2. Let ® : B"(A)T*M, — B"(A)T*M! be a local diffeo-
morphism which maps the structure form O of the bundle B"(A)T*M,,
into the the structure form ©'" of the bundle B"(A)T*M!. Then in a
neighborhood of every point X € B"(A)T*M, the diffeomorphism ® co-
incides with the A ® R(n,r)-prolongation of a local A-diffeomorphism
o :TAM, — T*M!.

Proof. In the proof of this statement, we will use the scheme applied in
[21] (Section 1.3.1). We will suppose that the structure forms take values
in the A ® R(n, r)-module (A ® R(n,r —1))".

1) If ® coincides with A ® R(n,r)-prolongation @R of a local
A-diffeomorphism ® : T*M, — T*M!, then ® maps the fundamental
semivector field on B"(A)T* M, corresponding to VS"‘” e T 1B"(A)A"

into the fundamental semivector field on B"(A)T*M’ corresponding to

the same element Vi’“‘l). Hence it follows that ® maps the structure

form of B"(A)T*M, into the structure form of B"(A)T*M!.

2) Since the structure form ©” establishes an isomorphism between
the A @ R(n, r)-modules T ' B"(A)T* M, and (A@R(n,r—1))", it also
establishes an isomorphism between the submodules of these modules

o

generated by the ideals A ® (R(n,r—1))"™, 1 =0,1,...,7 — 1. Hence it
follows that ® is fibered over the local diffeomorphisms

o' B"(A)T*M, — B (A)T*M!, r =0,1,...,r—1.
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In particular, @ is fibered over ® = 3. TAM,, — TAM!.

3) In the case r = 1, the local diffeomorphism @ : BL(A)T4M, —
BY(A)T*M! is fibered over ® : TAM, — T*M’. Since the map O
induces an isomorphism of A-modules 7T %BI(A)TAMn = TxT*M, and
Tg(Y)Bl(A)TAM{l = Tox)T™ M), the tangent mappings Tx® are A-lin-
ear. Hence it follows that the mapping ® : T*M,, — T*M’ is A-smooth.

4) Assume now that the statement of the theorem holds for the bun-
dles of A-smooth p-frames for p = 1,...,r — 1. As has been shown
in item 2), the mapping ® is fibered over ® = : BrY(A)TAM, —
B""Y(A)TAM!. Since fundamental semivector fields which are sections
of the bundle T"2B"(A)T*M,, — B"(A)T*M, project into fundamen-
tal semivector fields being sections of the bundle T""2B"}(A)T*M,, —
B Y(A)T*M,, it follows that the mapping o maps the structure
form of B"~1(A)T*M,, into the structure form of B"~1(A)T*M’. Hence
it follows that the mapping &' coincides with the A ® R(n,r — 1)-
prolongation of a local A-diffeomorphism ® : TM, — T*M'. Con-
sider the A ® R(n,r)-prolongation ®A®R™7) of & and the composition
U = (QASRM =1 6 & . B"(A)TAM, — B"(A)T*M,. The local diffeo-
morphism WU preserves the structure form and projects into the iden-
tity diffeomorphism of the bundle B"~'(A)T*M,. Therefore, ¥ is a
family of right translations of the bundle B"(A)T*M, over the bun-
dle B"~1(A)T*M,,. Such right translations Z € G” (A) have coordinates
of the form Z; = ¢;, Z, = 0 for [p| < r—1, Z) € A for [p| = r
and, therefore, do not change the coordinates of elements of the bun-
dle T"'B"(A)T*M,. Equating the coordinates (52) of the values of
the fundamental semivector field corresponding to an arbitrary element

Vir_l) € T'1B"(A)A™ at the points X and R(X), namely,

V) = (3 () + )X,V (62

|p|=0

V(Ry(X) = (0 + D)X0, )Vt
[p|=0
+ (Y (o +)XiZE )V, (63)

Ip|=r—1

we conclude that Z% = 0 for [p| = r. Thus, ¥ = id and ® = @4k ]
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There are the natural embeddings of the bundle B"M,, of r-frames
of a manifold M, into the bundle B"(A)T*M, of A-smooth r-frames
B7(A)T*M,, and of the structure group G7, of the bundle B"M,, into the
structure group G7(A) of the bundle B"(A)T*M,, (see (13)) defined by
the correspondence ¢ : ji f + j5(T*f), where f is a germ of diffeomor-
phism and 7*f is the A-prolongation of f. Under these embeddings,
the vector space T/ "!B"R" becomes a subspace in T"~!B"(A)A™ which
generates T ' B"(A)A™ as an A-module, and each fundamental semivec-
tor field on B"M,, is the restriction of the corresponding fundamental
semivector field on B"(A)T*M,. This implies the following proposition.

Proposition 9. i) Under the embedding (13), the structure form 0" of
B"M,, coincides with the restriction to B"M,, of the R(n,r — 1)"-valued
part of the structure form ©" of B"(A)T*M,,, and the form ©" coincides
with the A-prolongation of the form 0".

i) If a local diffeomorphism ® : B"(A)T*M, — B"(A)T*M' maps
the structure form ©" of B"(A)T*M,, into the structure form ©" of
B"(A)YTAM! and maps the subbundle B"M, to the subbundle B"M!,
then, in a neighborhood of every point X € B"(A)T*M,,, ® coincides with
the A ® R(n,r)-prolongation of a local diffeomorphism ¢ : M,, — M.

Proof. The first part of statement i) follows from the fact that the fun-
damental semivector fields of the bundle B"M,, are the restrictions of
the fundamental semivector fields of the bundle B"(A)T M, correspon-
ding to the elements of T)"'B"R™ C T~ 'B"(A)A™. The second part of
statement i) then follows from the A-smoothness of the form ©".

