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Abstract. The Weil bundle T AMn of an n-dimensional smooth man-

ifold Mn determined by a local algebra A in the sense of A. Weil carries

a natural structure of an n-dimensional A-smooth manifold. This allows

ones to associate with T AMn the series Br(A)T AMn, r = 1, . . . ,∞, of

A-smooth r-frame bundles. As a set, Br(A)T AMn consists of r-jets of

A-smooth germs of diffeomorphisms (An, 0) → T AMn. We study the

structure of A-smooth r-frame bundles. In particular, we introduce the

structure form of Br(A)T AMn and study its properties.

Next we consider some categories of m-parameter-dependent mani-

folds whose objects are trivial bundles Mn×R
m → R

m, define (general-

ized) Weil bundles and higher order frame bundles of m-parameter-de-

pendent manifolds and study the structure of these bundles. We also

show that product preserving bundle functors on the introduced cate-

gories of m-parameter-dependent manifolds are equivalent to generalized

Weil functors.

1. Introduction.

The Weil bundle TAMn of a smooth manifold Mn corresponding to a

local Weil algebra A was introduced by A.Weil [40] as a generalization
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of the bundle T q
mMn of (m, q)-velocities of C. Ehresmann [6]. Various

aspects of geometry of Weil bundles were studied by P.C.Yuen [43], [44],

L.-N. Patterson [26], A.Morimoto [23], A.P. Shirokov [30], E.Okassa [25],

I. Kolář [12], M.Doupovec and I.Kolář [4], A.Ya. Sultanov [35], J.Muñoz,

J.Rodriguez, and F.J.Muriel [24] and other researchers.

Studying product preserving functors on the category of smooth ma-

nifolds, D.J. Eck [5], G.Kainz and P.Michor [10], and O.O. Luciano [19]

proved that such functors reduce to Weil functors T A, which assign to a

manifoldMn their Weil bundles T AMn. In a series of papers [20], [15], [13]

I.Kolář and W.M.Mikulski clarified the structure of product preserving

and fiber product preserving bundle functors on the category of fibered

manifolds. A. Kriegl and P.W.Michor [16] studied product preserving

functors of infinite dimensional manifolds.

A.P. Shirokov [29], [30] discovered that the Weil bundle T AMn carries

a natural structure of an n-dimensional manifold over the algebra A, that

is, a manifold whose local coordinates take values in A and coordinate

transformations are A-smooth in the sense of G. Scheffers [28]. Natural

structures of manifolds over algebras arise also on semitangent bundles

studied by V.V.Vishnevsky, [37], [38]. Extensive lists of references on

the subject can be found in [30], [14], [37], [38], [34].

The bundle TAMn is naturally associated with the principal q-frame

bundle BqMn whose structure group is the differential group Gq
n, where

q is the height (order) of A. The A-smooth structure of T AMn implies

that TAMn can be considered as a bundle with structure group Dn(A),

so-called [31], [34] A-affine differential group. In the case of tangent

bundle TMn, this group is the group of affine transformations of Rn. In

[2], it was shown that Dn(A) appears as a natural structure group of the

(generalized) Weil bundle T̂A(Mn×R`), ` is the width of A, over an object

of the category of trivial bundles Mn × R
` → R

` with smooth mappings

Mn × R` → M ′
k × R` projecting into the identity mapping id : R` → R`

as morphisms. T̂A(Mn × R`) → Mn × R` is defined as the bundle over

Mn × R
` of A-velocities of smooth sections R

` → Mn × R
`. Note that

Weil bundles of type T AM×R and natural affinors on such bundles were

studied by M.Doupovec and I.Kolář in [4].

This paper is devoted to the study of higher order geometry of Weil

bundles considered as manifolds over algebras and to the study of geome-

try of (generalized) Weil bundles over m-parameter-dependent manifolds

Mn × Rm.

In Section 2, we recall necessary notions and results from the theory of

Weil bundles and smooth manifolds over Weil algebras. We also describe
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here the category Mfm of m-parameter-dependent smooth manifolds

and outline some results from [3] concerning the structure of product

preserving bundle functors onMfm.

In Section 3, we study the structure of the bundle Br(A)TAMn of A-

smooth r-frames over the Weil bundle T AMn. We construct the structure

form Θr of Br(A)TAMn, study its properties, and derive the structure

equations of Br(A)TAMn. In particular, it is proved that a local diffeo-

morphism of Br(A)TAMn which maps the structure form Θr into itself

coincides in a neighborhood of every point with the prolongation of a

local A-diffeomorphism of T AMn.

In Section 4, we study the structure of product preserving bundle func-

tors on the category Mfm
tr whose objects are the trivial fiber bundles

Mn×U → U , where Mn is a smooth manifold and U is an open subset of

Rm, and whose morphisms are the smooth mappings Mn×U →M ′×U ′

which project into translations of Rm. It is proved that each such func-

tor is equivalent to a (generalized) Weil functor T̂A

σ determined by a Weil

algebra A and a constant section σ : Rm → TARm.

Section 5 is devoted to the higher order geometry of manifolds from the

categoryMfm
tr . We construct the principal r-frame bundles B̂r(Mn×U)

associated with a manifold Mn×U fromMfm
tr , define the structure form

of B̂r(Mn×Rm), prove that a local diffeomorphism of B̂r(Mn×U) which

maps the structure form into itself is the natural prolongation of a local

isomorphism from the categoryMfm
tr , and derive the structure equations

of B̂r(Mn × U). We also construct connections in B̂r(Mn × U) and the

associated connections in the Weil bundles T̂A

σ (Mn × U).

2. Preliminaries.

2.1. Weil algebras. A finite-dimensional commutative associative R-al-

gebra A with unity 1A is called a local Weil algebra or, briefly, a Weil

algebra [40], [14], [34] if it has a unique maximal ideal m = m(A) con-

sisting of all nilpotent elements of A and the quotient algebra A/m is

isomorphic to R.

The dimension ` of the quotient algebra m/m2 is called the width of A.

The natural number q defined by the relations mq 6= 0, mq+1 = 0 is called

the height or the order of A. The ideal m is generated by every collection

of elements {τ a}, a = 1, . . . , `, such that the collection of residue classes

{τ a + m2} is a basis of m/m2. Following V.V.Wagner [39], we will call

such a collection {τ a}, a = 1, . . . , `, a pseudobasis of m (and of A). Every

element X of A can be represented in the form of a linear combination
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of products of powers of pseudobasis elements: X =
∑q

|p|=0Xpτ
p, where

p = (p1, . . . , p`) is a multiindex of length `, |p| = p1 + · · · + p`, τ
p =

(τ 1)p1 . . . (τ `)p`, τ 0 = 1A.

A Weil algebra A of width ` and height q is isomorphic to a quotient

algebra of the algebra R[[t1, . . . , t`]] = R(`,∞) of formal power series

in ` variables t1, . . . , t` with coefficients in R. The mapping ϕ which

assigns to a formal power series
∑∞

|p|=0 αpt
p (as above, p = (p1 . . . , p`) is

a multiindex) the element
∑∞

|p|=0 αpτ
p ∈ A is an epimorphism of algebras,

and A ∼= R(`,∞)/kerϕ. The epimorphism of algebras ϕ : R(`,∞) → A

induces the epimorphism of the modules of n-tuples ϕ : R(`,∞)n → An,

which, for simplicity, is denoted by the same symbol ϕ.

2.2. Weil bundles. Let Mn be a smooth (C∞ differentiable) manifold,

and let f : (R`, 0) → (Mn, x) be a smooth germ. In a local chart (U, h)

on Mn, where h : U 3 x 7→ {xi = hi(x)} ∈ U ′ ⊂ Rn, i = 1, . . . , n, to the

jet j∞f of f there corresponds the jet j∞(h ◦ f) which can be considered

as the collection of n jets j∞(hi ◦ f) or formal Taylor series of the germs

hi◦f . Therefore, j∞(h◦f) can be considered as an element of the module

R(`,∞)n. The jets j∞f and j∞g of germs f, g : (R`, 0) → (Mn, x) are

said to be A-equivalent if ϕ(j∞(h ◦ f)) = ϕ(j∞(h ◦ g)) or ϕ(j∞(h ◦

f − h ◦ g)) = 0. A-equivalence of jets j∞f and j∞g does not depend

on the choice of a chart (U, h) and is an equivalence relation on the

set J∞
0 (R`,Mn) of ∞-jets of smooth germs from R` to Mn at zero (see

[34], [14]). The equivalence class of a jet j∞f is called an A-jet or an

A-velocity on Mn and denoted by jAf . On the set T AMn of A-veloci-

ties on Mn, there arises a natural structure of a smooth manifold. The

natural projection π : T AMn → Mn which assigns to the A-velocity of

a germ f : (R`, 0) → (Mn, x) the point x ∈ Mn turns the manifold

TAMn into a fiber bundle over Mn called the Weil bundle. A smooth

mapping g : Mn → M ′
k induces naturally the mapping of Weil bundles

TAg : TAMn → TAM ′
k, j

Af 7→ jA(g ◦ f). The correspondence T A which

assigns to a smooth manifold Mn the bundle TAMn and to a smooth

mapping g the mapping T Ag is a functor from the category of smooth

manifolds to the category of fibered manifolds. The functor T A is called a

Weil functor. The Weil functor T A depends on the choice of a pseudobasis

in A (or on an epimorphism ϕ). The choice of another pseudobasis gives

an equivalent functor.

A chart (U, h) on a manifold Mn induces the mapping hA : π−1(U)→

An, jAf 7→ ϕ(j∞(h ◦ f)), which defines an An-valued chart (π−1(U), hA)

on the bundle TAMn, and the C∞ atlas {(Uα, hα)}α∈A on Mn induces the
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C∞ atlas {(π−1(Uα), hA

α)}α∈A on TAMn defining on TAMn a structure of

an A-smooth manifold modeled on the A-module An [34]. In the case of

manifolds R and Rn, this leads to the natural identifications [34], [33]

TA
R ≡ A, TA

R
n ≡ A

n. (1)

In what follows, as a rule, the maximal ideal m = m(A) of a Weil

algebra A will be denoted by
◦

A. By
◦

A
n we will denote the submodule

in An consisting of all elements with components belonging to
◦

A. On

the identifications (1), the fibers T A

0 R and TA

0 Rn of the bundles TAR and

TARn are identified with the ideal
◦

A and the submodule
◦

A
n respectively.

The mapping hA maps the domain π−1(U) onto U ′ ×
◦

A
n ⊂ An. As

this takes place, the fibers of T AMn are mapped bijectively onto the

submodule
◦

A
n. Thus, TAMn is a locally trivial fiber bundle with standard

fiber
◦

A
n. The bundle TAMn is naturally associated with the q-frame

bundle BqMn [42], [14], [34] of Mn whose elements are the q-jets of germs

of diffeomorphisms (Rn, 0) → Mn. The structure group of BqMn is the

differential group Gq
n consisting of the q-jets of germs of diffeomorphisms

(Rn, 0) → (Rn, 0). The group Gq
n acts on the left on

◦

A
n ≡ TA

0 Rn as

follows: if jqϕ ∈ Gq
n and jAf ∈ TA

0 Rn are determined, respectively, by

germs ϕ and f , then

Gq
n × T

A

0 R
n 3 (jqϕ, jAf) 7→ jqϕ ◦ jAf = jA(ϕ ◦ f).

Thus, to the bundle T AMn, there is naturally associated the sequence of

principal bundles of higher order frames

Mn

π1
0←− B1Mn

π2
1←− B2Mn

π3
2←−

. . .
π

q
q−1

←− BqMn

π
q+1
q

←− Bq+1Mn

π
q+2

q+1

←− . . .←− B∞Mn , (2)

where B∞Mn is the bundle of infinite order frames, the limit of the

projective system Mn ← B1Mn ← B2Mn ← . . . endowed with the

corresponding structure of an infinite-dimensional smooth manifold in

the sense of Bernshtein–Rozenfeld [1]. The bundle B∞Mn is formed by

the infinite order jets of germs of diffeomorphisms (Rn, 0) → Mn. The

group G∞
n consisting of the infinite order jets of germs of diffeomorphisms

(Rn, 0)→ (Rn, 0) acts naturally on the right on B∞Mn.

2.3. The structure of A-smooth mappings. Let U ⊂ An be an open

subset. A smooth mapping F : U ⊂ An → Ak is called A-smooth if the

tangent mapping TXF : TXU ∼= An → TF (X)A
k ∼= Ak is A-linear for any
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X ∈ U . Let {ea}, a = 0, 1, . . . , k, e0 = 1A ≡ 1 ∈ R, be a basis in A,

γa
bc the structure constants of A with respect to the basis {ea}, and let

X i = xiaea, F
i′ = f i′beb, i = 1, . . . , n, i′ = 1, . . . , k, be expansions of

elements of A in terms of {ea} written in accordance with the standard

summation convention. A mapping U 3 {X i} 7→ F i′(X i) = f i′b(xia)eb ∈

A is A-smooth if and only if it satisfies the Scheffers conditions ([28];

[34],(2.6); [33], (10))

∂iaf
i′b = γb

ag∂i0f
i′g, where ∂iaf

i′b = ∂f i′b/∂xia. (3)

For an A-smooth function F (X i), the partial derivatives ∂F/∂X i with

respect to the variables X i are defined, and (see [34], [33])

∂F/∂X i = ∂F/∂xi0. (4)

An arbitrary A-smooth mapping F : U ⊂ An → Ak is of the form [34],

[33]

X i′ = f i′(xi) +

q∑

|p|=1

1

p!

Dpf i′

Dxp

◦

X
p, (5)

where p = (p1 . . . , pn) is a multiindex of length n,
◦

Xp = (
◦

X1)p1 . . . (
◦

Xn)pn,
◦

X ∈
◦

A denotes the component of X ∈ A in accordance with the decom-

position A = R ⊕
◦

A, and f : U 3 {xi} 7→ {yi′ = f i′(xi)} ∈ Ak is a

smooth mapping projectable with respect to the canonical
◦

A
n-foliation

on U generated by the projection π : An → Rn. If U is a simple open

set [22] for the canonical
◦

A
n-foliation, i. e., the preimages of points from

π(U) under the projection π : An → Rn are connected, then A-smooth

mapping F : U → Ak prolongs uniquely to an A-smooth mapping

F̃ : π−1(π(U))→ A
k. (6)

In this case, we have f = (F̃ |π(U)) ◦ π.

This implies, in particular, that every A-smooth germ F : (An, 0)→ Ak

is defined along the whole fiber
◦

A
n, i. e., it is an equivalence class of A-

smooth mappings defined on neighborhoods of the form π−1(U), where

U are neighborhoods of zero in Rn. For any two germs of A-diffeomorph-

isms F1 : (An, 0) → (An,
◦

X), F2 : (An, 0) → (An,
◦

Y ), where
◦

X,
◦

Y ∈
◦

A
n,

the composition F2 ◦ F1 : (An, 0)→ An is well-defined.

The mapping F : U ⊂ An → Ak defined by (5) is called the A-prolon-

gation (analytic prolongation [34]) of f : U → Ak.

Similar relations hold for A-smooth germs of the form

F : (TAMn, X)→ (TAM ′
k, Y ).
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Every such a germ is defined along the whole fiber T A

x Mn, where x =

π(X), and is the A-prolongation of a smooth germ f : (Mn, x) →

(TAM ′
k, Y ). In terms of local coordinates, the germs f and F are given,

respectively, by equations yi′ = f i′(xi) and (5).

2.4. The category of m-parameter-dependent manifolds Mfm.

In [3], the following categoryMfm of m-parameter-dependent manifolds

was considered. The objects ofMfm are the trivial fiber bundles p : Mn×

R
m → R

m, where Mn is a smooth manifold. The morphisms of Mfm

are the commutative diagrams of the form

Mn × Rm
f

//

p

��

M ′
k × Rm

p′

��
R

m id // Rm

(7)

In terms of local coordinates (xi, ta), i = 1, . . . , n, a = 1, . . . , m, on

Mn × Rm and (xi′ , ta), i′ = 1′, . . . , k′, on M ′
k × Rm, a morphism (7) is

given by equations xi′ = f i′(xi, ta), ta
′

= ta.

The category FMm of m-parameter-dependent fibered manifolds is

defined as follows. The objects of FMm are the commutative diagrams

E × Rm
pE //

π

��

Rm

id
��

Mn × Rm
p

// Rm

where pE : E × Rm → Rm and p : Mn × Rm → Rm are objects ofMfm.

