Lobachevskii Journal of Mathematics
http://1ljm.ksu.ru

Vol. 18, 2005, 151-175

© Ye.A. Utkina

Ye.A. Utkina

ON A PARTIAL DIFFERENTIAL EQUATION IN
4-DIMENSIONAL EUCLIDEAN SPACE

(submitted by M. M. Arslanov)

ABSTRACT. The objective of this article is to construct in a hyper-
rectangular region of the 4-dimensional FEuclidean space a solution of
the Goursat problem for the following equation:

mi m2 m3 M4 8i1+i2+i3+i4u

L (u) = Z Z Z Z @iyigigia (331,3:2,.7:3,1’4) axillaxé2axé3axi4

11=012=013=0144=0

= F (z1,22,23,24) .

Introduction. Let D = {10 < 21 < @11, T2 < T2 < T21, T30 < T3 <
T31, Tao < Ty < Tq1}, where Xy, Xy, X3, Xy are the faces of D for x; = x;9
(i=1,2,3,4), respectively. The objective of this article is to construct in
D a solution of the Goursat problem for the following equation:

mi1 m2 m3 Mmgq ai1+i2+i3+i4u

L(u) = Z Z Z Z Qinigigis (T1, T2, T3, 1) Oz} O3 O O

11=012=013=0i4=0

= F($1,$2,$3,$4), (1>

where @y, mymsm, = 1, While the smoothness of remaining coefficients is
defined by the inclusions

iyinisia c Cz’1+i2+i3+i4 (E) , F e CO+0+0+0 (E) ] (2)
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Here Cortaztastas otands for a class of functions continuous in D
together with their partial derivatives

67“1 +ro+r3+ra /axgl ax£2 axgs ax£4
(7“1 = O, ey N, T = O, ey (9, T3 = 0, ey 3, Ty = O, ...,054).

The Goursat problem: Determine in D a regular solution of the equa-
tion (1), which satisfies the following conditions:

ou S
e (210, 22, T3, T4) = @15, (22, 23,24) , (02 =0,m1 — 1),
1
02u S
aaj‘iQ (Z’l, X20, x37'r4> - 9027:2 ($17 $3,$4) y (ZQ - 0; mo — ]-) 5
o 3)

axi:; (x17 x27'r307'r4> = 9037,3 (x17 1’2,1’4) 3 (’L3 = W) ,
3
D

i4
oxy

(21, T2, T3, Tao) = Quiy (21,22, x3), (g =0,my — 1),

where

©14y € Cmatms+ms (YI) o, € Cmatms+ms (E) ,
34, € Cmitmetma (E) ., 4, € Cmitmatms (E) ,

and the boundary values in (3) are coordinated on the edges of D as
follows:

©10 (9620, T3, $4) = ©20 (9610, xs, $4) , P10 ($2, x30, $4) = ¥30 (9610, T2, $4) )
®10 (552, T3, 5540) = P40 (55107 T2, fEs) ;
©20 (93175530,274) = P30 (931>=T20>£E4 y P20 931>=T3>=T40) = P40 (931>=’E20,333) )

©30 (551, T2, 5540) = P40 (551, X2, 9330) )

and the coordinated values are supposed to be differentiable.

Equation (1) can be treated as an analog of the two-dimensional pseudo-
parabolic equation in [1]. However, a version of the Riemann’s method
to be applied here differs essentially from that used in [1]. One can note
that equations considered in this paper have modifications frequently
used in applications. One can consider, for example, the Boussinesq-
Love equation in the theory of oscillations (see [1], formula (20)), the
Aller equation in [2], p.261, applied in the mathematical simulation of
moisture absorption by roots of plants.
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1. First of all we consider a special case, where the derivatives with
respect to the variables s, x3, x4 are not present:

pr— . 4
6:1:1 +Z;az 1,y 0 (4)

Here and on in this section we denote by y the set of coordinates x5, 3,
z4. One item of the investigation of (4) will be also used in the general
case (see Section 2). In addition, it seems to be of interest to compare the
investigation of (4) with the study of the following ordinary differential
equation:

d™u d'u

Obviously, (4) and (5) possess a similar structure; however, the general
theory of the second case (see [3], p.145) depends essentially on the theo-
rem stating that the Wronskian m of its solutions either does not vanish
or is identically equal to zero. However, this theorem cannot be general-
ized to equation (1): one can easily see, for example, that the equation
Uge — YUy +2y?u = 0 possesses the solutions exp (zy), exp (2xy). At the
same time, its Wronskian w = y - exp (3zy) vanishes for y = 0 and differs
from zero in any other point of a bounded domain. Therefore there arises
a problem of construction of a theory for the solutions of (4), which will
not use the above property of the Wronskian. In what follows we develop
a version of the Riemann method in [4], [5].