If ® maps the structure form of the bundle B"(A)T* M,, into the struc-
ture form of the bundle B"(A)T4M/ and the bundle B"M,, to the bun-
dle B"M!, then the restriction ® = ®|B"M, maps the structure form
of B"M,, into the structure form of B"M/. In this case [21], ® is the
R(n, r)-prolongation of a local diffeomorphism ¢ : M,, — M/, and the
A®R(n, r)-diffeomorphism ® coincides with the A®R(n, r)-prolongation
of o : M,, — M]. O

3.8. Structure equations of the bundle B"(A)T*M,. We define the
Tr=2Br(A)T*R"-valued 1-form ©" on B"(A)TAM, as follows: O" =
75007 where 7775 : T 1 B"(A)TA*R" — T/ ~2B"(A)T*R" is the canon-
ical projection. Equivalently, ©" can be defined as the inverse image of
the structure form O~ of B""Y(A)T4M,. Let O" = (:)jeg»r_z) be the ex-

pansion of ©” in terms of the standard basis in the A@R(n, r —2)-module
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Tr-2Br(A)TAR" = (A ® R(n,r — 2))", and let ©" = ©7¢" " be the ex-
pansion of ©" in terms of the standard basis in the A@R(n, r —1)-module
Tr1B"(A)TAR™ = (A ® R(n,r — 1))". For two arbitrary fundamental
semivector fields 7" and W(T_l), using the well-known formula for the
exterior differential of a 1-form ([11], p. 36), we have

dér (V(T_l) W(r_1)> _
1

_ 2( (r 1) (@7«( (r 1)))_ —==(r—1) (@T( )) @T([ (r 1) W(T_l)])) _
:—%é%[v(’”‘”,W(’”‘”]) ;([V(‘ T =

| R S S —
_é(Wejeﬁjve - theﬁjwe)ai -

= T )o@ T )~ e (V)01 ) =

(r—1)

= (@ A 9,0V Y ),

As a result of the above calculations, we obtain the following proposition.

Proposition 10. On the bundle B"(A)T*M,, the following structure
equations hold:

A6 = &7 N 90 O, (64)

Note 5. For each r, one can take the inverse image O of the form O
with respect to the projection 7 : B®(A)T*M,, — B"(A)T*M,,. Since
0" = 777} 0 O™ where 777) : TP 2B (A)TAR™ — Tr—2Br(A)TAR",
in the projective limit, one obtains [1] the A(n, co)"-valued form ©* on
B>(A)T*M,,. For r tending to infinity, the series of equations (64) gives
the following expression for the exterior differential of the form ©>:

d(©%)" = (0%) N ;o (0%), (65)
where 0; is the A-linear derivation of the algebra A(n,oco) defined by
aj (62) = 5;

For A = R, the equations (103) coincide with the infinite series of
G.F. Laptev structure equations [18], [41], [42].

In a form similar to (103) one can represent the Maurer—Cartan equa-
tions for the Lie group Gj,(A) (see [31]).

4. WEIL FUNCTORS AND PRODUCT PRESERVING FUNCTORS ON THE
CATEGORY M f[".

4.1. The category of m-parameter-dependent manifolds M f/T.
The category M fi' is defined as follows. The objects of M fI' are the
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trivial fiber bundles p : M,, xU — U, where M,, is a smooth manifold and
U is an open subset of R™. The morphisms of M f{" are the commutative
diagrams of the form

MxU—1= M < v (66)
g trto Ul'l

where f is a smooth mapping and tr,, : U > {t*} — {t*+ 12} € U’ is
the restriction of a translation try, : R™ — R™ which embeds U into U’.
We will denote a morphism (66) by (f,try,) or simply by f. In terms of
local coordinates (2, ¢%) on M, x U and (2%, t%) on M}, x U’, a morphism
(f,try,) is given by equations 2% = f¥ (%, %), t* = t* + 12.

The category M f™ is a subcategory of M fi.

We also consider the category F M7 of m-parameter-dependent fibered
manifolds from M f"" whose objects are the commutative diagrams

ExU-—2-yu (67)
1k
MnxUL>U

where pp : ExU — U and p: M, x U — U are objects of M f", and
whose morphisms are the commutative diagrams

ExU ; E xU
e ‘ 7 e
M, xU M x U
J , (68)
tI‘t P
p U U/
id id
/trto l /
U U’

The base functor B : FMi — M[f and the erasing functor e :
FMD — Mf" are defined as in the case of the category M f™.

The pair (¢ X try, try,), where ¢ X try, is the product of a smooth
mapping ¢ : M — M’ and a translation tr;, : U — U’, is a morphism
of M fi". For brevity, in what follows we will denote such a morphism
simply by ¢ x try,. The objects of the category M f"" together with
all morphisms of the form ¢ X tr;, constitute a subcategory of M f",
which will be denoted by (M f x R™);,. The category Mf x R™ is a
subcategory of (M f x R™);,. Obviously, every (M f x R™)-morphism
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© X try, @ M, x U — M| x U’ is the restriction of a morphism ¢ X
try, : M, x R™ — M, x R™. More precisely, the following commutative
diagram holds:

idM X1y

M, xU M, x R™
pXxtryg l l pXtreg (69)
M]; % U’ idM/ XiU/ M]g % Rm

where iy : U — R™ and i;» : U — R™ are inclusions. Note that an
(M fxR™)y-morphism ¢ X try, : M, xR™ — M, xR™ can be represented
as the compositions (¢ xid)o (idas X try,) = (idap X try,) o (¢ xid), where
¢ x id is an M f x R™-morphism.

A covariant functor F': (M f x R™)y, — FM{" satistying the prolon-
gation condition B o F' = idysxrm is called a prolongation functor.

To a prolongation functor (10), one can associate the functor Fy :

Mf — M defined by
Fy=RpoeoFoRy.

A prolongation functor F' : (Mf x R™),, — FM{ will be called a
bundle functor if it satisfies the following conditions:

i) for any open subsets U’ C U C R™ and any smooth manifold M,
F(M,, x U’) is the restriction of F'(M, x U);

ii) the restriction of F' to the category M f™ is a bundle functor.

4.2. Products in the category M f["'. The product of two objects
Ci=p: M, xU —Uand Cy =p : M xU — U of the category
M fI in the sense of diagram (11) cannot exist because, first, the objects
C1 and Cy may have distinct domains U and U’, second, the translation
components try, and try of morphisms (fi,try,) : D — C} and ( fg,trté) :
D — (5 may also not coincide. For this reason, we define the product in
the category M fiI' only for objects p: M,, xU — U and p’ : M] xU — U
with the same domain U.

By the product of objects p: M x U — U and p' : M/ x U — U in the
category M f we will understand a triple (p” : M"” x U — U, Pr, Pr'),
where Pr and Pr’ are morphisms in M f" satisfying the condition that,
for any two morphisms (f, try) : W x V. — M x U and (f', try,) : W x
V — M’ x U with the same translation component try,, there exists a
unique morphism (f”, try,) : W x V. — M” x U such that the following
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diagram commutes:

Pr Pr’

M x U M'"xU M xU (70)
\ T(f”7M
(fv trto) (f,7 trto)
W xV

Obviously, the triple (M xM")xU, pr x idy, pr’ X idy ), where pr : M X
M — M and pr’ : M x M’ — M’ are the projections of the product
M x M’ of two manifolds in the category M f of smooth manifolds,
satisfies the above definition.