The morphisms of FMm are the commutative diagrams

E × Rm

��

π

yyssssss

f
// E ′ × Rm

��

π′

yysss
ss

s

Mn × Rm

p

��

f
// M ′

k × Rm

p′

��

Rm

id

xxqqqqqqq

id // Rm

id

xxqqqqqqq

Rm
id // Rm

(8)

The base functor

B : FMm →Mfm
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is defined as follows:

E × Rm

��

// Rm

��
Mn × Rm // Rm

7−→ (Mn × R
m → R

m), (f, f) 7→ f .

The functor

ε : FMm →Mfm

which erases the fibered structure is defined as follows:

E × Rm

��

// Rm

��
Mn × Rm // Rm

7−→ (E × R
m → R

m), (f, f) 7→ f .

Note 1. Objects of the category Mf of smooth manifolds can be consi-

dered as fiber bundles of the form Mn → {pt}, where {pt} = R0 is a fixed

one-point manifold. With this in mind, we will identify the categories

Mf andMf 0.

Every smooth mapping γ : Rm′

→ Rm, by means of the pullback

construction [14], defines the functor Rγ :Mfm →Mfm′

which acts on

morphisms as follows:

Rγ(f(x, t)) = f(x, γ(t)) .

Such functors satisfy the relation

Rγ1
◦Rγ2

= Rγ2◦γ1
. (9)

In particular, the mapping

t : {pt} → R
m, {pt} 7→ t ∈ R

m,

defines the functor Rt : Mfm → Mf which acts on objects and mor-

phisms, respectively, as follows: Rt(Mn × Rm) = Mn, Rt(f : Mn ×

Rm → M ′
k × Rm) = (f |t : Mn → M ′

k). The action of these functors on

objects is the same for all t ∈ Rm:

Rt|Ob(Mfm) = R0|Ob(Mfm) ,

where R0 is the functor corresponding to t = 0.

The mapping pt : R
m → {pt} defines the functor Rpt :Mf →Mfm:

Rpt(Mn) = Mn × R
m, Rpt(f) = f × id,

which embeds Mf intoMfm.

A covariant functor

F :Mfm → FMm (10)
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satisfying the prolongation condition B ◦ F = idMfm is called a prolon-

gation functor.

To a prolongation functor (10), one can associate the functor

F0 :Mf →Mf defined by

F0 = R0 ◦ ε ◦ F ◦Rpt .

A prolongation functor (10) is called a bundle functor if it satisfies

the following localization condition (see [14] for the case of the category

Mf): if V ⊂ Mn is an open subset and i : V × Rm → Mn × Rm is an

Mfm-inclusion, then F0(V ) × R
m = π−1

M (V × R
m) and F (i) : π−1

M (V ×

Rm)→ F0(Mn)×Rm is an FMm-inclusion (for brevity, we indicate only

the upper rows of the diagrams).

The action of a bundle functor F on objects can be written as follows:

F : (Mn × R
m → R

m) 7−→

F0(Mn)× Rm

��

// Rm

id

��
Mn × Rm // Rm

2.5. Products in the category Mfm. The product of two objects C1

and C2 of a category C is defined [17] to be a triple (P, pr1, pr2) consisting

of an object P and two morphisms pr1 : P → C1, pr2 : P → C2 of C

satisfying the following property: for any object D and any morphisms

f1 : D → C1 and f2 : D → C2, there exists a unique morphism f : D → P

such that f1 = pr1 ◦f and f2 = pr2 ◦f , i. e., the diagram

C1 P
pr1oo

pr2 // C2

D

f1

ffNNNNNNNNNNNNN

f

OO�
�

� f2

88ppppppppppppp

(11)

is commutative.

In [3], it was shown that the triple (Rpt(Mn×M
′
k), Rpt(pr1), Rpt(pr2))

is a product of the objects p1 : Mn×Rm → Rm and p2 : M ′
k×Rm → Rm

of the categoryMfm.

2.6. Product preserving bundle functors on the category Mfm.

Let C and D be arbitrary categories. A functor F : C → D is called

[14] a product preserving functor if, for any product (A, pr1, pr2) in the

category C , the triple (F (A), F (pr1), F (pr2)) is a product in the category

D .

LetMf ×Rm denote the subcategory ofMfm whose class of objects

coincides with that of the categoryMfm and whose morphisms are of the
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form f × id : Mn ×Rm →M ′
k ×Rm, where f : Mn →M ′

k is an arbitrary

smooth mapping. The restriction of a bundle functor F :Mfm → FMm

to the subcategory Mf × Rm is denoted by F :Mf × Rm → FMm. If

F preserves products, then F also preserves products.

The following theorem has been proved in [3].

Theorem 1. Let F : Mfm → FMm be a product preserving bundle

functor. Then the functor F :Mf×R
m → FMm is naturally equivalent

to an m-parameter family of Weil functors T̃A(t).

A product preserving bundle functor F : Mfm → FMm is uniquely

determined (up to a natural equivalence) by an m-parameter family of

Weil functors T̃A(t) and a collection of functions Rm 3 t 7→
◦

S a(t) ∈
◦

A (t),

a = 1, . . . , m, which gives a section R
m → A(t)m × R

m.

For exact definitions of the notions of m-parameter families of Weil

algebras and Weil functors, see Section 4.

In addition, in terms of local coordinates, the morphism F (f) has

equations of the form

Y i = f i(x, t) +

q∑

p+s=1

1

p!s!

∂|p+s|f i

∂xp∂ts
◦

X
p(

◦

S (t))s. (12)

Equations (12) can be rewritten as follows:

Y i = f i(x, t) +

q∑

p=0

1

p!

∂|p|

∂xp

{
q∑

s=1

1

s!

∂|s|f i

∂ts
(
◦

S (t))s

}
◦

X
p =

= f̂ i(x, t) +

q∑

p=1

1

p!

∂|p|f̂ i

∂xp

◦

X
p,

where

f̂ i(x, t) = f i(x, t) +

q∑

s=1

1

s!

∂|s|f i

∂ts
(
◦

S (t))s,

whence it follows that the restriction of F (f) to the fiber over t ∈ Rm is

an A(t)-smooth mapping.

3. Principal fiber bundles of A-smooth frames on T AMn.

3.1. The bundle Br(A)TAMn of A-smooth r-frames on T AMn. An

A-smooth frame of order r (an A-smooth r-frame) on T AMn is the r-

jet of a germ of A-diffeomorphism Φ : (An, 0) → (TAMn, X) [32]. The

set Br(A)TAMn of A-smooth r-frames on T AMn is an A-smooth prin-

cipal fiber bundle over T AMn, and the canonical projection πr(A) :
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Br(A)TAMn → TAMn is an A-smooth mapping. Since every A-smooth

germ Φ : (An, 0)→ (TAMn, X) is uniquely determined by its restriction

ϕ = Φ|Rn : (Rn, 0) → (TAMn, X), to an A-smooth r-frame jrΦ there

corresponds bijectively the r-jet jrϕ ∈ TR(n,r)TAMn, where R(n, r) is the

algebra of truncated polynomials of degree ≤ r in n variables. Taking

into account the natural equivalence of the functors T R(n,r) ◦ TA ∼= TA ◦

TR(n,r) ∼= TR(n,r)⊗A [23], [14], [32], we obtain the natural identification

Br(A)TAMn
∼= TA(BrMn) and the natural embedding of Br(A)TAMn

into TR(n,r)⊗AMn as an open subset, whence it follows that the bundle

Br(A)TAMn carries a natural structure of a smooth manifold over the al-

gebra A⊗ R(n, r). Under the identification Br(A)TAMn
∼= TA(BrMn),

to the zero section 0 : BrMn → TA(BrMn) there corresponds the natural

embedding

ι : BrMn 3 j
r
0f 7→ jr

0(T
Af) ∈ Br(A)TAMn, (13)

where f : (Rn, 0) → (Mn, x) is a germ of diffeomorphism and T Af :

(An, 0) → (TAMn, x) is the A-prolongation of f , a germ of A-diffeo-

morphism.

The structure group of the principal bundle πr(A) : Br(A)TAMn →

TAMn is the Lie group Gr
n(A) of r-jets of germs of A-diffeomorphisms

(An, 0)→ (An, 0), which is isomorphic to the Lie group T AGr
n [32].

Thus, in addition to the sequence of principal bundles of higher order

frames (2), there is associated to T AMn the sequence of principal bundles

of A-smooth frames

TAMn

π1
0(A)
←− B1(A)TAMn

π2
1(A)
←− B2(A)TAMn

π3
2(A)
←− . . .

πr
r−1(A)
←− Br(A)TAMn

πr+1
r (A)
←− . . .←− B∞(A)TAMn , (14)

where B∞(A)TAMn is the bundle of A-smooth frames of infinite or-

der, the limit of the projective system T AMn ← B1(A)TAMn ← . . .

endowed with a structure of an infinite-dimensional smooth (and A-

smooth) manifold in the sense of Bernshtein–Rozenfeld [1]. Let π∞
r (A) :

B∞(A)TAMn → Br(A)TAMn denote the canonical projection. The

bundle B∞(A)TAMn consists of all infinite order jets of germs of A-

diffeomorphisms (An, 0) → TAMn. The differential group G∞
n (A) con-

sisting of all infinite order jets of germs of A-diffeomorphisms (An, 0)→

(An, 0) acts naturally on the right on B∞(A)TAMn.

In what follows we will need to consider simultaneously elements of the

manifolds TAMn and Br(A)TAMn whose coordinates are elements of the

algebras A and A⊗ R(n, r) respectively. For this reason, we introduce
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the following notations for elements of the algebras A and A⊗ R(n, r).

An element X ∈ A has the representation X = x +
◦

X, where x ∈ R

and
◦

X ∈
◦

A in accordance with the decomposition A = R ⊕
◦

A. An

element X ∈ A ⊗ R(n, r) can be represented in the form X = x +
◦

X +
∗

X, where x ∈ R,
◦

X ∈
◦

A, and
∗

X ∈ A ⊗
◦

R(n, r), in accordance

with the decomposition A⊗R(n, r) = R⊕
◦

A⊕A⊗
◦

R(n, r), it can also be

represented in the formX = x+
•

X, where x ∈ R and
•

X =
◦

X+
∗

X ∈ m(A⊗

R(n, r)), in accordance with the decomposition A⊗R(n, r) = R⊕m(A⊗

R(n, r)), m(A ⊗ R(n, r)) =
◦

A ⊕ A ⊗
◦

R(n, r). According to the above

introduced notations, the coordinates X
i
of an element X of T A⊗R(n,r)Mn

(in particular, of an element of Br(A)TAMn) are represented as follows:

X
i
= xi +

◦

X
i +

∗

X
i = xi +

•

X
i. (15)

Using the standard basis {εp}, p = (p1, . . . , pn), |p| = 0, 1, . . . , r, in the

algebra of truncated polynomials R(n, r), where εp is the residue class

of the monomial tp = (t1)p1 . . . (tn)pn from the algebra R[[t1, . . . , tn]] =

R(n,∞), one can also represent an element X ∈ A⊗ R(n, r) as follows:

X = X +
∗

X =
r∑

|p|=0

Xp ⊗ ε
p, where X = x+

◦

X, Xp ∈ A. (16)

The expansions of the coordinates X
i

of an element X of T A⊗R(n,r)Mn

corresponding to (16) is of the form

X
i
= X i +

∗

X
i =

r∑

|p|=0

X i
p ⊗ ε

p, where X i
p ∈ A. (17)

3.2. The Lie group Gr
n(A). By the definitions given above, the group

Gr
n(A) is the fiber (πr(A))−1(0) of the bundle πr(A) : Br(A)TARn →

TA
R

n. Therefore, the standard coordinates {xi}, i = 1, . . . , n, on R
n

induce the globally defined coordinates
∗

Zi ∈ A ⊗ m(R(n, r)) on Gr
n(A).

In accordance with (17), the coordinates
∗

Zi can be represented in the

form
∗

Z
i =

r∑

|p|=1

Zi
p ⊗ ε

p, where Z i
p ∈ A, det(Z i

j) /∈
◦

A. (18)

In terms of these coordinates, the composition Y = X ◦ Z in Gr
n(A) is

written in the form
∗

Y
i =

r∑

|p|=1

X i
p

∗

Z
p. (19)



HIGHER ORDER GEOMETRY OF WEIL BUNDLES 65

The same formula (19) also gives the right action

RZ : Br(A)TAMn 3 X 7→ Y = RZ(X) ∈ Br(A)TAMn (20)

of Gr
n(A) on Br(A)TAMn in terms of the local coordinates X

i
= xi +

◦

X i +
∗

Xi on Br(A)TAMn induced by local coordinates xi on Mn.

Proposition 1. i) The Lie group Gr
n(A) is isomorphic to the Lie group

of A-linear automorphisms of the algebra A⊗ R(n, r).

ii) The Lie algebra gr
n(A) of Gr

n(A) is isomorphic to the Lie algebra of

A-linear derivations of the algebra A⊗ R(n, r) with bracket

[D1, D2] = D2 ◦D1 −D1 ◦D2. (21)

Proof. Passing to the r-jets in the composition F ◦G of A-smooth germs

G : (An, 0)→ (An, 0) and F : (An, 0)→ TAM ′
k, where M ′

k is an arbitrary

k-dimensional smooth manifold, we obtain, similarly to (20), the right

action of Gr
n(A) on TA⊗R(n,r)M ′

k:

TA⊗R(n,r)M ′
k ×G

r
n(A) 3 {X,Z} 7→ Y = RZ(X) ∈ TA⊗R(n,r)M ′

k. (22)

In terms of the local A ⊗ R(n, r)-coordinates X
i′

= xi′ +
◦

X i′ +
∗

X i′ on

TA⊗R(n,r)M ′
k induced by local coordinates xi′ on M ′

k, this action is given

by the equations (19):
∗

Y i′ =
∑r

|p|=1X
i′

p

∗

Zp. In particular, taking as

M ′
k the field of real numbers, we obtain the right action of Gr

n(A) on

TA⊗R(n,r)R ∼= A⊗ R(n, r):

A⊗ R(n, r)×Gr
n(A) 3 {X,Z} 7→ Y = RZ(X) ∈ A⊗ R(n, r), (23)

{x +
◦

X +
∗

X,
∗

Z
i} 7→ {x+

◦

X +

r∑

|p|=1

Xp

∗

Z
p}. (23′)

Let X = jrF1, Y = jrF2, and Z = jrG, where F1 : (An, 0) → A,

F2 : (An, 0) → A and G : (An, 0) → (An, 0) are A-smooth germs. Then

(F1+F2)◦G = F1◦G+F2◦G and (F1 ·F2)◦G = (F1◦G)·(F2◦G). Passing

to r-jets, we obtain (X +Y ) ◦Z = X ◦Z +Y ◦Z and (X ·Y ) ◦Z = (X ◦

Z) · (Y ◦ Z). Thus, the action (23) of Z ∈ Gr
n(A) on A⊗ R(n, r) is an

automorphism of A⊗ R(n, r). A fixed element X ∈ A ⊂ R(n, q)⊗A can

be considered as the r-jet of the constant mapping F1 : (An, 0)→ A. In

this case, the relation (F1 · F2) ◦ G = (F1 ◦G) · (F2 ◦ G) takes the form

(X · F2) ◦G = X · (F2 ◦G). Therefore, (X · Y ) ◦Z = X · (Y ◦Z), and so

RZ is an A-linear automorphism. This fact also follows from (23′).

Let now h : A⊗ R(n, r)→ A⊗ R(n, r) be an arbitrary A-linear auto-

morphism of A ⊗ R(n, r). The ideal
◦

A of A, considered as a subset
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of A ⊗ R(n, r), generates the ideal
◦

A ⊗ R(n, r) of A ⊗ R(n, r). The

quotient algebra A⊗R(n, r)/
◦

A⊗R(n, r) can be identified with R(n, r).

The ideal
◦

A⊗R(n, r) is invariant under A-linear automorphisms of A⊗

R(n, r). Therefore, the automorphism h induces an automorphism of

R(n, r). Hence it follows that h acts on the generators εi, i = 1, . . . , n

of the algebra R(n, r) ⊂ A ⊗ R(n, r) being the residue classes of the

monomials ti, i = 1, . . . , n, as follows:

h : εi 7→

r∑

|p|=1

αi
p ⊗ ε

p + αi, where αi
p ∈ A, det(αi

j) /∈
◦

A, α
i ∈

◦

A. (24)

Denote ε̃i =
∑r

|p|=1 α
i
p ⊗ ε

p and α̃i = ε̃i + αi. Since ε̃p = 0 and α̃p = 0

for |p| > r, it follows that, in (24), αi = 0. Thus, h(εi) =
∗

Zi ∈ A ⊗

m(R(n, r)) and, for an arbitrary X =
∑r

|p|=0Xp ⊗ εp ∈ R(n, q) ⊗ A,

Xp ∈ A, we have h(X) =
∑r

|p|=0Xph(ε
p) =

∑r

|p|=0Xp

∗

Zp = RZ(X),

where Z = {
∗

Zi} ∈ Gr
n(A) ⊂ (A ⊗ m(R(n, q))n. Thus, h = RZ , and the

first statement has been proved.