The Goursat problem can be transformed to the following well-known
Cauchy problem: find in D a solution of equation (1) in the class C™*9,
which will satisfy the following conditions:

Sl = i) O <i<m=1) (©

p, €C(p), p=1lyo,y].
We assume that the coefficients a; are continuous in D with respect to
the variables 9, 3, 74 and belong to the class C* (E) on z; . We define
the Riemann function V' as a solution of the following Volterra integral
equation:

1

,_.

m— T — t)m—i—l

Vi(x1,y) + /mai ty)V(t,y)dt=1, (7)

=0 ¢

which is known to exist and be unique. In addition, from (7) it follows
that V' is a solution of the equation conjugate to (4):
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L*(V)y=>Y_ (-1~ 8"éc;%\/) =0, ap=1 (8)

1=0

To indicate that V' depends not only on z, y but also on &, we will
write this function as R (z1,y,£). The next identities (which will be of
use later) easily follow from (7):

R(x1,y,z1) = 1.

The following identity takes place for any function u from the class
C™ 0 (D):

Tl = rr+ Y (o Ly (e et

a—i
0xf

1
+zm: ~ g, O O k] (10)
. Yo gt

where a; depend on (x1, y), while R and its derivatives depend on
(z1,y,€). In this situation, Ky = S (=1)"*C? — My, My, = 1 if
a=b

b = i, and My, = 0 otherwise. To prove (10) rewrite this identity as
follows:

o™ [uR] =R-Zai-@+ .— _ aii [u'z (e O [0

a—1
0z}

a=1t

= iy O 0 (a;R) L O
_1) b X . _ — ;R
* Z (=1) oxb {u Ox'™? ] ZZ:; ox’, ¢

In the right-hand side the first and last addends cancel each other. Trans-
fer the addend from the left-hand side to the right-hand side and add to
the second term:
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By using the equality

Z Z 8i_b (QZR) . : - o 8bu 8i_b (QZR)
«a — - b ' i— )

b=0 a=b 8x1 0" a=0 b=0 Oz} Oy

we see that identity (10) holds.
To construct the solution of the problem we represent (10) in another

way:

P puw Y et Ly e el

ox — ox} po— Ox{™"
. Zm: i ab—i—lu {C‘i—2—2b ai—Q'—Qb (u) ‘ 8b+1 (CLZR) } ‘ (11)
S Lot LT aa T aah!

In order to verify that (11) is valid, one can use the following equality:

d ! i otu 07 (a;R)
— Z a b — . . Z
Z Z (=1)""Ca Mlb] o} oxt™°

b=0 a=b
i b/2 -
OPu 0 (a;R)
=YD oo O = M : T (12
2 | 2 mi(3)-0) e (5) ) AP (12)

The latter takes place if b is odd and ¢ is even. If both ¢ and b are
odd, then the right-hand side of (12) can be replaced with the following
expression

i int(b/2)

Z Z 02k+1 . P (2k+1) — M @
S (im(y)-k) () ) T | B

b—0 2 2

i—b (.
R )
0x]

For b even, instead of 2k + 1 one must take 2k. Relations (12) and (13)
can be verified straightforwardly. By changing the summation order in
(12), we obtain the last addend in (11). Now, by taking in (11) z; equal
to £ and denoting z; by &, we calculate the integral in x19 < ¢ < x1; and
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take into account identities (9). We then arrive at the following:

1

(2,) = / (R L(w) (€,y) dé—

x10

B Z (_1)2._1 Z (—1)a <ai—1u ‘ o0t (CLQR)) (xlo,y,xl)- (14)

i1 a—i
0x] 0z}

oy

m—1
Oz}

i=1 a=1

Obtain the required solution by integrating (14) m—1 times with respect
to o1 between the limits x1y to x; and taking into account (6):

T m

wlony) =)+ e [ S a3 e )

1

. Z (_1)Ot . / ('CE(;L__t);)L‘_ ) o* " (aaaiéfilmyat))dt ' (15)

a=i
x10

As in [6], p. 66, we can assume that for arbitrary ¢; (y) the formula
(15) supplies the general presentation of the solutions of equation (4).

With v = u(z) and a; = a; (z) equation (4) turns into an ordinary
differential equation (5). Obviously, formula (15) represents a solution for
(5), moreover, here ¢, (y) are constants and both the coefficients a; and
the Riemann function do not depend on y. Thus, formula (15) contains
the classical result; moreover, it is written there in a closed form which
means that the classical theory indicates a method for solving, while such
a solution is represented here by a formula.