By the product of two objects ExU — M xU and E'xU — M'xU (for
brevity, we will omit the projections to U in diagrams of the form (67))
of the category F M} we will understand, as in the case of the category
M an object E” x U — M" x U such that, for any two morphisms
from QxV - WxVito ExU — MxU and E' xU — M'x U with the
same translation component try,, there exists a unique morphism from
QXxV = WxVitoE' xU — M" x U for which the commutative
diagram

ExU~—2" pryy—" _pxu (71)
\ T(f"’M
(fv trto) (f,7 trto)
QxV

over the commutative diagram (70) holds.

Obviously, the object (E x E') x U — (M x M') x U with the corre-
sponding projections to E x U — M x U and E' x U — M’ x U satisfy
the above definition.

4.3. m-parameter families of Weil functors. By a smooth m-pa-
rameter family of algebras we will mean a vector bundle V x R™ — R™
with a smooth fiberwise bilinear multiplication operation * : V x V x
R™ — V x R™ which is a morphism of the category M f™. Suppose that
« turns each fiber V; = V, ¢t € R™, into a local Weil algebra A(t) such
that the unity 1; smoothly depends on t and the bundle V x R™ — R™
can be represented as the Whitney sum

V x R™ = (R x R™) @gn (V x R™), (72)

where R x R™ — R™ is the m-parameter family of algebras of real
numbers spanned by the unities 1; € V;, ¢t € R™, and VY xR"” — R™ is the

m-parameter family of nilpotent algebras whose fiber Rof(t) coincides with
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the maximal ideal of A(¢), then such a family A(¢) will be called a family
of Weil algebras. We will denote an m-parameter family of Weil algebras

by A(t) x R™ or simply by A(¢). In a similar manner one can define a
family of A(t)-modules A(t)" x R™ where A(t)" = A(t) x - -+ X A(t).

To every m-parameter family of Weil algebras A(¢) x Rmnone can as-
sociate a covariant functor 740 : Mf x R™ — FM™ called an m-pa-
rameter family of Weil functors [3]. There are several descriptions of the
Weil functor (see, e.g., [14]). Within the framework of the problem stud-
ied in this section, it is convenient to consider the construction of Weil
functor based on the use of local charts. Define the action of TA®
R x R™ as follows: TA0(R x R™) = A(t) x R™. For an M f x R™-mor-
phism f xid: R x R™ — R x R™, the morphism T4 (f x id) : A(t) x

R™ — A(t) x R™, (z + X 1) — (y + Y t) is defined by the equations
1 dpf

where the coordinates (z + X ,t) correspond to the decomposition (72)
and the summation, for each t € R™, is over a finite number of summands
depending on the height of A(t).

We let TAO(R™ x R™) = A(t)" x R™ and define TA0 (f xid) : A(t)" x
R™ — A(t)* x R™ by

o _— . 1Pt ) o
yJ+YJ:fJ(x,...,x)+ZH - Xr,(73)
lp|>1
where p = (p1, ..., pn) is a multiindex.

For an open subset U C R, we let TA40 (U x R™) = (Thy)” WU x
R™), where maq) @ A(t) x R™ — R x R™ is the fiberwise eplmorphlsm
of algebras, and define the action of TA® on morphisms f x id : U x
R™ — U x R™ by the same relations (73).

Let now M,, be an arbitrary n-dimensional smooth manifold with atlas
consisting of charts (U,, h,), @ € A, with transition functions h.s = hs 0
hs' : hg(Uag) — ha(Usg). Then the collection {(Uy X R™, hy X id)}aca
is an atlas on M, x R™. The collection of FM™-morphisms {74 (h,; x
id)} allows ones to glue the domains {740 (U, x R™)} 44 and obtain the
total space of the bundle TA® (M, xR™) — M, xR™. Let f: M, — M|
be a smooth mapping of an n-dimensional manifold M, to a k-dimen-
sional manifold MJ. Then we define the morphism 740 (f x id) as the
mapping given locally by equations (73). We have T4 ( fog) = TA0( f)o
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TA0 (g) and TA®(id) = id. Therefore, TA®) is a covariant functor from
the category M f x R™ to the category F M™.

The functor T4® : M fxR™ — FM™ constructed above is called an
m-parameter family of Weil functors.

In the case when m = 1 and the algebra A(t) does not depend on t,
the bundle T4 (M, x R) turns out to be a time-dependent Weil bundle
TM, x R studied by M. Doupovec and I. Kolat [4].

4.4. Product preserving bundle functors on (Mf x R™). The
restriction of a product preserving bundle functor F' : M fi" — FM
to the subcategory (M f x R™);, is a product preserving bundle functor
F: (MfxR™), — FM. For this reason, we first consider an arbitrary
product preserving bundle functor G : (M f x R™)y, — FM{'. By (69),
a morphism ¢ X try, : M, x U — M, x U’ is the restriction of a morphism
© X try, : M, x R™ — M x R™, which, as was mentioned above, can be
represented in the form (¢ x id) o (idps X try,) = (idpr X try,) o (p % id),
where ¢ X id is a morphism of the category M f x R™. Then we have
the following commutative diagram:

exid

M, x R™" ——— M| x R™ (74)
ldMn X tI‘tO l lldMl/g X trto
M, x R — % Mt R
Applying the functor G to diagram (74), we obtain the commutative
diagram
G(pxid
G(M, x R™) —229 _ vy x R™) (75)
G(ldMn X tI‘tO) l lG(ldMllc X trto)
G(pxid
G(M, x R™) —29 9 vy x R™)