To prove the second statement, we need to find the fundamental vector

fields of the action of Gr
n(A) on TA⊗R(n,r)M ′

k.

Consider first a more general situation. Let F : T AMn → TAM ′
k be an

A-smooth mapping. The composition of the r-jet jrF with r-jets of A-

smooth germs (An, 0)→ TAMn defines the A⊗R(n, r)-smooth mapping

FA⊗R(n,r) : TA⊗R(n,r)Mn → TA⊗R(n,r)M ′
k. (25)

In terms of the local coordinates induced by local coordinates on Mn and

M ′
k, the mapping FA⊗R(n,r) has the form (5):

X
i′

= f i′(xj) +

r+q∑

|p|=1

1

p!

Dpf i′(xj)

Dxp

•

X
p, (26)

where f i′(xj) are the A-valued functions which give the restriction of F

to the zero section Mn ⊂ TAMn. Using the partial derivatives of the

A-smooth functions

F i′(Xj) = f i′(xj) +

q∑

|p|=1

1

p!

Dpf i′(xj)

Dxp

◦

X
p
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which give the mapping F in terms of local A-coordinates, one can rewrite

(26) in the form

X
i′

= F
i′

(X
j
) = F i′(Xj) +

r∑

|p|=1

1

p!

DpF i′(Xj)

DXp

∗

X
p, (27)

where

DpF i′(Xj)

DXp
=
DpF i′(Xj)

Dxp
=
Dpf i′(xj)

Dxp
+

q∑

|s|=1

1

s!

Dp+sf i′(xj)

Dxp+s

◦

X
p.

Let X ∈ TA⊗R(n,r)Mn, and let X
′
∈ TA⊗R(n,r)M ′

k be the image of X under

the mapping (25). The mapping

TFA⊗R(n,r) : TTA⊗R(n,r)Mn → TTA⊗R(n,r)M ′
k (28)

of the tangent bundles induced by (25), in terms of local coordinates,

is given by the equations X
i′

= F
i′

(X
j
) of the form (27) and by the

equations

V
i′

=
∂F

i′

∂X
j
V

j
=


∂F i′

∂Xj
+

r∑

|p|=1

1

p!

Dp+jF i′

DXp+j

∗

X
p


V

j
. (29)

The coordinates V
j

of a tangent vector V ∈ TXT
A⊗R(n,r)Mn, as well as

the coordinates of elements of T A⊗R(n,r)Mn, are of the form V
j

= V j+
∗

V j,

where V j ∈ A and
∗

V j ∈ A⊗ m(R(n, r)).

If V j = 0, then the elements
∗

V j are the coordinates of a vertical vector

on the bundle TA⊗R(n,r)Mn → TAMn, i. e., of a vector tangent to the fiber

T
A⊗R(n,r)
X Mn. In the case V j = 0, the summands in (29) corresponding to

|p| = r + 1 are equal to zero. Therefore, the mapping V TXT
A⊗R(n,r)Mn

of the vertical tangent spaces is defined by the r-jet jr
XF .

Letting now in (28) X be the identity e = jr
0(idAn) of the Lie group

Gr
n(A) ⊂ T

R(n,r)
0 An ⊂ TA⊗R(n,r)Rn, and Y be an arbitrary element

Y = jr
0F, F : (An ∼= TA

R
n, 0)→ (TAM ′

k, Y ),

of the bundle TA⊗R(n,r)M ′
k, we obtain the mapping

TeF
A⊗R(n,r) : TeG

r
n(A) 3 V e 7→ V Y ∈ TY T

A⊗R(n,r)M ′
k (30)

which assigns to an element V e of the Lie algebra gr
n(A) ∼= TeG

r
n(A) the

vector V Y being the value at Y of the fundamental vector field V of

the action of Gr
n(A) on TA⊗R(n,r)M ′

k corresponding to V e. To find the

equations of a fundamental vector field V on T A⊗R(n,r)M ′
k in terms of
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local coordinates, we let
∗

Xp = εp in equations (29), which determine the

mapping (30). Then we obtain

V
i′

(Y ) = (Y i′

j +
r−1∑

|p|=1

(pj + 1)Y i′

p+jε
p)V

j

e, (31)

where Y i′

j , Y
i′

p+j ∈ A, and it is supposed that the sum is taken over the

index j. In particular, the fundamental vector fields on Br(A)TAMn are

of the form

V
i
(X) = (X i

j +
r−1∑

|p|=1

(pj + 1)X i
p+jε

p)V
j

e = (
r−1∑

|p|=0

(pj + 1)X i
p+jε

p)V
j

e. (32)

In the case M ′
k = R, k = 1, formula (30) determines the fundamental

vector fields of the action of the group Gr
n(A) on the algebra A⊗ R(n, r).

Let V e ∈ TeG
r
n(A) be an element of the Lie algebra gr

n(A), and let γ :

(R, 0) 3 t 7→ γ(t) ∈ Gr
n(A) be a germ of curve such that (dγ/dt)|0 = V e.

By (30), the value of the fundamental vector field V on A⊗ R(n, r)

corresponding to V e at α = jrF ∈ A⊗ R(n, r), F : (An, 0) → A, is of

the form

V (α) = V α = Tej
rF (V e) =

d

dt

∣∣∣∣
0

(jrF ◦ γ) =
d

dt

∣∣∣∣
0

(FA⊗R(n,r) ◦ γ). (33)

Applying (33) to the product α1 · α2 ∈ A⊗ R(n, r), we obtain

V (α1 · α2) =
d

dt

∣∣∣∣
0

((F
A⊗R(n,r)
1 · F

A⊗R(n,r)
2 ) ◦ γ) =

=
d

dt

∣∣∣∣
0

(F
A⊗R(n,r)
1 ◦ γ) · (F

A⊗R(n,r)
2 ◦ γ)(0)+

+ (F
A⊗R(n,r)
1 ◦ γ)(0) ·

d

dt

∣∣∣∣
0

(F
A⊗R(n,r)
2 ◦ γ) = V (α1) · α2 + α1 · V (α2).

If α1 ∈ A ⊂ A ⊗ R(n, r), then α1 is the r-jet α1 = jrF1 of the constant

germ F1 : (An, 0) 7→ α1 ∈ A. Consequently, V (α1) = 0 and V (α1 ·

α2) = α1 · V (α2). Now, by means of similar calculations, one can easily

show that, for β1, β2 ∈ A, α1, α2 ∈ A⊗ R(n, r), the following relation

holds: V (β1α1 + β2α2) = β1V (α1) + β2V (α2).

An arbitrary A-linear derivation D : A ⊗ R(n, r) → A ⊗ R(n, r) is

determined by its values D(εi) ∈ m(A ⊗ R(n, r)) on the generators εi,

i = 1, . . . , n, of the algebra R(n, r) ⊂ A ⊗ R(n, r). Since D(εp) = 0

for |p| = r + 1, it follows (as in the case of automorphisms (24) of the

algebra A⊗R(n, r)) thatD(εi) = V
i
=

∑r
|p|=1 V

i
p⊗ε

p, where V i
p ∈ A, i. e.,



HIGHER ORDER GEOMETRY OF WEIL BUNDLES 69

V
i
∈ A⊗m(R(n, r)). Therefore, D coincides with the derivation which is

the fundamental vector field V generated by the element V e ∈ TeG
r
n(A) =

Te(A ⊗ m(R(n, r))) ∼= A ⊗ m(R(n, r)) with A ⊗ R(n, r)-coordinates V
i
.

In fact, the A ⊗ R(n, r)-coordinates of the identity e ∈ Gr
n(A) are the

elements {εi}, i = 1, . . . , n, and the values of the coordinates V
i
(e) of the

left-invariant vector field corresponding to V e ∈ TeG
r
n(A) at e ∈ Gr

n(A),

by (33), are equal to V
i
(e) = V (εi).

To the Lie bracket of fundamental vector fields on A ⊗ R(n, r) there

corresponds the Lie bracket of derivations (21). In fact, the group Gr
n(A),

which acts on the right on A⊗m(R(n, r)) by linear transformations, and

the space TeG
r
n(A) can be considered as subsets in the automorphism

algebra End(A ⊗ m(R(n, r))) of the vector space A ⊗ m(R(n, r)) acting

on the right on A⊗ m(R(n, r)). �

3.3. The Lie bracket of A-smooth vector fields. The tangent bundle

TAn of the A-module An is naturally identified with An×An, and if {X i},

i = 1, . . . , n, are the standard A-coordinates on A
n, then a vector field on

an open subset O ⊂ An is given by a smooth mapping V : O 3 {X i} 7→

{X i, V j(X i)} ∈ An × An. A vector field V is A-smooth if the functions

V j = V j(X i) are A-smooth. In order that a vector field V be A-smooth

it is necessary and sufficient that the functions vjb = vjb(xia) satisfy the

conditions (3):

∂iav
jb = γb

ag∂i0v
jg, where ∂iav

jb = ∂vjb/∂xia. (34)

Proposition 2. Let U and V be A-smooth vector fields on a domain

O ⊂ An, and let W = [U, V ] be the Lie bracket of these fields. Then

i) W is an A-smooth vector field.

ii) The A-coordinates W j of W are of the form

W j = U i∂iV
j − V i∂iU

j. (35)

Proof. Statement i) follows from statement ii) since the functions U j , V j

and their partial derivatives are A-smooth.

Let us prove statement ii). By the definition of the Lie bracket of

vector fields, the conditions of A-smoothness of a vector field (34), and

by relation (4) for partial derivatives of an A-smooth function, we have

W j = wjbeb =

= (uia∂iav
jb − via∂iau

jb)eb = (uiaγb
ag∂i0v

jg − viaγb
ag∂i0u

jg)eb =

= uiaea∂i0v
jgeg − v

iaea∂i0u
jgeg = U i∂iV

j − V i∂iU
j. (36)

�
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3.4. Lie algebras of germs and jets of A-smooth vector fields.

We will use the following notation:

Vect0(R
n) is the Lie algebra of germs of vector fields on Rn at zero,

Vect0(R
n, 0) is the Lie algebra of germs of vector fields on Rn at zero

which take zero value at zero.

Proposition 2 allows one to consider also the following Lie algebras of

germs of A-smooth vector fields:

Vect0(A
n), the Lie algebra of germs of A-smooth vector fields on An

at zero,

Vect0(A
n, 0), the Lie algebra of germs of A-smooth vector fields on An

at zero which take zero value at zero,

Vect0(A
n,

◦

A
n), the Lie algebra of germs of A-smooth vector fields on

An at zero whose value at zero belongs to the submodule
◦

A
n.

Vect0(A
n, In), the Lie algebra of germs of A-smooth vector fields on An

at zero whose value at zero belongs to the submodule In ∈ An consisting

of the n-tuples with elements from an ideal I of A.

Proposition 3. The following Lie algebra isomorphisms take place:

Vect0(A
n) ∼= A⊗ Vect0(R

n), (37)

Vect0(A
n, 0) ∼= A⊗ Vect0(R

n, 0). (38)

Proof. The isomorphisms (37) and (38) follow from the fact that the

germs of A-smooth vector fields U , V , and [U, V ] on An at zero are

completely defined by their restrictions to R
n (see (36)). The restriction

u = U |Rn of a germ of A-smooth vector field U is a germ of An-valued

vector field on Rn at zero. The germ u is of the form uj(xi) = ujb(xi)eb.

Since A is a finite-dimensional algebra, u can be considered as an element

eb ⊗ ujb(xi) of the Lie algebra A ⊗ Vect0(R
n). The germ of A-smooth

vector field U is restored from u as its A-prolongation (see (5)) U j =

uj(xi) +
∑q

|p|=1
1
p!

(Dpui/Dxp)
◦

Xp. Thus, the isomorphism of Lie algebras

A⊗ Vect0(R
n)→ Vect0(A

n) is realized by passing from germs of A
n-va-

lued vector fields to their A-prolongations. �

Note that the isomorphism (37) allows ones to regard the Lie algebras

Vect0(A
n,

◦

A
n) and Vect0(A

n, In) as Lie subalgebras in A⊗ Vect0(R
n).

Passing in the Lie algebras Vect0(R
n) and Vect0(R

n, 0) from germs of

vector fields at zero to the ∞-jets, one obtains the following Lie algebras

[1], [7]:

Vect∞0 (Rn) = Wn, the Lie algebra of formal vector fields on R
n, an el-

ement V ∈ Wn is a collection of n formal power series V i =
∑∞

|p|=0 v
i
pt

p ∈



HIGHER ORDER GEOMETRY OF WEIL BUNDLES 71

R[[t1, . . . , tn]], i = 1, . . . , n, the Lie bracket [U, V ] of two formal vector

fields is computed by formula (35), where ∂i = ∂/∂ti is the operator of

formal differentiation of a power series with respect to ti, for this reason,

V ∈ Wn can also be written as the linear combination V i∂i;

Vect∞0 (Rn, 0) = L0(Wn), the Lie subalgebra in Wn of formal vector

fields V with V i belonging to the maximal ideal m(R[[t1, . . . , tn]]) of the

algebra R[[t1, . . . , tn]], which consists of the series with zero constant

term, i. e., such that V i =
∑∞

|p|=1 v
i
pt

p;

Lr(Wn), r ≥ 0, the Lie subalgebra in Wn of formal vector fields V with

V i belonging to the (r + 1)-st power of the ideal m(R[[t1, . . . , tn]]), i. e.,

such that V i =
∑∞

|p|=r+1 v
i
pt

p.

[Lr(Wn), Ls(Wn)] ⊂ Lr+s(Wn), therefore, for r > s, Lr(Wn) is an ideal

in Ls(Wn). In particular, Lr(Wn), r > 0, is an ideal in L0(Wn).

Passing in the Lie algebras Vect0(A
n), Vect0(A

n, 0), Vect0(A
n,

◦

A
n), and

Vect0(A
n, In) from germs of A-smooth vector fields at zero to their ∞-

jets, we obtain, respectively, the Lie algebras Vect∞0 (An), Vect∞0 (An, 0),

Vect∞0 (An,
◦

A
n), and Vect∞0 (An, In).

Denote by A[[t1, . . . , tn]] = A(n,∞) the algebra of formal power series

α =
∑∞

|p|=0 αpt
p, αp ∈ A, with coefficients in a Weil algebra A. Since A is

finite-dimensional, the algebra A[[t1, . . . , tn]] is isomorphic to the tensor

product A ⊗ R[[t1, . . . , tn]]. The algebra A[[t1, . . . , tn]] has the unique

maximal ideal m(A[[t1, . . . , tn]]) consisting of the series whose constant

term α0 belongs to the maximal ideal
◦

A of A.

By the Lie algebra of formal vector fields on An we will mean the Lie

algebra W A

n of formal vector fields V = V i∂i with V i ∈ A[[t1, . . . , tn]],

i = 1, . . . , n, with Lie bracket [U, V ] defined by (35), where, as in the case

of the Lie algebra Wn, ∂i = ∂/∂ti is the operator of formal differentiation

of formal power series with respect to ti.

There are the following Lie subalgebras in W A

n : Lr(W
A

n ), r = 0, 1, . . .,

the Lie subalgebra of formal vector fields V = V i∂i such that all the

truncated series
∑r

|p|=0 v
i
pt

p of V i =
∑∞

|p|=0 v
i
pt

p, i = 1, . . . , n, are zero; in

particular, L0(W
A

n ) is the Lie subalgebra of formal vector fields V with

V i having zero constant terms; L̃0(W
A

n ), the Lie subalgebra of formal

vector fields V with V i belonging to the maximal ideal m(A[[t1, . . . , tn]]).

From (35) it follows that Lr(W
A

n ), r = 1, . . ., is an ideal in L0(W
A

n ).

The following propositions are consequences of Propositions 2 and 3.
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Proposition 4. The following Lie algebra isomorphisms take place:

Vect∞0 (An) ∼= WA

n
∼= A⊗Wn, (39)

Vect∞0 (An, 0) ∼= L0(W
A

n ) ∼= A⊗ L0(Wn), (40)

Vect∞0 (An,
◦

A
n) ∼= L̃0(W

A

n ). (41)

Proposition 5. The vector space Vectr
0(A

n, 0) of r-jets of germs of A-

smooth vector fields from Vect0(A
n, 0) with bracket [jrV1, j

rV2] = jr[V1, V2]

is a Lie algebra isomorphic to the quotient Lie algebra

L0(W
A

n )/Lr+1(W
A

n ) ∼= A⊗ (L0(Wn)/Lr+1(Wn)) .