The horizontal arrows of diagram (74) are morphisms of the category
Mf x R™. Therefore, the restriction of G to the category Mf x R™
coincides (up to an equivalence) with some m-parameter family of Weil
functors TA® : Mf x R™ — FM™. Let A = A(0). Passing to the
restriction of the upper arrow of diagram (75) to 0 € R™ (applying the
functor Ry) and the restriction of the lower arrow to ¢ty € R™, we obtain
a commutative diagram which establishes the natural equivalence of the
Weil functors T4 — T*(0) The diagram obtained in the same manner
for the morphism ¢ x tr_;, gives the inverse natural equivalence.
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Consider now the family p = {G(ida;, X tr—¢)|¢,t € R™} of natural
equivalences. It depends smoothly on ¢ € R™. These equivalences and
the projections pr; = p and pry = F(p) introduce on G(M, x R™) the
structure of the product T*M,, x R™ such that G(p x id) = T%¢ x id
and G(idyy, X try,) = idpay, X try,. Then G(p X try,) = T x try, (with
respect to the above introduced product structure) for every morphism
@ X try, € Mor((Mf x R™);,). For a local algebra A, denote by T* :
(Mf x R™)yy — (FM x R™);, the functor whose action on objects
and morphisms of the category (M f x R™), is defined, respectively, as

follows:
A

TAM, x U —= U

p: M, xU—U +r— wxidl lid (76)
M, xU—2—>7
M, x U ZE 0 s U TAM, x U —2 00 g o
l l — wxidl lw/xid (77)
U— M, x U — 2 < v

As a result of the above discussion, we obtain the following theorem.

Theorem 3. A product preserving bundle functor G : (Mf x R™)y, —
FMP is naturally equivalent to the functor T* : (MfxR™) — (FM X
R™)y, determined by some Weil algebra A.

4.5. The generalized Weil functor T A, Applying the Weil functor
T* defined by a Weil algebra A to an object p : M, x U — U of the
category M fi" we obtain the bundle T4p : TA(M,, x U) — TAU. Let

o:U—TrU=U x A™ be a sectlon {t*} — ({t*}, {o"}), a=1,...,m,
given by m constant elements ¢ of A. Denote by TA(M x U) — U the

pullback of the bundle T%p : T(M, x U) — T*U under the mapping
o :U — T*U. We have the following commutative diagram:

id

M xU M x U
WV W
TAM x U) = TH(M x U)
\L " TA\‘(p) (78)
T2 (p) U U
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The left square of diagram (78)

TAM xU) —= M x U

]

U U

is an object of the category F M} . Applying the pullback construction
to the A-prolongation

A
TAM x U) —%= (M x U) (80)
l 71A trto l
TAY TAU

of a morphism
MxU—L= < v

l l (81)
U—2

we obtain the diagram

M xU
WM/
TAM x U)

(o

TH(f)~
TAM' x U')

l tI‘tO

y .
U o U

which is a morphism in FM{'. Obviously, for the composition f o g of

morphisms ¢g and f of the category we have ﬁ‘}(f 0g)= T\f(f) o i‘}(g)

and TA(id) = id.

Thus, the correspondence T A which assigns to an object p : M, X
U — U of Mf" the object (79) of FM™ and to a morphism (81) the
morphism (82) is a functor T2 : Mf™ — FM™, which will be called
a generalized Weil functor. Obviously, A+ M fo— FM™ preserves

o

U/

products.

If, in terms of local coordinates, a morphism (81) is given by equations
y"' = fU(27,t%), t¥ = t* + 2, then the morphism (80), in terms of the
induces A-coordinates { X7, 5 = ta+§“} on TA(M, xU) and {Y", 5% =
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' + §a/} on TA(Mj x U’) is of the form (see [33]):

Yi’_ i ¢ < 1 a\p+s\fz" Opos Sa’ — g@ 1@
—f($,)+Z@WXS> = 0" + iy,

p+s=1

whence it follows that, in terms of the induced coordinates {X7,t*} on
TA(M, x U) and {Y? %} on TA(M], x U’), the morphism (82) is of the

form

q
y 1 5|p+5|fl
= f"(z,t) +p+28:1 oo X PGS, (83)

Equations (83) can be rewritten in the form

. 1 ol 1 olslf?
Y mt+zp‘axp{2;s| ats U}XP:

where

! -/ g 1 aMfZ, o
fz(x,t):f’(x,t)—i— N s 087
; sl ot

whence it follows that the restriction of the morphism T4(f, try,) to each
fiber over U is an A-smooth mapping.

In what follows it will be convenient to use the following explicit con-
struction for the bundle TA(M, x U). An element of T4(M, x U) can
be considered as the A-velocity j*g of a germ g : (R, 0) — M,, x U such
that the following diagram is commutative:

(RY,0) —= M, x U (84)
idi lid
try, o0
(RY,0) ———U
where & : (R, 0) — (R™,0) is a germ with j45 = {6°}, a = 1,...,m.

Then the morphism T2(f) defined by (82) can be written in the form

TA(f) < g — 2 (f o g) (85)
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4.6. Product preserving bundle functors on the category M f".
As in the case of the category M f™, we introduce the functor ¢ :
M — (M f xR™),, which assigns to a bundle M,, xU — U the bundle
(M,, x U) x U — U and to a morphism (f,try,) : M, x U — M x U,
(x,t) — (f(x,t),t+to), the morphism ®(f, try,) : (M, xU)xU — (M], x
U)x U, ((x,s),t) — ((f(x,s),s +tg),t + to). The sections oy : M, X
R™ — (M, x R™) x R™ oy(x,t) = ((z,1),1t), define a natural transfor-
mation of functors o : Idypm — ®. In fact, we have the commutative
diagram

M. x U (36)

laM/
(M, x U) x U —IL (Mt x U7) x U7

(‘T’t) (y7t+t0)

(), 1) — L (g, t + to), £+ 1)

Let now F : Mf" — FM{ be a product preserving bundle func-
tor, and let F : (Mf x R™),, — FM" be the restriction of F to the
subcategory (M f x R™).. Applying F' to diagram (86), we obtain the
diagram

F(f)

F(M, xU) F(M, xU") (87)
Flo) l l Flo)
F((M, x U) x U) 222 pov x ) x 07)

F(f
(X)) — L (Vit+ty)

F(”M)l \LF(UW)

whose lower arrow is the morphism F®(f, try, ).
In accordance with diagram (70), the section o, is the product of the
two morphisms idy, xgm and oy, : M,, x R™ — R™ x R™ o/, : (z,t) =
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(t,t). Thus, we have the commutative diagram

M, x R™ <2 (M, x R™) x R 2 gm 5 g (88)
oM
\ v
M, x R™

Applying to diagram (88) the functor F', we obtain the diagram

F(M, x R™) <22 F((M, x R™) x R™) 2% F(R™ x R™)  (89)

e

F(M, x R™)

Hence the morphism F'(oy/) is determined by F(o7,). Applying F' to the
commutative diagram

M, x R™ pt xR™

\/

R™ x R™

we conclude that F(o),) is completely determined by the morphism
F(ol,) : pt xXR™ — T*R™ xR™, which is in fact a section R™ — A™ xR™
of the form F(a},) : {t%} — ({S°(t)}, {t°}), S°(t) = t2+5°(¢), o°(¢) € A,
a=1,...,m. From diagram (87), we have t—l—to+a(t) = t+to+g(t+t0).
Therefore, 0%(t) = 0®(t+1,). Consequently, the A-valued functions & “(t)
are constants.

The lower arrow of diagram (87) is an (FM x R™),-morphism T4 f x
try,. In terms of local coordinates, it is of the form [33]:

q /!
s L OrHlf” oo
v L1 e Pse

p+s=1

Then the morphism F(f, try,) (the upper arrow of diagram (87)), in terms
of local coordinates, is is given by the equations

q
y 1 alp+5|fl
= (@) +p+232 pls! 8x?’8ts vo,

which coincide with (83). Thus, the action of F' on morphisms is com-

pletely determined by the collection of elements o € 10&, a=1,...,m,
which defines the section F'(a7,).
As a result of the above discussion, we obtain the following theorem.
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Theorem 4. A product preserving bundle functor F': M fI* — FM! is
naturally equivalent to a generalized Weil functor T® : Mfm — FMD

defined by some Weil algebra A and a collection of elements ot € A,
a=1,...,m.

5. HIGHER ORDER GEOMETRY OF MANIFOLDS FROM M fi".

5.1. Higher order frame bundles of manifolds from M f. Denote
by Tl ™™ (M! x U) the bundle 7o "™ (M! x U) corresponding to
the section o defined by ¢ = pr: (R* x R™,0) — (R™,0) (see (84)), i.e.,
by 0 = v?®, where {v°}, a = 1,...,m, is the standard pseudobasis in
R(m,r). Let B"(M, x U) be the set of all r-jets of invertible germs of
morphisms (f, try,) : (R® x R™,(0,0)) — (M, x R™, (x,t)), (v/,t*) —
(zi(u?,19), 1% = 1% + t2), from the category M f™. The set B"(M, x U)
is an open subset in the bundle Th ™™ (M, x U), and so it inherits
from Tpe" ™) (M,, x U) the structure of a smooth manifold. In addition,
B"(M, xU) is a locally trivial fiber bundle over M,, x U which is an object
of the category FM!™. The standard fiber of B'(M, x U) is the Lie
group ﬁ’"(n, m) consisting of all r-jets of invertible germs of morphisms
(f,id) : (R" x R™, (0,0)) — (R™ x R™, (0,0)). The Lie group D" (n,m)
acts on the right on E’“(Mn x U) by the law of composition of jets.
Therefore, é’“(Mn x U) is a principal bundle.

The Weil algebra R(n 4+ m,r) considered as the algebra of r-jets of
germs (R" x R™ 0) — R, (v, t%) — x = f(u’,t*), contains the two Weil
subalgebras consisting of r-jets of germs which do not depend, respec-
tively, on «/ and t*. These subalgebras are isomorphic, respectively, to
R(n,r) and R(m,r). In what follows by R(n,r) and R(m, r) we will mean
the above mentioned subalgebras of the algebra R(n +m,r). The subal-
gebras R(n,r) and R(m, r) generate the algebra R(n +m,r), and R(n +
m,r) =2 R(n,r)@R(m,r) = R(n,r) @ R(m, r)/m(R(n,r) @ R(m,r))+.

Let {€'}, i = 1,...,n, denote the standard pseudobasis in R(n,r)
and {v*}, a = 1,...,m, the standard pseudobasis in R(m,r). The to-
tal collection {e’,v}, i = 1,...,n, a = 1,...,m, is a pseudobasis in
R(n +m,r) = R(n,r)@R(m,r). In terms of this pseudobasis, the local
coordinates on B"(M, x U) induced by coordinates on M, x U can be
written in the form .

Xt = Z xésapus. (90)

|p[+1s|=0
In terms of the coordinates (90), the composition ¥ = X o Z in the
Lie group D"(n,m) and the right action Y = X o Z of D"(n,m) on
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~

B"(M,, x U) are, respectively, of the form

Y= Z x;b,%pys and Y'= Z xésépus. (91)
Ip[+|s|=1 pl+|s|=0

The principal fiber bundle (B" (M, x U), D" (n, m), M, x U) will be called
the r-frame bundle of M, x U.

Thus, to a manifold M,, x U, there is naturally associated the sequence
of principal bundles of higher order frames

2

M, S BYM, x U) & T B (M, x U) B
.. B®(M, xU), (92)

where §°°(Mn x U) is the bundle of infinite order frames of M,, x U, the
limit of the projective system M, x U « §1(Mn x U) «— ... endowed
with the corresponding structure of an infinite-dimensional smooth man-
ifold in the sense of Bernshtein—Rozenfeld [1]. The bundle EOO(MH x U)
is formed by the infinite order jets of germs of morphisms (f, try) : (R™ x
R™, (0,0)) — (M, x R™ (z,t)). The group IA)OO(n, m) consisting of
the infinite order jets of germs of invertible morphisms (f,id) : (R™ X
R™, (0,0)) — (R" x R™ (0, 0)) acts naturally on the right on B*(M,, x
U).

Proposition 11. i) The Lie group D"(n,m) is isomorphic to the Lie
group of R(m,r)-linear automorphisms of the algebra R(n,r)@R(m,r).
ii) The Lie algebra 0" (n,m) of the Lie group D" (n,m) is isomorphic to
the Lie algebra of R(m, r)-linear derivations of the algebra R(n, r)QR(m, 1)
with bracket
(D1, Ds] = Dyo Dy — Dy o Ds. (93)