3.5. Lifts of vector fields to Br(A)TAMn. A vector field v : Mn →

TMn on a smooth manifold Mn generates a local flow ϕt : Mn → Mn.

The Weil functor T A applied to the flow ϕt gives the flow T Aϕt : TAMn →

TAMn on the Weil bundle T AMn, the A-prolongation of the flow ϕt. The

flow TAϕt, in turn, generates the vector field vC : TAMn → TTAMn on

TAMn called the complete lift of v. The vector field vC can be obtained

as the composition of the A-prolongation vA : TAMn → TATMn of the

section v : Mn → TMn with the diffeomorphism T ATMn → TTAMn

which follows from the natural equivalence of functors T A◦TR(ε) ∼= TR(ε)◦

TA. In what follows we will not distinguish between the mappings vC

and vA. The local A-coordinates V i(Xj) of the vector field vA on TAMn

in terms of the A-chart hA generated by a chart h on Mn are the A-pro-

longations of the coordinates vi(xj) of v. In accordance with (5),

V i = vi(xj) +

q∑

|p|=1

1

p!

Dpvi

Dxp

◦

X
p. (42)

The complete lift V of an A-smooth vector field V on the Weil bundle

TAMn to the bundle TR(n,r)TAMn
∼= TA⊗R(n,r)Mn is given by a formula

similar to (42). If v = V |Mn : Mn → TTAMn is the restriction of an A-

smooth vector field V to Mn ⊂ TAMn (we identify Mn with zero section

of TAMn), then the complete lift V = V A⊗R(n,r) of V to TA⊗R(n,r)Mn,

in terms of local coordinates {X i} on TA⊗R(n,r)Mn generated by local

coordinates {xi} on Mn is of the form

V i(X j) = vi(xj) +

q∑

|p|=1

1

p!

Dpvi

Dxp

•

X
p = V i(Xj) +

q∑

|p|=1

1

p!

DpV i

Dxp

∗

X
p, (43)

where vi(xj) are the A-valued smooth functions being the restrictions to

Rn of the A-smooth functions V i(Xj),
•

X i ∈ m(A⊗R(n, r)), and V i(X j)

are the A ⊗ R(n, r)-smooth functions being the prolongations of vi(xj)
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and V i(Xj). The principal bundle Br(A)TAMn is an open submanifold

in TA⊗R(n,r)Mn. Therefore, formulas (43) give also the complete lift of an

A-smooth vector field V from T AMn to Br(A)TAMn.

Proposition 6. The complete lift V of an A-smooth vector field V from

TAMn to Br(A)TAMn is invariant with respect to the right action of the

Lie group Gr
n(A) on Br(A)TAMn.

Proof. In terms of local coordinates, the right action (20)

RZ : Br(A)TAMn 3 X 7→ Y = RZ(X) ∈ Br(A)TAMn (44)

is of the form (19):

∗

Y
i =

r∑

|p|=1

X i
p

∗

Z
p, (45)

where X
i
= xi +

◦

X i +
∗

X i,
∗

X i = X i
p ⊗ ε

p, Y
i
= xi +

◦

Xi +
∗

Y i (see (15)).

Then the tangent mapping

TXRZ : TXB
r(A)TAMn 3 V 7→W ∈ TYB

r(A)TAMn (46)

is of the form
∗

W
i =

r∑

|p|=1

V i
p

∗

Z
p, (47)

where
∗

V i = V i
p ⊗ εp. The complete lift V of an A-smooth vector field

V from TAMn to Br(A)TAMn, in terms of local coordinates, is given by

equations (43)

∗

V
i(X j) =

r∑

|p|=1

V i
p

∗

X
p. (48)

Under the right action (46), the complete lift V goes to the vector field

W whose coordinates
∗

W i at Y = X ◦ Z are obtained by substituting
∗

Zi in place of εi in the expansion of
∗

V i(X j) from (48) in powers of εp:
∗

V i(X j) = Ai
pε

p. For this, one should replace εp by
∗

Zp in the expansion

of each
∗

X i in the right-hand side of (48), which is equivalent to the

replacement in (48) of
∑r

|p|=1 V
i
p

∗

Xp by
∑r

|p|=1 V
i
p

∗

Y p, where Y = X ◦ Z,

which, in turn, gives
∗

V i(Y j). �

Proposition 7. The Lie algebra of right-invariant vector fields on the

Lie group Gr
n(A) is isomorphic to the Lie algebra Vectr

0(A
n, 0).
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Proof. Let V ∈ Vect0(A
n, 0) be a germ of A-smooth vector field at 0 ∈ An

such that V (0) = 0. In terms of the coordinates X i on An, the germ V

is given by functions V i(Xj). The A ⊗ R(n, r)-lift V of the germ V at

Z ∈ Gr
n(A) ⊂ Br(A)An, in terms of the induced coordinates, is of the

form (48):

V
i
(Z) =

r∑

|p|=1

V i
p

∗

Z
p, V i

p =
1

p!

DpV i

DXp
. (49)

By Proposition 6, the restriction of the germ V to the Lie group Gr
n(A)

is a right-invariant vector field Ṽ on this group. From (49) it follows that

the vector field Ṽ is uniquely determined by the r-jet of the germ V . The

correspondence (49) assigning to the r-jet of a germ of A-smooth vector

field V the right-invariant vector field Ṽ is bijective since the value of

the field Ṽ at the identity e ∈ Gr
n(A) is of the form Ṽ i(e) =

∑r

|p|=1 V
i
p ε

p.

What is more, the correspondence (49) is a Lie algebra isomorphism. In

fact, the Lie bracket [Ũ , Ṽ ] of right-invariant vector fields Ũ and Ṽ is

the restriction to Gr
n(A) of the Lie bracket [U, V ] of the complete lifts

of germs of A-smooth vector fields U and V , which coincides with the

complete lift [U, V ] of the Lie bracket [U, V ], and the bracket [jr
0U, j

r
0V ]

in the Lie algebra Vectr
0(A

n, 0), by the definition, equals to the r-jet

jr
0 [U, V ]. �

3.6. Fundamental semivector fields on the bundle Br(A)TAMn.

Denote by T r1Br(A)TAMn, 0 ≤ r1 ≤ r, the inverse image of the tan-

gent bundle TBr1(A)TAMn under the projection πr
r1

(A) : Br(A)TAMn →

Br1(A)TAMn. An element V X ∈ T r1

X
Br(A)TAMn can be considered as

a tangent vector to Br(A)TAMn defined up to a summand belonging to

the kernel of the projection TXπ
r
r1

(A) or, in terms of the algebra R(n, r),

up to a summand belonging to the submodule

◦

R(n, r)r1+1 TXB
r(A)TAMn

generated by the (r1+1)-st power
◦

R(n, r)r1+1 of the maximal ideal
◦

R(n, r)

of the algebra R(n, r). Therefore, the fiber T r1

X
Br(A)TAMn of the bundle

T r1Br(A)TAMn → Br(A)TAMn can be considered as the quotient mod-

ule TXB
r(A)TAMn/

◦

R(n, r)r1+1TXB
r(A)TAMn. From this point of view,

the bundle T r1Br(A)TAMn is the quotient bundle of the vector bundle

TBr(A)TAMn by the subbundle
◦

R(n, r)r1+1TBr(A)TAMn generated by

the ideal
◦

R(n, r)r1+1.
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In a similar manner, one can define the quotient bundles

T r1TR(n,r)TAMn → TR(n,r)TAMn.

Sections of the bundles

T r1Br(A)TAMn → Br(A)TAMn

and

T r1TR(n,r)TAMn → TR(n,r)TAMn

will be called, following the terminology of A.M.Vasiliev [36], semivector

fields on Br(A)TAMn and TR(n,r)TAMn respectively.

An A-smooth mapping F : T AMn → TAM ′
k induces the A ⊗ R(n, r)-

smooth mapping (25)

FA⊗R(n,r) : TA⊗R(n,r)Mn → TA⊗R(n,r)M ′
k,

jr
0,Xϕ 7→ jr

XF ◦ j
r
0,Xϕ = jr

0,F (X)(F ◦ ϕ),

where ϕ : (Rn, 0) → (TAMn, X), and, in particular, as the restriction of

(25), the mapping

FA⊗R(n,r) : Br(A)TAMn → TA⊗R(n,r)M ′
k,

The mapping (25), in turn, induces the mapping of the tangent bundles

(28)

TFA⊗R(n,r) : TTA⊗R(n,r)Mn → TTA⊗R(n,r)M ′
k.

If there is given only the jet jr
XF of F at X ∈ TAMn, then the mapping

TXF
A⊗R(n,r) : TXT

A⊗R(n,r)Mn → TY T
A⊗R(n,r)M ′

k,

where Y = FA⊗R(n,r)(X), π(A)r
0(X) = X.

is not defined, but we have uniquely defined (by equations (29)) the

mapping

jr
XF = T r−1

X
FA⊗R(n,r) : T r−1

X
TA⊗R(n,r)Mn → T r−1

Y
TA⊗R(n,r)M ′

k,

Y = FA⊗R(n,r)(X), π(A)r
0(X) = X.

In particular, the jet Y = jr
0F of A-smooth germ F : (An, 0)→ (TAM ′

k, X)

defines the mapping

jr
0F : T r−1

e Br(A)TA
R

n → T r−1
Y

TA⊗R(n,r)M ′
k, (50)

where e is the identity of Gr
n(A). The subspaces T r−1

e Br(A)TARn and

T r−1

Y
TA⊗R(n,r)M ′

k carry structures of A⊗ R(n, r)-modules isomorphic, re-

spectively, to the modules A⊗ R(n, r − 1)n and A⊗ R(n, r − 1)k, and

the mapping (50) is A⊗ R(n, r)-linear. Fixing V
(r−1)

e ∈ T r−1
e Br(A)TARn

and varying Y , we obtain a semivector field V
(r−1)

on TA⊗R(n,r)M ′
k.
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This semivector field will be called the fundamental semivector field (cf

[31]) on TA⊗R(n,r)M ′
k corresponding to V

(r−1)

e . Similarly, fixing V
(r′)

e ∈

T r′

e B
r(A)TARn for r′ < r and varying Y , we obtain the fundamental

semivector field on T A⊗R(n,r)M ′
k corresponding to V

(r′)

e .

In terms of local coordinates, fundamental semivector fields are given

by equations similar to (31). The semivector field corresponding to

V
(r−1)

e = V
j

e∂j(e), V
j

e ∈ A⊗ R(n, r − 1), is given by the equations

V
i′

(Y ) = (Y i′

j +
r−1∑

|p|=1

(pj + 1)Y i′

p+jε
p)V

j

e, (51)

where the product in relations of the form (Y i′

p+jε
p)V

j

e is understood as the

action of the algebra A⊗R(n, r) on the quotient algebra A⊗R(n, r−1).

In particular, fundamental semivector fields on the bundle Br(A)TAMn

are of the form (see (32))

V
i
(X) = (X i

j +
r−1∑

|p|=1

(pj + 1)X i
p+jε

p)V
j

e = (
r−1∑

|p|=0

(pj + 1)X i
p+jε

p)V
j

e. (52)

Note 2. The bundles T A⊗R(n,r)M ′
k and T r′Br(A)TAMn are, obviously, A-

smooth manifolds modeled on A-modules of type Am for certain m ∈ N

(these bundles can also be considered as A ⊗ R(n, r)-smooth manifolds

modeled on the corresponding A⊗R(n, r)-modules, see [33]). From (51)

and (52) it follows that fundamental semivector fields are A-smooth sec-

tions of these bundles.

Note 3. The complete lift of a germ of A-smooth vector field V on An ≡

TA
R

n at zero to the bundle Br(A)TA
R

n is a germ of A⊗R(n, r)-smooth

vector field V on Br(A)TARn defined along the whole fiber Gr
n(A). This

germ has equations (43). If there is given only the (r−1)-jet jr−1
0 V of V ,

then formulas (43) define a unique element V e ∈ T
r−1
e Br(A)TARn, which,

in turn, determines a unique (r− 1)-jet jr−1
0 V . Thus, there is an isomor-

phism between the A⊗R(n, r)-modules Vectr−1
0 (An) and T r−1

e Br(A)An.

Since the bundle Br(A)An is an open submanifold of T A⊗R(n,r)Rn ≡ (A⊗

R(n, r))n, the A ⊗ R(n, r)-module T r−1
e Br(A)An is canonically isomor-

phic to the A⊗ R(n, r)-module (A⊗ R(n, r − 1))n. From (51) it follows

that the set of all fundamental semivector fields on T A⊗R(n,r)M ′
k is also an

A⊗ R(n, r − 1)-module isomorphic to (A⊗R(n, r−1))n. We will denote

the A⊗ R(n, r′)-module of fundamental semivector fields on T A⊗R(n,r)M ′
k

by T r′TA⊗R(n,r)M ′
k.
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In the case M ′
k = R, k = 1, formula (51) determines the fundamental

semivector fields on the algebra A⊗ R(n, r). As in the proof of Propo-

sition 1, one can easily verify (see also [31]) that these fundamental

semivector fields are A-linear derivations from the algebra A⊗ R(n, r) to

the algebra A⊗ R(n, r − 1) with respect to the canonical epimorphism

πr
r−1 : A⊗ R(n, r) → A⊗ R(n, r − 1), and that the set Dr

r−1(A) of all

such derivations coincides with the set of all fundamental semivector

fields. By Note 3, Dr
r−1(A) is an A⊗ R(n, r − 1)-module isomorphic to

(A ⊗ R(n, r − 1))n. The A-linear derivations ∂j : A ⊗ R(n, r) → A ⊗

R(n, r− 1) defined by ∂j(ε
i) = δi

j form a basis in this module. Using the

derivations ∂j, one can rewrite (51) as follows

V
i′

(Y ) = V
j

e∂j(Y
i′

), where Y
i′

=
r∑

|p|=0

Y i′

p ⊗ ε
p, Y i′

p ∈ A. (53)

Relations (53) establish an isomorphism between the A⊗ R(n, r − 1)-

module T r−1
e Br(A)TARn and the A⊗ R(n, r − 1)-module of fundamental

semivector fields on T A⊗R(n,r)M ′
k. In particular, fundamental semivector

fields on A⊗ R(n, r) are of the form

V (α) = V
j
∂j(α), V

j
∈ A⊗ R(n, r − 1). (54)

Note 4. The multiplication in A⊗ R(n, r) induces the action

A⊗ R(n, r − 1)× A⊗m(R(n, r))→ A⊗ m(R(n, r)).

With this in mind, we can express an arbitrary fundamental vector field

on A⊗ R(n, r) (A-linear derivation of A⊗ R(n, r)) in the same form as

(54):

V (α) = V
j
∂j(α), V

j
∈ A⊗ m(R(n, r)), (55)

where the operators ∂j have the same sense as in (54).

Denote by Dr
r′(A), r′ < r, the A⊗ R(n, r − 1)-module of A-linear

derivations from A⊗ R(n, r) to A⊗ R(n, r′) with respect to the canon-

ical epimorphism πr
r′ : A⊗ R(n, r) → A⊗ R(n, r′). Each derivation

D ∈ Dr
r−1(A) generates a series of derivations Dr

r′ ∈ Dr
r′(A), r′ < r − 1,

defined by Dr
r′ = πr−1

r′ ◦D. We will also denote Dr
r′ simply by D. Then

the relation [D1, D2] = D2 ◦D1 −D1 ◦D2 defines the bracket

[ , ] : Dr
r−1(A)×Dr

r−1(A)→ Dr
r−2(A). (56)

In terms of the derivations ∂j, the bracket (56) is completely determined

by the relations

[∂i, ∂j] = 0, (57)
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from which it follows that if [V
(r−1)

e ,W
(r−1)

e ] = U
(r−2)

e , then

U
i

e∂i = [V
j

e∂j,W
j

e∂j] = (W
j

e∂j(V
i

e)− V
j

e∂j(W
i

e))∂i. (58)

It will be convenient to identify V
(r−1)

e = {V
j

e} ∈ T r−1
e Br(A)Rn with

V
j

e∂j ∈ Dr
r−1(A).