Proof. The proof of this proposition is similar to that of Proposition 1
(see also [31] for the case of algebra A(n,q) = R(n, q)®A). The algebra
R(n,r)@R(m,r) can be considered as the algebra of R(n + m,r)-jets
of morphisms (f,id) : (R x R™,(0,0)) — (R x R™, (z,0)). Then the
action of the R(n,7)®R(m, r)-jet of a germ of morphism (g,id) : (R™ x
R™, (0,0)) — (R" x R™,(0,0)) on the right on R(n,r)&R(m,r) by the
law of composition of jets is an automorphism. If a germ (f,id) : (R™ x
R™. (0,0)) — (R x R™, (x,0)) does not depend on u € R" (i.e., is of the
form x = f(t*)), then (f,id) o (g,id) = (f,id) and, therefore, the element
JRONIER(MD) 0 of DT (n, m) acts on the subalgebra R(m, r) as the identity
transformation.
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The identification of the tangent spaces to the algebra R(n, r)@R(m, r)
with the same algebra converts the fundamental vector fields of the action
of D"(n,m) on R(n,r)®R(m,r) into the R(m,r)-linear derivations of
R(n, r)&R(m,r). O

5.2. The structure form of the bundle B"(M, x U). Let ¢ : (R" x
R™, (0,0)) — (M, x R™, (z,5)) be a germ of invertible morphism, and
let X = j"¢ be the r-frame from E’"(Mn x U) defined by . The tangent
mapping to the germ Toa""™") () at e € B"(R™ x R™) is an isomorphism
of tangent spaces

TTE 70 (o) - T.B"(R™ x R™) — Tx B (M, x U).
But the r-frame X = j"¢ defines only the isomorphism

Tr—lj-TR(n—i-mm)(gp) : Tg—lér(Rn « Rm) N T)r{—lér(Mn > U), (94)

pr

where 771 B" (M, x U) is the pullback of the tangent bundle T B" (M, X
U) under the projection 77_, : B"(M, xU) — B"~1(M,, xU). An element
of T)’;—lé’“(Mn x U) can be considered as a tangent vector to ET(MH x U)
given up to an addend belonging to the kernel of the projection T'xm, _,
or, in terms of the algebra R(n + m,r), up to an addend belonging to
the submodule

m(R(n + m, )" Vy B (M, x U)

of the vertical tangent R(n + m, r)-module VXET(MH x U) (the tangent
space to the fiber t = ¢, of the projection of ET(MH x U) to U) generated
by the r-th power of the maximal ideal m(R(n 4+ m,r)) of R(n 4+ m,r).
Thus, a fiber T4 'B"(M, x U) of the bundle 7" B"(M, x U) can be
considered as the quotient space

TxB" (M, x U)/m(R(n +m,r))" VyB" (M, x U).

Then the bundle T7~*B"(M, x U) is the quotient bundle of the vector
bundle T'B"(M,, x U) — B"(M, x U) by the subbundle

m(R(n +m, 7)) VB (M, x U)

of the vertical tangent bundle VB (M, x U).

Each clement V"™ of Tr='B"(R" x R™) defines, by means of the
mappings (94), a section V=1 of the bundle 7" B"(M,, x U). We will
call the section V=Y the fundamental semivector field on B"(R™ x R™)

corresponding to /A
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The inverse mappings to (94) define the 1-form 6" on ET(MH x U) with
values in 77! B"(R" x R™):

Ox (Vi) = (T T () (T (Vi) (95)

The form 6" will be called the structure form of the bundle B" (M, x U).
By a local isomorphism ¢ : M, x U — M/ x U’ we will mean a
morphism of the category M f{I' which is a local diffeomorphism.

Theorem 5. Let ® : B"(M, x U) — B"(M/, x U") be a local diffeomor-
phism which maps the structure form o of the bundle E’”(Mn x U) into
the structure form 0" of the bundle B"(M!, x U'). Then in a neighbor-
hood of every point X € E’"(]Wn x U) the mapping ® coincides with the
R(n, r)&R(m, r)-prolongation of a local isomorphism o : My xU — M/ x
U'.

Proof. The mapping ® maps the fundamental semivector field on ET(MH X
U) corresponding to an element V, € T" " B"(R" x R™) into the fun-
damental semivector field on B"(M! x U’) corresponding to the same
element V,. If the projection of V, to the tangent space T o(R" x R™) is
the zero vector, then the projections of the corresponding fundamental
semivector fields to M,, x U and M/ x U’ are the zero vector fields. Hence
it follows that the local diffeomorphism ® projects into a local diffeomor-
phism ¢ : M,, xU — M/ x U’. For the same reason, ® and ¢ project into
a local diffeomorphism ¢ : U — U’, i.e., in terms of local coordinates, ¢
is of the form 27 = " (27,1%), t* = % (t*). In addition, from (95) and
(94) it follows that the projection of a fundamental semivector field to
R™ is a constant vector field. Consequently, constant vector fields on R™
are invariant under the mapping ¢. But then %t—:,; =4y and t =t 4 3,
i.e., ¢ is a translation of R™. Thus, ¢ : M,, xU — M/ x U’ is a morphism
of the category M f{I.

Now, following the arguments from Section 1.3.1 of [21] (see also the
proof of Theorem 2), we consider the composition

U = (RONERM 1 o § . Br(M, x U) — B" (M, x U).  (96)
The local diffeomorphism W" preserves the structure form and projects
into the identity diffeomorphism of M,, x U to itself. Therefore, U™ con-
sists of right translations Rz, Z € D" (n,m), of the fibers ()" Hz, )
of the bundle B"(M, x U). It remains to show that U" is the identity
mapping.
For r = 1, in terms of local coordinates, the right translation Ry : X —
Y is of the form y! = z} 2, y! = x}2% + 2. Let v, € TOBY(R™ x R™) be
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an arbitrary element, and let (v’,v?) be the coordinates of v.. Equating
the coordinates (v',v*) of the values of the fundamental semivector field
corresponding to v, at X and Y, we obtain
x;vg + it = xzzfvg + (2t 2 + 2t

whence it follows that 2§ = 0%, zF = 0, that is, Z(z,t) = e € D'(n,m).