The Lie bracket of vector fields on T A⊗R(n,r)M ′
k induces the A-linear

bracket of fundamental semivector fields

[ , ] : T r−1TA⊗R(n,r)M ′
k × T

r−1TA⊗R(n,r)M ′
k → T

r−2TA⊗R(n,r)M ′
k, (59)

which corresponds to the bracket (56) since the fundamental semivector

fields (53) on T A⊗R(n,r)Rk can be regarded as A-linear mappings (cf the

proof of Proposition 1).

3.7. The structure form of the bundle Br(A)TAMn. The structure

form θr of the bundle BrMn of r-frames on a real smooth manifold Mn

is a 1-form on BrMn with values in the space T r−1
e BrRn, where e is the

identity of the differential group Gr
n ⊂ BrRn. The form θr is defined

as follows [42]. If X = jrf , where f : (Rn, 0) → (Mn, x) is a germ of

diffeomorphism, then

θr
X(vX) = jr(f−1)(Tπr

r−1(vX)).

As the domain of values of the structure form θr, one can also take the

space Vectr−1
0 (Rn) of (r − 1)-jets of vector fields at zero on Rn [9], [21].

In a similar way, we define the T r−1
e Br(A)TARn-valued (or, equiva-

lently, (A⊗ R(n, r − 1))n-valued) structure form Θr = Θr(TAMn) of the

bundle Br(A)TAMn. Let X = jrF , where F : (An, 0)→ (TAMn, X) is a

germ of A-diffeomorphism, and let V X be a tangent vector toBr(A)TAMn

at X. We let

Θr
X

(V X) = jr(F−1)(Tπr
r−1(V X)). (60)

From (60) it follows that in fact the form Θr is defined on elements from

T r−1Br(A)TAMn and assigns to the value V
(r−1)

X
at X of the fundamen-

tal semivector field V
(r−1)

corresponding to an element V
r−1

e the same

element V
r−1

e .

Proposition 8. The structure form Θr is an A-smooth mapping.

Proof. In terms of local coordinates, a fundamental semivector field on

Br(A)TAMn is given by functions V
i
(X) = (

∑r

|p|=0X
i

p+j)V
j

e (see (52)) of

A-valued coordinates X
i

p, which, obviously, are A-smooth. When the ele-

ments V
j

e ∈ A⊗R(n, r−1) run through the all possible values, equations
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(52) define an A-smooth trivialization

ψ : (A⊗ R(n, r − 1))n ×Br(A)TAMn → T r−1Br(A)TAMn (61)

of the bundle T r−1Br(A)TAMn. Using the mappings

λ : (A⊗ R(n, r − 1))n 3 {V
j
}e∂j(e) 7→ V

j

e∂j(e) ∈ T
r−1
e Br(A)An

and

pr1 : (A⊗ R(n, r − 1))n × Br(A)TAMn 7→ (A⊗ R(n, r − 1))n,

we can represent the structure form Θr as the composition

Θr = λ ◦ pr1 ◦ ψ
−1 ◦ πr

r−1.

Since ψ is an A-diffeomorphism, its inverse ψ−1 is also an A-diffeomor-

phism, whence it follows that the form Θr is A-smooth. �

The structure form Θr possesses the following property, which is an

analogue of the corresponding property of the structure form of the bun-

dle of r-frames of real smooth manifold Mn (see, e. g., [21]).

Theorem 2. Let Φ : Br(A)TAMn → Br(A)TAM ′
n be a local diffeo-

morphism which maps the structure form Θr of the bundle Br(A)TAMn

into the the structure form Θ′r of the bundle Br(A)TAM ′
n. Then in a

neighborhood of every point X ∈ Br(A)TAMn the diffeomorphism Φ co-

incides with the A ⊗ R(n, r)-prolongation of a local A-diffeomorphism

Φ : TAMn → TAM ′
n.

Proof. In the proof of this statement, we will use the scheme applied in

[21] (Section 1.3.1). We will suppose that the structure forms take values

in the A⊗ R(n, r)-module (A⊗ R(n, r − 1))n.

1) If Φ coincides with A ⊗ R(n, r)-prolongation ΦA⊗R(n,r) of a local

A-diffeomorphism Φ : T AMn → TAM ′
n, then Φ maps the fundamental

semivector field on Br(A)TAMn corresponding to V
(r−1)

e ∈ T r−1Br(A)An

into the fundamental semivector field on Br(A)TAM ′
n corresponding to

the same element V
(r−1)

e . Hence it follows that Φ maps the structure

form of Br(A)TAMn into the structure form of Br(A)TAM ′
n.

2) Since the structure form Θr establishes an isomorphism between

the A⊗R(n, r)-modules T r−1

X
Br(A)TAMn and (A⊗R(n, r− 1))n, it also

establishes an isomorphism between the submodules of these modules

generated by the ideals A⊗ (
◦

R(n, r− 1))r1 , r1 = 0, 1, . . . , r− 1. Hence it

follows that Φ is fibered over the local diffeomorphisms

Φ
r1

: Br1(A)TAMn → Br1(A)TAM ′
n, r1 = 0, 1, . . . , r − 1.
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In particular, Φ is fibered over Φ = Φ
0

: TAMn → TAM ′
n.

3) In the case r = 1, the local diffeomorphism Φ
1

: B1(A)TAMn →

B1(A)TAM ′
n is fibered over Φ : T AMn → TAM ′

n. Since the map Φ
1

induces an isomorphism of A-modules T 0
X
B1(A)TAMn ≡ TXT

AMn and

T 0
Φ(X)

B1(A)TAM ′
n ≡ TΦ(X)T

AM ′
n, the tangent mappings TXΦ are A-lin-

ear. Hence it follows that the mapping Φ : T AMn → TAM ′
n is A-smooth.

4) Assume now that the statement of the theorem holds for the bun-

dles of A-smooth p-frames for p = 1, . . . , r − 1. As has been shown

in item 2), the mapping Φ is fibered over Φ
r−1

: Br−1(A)TAMn →

Br−1(A)TAM ′
n. Since fundamental semivector fields which are sections

of the bundle T r−2Br(A)TAMn → Br(A)TAMn project into fundamen-

tal semivector fields being sections of the bundle T r−2Br−1(A)TAMn →

Br−1(A)TAMn, it follows that the mapping Φ
r−1

maps the structure

form of Br−1(A)TAMn into the structure form of Br−1(A)TAM ′
n. Hence

it follows that the mapping Φ
r−1

coincides with the A ⊗ R(n, r − 1)-

prolongation of a local A-diffeomorphism Φ : T AMn → TAM ′
n. Con-

sider the A ⊗ R(n, r)-prolongation ΦA⊗R(n,r) of Φ and the composition

Ψ = (ΦA⊗R(n,r))−1 ◦ Φ : Br(A)TAMn → Br(A)TAMn. The local diffeo-

morphism Ψ preserves the structure form and projects into the iden-

tity diffeomorphism of the bundle Br−1(A)TAMn. Therefore, Ψ is a

family of right translations of the bundle Br(A)TAMn over the bun-

dle Br−1(A)TAMn. Such right translations Z ∈ Gr
n(A) have coordinates

of the form Z i
k = δi

k, Z
i
p = 0 for |p| ≤ r − 1, Z i

p ∈ A for |p| = r

and, therefore, do not change the coordinates of elements of the bun-

dle T r−1Br(A)TAMn. Equating the coordinates (52) of the values of

the fundamental semivector field corresponding to an arbitrary element

V
(r−1)

e ∈ T r−1
e Br(A)An at the points X and RZ(X), namely,

V
i
(X) = (

r−1∑

|p|=0

(pj + 1)X i
p+jε

p)V
j

e (62)

and

V
i
(RZ(X)) = (

r−1∑

|p|=0

(pj + 1)X i
p+jε

p)V
j

e+

+ (
∑

|p|=r−1

(pj + 1)X i
kZ

k
p+jε

p)V
j

e, (63)

we conclude that Zk
p = 0 for |p| = r. Thus, Ψ = id and Φ = ΦA⊗R(n,r). �
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There are the natural embeddings of the bundle BrMn of r-frames

of a manifold Mn into the bundle Br(A)TAMn of A-smooth r-frames

Br(A)TAMn and of the structure group Gr
n of the bundle BrMn into the

structure group Gr
n(A) of the bundle Br(A)TAMn (see (13)) defined by

the correspondence ι : jr
0f 7→ jr

0(T
Af), where f is a germ of diffeomor-

phism and TAf is the A-prolongation of f . Under these embeddings,

the vector space T r−1
e BrRn becomes a subspace in T r−1

e Br(A)An which

generates T r−1
e Br(A)An as an A-module, and each fundamental semivec-

tor field on BrMn is the restriction of the corresponding fundamental

semivector field on Br(A)TAMn. This implies the following proposition.

Proposition 9. i) Under the embedding (13), the structure form θr of

BrMn coincides with the restriction to BrMn of the R(n, r − 1)n-valued

part of the structure form Θr of Br(A)TAMn, and the form Θr coincides

with the A-prolongation of the form θr.

ii) If a local diffeomorphism Φ : Br(A)TAMn → Br(A)TAM ′
n maps

the structure form Θr of Br(A)TAMn into the structure form Θ′r of

Br(A)TAM ′
n and maps the subbundle BrMn to the subbundle BrM ′

n,

then, in a neighborhood of every point X ∈ Br(A)TAMn, Φ coincides with

the A⊗ R(n, r)-prolongation of a local diffeomorphism ϕ : Mn →M ′
n.

Proof. The first part of statement i) follows from the fact that the fun-

damental semivector fields of the bundle BrMn are the restrictions of

the fundamental semivector fields of the bundle Br(A)TAMn correspon-

ding to the elements of T r−1
e BrRn ⊂ T r−1

e Br(A)An. The second part of

statement i) then follows from the A-smoothness of the form Θr.

If Φ maps the structure form of the bundle Br(A)TAMn into the struc-

ture form of the bundle Br(A)TAM ′
n and the bundle BrMn to the bun-

dle BrM ′
n, then the restriction Φ = Φ|BrMn maps the structure form

of BrMn into the structure form of BrM ′
n. In this case [21], Φ is the

R(n, r)-prolongation of a local diffeomorphism ϕ : Mn → M ′
n, and the

A⊗R(n, r)-diffeomorphism Φ coincides with the A⊗R(n, r)-prolongation

of ϕ : Mn →M ′
n. �

3.8. Structure equations of the bundle Br(A)TAMn. We define the

T r−2
e Br(A)TARn-valued 1-form Θ̃r on Br(A)TAMn as follows: Θ̃r =

πr−1
r−2◦Θ

r, where πr−1
r−2 : T r−1

e Br(A)TARn → T r−2
e Br(A)TARn is the canon-

ical projection. Equivalently, Θ̃r can be defined as the inverse image of

the structure form Θr−1 of Br−1(A)TAMn. Let Θ̃r = Θ̃je
(r−2)
j be the ex-

pansion of Θ̃r in terms of the standard basis in the A⊗R(n, r−2)-module
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T r−2
e Br(A)TARn ≡ (A⊗ R(n, r − 2))n, and let Θr = Θje

(r−1)
j be the ex-

pansion of Θr in terms of the standard basis in the A⊗R(n, r−1)-module

T r−1
e Br(A)TA

R
n ≡ (A ⊗ R(n, r − 1))n. For two arbitrary fundamental

semivector fields V
(r−1)

and W
(r−1)

, using the well-known formula for the

exterior differential of a 1-form ([11], p. 36), we have

dΘ̃r(V
(r−1)

,W
(r−1)

) =

=
1

2
(V

(r−1)
(Θ̃r(W

(r−1)
))−W

(r−1)
(Θ̃r(V

(r−1)
))− Θ̃r([V

(r−1)
,W

(r−1)
])) =

= −
1

2
Θ̃r([V

(r−1)
,W

(r−1)
]) = −

1

2
([V

(r−1)

e ,W
(r−1)

e ]) =

= −
1

2
(W

j

e∂jV
i

e − V
j

e∂jW
i

e)∂i =

= −
1

2
(Θj(W

(r−1)
)∂j(Θ

i(V
(r−1)

))− Θj(V
(r−1)

)∂j(Θ
i(W

(r−1)
))) =

= (Θj ∧ ∂jΘ
i)(V

(r−1)
,W

(r−1)
).

As a result of the above calculations, we obtain the following proposition.

Proposition 10. On the bundle Br(A)TAMn, the following structure

equations hold:

dΘ̃i = Θj ∧ ∂j ◦Θi. (64)

Note 5. For each r, one can take the inverse image Θ̃′r of the form Θ̃r

with respect to the projection π∞
r : B∞(A)TAMn → Br(A)TAMn. Since

Θ̃′r = πr−1
r−2 ◦ Θ̃′r+1, where πr−1

r−2 : T r−2
e Br(A)TARn → T r−2

e Br(A)TARn,

in the projective limit, one obtains [1] the A(n,∞)n-valued form Θ∞ on

B∞(A)TAMn. For r tending to infinity, the series of equations (64) gives

the following expression for the exterior differential of the form Θ∞:

d(Θ∞)i = (Θ∞)j ∧ ∂j ◦ (Θ∞)i, (65)

where ∂j is the A-linear derivation of the algebra A(n,∞) defined by

∂j(ε
i) = δi

j.

For A = R, the equations (103) coincide with the infinite series of

G.F. Laptev structure equations [18], [41], [42].

In a form similar to (103) one can represent the Maurer–Cartan equa-

tions for the Lie group Gr
n(A) (see [31]).

4. Weil functors and product preserving functors on the

category Mfm
tr .

4.1. The category of m-parameter-dependent manifolds Mfm
tr .

The category Mfm
tr is defined as follows. The objects of Mfm

tr are the
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trivial fiber bundles p : Mn×U → U , where Mn is a smooth manifold and

U is an open subset of Rm. The morphisms ofMfm
tr are the commutative

diagrams of the form

M × U

��

f
// M ′ × U ′

��
U

trt0 // U ′

(66)

where f is a smooth mapping and trt0 : U 3 {ta} 7→ {ta + ta0} ∈ U ′ is

the restriction of a translation trt0 : Rm → Rm which embeds U into U ′.

We will denote a morphism (66) by (f, trt0) or simply by f . In terms of

local coordinates (xi, ta) on Mn×U and (xi′ , ta
′

) on M ′
k×U

′, a morphism

(f, trt0) is given by equations xi′ = f i′(xi, ta), ta
′

= ta + ta0.

The categoryMfm is a subcategory ofMfm
tr .

We also consider the category FMm
tr ofm-parameter-dependent fibered

manifolds fromMfm
tr whose objects are the commutative diagrams

E × U
pE //

π

��

U

id
��

Mn × U
p

// U

(67)

where pE : E × U → U and p : Mn × U → U are objects of Mfm
tr , and

whose morphisms are the commutative diagrams

E × U

��

π

yyssssss

f
// E ′ × U ′

��

π′

yysss
ss

s

Mn × U

p

��

f
// M ′

k × U
′

p′

��

U
id

xxrrrrrrrrr

trt0 // U ′

id

xxrrrrrrrr

U
trt0 // U ′

(68)

The base functor B : FMm
tr → Mfm

tr and the erasing functor ε :

FMm
tr →Mfm

tr are defined as in the case of the categoryMfm.

The pair (ϕ × trt0 , trt0), where ϕ × trt0 is the product of a smooth

mapping ϕ : M → M ′ and a translation trt0 : U → U ′, is a morphism

of Mfm
tr . For brevity, in what follows we will denote such a morphism

simply by ϕ × trt0 . The objects of the category Mfm
tr together with

all morphisms of the form ϕ × trt0 constitute a subcategory of Mfm
tr ,

which will be denoted by (Mf × Rm)tr. The category Mf × Rm is a

subcategory of (Mf × Rm)tr. Obviously, every (Mf × Rm)tr-morphism
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ϕ × trt0 : Mn × U → M ′
k × U ′ is the restriction of a morphism ϕ ×

trt0 : Mn × Rm → M ′
k × Rm. More precisely, the following commutative

diagram holds:

Mn × U

ϕ×trt0

��

idM ×iU // Mn × Rm

ϕ×trt0

��
M ′

k × U
′

idM′ ×iU′

// M ′
k × R

m

(69)

where iU : U → Rm and iU ′ : U ′ → Rm are inclusions. Note that an

(Mf×R
m)tr-morphism ϕ×trt0 : Mn×R

m →M ′
k×R

m can be represented

as the compositions (ϕ× id)◦(idM × trt0) = (idM ′ × trt0)◦(ϕ× id), where

ϕ× id is anMf × Rm-morphism.

A covariant functor F : (Mf × Rm)tr → FM
m
tr satisfying the prolon-

gation condition B ◦ F = idMf×Rm is called a prolongation functor.

To a prolongation functor (10), one can associate the functor F0 :

Mf →Mf defined by

F0 = R0 ◦ ε ◦ F ◦Rpt .