Assuming that the statement holds for » = 1,...,r — 1, we conclude
that the mapping (96) fibers over the identity mapping B" (M, x U) —
B Y(M, x U). Then, as in the case r = 1, equating the expressions
similar to (62), (63), we obtain Z(X"™!) =e € D"(n,m). O

5.3. Structure equations of B"(M, x U). Let T" T ™" (M! x U),
r' < r, be the pullback of the tangent bundle TTa"™" (M} x U) un-
der the projection 77, : Tl ™ (M! x U) — T ™) (M1 x U). We
define fundamental semivector fields corresponding to elements Ve(rl) €
T B"(R™ x R™) on the bundles Th ™" (M x U) as sections of the
bundles T ’“’fﬁ("’Lm’r)(M,; x U) in the following way. Let Yy = j”f be an
element of Tpe""™" (M/ x U) defined by a germ of morphism f : (R x
R™,(0,0)) — (M, x U, (yo, %)), y* = f(a/, %), t'* = t* + t§. Applying

the functor T "™ to f, we obtain the germ

F:(B'(M, x U),e) — (TEmmn(M] x U), Yy)
given by equations (83)

roq gl o
Y = f(x,t) + Zlfﬂ T XV (97)

pts=

The jet 5" f defines the mapping
TR (F) LTI B (R x R™) — Ty TR (M x U),

which assigns to V""" the value V=D (Y}) of the corresponding funda-
mental semivector field V=1 at Y. In terms of local coordinates, the
field V=D(Y') is given by the equations (cf (51)
r—1 r—1
VIY) = > (i + Dy W+ D (80 + Dyl oV s,
[p|+]s|=0 |p|+|s|=0

(98)
v (Y) =

where VJ € R(n+m,r), j=1,...,n,and v* € R, a = 1,...,m, are the

)

standard coordinates of V"™V, In particular, for M; = R, the funda-

mental semivector field V=Y corresponding to VA" can be regarded
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as the mapping

R(n+m,r) ®R™ - R(n+m,r — 1) @ R™, (99)
(o = eV, %) = (V70;(a) + vg0a(a), vg),

where 0; : R(n +m,r) — R(n +m,r — 1) and 9, : R(n + m,r) —
R(n +m,r — 1) are the derivations defined, respectively, by 9;(e’) = o,
9;(¥*) = 0 and 9,(¢") = 0, 9,(v*) = 6¢. Using the derivations 9; and 9,
one can rewrite equations (98) in the form

VAY) = VIOj(Y") +0fdu(Y"), " (Y) = . (100)

Note that fundamental semivector fields (99) on R(n+m,r) & R™ and
(100) on T ™Rk x R™) can be regarded as linear mappings, and so
the bracket of fundamental semivector fields [V =Y, W =Y] induced by
the Lie bracket of vector fields can be calculated as the bracket of linear
endomorphisms. Taking into account that V¥ (Y") in (100) do not depend
on t*, and v*(Y’) are constant, from (100), we obtain [V (=D W] =
U=2) | where

U'(Y) = (WFOLVI — VEOWY) + (wPo V7 — v2oyW2))0;(Y"), (101)
u'(Y) =0.

We define the T7~2B"(R" x R™)-valued 1-form 6" on B"(M, x U) as
follows: " = "=} 0 7, where 7'~} : T""1B"(R" x R™) — Tr~2B"(R" x
R™) is the canonical projection. Let " = gjey_Q) + 67 Dbe the
expansion of 0" in terms of the standard bases of the direct summands
R(n+m,r—2)" and R™ in T""2B"(R" x R™) = R(n+m,r —2)" & R™,
Then, by calculations similar to those in Proposition 10, we obtain the
following proposition.

Proposition 12. On the bundle ET(MH x U), the following structure
equations hold:

d0' =09 ND; 0 ' +0° Ny 0 0, dO® = 0. (102)
Note 6. From the above discussion it follows that one can also take the

space of (r — 1)-jets at zero of vector fields on R™ x R™ which project
into constant vector fields on R™ as the domain of values of the form 6".

Note 7. As in the case of the bundle B®(A)T*M,, (see Note 5), passing
to the projective limit, one can define the R(n 4+ m,00)™ @& R™-valued
structure form 6> on B*(M,, x U). For r tending to infinity, the series of
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equations (102) gives the following expression for the exterior differential
of the form 6°:

d(6°) = (6%) A 8; 0 (67) + (67)* Ay o (67), d(B™)* =0, (103)

where 0; and 0, are the derivations of the algebra R(n+m, co) of formal
power series in n + m variables € and v defined by the above indicated
relations 9;(e") = 0%, 9;(v") = 0 and y(e") = 0, 0, (v*) = 43

5.4. Connections in B"(M, x U). A connection I in a principal bundle
P = P(M,G,r) is a G-invariant horizontal distribution on P [11], [14].
Since the horizontal planes at X € P are in a bijective correspondence
with the 1-jets of germs of sections s : (M, z) — (P, X), z = n(X), called
also connection elements, a connection I' can also be defined as a G-equi-
variant section I' : P — J'P, where J!P is the first jet prolongation of
P (the set of all connection elements) [14].

Connection elements on B"(M, x U) are 1-jets of germs of sections
v+ (M x U, (0, t)) — B"(M x U). In terms of the local coordinates
(90), such a germ of section + is given by equations

Xt = Z X (", %),
Ip[+]s|=1

and the corresponding connection element has coordinates

i 6)0(2 . a)o(;s s - i s - i
I = oz - Z O e’ = Z [psieV" = Z Lpse’s
(@o,to)  |p|+|s|=1 (z0,t0) Ipl+ls|=1 [p|=0
9 x L9X? L L
I O IR MR S
(@oto)  |p|+]s|=1 (z0,to) [pl-+ls|=1 [pl=0
(104)

where the coordinates I'); and T'}, are elements of the quotient algebra
R(m,r)/m(R(m,r))Pl. In what follows, following the standard summa-
tion convention, we will omit the sign of sum in sums like (104).

The right action Y = Rz(X) of the group D"(n,m) on B"(M, x U)
induces the right action Rz(j'v) = j'(Rz07) of D"(n,m) on the bundle
of connection elements .J 1§’“(Mn x U). In terms of local coordinates, this
action is of the form (see (91))

Ry : (X',T0 T8 ) s (Y4 T 29 TV, 77). (105)

pj? » T pj

Analytically, a connection I' in E’”(Mn x U) can be given by the co-
ordinates of the connection elements along the natural local section of
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B"(M,, x U) defined by a local coordinate chart on M, x U. These co-
ordinates are functions I',;(2*,t%), T, (2*,t*) of the local coordinates on
M, x U called the connection coefficients. The natural section is given by

the equations )O( = 6107, where &) = 1 when p; = 1 and p; = 0 if i # j,

and 5;, =0in all the other cases. Therefore, the connection elements at
an arbitrary X € B"(M,, x U) are of the form

THX) =T0 (a9,1%) XP%,  Ti(Y) =T%, (a4, %) X"0°

psj psa
Coordinate transformations
= (2 1), 7 =t 1l
induce the following coordinate transformations on E’“(Mn x U):
X' =3 AN ) X7, (106)
lp|=0
where A7 (27, 1) € R(m, r)/m(R(m,r))! are defined by