A prolongation functor F : (Mf × Rm)tr → FM
m
tr will be called a

bundle functor if it satisfies the following conditions:

i) for any open subsets U ′ ⊂ U ⊂ Rm and any smooth manifold Mn,

F (Mn × U
′) is the restriction of F (Mn × U);

ii) the restriction of F to the categoryMfm is a bundle functor.

4.2. Products in the category Mfm
tr . The product of two objects

C1 = p : Mn × U → U and C2 = p′ : M ′
k × U ′ → U ′ of the category

Mfm
tr in the sense of diagram (11) cannot exist because, first, the objects

C1 and C2 may have distinct domains U and U ′, second, the translation

components trt0 and trt′
0

of morphisms (f1, trt0) : D → C1 and (f2, trt′
0
) :

D → C2 may also not coincide. For this reason, we define the product in

the categoryMfm
tr only for objects p : Mn×U → U and p′ : M ′

k×U → U

with the same domain U .

By the product of objects p : M ×U → U and p′ : M ′×U → U in the

category Mfm
tr we will understand a triple (p′′ : M ′′ × U → U,Pr,Pr′),

where Pr and Pr′ are morphisms in Mfm
tr satisfying the condition that,

for any two morphisms (f, trt0) : W × V → M × U and (f ′, trt0) : W ×

V → M ′ × U with the same translation component trt0 , there exists a

unique morphism (f ′′, trt0) : W × V → M ′′ × U such that the following
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diagram commutes:

M × U M ′′ × U
Proo Pr′ // M ′ × U

W × V
(f, trt0

)

iiRRRRRRRRRRRRRR

(f ′′, trt0
)

OO

(f ′, trt0
)

55llllllllllllll

(70)

Obviously, the triple ((M×M ′)×U, pr× idU , pr′× idU), where pr : M×

M ′ → M and pr′ : M ×M ′ → M ′ are the projections of the product

M × M ′ of two manifolds in the category Mf of smooth manifolds,

satisfies the above definition.

By the product of two objects E×U →M×U and E ′×U →M ′×U (for

brevity, we will omit the projections to U in diagrams of the form (67))

of the category FMm
tr we will understand, as in the case of the category

Mfm
tr , an object E ′′ × U → M ′′ × U such that, for any two morphisms

from Q×V → W ×V to E×U →M×U and E ′×U →M ′×U with the

same translation component trt0 , there exists a unique morphism from

Q × V → W × V to E ′′ × U → M ′′ × U for which the commutative

diagram

E × U E ′′ × U
Proo Pr′ // E ′ × U

Q× V
(f, trt0

)

hhRRRRRRRRRRRRR

(f ′′, trt0
)

OO

(f ′, trt0
)

66lllllllllllll

(71)

over the commutative diagram (70) holds.

Obviously, the object (E × E ′)× U → (M ×M ′)× U with the corre-

sponding projections to E × U →M × U and E ′ × U →M ′ × U satisfy

the above definition.

4.3. m-parameter families of Weil functors. By a smooth m-pa-

rameter family of algebras we will mean a vector bundle V× Rm → Rm

with a smooth fiberwise bilinear multiplication operation ∗ : V × V ×

R
m → V×R

m which is a morphism of the categoryMfm. Suppose that

∗ turns each fiber Vt = V, t ∈ Rm, into a local Weil algebra A(t) such

that the unity 1t smoothly depends on t and the bundle V× Rm → Rm

can be represented as the Whitney sum

V× R
m = (R× R

m)⊕Rm (
◦

V× R
m), (72)

where R × R
m → R

m is the m-parameter family of algebras of real

numbers spanned by the unities 1t ∈ Vt, t ∈ Rm, and
◦

V×Rm → Rm is the

m-parameter family of nilpotent algebras whose fiber
◦

V(t) coincides with
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the maximal ideal of A(t), then such a family A(t) will be called a family

of Weil algebras. We will denote an m-parameter family of Weil algebras

by A(t) × Rm or simply by A(t). In a similar manner one can define a

family of A(t)-modules A(t)n × Rm, where A(t)n = A(t)× · · · × A(t)︸ ︷︷ ︸
n

.

To every m-parameter family of Weil algebras A(t)× Rm one can as-

sociate a covariant functor T̃A(t) : Mf × Rm → FMm called an m-pa-

rameter family of Weil functors [3]. There are several descriptions of the

Weil functor (see, e. g., [14]). Within the framework of the problem stud-

ied in this section, it is convenient to consider the construction of Weil

functor based on the use of local charts. Define the action of T̃A(t) on

R× Rm as follows: T̃A(t)(R× Rm) = A(t)×Rm. For anMf × Rm-mor-

phism f × id : R× Rm → R× Rm, the morphism T̃A(t)(f × id) : A(t)×

Rm → A(t)× Rm, (x+
◦

X , t) 7→ (y +
◦

Y , t) is defined by the equations

y +
◦

Y = f(x) +

∞∑

p=1

1

p!

dpf(x)

dxp

◦

X
p,

where the coordinates (x +
◦

X, t) correspond to the decomposition (72)

and the summation, for each t ∈ Rm, is over a finite number of summands

depending on the height of A(t).

We let T̃A(t)(Rn×Rm) = A(t)n×Rm and define T̃A(t)(f × id) : A(t)n×

Rm → A(t)k × Rm by

yj +
◦

Y
j = f j(x1, . . . , xn) +

∞∑

|p|≥1

1

p!

∂|p|f j(x1, . . . , xn)

∂xp

◦

X
p, (73)

where p = (p1, . . . , pn) is a multiindex.

For an open subset U ⊂ Rn, we let T̃A(t)(U × Rm) = (πn
A(t))

−1(U ×

Rm), where πA(t) : A(t) × Rm → R × Rm is the fiberwise epimorphism

of algebras, and define the action of T̃A(t) on morphisms f × id : U ×

Rm → U × Rm by the same relations (73).

Let now Mn be an arbitrary n-dimensional smooth manifold with atlas

consisting of charts (Uα, hα), α ∈ A, with transition functions hαβ = hα ◦

h−1
β : hβ(Uαβ) → hα(Uαβ). Then the collection {(Uα × Rm, hα × id)}α∈A

is an atlas on Mn×Rm. The collection of FMm-morphisms {T̃A(t)(hαβ×

id)} allows ones to glue the domains {T̃A(t)(Uα×Rm)}α∈A and obtain the

total space of the bundle T̃A(t)(Mn×Rm)→Mn×Rm. Let f : Mn →M ′
k

be a smooth mapping of an n-dimensional manifold Mn to a k-dimen-

sional manifold M ′
k. Then we define the morphism T̃A(t)(f × id) as the

mapping given locally by equations (73). We have T̃A(t)(f◦g) = T̃A(t)(f)◦
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T̃A(t)(g) and T̃A(t)(id) = id. Therefore, T̃A(t) is a covariant functor from

the categoryMf × Rm to the category FMm.

The functor T̃A(t) :Mf ×Rm → FMm constructed above is called an

m-parameter family of Weil functors.

In the case when m = 1 and the algebra A(t) does not depend on t,

the bundle T̃A(t)(Mn×R) turns out to be a time-dependent Weil bundle

TAMn × R studied by M. Doupovec and I. Kolář [4].

4.4. Product preserving bundle functors on (Mf × Rm)tr. The

restriction of a product preserving bundle functor F : Mfm
tr → FM

m
tr

to the subcategory (Mf × Rm)tr is a product preserving bundle functor

F : (Mf×Rm)tr → FM
m
tr . For this reason, we first consider an arbitrary

product preserving bundle functor G : (Mf × Rm)tr → FM
m
tr . By (69),

a morphism ϕ×trt0 : Mn×U →M ′
k×U

′ is the restriction of a morphism

ϕ× trt0 : Mn ×Rm →M ′
k ×Rm, which, as was mentioned above, can be

represented in the form (ϕ× id) ◦ (idM × trt0) = (idM ′ × trt0) ◦ (ϕ× id),

where ϕ × id is a morphism of the category Mf × R
m. Then we have

the following commutative diagram:

Mn × Rm

idMn × trt0

��

ϕ×id
// M ′

k × Rm

idM′

k
× trt0

��

Mn × Rm
ϕ×id

// M ′
k × Rm

(74)

Applying the functor G to diagram (74), we obtain the commutative

diagram

G(Mn × Rm)

G(idMn × trt0
)

��

G(ϕ×id)
// G(M ′

k × Rm)

G(idM′

k
× trt0

)

��

G(Mn × R
m)

G(ϕ×id)
// G(M ′

k × Rm)

(75)

The horizontal arrows of diagram (74) are morphisms of the category

Mf × Rm. Therefore, the restriction of G to the category Mf × Rm

coincides (up to an equivalence) with some m-parameter family of Weil

functors T̃A(t) : Mf × R
m → FMm. Let A = A(0). Passing to the

restriction of the upper arrow of diagram (75) to 0 ∈ Rm (applying the

functor R0) and the restriction of the lower arrow to t0 ∈ Rm, we obtain

a commutative diagram which establishes the natural equivalence of the

Weil functors T A → TA(t0). The diagram obtained in the same manner

for the morphism ϕ× tr−t0 gives the inverse natural equivalence.
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Consider now the family µ = {G(idMn
× tr−t)|t, t ∈ Rm} of natural

equivalences. It depends smoothly on t ∈ Rm. These equivalences and

the projections pr1 = µ and pr2 = F (p) introduce on G(Mn × Rm) the

structure of the product T AMn × Rm such that G(ϕ × id) = T Aϕ × id

and G(idMn
× trt0) = idT AMn

× trt0 . Then G(ϕ× trt0) = TAϕ× trt0 (with

respect to the above introduced product structure) for every morphism

ϕ × trt0 ∈ Mor((Mf × Rm)tr). For a local algebra A, denote by T A :

(Mf × Rm)tr → (FM × Rm)tr the functor whose action on objects

and morphisms of the category (Mf × Rm)tr is defined, respectively, as

follows:

p : Mn × U → U 7−→

TAMn × U

π×id
��

pA

// U

id

��
Mn × U

p
// U

(76)

Mn × U

��

ϕ×trt0// M ′
k × U

′

��
U

trt0 // U ′

7−→

TAMn × U

π×id

��

T Aϕ×trt0 // TAM ′
k × U

′

π′×id
��

Mn × U
ϕ×trt0 // M ′

k × U
′

(77)

As a result of the above discussion, we obtain the following theorem.

Theorem 3. A product preserving bundle functor G : (Mf × Rm)tr →

FMm
tr is naturally equivalent to the functor T A : (Mf×Rm)tr → (FM×

Rm)tr determined by some Weil algebra A.

4.5. The generalized Weil functor T̂A

σ . Applying the Weil functor

TA defined by a Weil algebra A to an object p : Mn × U → U of the

category Mfm
tr , we obtain the bundle T Ap : TA(Mn × U) → TAU . Let

σ : U → TAU ≡ U ×
◦

A
m be a section {ta} 7→ ({ta}, {

◦
σa}), a = 1, . . . , m,

given by m constant elements
◦
σa of

◦

A. Denote by T̂A

σ (M × U)→ U the

pullback of the bundle T Ap : TA(Mn × U) → TAU under the mapping

σ : U → TAU . We have the following commutative diagram:

M × U

��

id // M × U

��

T̂A

σ (M × U)

πM
99tttttt

bT A
σ (p)

��

σ∗

M // TA(M × U)

πM
99tttttt

T A(p)

��

U
id // U

U

id
88rrrrrrrrr σ // TAU

πpt
88rrrrrrr

(78)
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The left square of diagram (78)

T̂A

σ (M × U)

��

// M × U

��
U // U

(79)

is an object of the category FMm
tr . Applying the pullback construction

to the A-prolongation

TA(M × U)

��

T Af
// TA(M ′ × U ′)

��

TAU
T A trt0 // TAU ′

(80)

of a morphism

M × U

��

f
// M ′ × U ′

��
U

trt0 // U ′

(81)

we obtain the diagram

M × U

��

f
// M ′ × U ′

��

T̂A

σ (M × U)

πM
88ppppp

��

bT A
σ (f)

// T̂A

σ (M ′ × U ′)

πM′ 88ppppp

��

U
trt0 // U ′

U

id
77nnnnnnnnnn trt0 // U ′

id
77nnnnnnnnn

(82)

which is a morphism in FMm
tr . Obviously, for the composition f ◦ g of

morphisms g and f of the category we have T̂A

σ (f ◦ g) = T̂A

σ (f) ◦ T̂A

σ (g)

and T̂A

σ (id) = id.

Thus, the correspondence T̂A

σ which assigns to an object p : Mn ×

U → U of Mfm
tr the object (79) of FMm and to a morphism (81) the

morphism (82) is a functor T̂A

σ : Mfm
tr → FM

m, which will be called

a generalized Weil functor. Obviously, T̂A

σ : Mfm
tr → FM

m preserves

products.

If, in terms of local coordinates, a morphism (81) is given by equations

yi′ = f i′(xj, ta), ta
′

= ta + ta0, then the morphism (80), in terms of the

induces A-coordinates {X j, Sa = ta +
◦

Sa} on TA(Mn×U) and {Y i′, Sa′

=
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ta
′

+
◦

Sa′

} on TA(M ′
k × U

′) is of the form (see [33]):

Y i′ = f i′(x, t) +

q∑

p+s=1

1

p!s!

∂|p+s|f i′

∂xp∂ts
◦

X
p

◦

S
s, Sa′

= Sa + ta0,

whence it follows that, in terms of the induced coordinates {X j, ta} on

T̂A

σ (Mn × U) and {Y i′ , ta
′

} on T̂A

σ (M ′
k × U

′), the morphism (82) is of the

form

Y i′ = f i′(x, t) +

q∑

p+s=1

1

p!s!

∂|p+s|f i′

∂xp∂ts
◦

X
p ◦
σs. (83)

Equations (83) can be rewritten in the form

Y i′ = f i′(x, t) +

q∑

p=0

1

p!

∂|p|

∂xp

{
q∑

s=1

1

s!

∂|s|f i′

∂ts
◦
σs

}
◦

X
p =

= f̂ i(x, t) +

q∑

p=1

1

p!

∂|p|f̂ i′

∂xp

◦

X
p,

where

f̂ i′(x, t) = f i′(x, t) +

q∑

s=1

1

s!

∂|s|f i′

∂ts
◦
σs,

whence it follows that the restriction of the morphism T̂A

σ (f, trt0) to each

fiber over U is an A-smooth mapping.

In what follows it will be convenient to use the following explicit con-

struction for the bundle T̂A

σ (Mn × U). An element of T̂A

σ (Mn × U) can

be considered as the A-velocity jAg of a germ g : (R`, 0)→Mn×U such

that the following diagram is commutative:

(R`, 0)
g

//

id
��

Mn × U

id

��
(R`, 0)

trt0
◦ bσ

// U

(84)

where σ̂ : (R`, 0) → (Rm, 0) is a germ with jAσ̂ = {
◦
σa}, a = 1, . . . , m.

Then the morphism T̂A

σ (f) defined by (82) can be written in the form

T̂A

σ (f) : jAg 7→ jA(f ◦ g) (85)
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4.6. Product preserving bundle functors on the category Mfm
tr .

As in the case of the category Mfm, we introduce the functor Φ :

Mfm
tr → (Mf×Rm)tr which assigns to a bundle Mn×U → U the bundle

(Mn × U) × U → U and to a morphism (f, trt0) : Mn × U → M ′
k × U

′,

(x, t) 7→ (f(x, t), t+t0), the morphism Φ(f, trt0) : (Mn×U)×U → (M ′
k×

U ′) × U ′, ((x, s), t) 7→ ((f(x, s), s + t0), t + t0). The sections σM : Mn ×

Rm → (Mn × Rm)× Rm, σM (x, t) = ((x, t), t), define a natural transfor-

mation of functors σ : IdMfm
tr
→ Φ. In fact, we have the commutative

diagram

Mn × U
f

//

σM

��

M ′
k × U

′

σM′

��
(Mn × U)× U

Φ(f)
// (M ′

k × U
′)× U ′

(86)

(x, t)
f

//

σM

��

(y, t+ t0)

σM′

��
((x, t), t)

Φ(f)
// ((y, t+ t0), t+ t0))

Let now F : Mfm
tr → FM

m
tr be a product preserving bundle func-

tor, and let F : (Mf × Rm)tr → FM
m
tr be the restriction of F to the

subcategory (Mf × Rm)tr. Applying F to diagram (86), we obtain the

diagram

F (Mn × U)
F (f)

//

F (σM )

��

F (M ′
k × U

′)

F (σM′ )

��
F ((Mn × U)× U)

FΦ(f)
// F ((M ′

k × U
′)× U ′)

(87)

(X, t)
F (f)

//

F (σM )
��

(Y, t+ t0)

F (σW )
��

((X,S), t)
FΦ(f)

// ((Y, S + t0), t+ t0)

whose lower arrow is the morphism FΦ(f, trt0).

In accordance with diagram (70), the section σM is the product of the

two morphisms idMn×Rm and σ′
M : Mn × Rm → Rm × Rm, σ′

M : (x, t) =
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(t, t). Thus, we have the commutative diagram

Mn × Rm (Mn × Rm)× RmProo Pr′ // Rm × Rm

Mn × Rm

id

hhQQQQQQQQQQQQQ

σM

OO

σ′

M

66mmmmmmmmmmmmm

(88)

Applying to diagram (88) the functor F , we obtain the diagram

F (Mn × Rm) F ((Mn × Rm)× Rm)
Proo Pr′ // F (Rm × Rm)

F (Mn × Rm)

id

iiSSSSSSSSSSSSSS

F (σM )

OO

F (σ′

M )

55kkkkkkkkkkkkkk

(89)

Hence the morphism F (σM) is determined by F (σ′
M). Applying F to the

commutative diagram

Mn × Rm
pt

//

σ′

M ''NNNNNNNNNNN
pt×Rm

σ′

ptxxqqqqqqqqqq

Rm × Rm

we conclude that F (σ′
M) is completely determined by the morphism

F (σ′
pt) : pt×Rm → TARm×Rm, which is in fact a section Rm → Am×Rm

of the form F (σ′
pt) : {ta} 7→ ({Sa(t)}, {ta}), Sa(t) = ta +

◦
σa(t),

◦
σa(t) ∈

◦

A,

a = 1, . . . , m. From diagram (87), we have t+t0+
◦
σ(t) = t+t0 +

◦
σ(t+t0).

Therefore,
◦
σa(t) =

◦
σa(t+t0). Consequently, the

◦

A-valued functions
◦
σa(t)

are constants.

The lower arrow of diagram (87) is an (FM×Rm)tr-morphism TAf ×

trt0 . In terms of local coordinates, it is of the form [33]:

Y i′ = f i′(x, t) +

q∑

p+s=1

1

p!s!

∂|p+s|f i′

∂xp∂ts
◦

X
p

◦

S
s.

Then the morphism F (f, trt0) (the upper arrow of diagram (87)), in terms

of local coordinates, is is given by the equations

Y i′ = f i′(x, t) +

q∑

p+s=1

1

p!s!

∂|p+s|f i′

∂xp∂ts
◦

X
p ◦
σs,

which coincide with (83). Thus, the action of F on morphisms is com-

pletely determined by the collection of elements
◦
σa ∈

◦

A, a = 1, . . . , m,

which defines the section F (σ′
pt).

As a result of the above discussion, we obtain the following theorem.
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Theorem 4. A product preserving bundle functor F :Mfm
tr → FM

m
tr is

naturally equivalent to a generalized Weil functor T̂A

σ : Mfm
tr → FM

m
tr

defined by some Weil algebra A and a collection of elements
◦
σa ∈

◦

A,

a = 1, . . . , m.

5. Higher order geometry of manifolds from Mfm
tr .

5.1. Higher order frame bundles of manifolds fromMfm
tr . Denote

by T̂
R(n+m,r)
pr (M ′

k × U) the bundle T̂
R(n+m,r)
σ (M ′

k × U) corresponding to

the section σ defined by σ̂ = pr : (Rn×Rm, 0)→ (Rm, 0) (see (84)), i. e.,

by
◦
σa = νa, where {νa}, a = 1, . . . , m, is the standard pseudobasis in

R(m, r). Let B̂r(Mn × U) be the set of all r-jets of invertible germs of

morphisms (f, trt0) : (Rn × Rm, (0, 0)) → (Mn × Rm, (x, t)), (uj, ta) 7→

(xi(uj, ta), ta
′

= ta + ta0), from the category Mfm
tr . The set B̂r(Mn × U)

is an open subset in the bundle T̂
R(n+m,r)
pr (Mn × U), and so it inherits

from T̂
R(n+m,r)
pr (Mn×U) the structure of a smooth manifold. In addition,

B̂r(Mn×U) is a locally trivial fiber bundle over Mn×U which is an object

of the category FMm
tr . The standard fiber of B̂r(Mn × U) is the Lie

group D̂r(n,m) consisting of all r-jets of invertible germs of morphisms

(f, id) : (Rn × Rm, (0, 0)) → (Rn × Rm, (0, 0)). The Lie group D̂r(n,m)

acts on the right on B̂r(Mn × U) by the law of composition of jets.

Therefore, B̂r(Mn × U) is a principal bundle.

The Weil algebra R(n + m, r) considered as the algebra of r-jets of

germs (Rn ×Rm, 0)→ R, (uj, ta) 7→ x = f(uj, ta), contains the two Weil

subalgebras consisting of r-jets of germs which do not depend, respec-

tively, on uj and ta. These subalgebras are isomorphic, respectively, to

R(n, r) and R(m, r). In what follows by R(n, r) and R(m, r) we will mean

the above mentioned subalgebras of the algebra R(n+m, r). The subal-

gebras R(n, r) and R(m, r) generate the algebra R(n+m, r), and R(n+

m, r) ∼= R(n, r)⊗̂R(m, r) = R(n, r)⊗ R(m, r)/m(R(n, r)⊗ R(m, r))r+1.

Let {εi}, i = 1, . . . , n, denote the standard pseudobasis in R(n, r)

and {νa}, a = 1, . . . , m, the standard pseudobasis in R(m, r). The to-

tal collection {εi, νa}, i = 1, . . . , n, a = 1, . . . , m, is a pseudobasis in

R(n + m, r) ∼= R(n, r)⊗̂R(m, r). In terms of this pseudobasis, the local

coordinates on B̂r(Mn × U) induced by coordinates on Mn × U can be

written in the form

X i =

r∑

|p|+|s|=0

xi
psε

pνs. (90)

In terms of the coordinates (90), the composition Y = X ◦ Z in the

Lie group D̂r(n,m) and the right action Y = X ◦ Z of D̂r(n,m) on



94 G.N.BUSHUEVA AND V.V. SHURYGIN

B̂r(Mn × U) are, respectively, of the form

Y i =
r∑

|p|+|s|=1

xi
ps

◦

Z
pνs and Y i =

r∑

|p|+|s|=0

xi
ps

◦

Z
pνs. (91)

The principal fiber bundle (B̂r(Mn×U), D̂r(n,m),Mn×U) will be called

the r-frame bundle of Mn × U .

Thus, to a manifold Mn×U , there is naturally associated the sequence

of principal bundles of higher order frames

Mn

π1
0←− B̂1(Mn × U)

π2
1←− . . .

πr
r−1

←− B̂r(Mn × U)
πr+1

r←− . . .

. . .←− B̂∞(Mn × U) , (92)

where B̂∞(Mn×U) is the bundle of infinite order frames of Mn×U , the

limit of the projective system Mn × U ← B̂1(Mn × U) ← . . . endowed

with the corresponding structure of an infinite-dimensional smooth man-

ifold in the sense of Bernshtein–Rozenfeld [1]. The bundle B̂∞(Mn × U)

is formed by the infinite order jets of germs of morphisms (f, trt) : (Rn×

Rm, (0, 0)) → (Mn × Rm, (x, t)). The group D̂∞(n,m) consisting of

the infinite order jets of germs of invertible morphisms (f, id) : (Rn ×

Rm, (0, 0))→ (Rn × Rm, (0, 0)) acts naturally on the right on B̂∞(Mn ×

U).

Proposition 11. i) The Lie group D̂r(n,m) is isomorphic to the Lie

group of R(m, r)-linear automorphisms of the algebra R(n, r)⊗̂R(m, r).

ii) The Lie algebra dr(n,m) of the Lie group D̂r(n,m) is isomorphic to

the Lie algebra of R(m, r)-linear derivations of the algebra R(n, r)⊗̂R(m, r)

with bracket

[D1, D2] = D2 ◦D1 −D1 ◦D2. (93)

Proof. The proof of this proposition is similar to that of Proposition 1

(see also [31] for the case of algebra A(n, q) = R(n, q)⊗̂A). The algebra

R(n, r)⊗̂R(m, r) can be considered as the algebra of R(n + m, r)-jets

of morphisms (f, id) : (Rn × Rm, (0, 0)) → (R × Rm, (x, 0)). Then the

action of the R(n, r)⊗̂R(m, r)-jet of a germ of morphism (g, id) : (Rn ×

Rm, (0, 0)) → (Rn × Rm, (0, 0)) on the right on R(n, r)⊗̂R(m, r) by the

law of composition of jets is an automorphism. If a germ (f, id) : (Rn ×

Rm, (0, 0))→ (R×Rm, (x, 0)) does not depend on u ∈ Rn (i. e., is of the

form x = f(ta)), then (f, id)◦ (g, id) = (f, id) and, therefore, the element

jR(n,r)b⊗R(m,r)g of D̂r(n,m) acts on the subalgebra R(m, r) as the identity

transformation.
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The identification of the tangent spaces to the algebra R(n, r)⊗̂R(m, r)

with the same algebra converts the fundamental vector fields of the action

of D̂r(n,m) on R(n, r)⊗̂R(m, r) into the R(m, r)-linear derivations of

R(n, r)⊗̂R(m, r). �

5.2. The structure form of the bundle B̂r(Mn × U). Let ϕ : (Rn ×

Rm, (0, 0)) → (Mn × Rm, (x, t0)) be a germ of invertible morphism, and

let X = jrϕ be the r-frame from B̂r(Mn×U) defined by ϕ. The tangent

mapping to the germ T̂
R(n+m,r)
pr (ϕ) at e ∈ B̂r(Rn×Rm) is an isomorphism

of tangent spaces

T T̂R(n+m,r)
pr (ϕ) : TeB̂

r(Rn × R
m)→ TXB̂

r(Mn × U).

But the r-frame X = jrϕ defines only the isomorphism

T r−1T̂R(n+m,r)
pr (ϕ) : T r−1

e B̂r(Rn × R
m)→ T r−1

X B̂r(Mn × U), (94)

where T r−1B̂r(Mn×U) is the pullback of the tangent bundle T B̂r(Mn×

U) under the projection πr
r−1 : B̂r(Mn×U)→ B̂r−1(Mn×U). An element

of T r−1
X B̂r(Mn×U) can be considered as a tangent vector to B̂r(Mn×U)

given up to an addend belonging to the kernel of the projection TXπ
r
r−1

or, in terms of the algebra R(n +m, r), up to an addend belonging to

the submodule

m(R(n +m, r))rVXB̂
r(Mn × U)

of the vertical tangent R(n+m, r)-module VXB̂
r(Mn × U) (the tangent

space to the fiber t = t0 of the projection of B̂r(Mn×U) to U) generated

by the r-th power of the maximal ideal m(R(n + m, r)) of R(n + m, r).

Thus, a fiber T r−1
X B̂r(Mn × U) of the bundle T r−1B̂r(Mn × U) can be

considered as the quotient space

TXB̂
r(Mn × U)/m(R(n +m, r))rVXB̂

r(Mn × U).

Then the bundle T r−1B̂r(Mn × U) is the quotient bundle of the vector

bundle TB̂r(Mn × U)→ B̂r(Mn × U) by the subbundle

m(R(n +m, r))rV B̂r(Mn × U)

of the vertical tangent bundle V B̂r(Mn × U).

Each element V
(r−1)
e of T r−1

e B̂r(Rn × Rm) defines, by means of the

mappings (94), a section V (r−1) of the bundle T r−1B̂r(Mn×U). We will

call the section V (r−1) the fundamental semivector field on B̂r(Rn×Rm)

corresponding to V
(r−1)
e .
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The inverse mappings to (94) define the 1-form θ̂r on B̂r(Mn×U) with

values in T r−1
e B̂r(Rn × Rm):

θ̂r
X(VX) = (T r−1T̂R(n+m,r)

pr (ϕ))−1(Tπr
r−1(VX)). (95)

The form θ̂r will be called the structure form of the bundle B̂r(Mn×U).

By a local isomorphism ϕ : Mn × U → M ′
n × U ′ we will mean a

morphism of the categoryMfm
tr which is a local diffeomorphism.

Theorem 5. Let Φ : B̂r(Mn × U)→ B̂r(M ′
n × U

′) be a local diffeomor-

phism which maps the structure form θ̂r of the bundle B̂r(Mn × U) into

the structure form θ̂′r of the bundle B̂r(M ′
n × U

′). Then in a neighbor-

hood of every point X ∈ B̂r(Mn × U) the mapping Φ coincides with the

R(n, r)⊗̂R(m, r)-prolongation of a local isomorphism ϕ : Mn×U →M ′
n×

U ′.

Proof. The mapping Φ maps the fundamental semivector field on B̂r(Mn×

U) corresponding to an element Ve ∈ T r−1
e B̂r(Rn × Rm) into the fun-

damental semivector field on B̂r(M ′
n × U ′) corresponding to the same

element Ve. If the projection of Ve to the tangent space T0,0(R
n×Rm) is

the zero vector, then the projections of the corresponding fundamental

semivector fields to Mn×U and M ′
n×U

′ are the zero vector fields. Hence

it follows that the local diffeomorphism Φ projects into a local diffeomor-

phism ϕ : Mn×U →M ′
n×U

′. For the same reason, Φ and ϕ project into

a local diffeomorphism ψ : U → U ′, i. e., in terms of local coordinates, ϕ

is of the form xi′ = ϕi′(xj, ta), ta
′

= ψa′

(tb). In addition, from (95) and

(94) it follows that the projection of a fundamental semivector field to

Rm is a constant vector field. Consequently, constant vector fields on Rm

are invariant under the mapping ψ. But then ∂ta
′

∂tb
= δa

b and ta
′

= ta + ta0,

i. e., ψ is a translation of Rm. Thus, ϕ : Mn×U →M ′
n×U

′ is a morphism

of the categoryMfm
tr .

Now, following the arguments from Section 1.3.1 of [21] (see also the

proof of Theorem 2), we consider the composition

Ψr = (ϕR(n,r)b⊗R(m,r))−1 ◦ Φ : B̂r(Mn × U)→ B̂r(Mn × U). (96)

The local diffeomorphism Ψr preserves the structure form and projects

into the identity diffeomorphism of Mn × U to itself. Therefore, Ψr con-

sists of right translations RZ(x,t), Z ∈ D̂
r(n,m), of the fibers (πr

0)
−1(x, t)

of the bundle B̂r(Mn × U). It remains to show that Ψr is the identity

mapping.

For r = 1, in terms of local coordinates, the right translation RZ : X 7→

Y is of the form yi
j = xi

kz
k
j , yi

a = xi
kz

k
a + xi

a. Let ve ∈ T
0
e B̂

1(Rn × Rm) be



HIGHER ORDER GEOMETRY OF WEIL BUNDLES 97

an arbitrary element, and let (vi
e, v

a
e ) be the coordinates of ve. Equating

the coordinates (vi, va) of the values of the fundamental semivector field

corresponding to ve at X and Y , we obtain

xi
jv

j
e + xi

av
a
e = xi

kz
k
j v

j
e + (xi

kz
k
a + xi

a)v
a
e ,

whence it follows that zk
j = δk

j , z
k
a = 0, that is, Z(x, t) = e ∈ D̂1(n,m).

Assuming that the statement holds for r = 1, . . . , r − 1, we conclude

that the mapping (96) fibers over the identity mapping B̂r−1(Mn×U)→

B̂r−1(Mn × U). Then, as in the case r = 1, equating the expressions

similar to (62), (63), we obtain Z(Xr−1) = e ∈ D̂r(n,m). �

5.3. Structure equations of B̂r(Mn × U). Let T r′T̂
R(n+m,r)
pr (M ′

k × U),

r′ < r, be the pullback of the tangent bundle T T̂
R(n+m,r′)
pr (M ′

k × U) un-

der the projection πr
r′ : T̂

R(n+m,r)
pr (M ′

k × U) → T̂
R(n+m,r′)
pr (M ′

k × U). We

define fundamental semivector fields corresponding to elements V
(r′)
e ∈

T r′

e B̂
r(Rn × Rm) on the bundles T̂

R(n+m,r)
pr (M ′

k × U) as sections of the

bundles T r′T̂
R(n+m,r)
pr (M ′

k × U) in the following way. Let Y0 = jrf be an

element of T̂
R(n+m,r)
pr (M ′

k × U) defined by a germ of morphism f : (Rn ×

R
m, (0, 0)) → (M ′

k × U, (y0, t0)), y
i′ = f i′(xj, ta), t′a = ta + ta0. Applying

the functor T̂
R(n+m,r)
pr to f , we obtain the germ

F : (B̂r(Mn × U), e)→ (T̂R(n+m,r)
pr (M ′

k × U), Y0)

given by equations (83)

Y i′ = f i′(x, t) +
r∑

p+s=1

1

p!s!