S " 1 Dlpl+ls Ifz
7 1 4a\ - p __
Ap(x 7t )E - Z ‘3' D.TthS

Ip|+]s]= 1

Differentiating the coordinate transformations (106), one obtains the
transformation law for the connection coefficients

i’ *_S\Uu Oz aAZ i’ i s—1
L5 (Ase®) = 57 (8 el A, szl“ e ) : (107)

B aAZ o7 Ox7' 3AZ
at“  9zd Ota &BJ

7 . v T 7 p+s—t

o ;pl <FS“ Da7 Dt ) T

where (A%e®)* = A" for A" = Ale® and w = (uq, ..., up).
The horizontal distribution of a connection in B"(M,, x U) is given by
the equations

o (A5e%)" =
(108)

Ay —Ti (27,49 YPuide! —Ti (27, 1) YPridte = 0. (109)

psj psa
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5.5. Associated connections in T*(M, x U). If one replaces a mor-
phism (81) by a germ of isomorphism

(R" x R™, (0,0)) — (R x R™, (0,0))

l l (110)

(R™,0) (R™,0)

then the corresponding diagram (82) gives the left action @, of the group
D%(n,m) on the standard fiber T ) (R" x R™) = TAR" = A" of the
bundle T4(M, x U). If we consider ff(o,o) (R™ x R™) as the set of A-ve-
locities j%¢ of germs of the form

(see (84))

(R’,0) —2= (R" x R™, (0,0))

. |

(R, 0) —Z— (R™,0)

g

then the action
@, : DU(n,m) x T (0,0)(R" x R™) — T* () (R" x R™)
is given by (85):
O, : (11, 5"%9) = 54 (f 0 9), (111)
where (f,id) is a germ (110) of isomorphism in M f™. In the standard

coordinates 2}, on Di(n,m) and X' € A on T2 0.0)(R™ x R™), the action
(111), (Z,X) — Y, is of the form

q
Yi= ) . X"o" (112)

Ipl+[s|=1
Note that, in general, the action ®, is not effective. Relations (112)

define an effective action on A" of some factor group Dy (n,A) of the
group D?(n,m).

The action @, allows one to consider the bundle i‘}(]\/[n x U) as asso-
ciated with the frame bundle Eq(Mn x U). The mapping

\Ifgiéq(MnXU)X&n—)ff(MnXU% (Ké)}_)X7

which defines on TA(M,, x U) the structure of a bundle associated with
B%(M,, x U) has the following equations in terms of local coordinates:

q
Xi= Yy zro. (113)

[p|+|s|=0
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Fixing 7' in (113), from (109), we obtain the following equations of the
horizontal distribution of the connection I' on T:‘}(Mn x U):
dXT— T (a7,1%) XP6%dad — T (a7, 1) XP 6%t = 0.

5.6. Examples. 1. The functor f§ defined by the zero section o = 0 :
U — TAU, corresponding to the germ & = 0 (see (84)) at 0 € R* of the
zero mapping 0 : RY 3 ¢ — 0 € R™, is equivalent to the vertical Weil
functor V*, the functor which assigns to p : M, x U — U the bundle
VA(M, x U) of A-velocities of germs g : (R,0) — M,, x U such that pog
is a germ of constant mapping.

2. In the case when ¢ = m and & in (84) is the germ of the identity
mapping id : R™ — R™ (and 0% =719 q=1,...,m, are the elements of
the standard pseudobasis of A = T*R), the functor fﬁ is equivalent to
the functor T* studied in [2] which assigns to p : M, x U — U the bundle
TA(M, x U) of A-velocities of germs go try,, where g : (R™,to) — (M, x
U, (z,t9)) is a germ of section. In this case, the action (112) of the group
De (n,m) on A" reduces to the action of the so-called A-affine differential
group D, (A) [31], [34]:

q
Y=Y e X e, €A, gh=YoEA, det(p)) #0.
[p|=0

The principal bundle associated with fA(Mn x U) is the bundle of
A-affine frames B(A)(M,, x U).

3. For the algebra R(m,q), the group D, (R(m,q)) coincides with
D4(n,m) and the bundle B(R(m,q))(M, x U) coincides with B(M,, x
U).

For m =1 and ¢ = 1, R(1,1) = R(e) is the algebra of dual numbers
x+de, 2= 0.

Local coordinates (2! + d'c,t) on TEE) (M, x R) are transformed as
follows:

s/ -/

. . o agpz . agpl
Chdte =" (a2t t'=1t+t.
' +ite go(m,)—i-(axlx—l—at)e, +to
The standard fiber of T\R(E)(Mn x R) is R™, and the structure group
D, (R(¢)) is the group of affine transformations &¥ = a? ' + ajy. The

horizontal distribution of a connection in B'(M, x R) has equations [2]
dy’ = (T, (z, t)dx® + Tig(x, t)dt)y* + Th, (x, t)da® + Ti(x, t)dt, (114)
dy; = (I (2, t)dx® + Ty (, t)dt)yg ) (115)
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Under a coordinate change on M,, x R, the connection coefficients trans-
form as follows:

o Oxd Oa* (c%"' ; P*a’ )
TH T 0nd" 98 \ Oz T OwI 0 )
g Ok (ox" . 0% Ox? 927 (02" %"
0K Dk’ <6:1:i ok otdxk  dxi ot (&Ei ik axjaxk)) ’
g 0xF (od" . 9Pa" 07 920 [0a¥ %"
MO Qg <6:1:i k0¥ otoxk  dxi’ ot (&Ei kg axjaxk)) ’
s oxt 0% 02F 02F [ox" . ; *a”
0= Pr 0T R T 9 o <8x"( wtTon) + 2555+

N Oz 09" (0" _, P %z
oxd’ ot \ Ozt ™ " Toxigak ) )"
The equations of the horizontal distribution on T®® (M, x R) corre-
sponding to (114), (115) are of the form

di* = (T, (2, t)dz® + Ty (x, t)dt) i + Lo, (w, ¢)da® + oo (w, t)dt

Along a section ¢ : R — M,, xR, the above Pfaff system gives the system
of linear differential equations with respect to @':

dit ; dz® i . i dz® i
% - ( )\a(‘rv t)% + F)\O(J},t))l)\ + FOa(:r? t)% + FOO(x7t)'
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