∂|p+s|f i′

∂xp∂ts
◦

X
pνs. (97)

The jet jrf defines the mapping

T r−1T̂R(n+m,r)
pr (f) : T r−1

e B̂r(Rn × R
m)→ T r−1

Y0
T̂R(n+m,r)

pr (M ′
k × U),

which assigns to V
(r−1)
e the value V (r−1)(Y0) of the corresponding funda-

mental semivector field V (r−1) at Y0. In terms of local coordinates, the

field V (r−1)(Y ) is given by the equations (cf (51)

V i′(Y ) =

r−1∑

|p|+|s|=0

(pj + 1)yi′

p+j sε
pνs)V j

e +

r−1∑

|p|+|s|=0

(sa + 1)yi′

ps+aε
pνs)va

e ,

(98)

va(Y ) = va
e ,

where V j
e ∈ R(n+m, r), j = 1, . . . , n, and va

e ∈ R, a = 1, . . . , m, are the

standard coordinates of V
(r−1)
e . In particular, for M ′

k = R, the funda-

mental semivector field V (r−1) corresponding to V
(r−1)
e can be regarded
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as the mapping

R(n +m, r)⊕ R
m → R(n +m, r − 1)⊕ R

m, (99)

(α = αpsε
pνs, ta) 7→ (V j

e ∂j(α) + va
e∂a(α), va

e),

where ∂j : R(n + m, r) → R(n + m, r − 1) and ∂a : R(n + m, r) →

R(n +m, r − 1) are the derivations defined, respectively, by ∂j(ε
i) = δi

j,

∂j(ν
b) = 0 and ∂a(ε

i) = 0, ∂a(ν
b) = δa

b . Using the derivations ∂j and ∂a,

one can rewrite equations (98) in the form

V i′(Y ) = V j
e ∂j(Y

i′) + va
e∂a(Y

i′), va(Y ) = va
e . (100)

Note that fundamental semivector fields (99) on R(n+m, r)⊕Rm and

(100) on T̂
R(n+m,r)
pr (Rk×Rm) can be regarded as linear mappings, and so

the bracket of fundamental semivector fields [V (r−1),W (r−1)] induced by

the Lie bracket of vector fields can be calculated as the bracket of linear

endomorphisms. Taking into account that V i′(Y ) in (100) do not depend

on ta, and va(Y ) are constant, from (100), we obtain [V (r−1),W (r−1)] =

U (r−2), where

U i′(Y ) = ((W k
e ∂kV

j
e − V

k
e ∂kW

j
e ) + (wb

e∂bV
j
e − v

b
e∂bW

j
e ))∂j(Y

i′), (101)

ua(Y ) = 0.

We define the T r−2
e B̂r(Rn × Rm)-valued 1-form θ̃r on B̂r(Mn × U) as

follows: θ̃r = πr−1
r−2 ◦ θ

r, where πr−1
r−2 : T r−1

e B̂r(Rn × Rm)→ T r−2
e B̂r(Rn ×

Rm) is the canonical projection. Let θ̃r = θ̃je
(r−2)
j + θ̃ae

(r−2)
a be the

expansion of θ̃r in terms of the standard bases of the direct summands

R(n+m, r− 2)n and Rm in T r−2
e B̂r(Rn×Rm) ≡ R(n+m, r− 2)n⊕Rm.

Then, by calculations similar to those in Proposition 10, we obtain the

following proposition.

Proposition 12. On the bundle B̂r(Mn × U), the following structure

equations hold:

dθ̃i = θj ∧ ∂j ◦ θ
i + θa ∧ ∂a ◦ θ

i, dθ̃a = 0. (102)

Note 6. From the above discussion it follows that one can also take the

space of (r − 1)-jets at zero of vector fields on Rn × Rm which project

into constant vector fields on Rm as the domain of values of the form θ̂r.

Note 7. As in the case of the bundle B∞(A)TAMn (see Note 5), passing

to the projective limit, one can define the R(n + m,∞)n ⊕ Rm-valued

structure form θ̂∞ on B̂∞(Mn×U). For r tending to infinity, the series of
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equations (102) gives the following expression for the exterior differential

of the form θ̂∞:

d(θ̂∞)i = (θ̂∞)j ∧ ∂j ◦ (θ̂∞)i + (θ̂∞)a ∧ ∂a ◦ (θ̂∞)i, d(θ̂∞)a = 0, (103)

where ∂j and ∂a are the derivations of the algebra R(n+m,∞) of formal

power series in n+m variables εi and νa defined by the above indicated

relations ∂j(ε
i) = δi

j, ∂j(ν
b) = 0 and ∂a(ε

i) = 0, ∂a(ν
b) = δa

b .

5.4. Connections in B̂r(Mn×U). A connection Γ in a principal bundle

P = P (M,G, π) is a G-invariant horizontal distribution on P [11], [14].

Since the horizontal planes at X ∈ P are in a bijective correspondence

with the 1-jets of germs of sections s : (M,x)→ (P,X), x = π(X), called

also connection elements, a connection Γ can also be defined as a G-equi-

variant section Γ : P → J1P , where J1P is the first jet prolongation of

P (the set of all connection elements) [14].

Connection elements on B̂r(Mn × U) are 1-jets of germs of sections

γ : (M × U, (x0, t0)) → B̂r(M × U). In terms of the local coordinates

(90), such a germ of section γ is given by equations

◦

X
i =

r∑

|p|+|s|=1

X i
ps(x

i, ta)εpνs,

and the corresponding connection element has coordinates

Γi
j =

∂
◦

Xi

∂xj

∣∣∣∣
(x0,t0)

=

r∑

|p|+|s|=1

∂
◦

X i
ps

∂xj

∣∣∣∣
(x0,t0)

εpνs =

r∑

|p|+|s|=1

Γi
psjε

pνs =

r∑

|p|=0

Γi
pjε

p,

Γi
a =

∂
◦

Xi

∂ta

∣∣∣∣
(x0,t0)

=
r∑

|p|+|s|=1

∂
◦

X i
ps

∂ta

∣∣∣∣
(x0,t0)

εpνs =
r∑

|p|+|s|=1

Γi
psaε

pνs =
r∑

|p|=0

Γi
paε

p

(104)

where the coordinates Γi
pj and Γi

pa are elements of the quotient algebra

R(m, r)/m(R(m, r))|p|. In what follows, following the standard summa-

tion convention, we will omit the sign of sum in sums like (104).

The right action Y = RZ(X) of the group D̂r(n,m) on B̂r(Mn × U)

induces the right action RZ(j1γ) = j1(RZ ◦γ) of D̂r(n,m) on the bundle

of connection elements J1B̂r(Mn×U). In terms of local coordinates, this

action is of the form (see (91))

RZ : (X i,Γi
pj,Γ

i
pa) 7→ (Y i,Γi

pjZ
p,Γi

paZ
p). (105)

Analytically, a connection Γ in B̂r(Mn × U) can be given by the co-

ordinates of the connection elements along the natural local section of
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B̂r(Mn × U) defined by a local coordinate chart on Mn × U . These co-

ordinates are functions Γi
pj(x

i, ta), Γi
pa(x

i, ta) of the local coordinates on

Mn×U called the connection coefficients. The natural section is given by

the equations
◦

X i
pr = δi

pδ
0
r , where δi

p = 1 when pi = 1 and pj = 0 if i 6= j,

and δi
p = 0 in all the other cases. Therefore, the connection elements at

an arbitrary X ∈ B̂r(Mn × U) are of the form

Γi
j(X) = Γi

psj(x
j, ta)

◦

X
pνs, Γi

a(Y ) = Γi
psa(x

j, ta)
◦

X
pνs.

Coordinate transformations

xi′ = f i′(xi, ta), ta
′

= ta + ta0

induce the following coordinate transformations on B̂r(Mn × U):

◦

X
i′ =

r∑

|p|=0

Ai′

p (xi, ta)
◦

X
p, (106)

where Ai′

p (xi, ta) ∈ R(m, r)/m(R(m, r))|p| are defined by

Ai′

p (xi, ta)εp =

r∑

|p|+|s|=1

1

p!s!

D|p|+|s|f i′

DxpDts
νsεp.

Differentiating the coordinate transformations (106), one obtains the

transformation law for the connection coefficients

Γi′

uj′(A
∗
sε

s)u =
∂xα

∂xj′

(
∂Ai′

p

∂xα
εp + Ai′

p

n∑

i=1

piΓ
i
sjε

p+s−i

)
, (107)

Γi′

ua′(A∗
sε

s)u =
∂Ai′

p

∂ta
εp −

∂xj

∂xj′

∂xj′

∂ta
∂Ai′

p

∂xj
εp+

+ Ai′

p

n∑

i=1

pi

(
Γi

sa −
∂xj

∂xj′

∂xj′

∂ta
Γi

sj

)
εp+s−i,

(108)

where (A∗
sε

s)u = Au for Ai = Ai
sε

s and u = (u1, . . . , un).

The horizontal distribution of a connection in B̂r(Mn×U) is given by

the equations

d
◦

Y
i − Γi

psj(x
j, ta)

◦

Y
pνsdxj − Γi

psa(x
j, ta)

◦

Y
pνsdta = 0 . (109)
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5.5. Associated connections in T̂A

σ (Mn × U). If one replaces a mor-

phism (81) by a germ of isomorphism

(Rn × R
m, (0, 0))

��

f
// (Rn × R

m, (0, 0))

��
(Rm, 0)

id // (Rm, 0)

(110)

then the corresponding diagram (82) gives the left action Φσ of the group

D̂q(n,m) on the standard fiber T̂A

σ (0,0)(R
n × Rm) ≡ TA

0 Rn ≡
◦

A
n of the

bundle T̂A

σ (Mn × U). If we consider T̂A

σ (0,0)(R
n ×Rm) as the set of A-ve-

locities jAg of germs of the form

(see (84))

(R`, 0)
g

//

id
��

(Rn × Rm, (0, 0))

��

(R`, 0)
bσ // (Rm, 0)

then the action

Φσ : D̂q(n,m)× T̂A

σ (0,0)(R
n × R

m)→ T̂A

σ (0,0)(R
n × R

m)

is given by (85):

Φσ : (jqf, jAg) 7→ jA(f ◦ g), (111)

where (f, id) is a germ (110) of isomorphism in Mfm. In the standard

coordinates zi
ps on D̂q(n,m) and

◦

X i ∈
◦

A on T̂A

σ (0,0)(R
n×Rm), the action

(111), (Z,X) 7→ Y , is of the form

◦

Y
i =

q∑

|p|+|s|=1

zi
ps

◦

X
p ◦
σs. (112)

Note that, in general, the action Φσ is not effective. Relations (112)

define an effective action on
◦

A
n of some factor group Dσ(n,A) of the

group D̂q(n,m).

The action Φσ allows one to consider the bundle T̂A

σ (Mn×U) as asso-

ciated with the frame bundle B̂q(Mn × U). The mapping

Ψσ : B̂q(Mn × U)×
◦

A
n → T̂A

σ (Mn × U), (Y,
◦

Z) 7→ X,

which defines on T̂A

σ (Mn × U) the structure of a bundle associated with

B̂q(Mn × U) has the following equations in terms of local coordinates:

X i =

q∑

|p|+|s|=0

yi
ps

◦

Z
p ◦
σs. (113)
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Fixing
◦

Zi in (113), from (109), we obtain the following equations of the

horizontal distribution of the connection Γ on T̂A

σ (Mn × U):

d
◦

X
i − Γi

psj(x
j, ta)

◦

X
p ◦
σsdxj − Γi

psa(x
j, ta)

◦

X
p ◦
σsdta = 0 .

5.6. Examples. 1. The functor T̂A

0 defined by the zero section σ = 0 :

U → TAU , corresponding to the germ σ̂ = 0 (see (84)) at 0 ∈ R` of the

zero mapping 0 : R` 3 t 7→ 0 ∈ Rm, is equivalent to the vertical Weil

functor V A, the functor which assigns to p : Mn × U → U the bundle

V A(Mn×U) of A-velocities of germs g : (R`, 0)→Mn×U such that p◦g

is a germ of constant mapping.

2. In the case when ` = m and σ̂ in (84) is the germ of the identity

mapping id : Rm → Rm (and
◦
σa = τ a, a = 1, . . . , m, are the elements of

the standard pseudobasis of A ≡ T A
R), the functor T̂A

σ is equivalent to

the functor T̂A studied in [2] which assigns to p : Mn×U → U the bundle

T̂A(Mn×U) of A-velocities of germs g ◦ trt0 , where g : (Rm, t0)→ (Mn×

U, (x, t0)) is a germ of section. In this case, the action (112) of the group

D̂q(n,m) on
◦

A
n reduces to the action of the so-called A-affine differential

group Dn(A) [31], [34]:

◦

Y
i =

q∑

|p|=0

ϕi
p

◦

X
p, ϕi

p ∈ A, ϕi
0 =

◦

Y
i
0 ∈

◦

A, det(ϕi
j) 6= 0.

The principal bundle associated with T̂A(Mn × U) is the bundle of

A-affine frames B(A)(Mn × U).

3. For the algebra R(m, q), the group Dn(R(m, q)) coincides with

D̂q(n,m) and the bundle B(R(m, q))(Mn × U) coincides with B̂q(Mn ×

U).

For m = 1 and q = 1, R(1, 1) = R(ε) is the algebra of dual numbers

x + ẋε, ε2 = 0.

Local coordinates (xi + ẋiε, t) on T̂R(ε)(Mn × R) are transformed as

follows:

xi′ + ẋi′ε = ϕi′(xi, t) +

(
∂ϕi′

∂xi
ẋi +

∂ϕi′

∂t

)
ε, t′ = t + t0.

The standard fiber of T̂R(ε)(Mn × R) is Rn, and the structure group

Dn(R(ε)) is the group of affine transformations ẋi′ = ai′

i ẋ
i + ai′

0 . The

horizontal distribution of a connection in B̂1(Mn × R) has equations [2]

dẏi = (Γi
λα(x, t)dxα + Γi

λ0(x, t)dt)ẏ
λ + Γi

0α(x, t)dxα + Γi
00(x, t)dt, (114)

dyi
µ = (Γi

λα(x, t)dxα + Γi
λ0(x, t)dt)y

λ
µ . (115)
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Under a coordinate change on Mn×R, the connection coefficients trans-

form as follows:

Γi′

j′k′ =
∂xj

∂xj′

∂xk

∂xk′

(
∂xi′

∂xi
Γi

jk +
∂2xi′

∂xj∂xk

)
,

Γi′

0k′ =
∂xk

∂xk′

(
∂xi′

∂xi
Γi

0k +
∂2xi′

∂t∂xk
−
∂xj

∂xj′

∂xj′

∂t

(
∂xi′

∂xi
Γi

jk +
∂2xi′

∂xj∂xk

))
,

Γi′

k′0 =
∂xk

∂xk′

(
∂xi′

∂xi
Γi

k0 +
∂2xi′

∂t∂xk
−
∂xj

∂xj′

∂xj′

∂t

(
∂xi′

∂xi
Γi

kj +
∂2xi′

∂xj∂xk

))
,

Γi′

00 =
∂xi′

∂xi
Γi

00 +
∂2xi′

∂2t
−
∂xk

∂xk′

∂xk′

∂t

(
∂xi′

∂xi
(Γi

k0 + Γi
0k) + 2

∂2xi′

∂t∂xk
+

+
∂xj

∂xj′

∂xj′

∂t

(
∂xi′

∂xi
Γi

kj + 2
∂2xi′

∂xj∂xk

))
.

The equations of the horizontal distribution on T̂R(ε)(Mn × R) corre-

sponding to (114), (115) are of the form

dẋi =
(
Γi

λα(x, t)dxα + Γi
λ0(x, t)dt

)
ẋλ + Γi

0α(x, t)dxα + Γi
00(x, t)dt .

Along a section c : R→Mn×R, the above Pfaff system gives the system

of linear differential equations with respect to ẋi:

dẋi

dt
=

(
Γi

λα(x, t)
dxα

dt
+ Γi

λ0(x, t)
)
ẋλ + Γi

0α(x, t)
dxα

dt
+ Γi

00(x, t).
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