Now assume a; = a; (y), i.e., here we deal with a certain generaliza-
tion of ordinary differential equations with constant coefficients. We will
consider only a particular case with m = 2. The formula (15) then takes
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the form

U(ZL’,y) = %o (y> ' {1+/ [R§ (x()?y?é) — (y>R(x07y7£)] d{}

xo

xT

+¢Mw/3&m%8%

zo

= o (y) - {1 —] ]ao (y)R(xo,y,tl)dtldt}

+¢Mw/3@m%0%-0®

o

Find the Riemann function whose equation in this case is as follows:

Vir,y)=> Vi(zy),

where

%szmw:/H@mwww@w:/ﬁ@mwm@wwm

x0 xo

Vk («T,y) = /H(Qf,t,y) Vk’—l (t>y> dtv ceey
zo
and besides H (z,t,y) = a1 (y) — (x — t) ap (y). We thus have

n

R(w.y.w0) =V (r,y) =Y > (=1)" Crat™" (y) a5 (y)

n=0 k=0
Put a1 (y) = M1 (y) + X2 (y), ao (y) = A1 (y) - A2 (y). For the case with
A1 (y) # A2 (y), we obtain
A () eX2@@=20) _ ) (y) e (¥)(@—20)
A2 (y) — A1 (v) 7

(.T _ xo)n-i-k

(n+Fk)!

R(Qf7y7$0) -

a1(y)F/af (y)—4a0(y)
2

_)\2 (y) e_AQ(y)(x_IO) —+ >\1 (y) e_Al(y)(x_xO)
—A2 (y) + i (y) ‘

where A\1.2 (y) = . By interchanging x and z(, we obtain

R (ZE(), Y, l’) -
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Substitute the result into (16). One can easily see that
U (:L’, y) =04 (y) e MWz 1O (y) . e—>\2(y)9c7

where

Oy ) = —o WX W = W) oy (A_jz; ;y_>>)\\11 ((yy)))_ei%lo

)
y) = A2 (y). Then the Riemann function is
R (z,y,x9) = MW [1 4 (2 — o) M (y)]

We again interchange x and x, and calculate the respective terms. We
thus obtain

U (ZE, y) = (y) . 6—)\1(9)1‘ 1+ O (y) - e—)q(y)x’
where

C1(y) = (o (y) [=m0 - M1 (y) + 1] — 1 (y) zo) €M7,
Cy (y) = (w0 (¥) A1 (y) + ¢1 (y)) M.

Let us write the solution in the case of conjugate complex roots A; (y),
Ao (y) of the characteristic equation. The roots can be represented as
follows
atfB-i
5
where -1 = /a3 (y) — 4ao (y), a = a; (y).

In this case, by the straightforward calculation yields:

)\1;2 -

o sin ﬁx—xo CoS ﬁx—xo
u(z,y) = @o(y) - e [ (3 )>_+56 & >)]
sin (£ (x — Ty
+o1 (y) - e~z (@=0) (2 (ﬁ ))
_ =0 . | _in (B p— » a_ 1

+ cos <§ (x —xo)) g (y)] :

Consequently, in contrast to the classical technique for solving ordinary
differential equations with constant coefficients, the formula obtained
contains simultaneously both the case of a non-multiple root of the char-
acteristic equation and that of a multiple root, as well as the case of
conjugate roots.
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Consider also a non—homogeneous equation

axm—i_zaz xy az_f(x’y)

Its solution has the form

1

u(z, +ngl /L?)!dt

o

e D e B

xT

+/%R(ty,x)dt.

o

Denote by K (t,y,x) (:'E;ltz?)_!lR(t,y,x). One can then easily verify
that we get a particular solution obtained in ([7], p. 121), by the Cauchy
method. Since K (t,y,t) = K. (t,y,t) = ... = K" 2 (t,y,t) = 0,
K™Yty t) =1 and u, (z,y) = [ K (t,y,x) f (t,y) dt is a particular

xo
solution of the equation, satisfying the zero initial conditions g (y) =

01 (y) = ... = vn_1(y) = 0. In addition, K (t,y,z) is written in the
explicit form.

2. In this section us consider a general case. For the sake of sim-
plicity we use following notation introduced in [1]: DFp = 9% /0t* for

t
k=1,2,..and Djp = f%aﬁ if k = —1,-2,.. and D? being

to
operator of identical transform.
By the Riemann function R (1, %2, x3, Z4; &1, 2, E3,&4) we call any so-

lution of the integral equation

MR R > (ma—io) o s
Z Z Z Z (=1)e= H D= (a4, R) = 1, (17)
a=1

11=0 22=0 13=0 i4=0
which both exists and is unique (see [8], p.180). From (17) it follows
that, if we consider the first four arguments of the equation, then R is a
solution of the following equation conjugate to (1):

Z Z Z Z a l(ma - HD alllzlsm ) =0. (18)

11=0 i2=0 i3=0 i4=0
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In what follows we need the next proposition.
4

For any function u in C’a; " (D), the following identity holds:

11=0 i2=0 i3=0 i4=0

i1+i2+13+14>0
>
ip—1
(-1 Hm IDIDIDS
k=1 1= 7,1 o= ZQ 3= 7,3 Qyg= 7,4
ap—1
(-1 HD F (Gayasazas 7))

mi m2 m3 m4 i1 i2 i3 iq
+ Z Z Z Z Z Z Z Z Ki112i3i4blb2b3b4

11=0 12=0 i3=0 i4=0 b1=0 b2=0 b3=0 bs=0

4 4
I 2% () [T D (darasasas B) = 0, (19)
k=1

k=1
where
Ki1i2i3i4b1b2b3b4 =
i i2 &
11 —Q b1 i2—0 bz i3—a3 bs
E (_1) Cal § : (_1) CaQ z: (_1) Oa?’
a1=by ag=bs ag=bs
4
i4—04 by
E (—1) Ca4 - Mb1b2b3b4>
a4=by

and Mb1b2b3b4 =1if bl = il, bg = ig, b3 = ig, b4 = i4, otherwise Mb1b2b3b4 =
0. Here a;,;,i4i, depend on (x4, x9, x3,24), while R and its derivatives on

(x:l; T2, T3, T4, 617 627 537 54)
In order to prove this rewrite the last addend in (19) and note that R is

a solution of equation (18). Next, present this addend as follows:

mip m2 M3 M4 2

ZZZZZ

i1=2i3=0 i3=0 i4=0 b= (20)

4
b1+1 i1 —2—2by Zl —2—2by 7 b1+1
Dacl {Czl 1-b1 D DacC;u ' Drl (ai1i2i3i4R)
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x9 i9—1—bo

bo+1 i9—2—2ba yio—2—2bs ) bo+1 L
D C; Dacg DI‘LU : Dacg (a11221314R>

a=1,a#2
is _q
mi mo m3 m4 2
+ZZZZZ
i1=0 42=0 i3=2 i4=0 b3=0
4
bs+1 i3—2—2b3 7yiz—2—2b3 ) bs+1 L
D:cg 015 1-b3 Dm DI‘LU Dm (a11221314R>
a=1,a#3
i4
mi mg m3 mg 5 L
+ZZZZZ
i1=0 42=0 i3=0 i4=2 by=0
3
ba+1 i4—2—2bg 7yi4—2—2by 7 ba+1
D:z:4 024 1—by Dz4 HDI‘ZU'DM (ai1i2i3i4R)
a=1
(51 2
mi m2 M3 M4 2+ 2

20,00, > byt

11=2 12=2 i3=0 i4=0 b1=0 bo=0

5535303030 3RS

i1=2 12=0 i3=2 i4=0 b1=0 b
i1—2—2b1 viz—2—2b3 7,1—2—21)1 12 i3—2—2b3 14 . b1+1 bs+1 o
{C O D:cl D:chz5 Dz4u D:cl Dz5 (a’111223l4R)}

i1—1—b1 i3—1— b3

5503035 3p 3p SIS

11=2 12=0 i3=0 4=2 b1=0 by=
i1 —2—2b1 i —2—2bg 711 —2—2b1 12 i3 i4—2—2by
H{C C D D2 D% D u

i1—1—b1 i4—1—by

bi1+1 myba+1
° Dxll Dzi (ailigignnnni4R>}

+ZZZZZZ%WW

11=0 12=2 i3=2 14=0 bo=0 b3=

i9—2—2ba /viz—2—2b3 Myi1 i9—2—2bo iz —2—2b3 1yi4 bo+1 Mybs+1 o
{C C D:ch:cg ‘Dz5 ‘Dz4u ' D:cg ‘Dz5 (a11222314R>}

i9—1—bo i3—1—b3

+zzizzz%ww

11=0 12=2 i3=0 4=2 bo=0 by=

i9—2—2bo /via—2—2bs yi1 i9—2—2bo i3 1Y)i4a—2—2by bo+1 Mybs+1
{C C; D:ch:cg ‘Dz5 ‘Dz4 u - D:cg ‘Dz4 (ai1i2i3i4R>}

i9—1—bo i4—1—by
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2
bs+1 ybs+1
+ZZZZZZ%%4
i1=0 12=0 i3=2 i4=2 bz=0 by=

Z3 2—2b3 vig—2—2by Ty 19 Z3 2—2bs Z4 2—2by b3+1 b4+1 o .
{ i3—1—b3 024 1—by D D D D u- D D (a'11121514R)}

22 1 23

bi+1 Myb2+1 ybsz+1
+ZZZZZZZ%%J%
11=2 12=2 i3=2 14=0 b1=0 bo=0 bz=
11—2—2b1 /¥ia—2—2ba iz —2—2b3 i1 —2—2b1 yi2a—2—2b2 iz —2—2b3 ia
{Czl—l b1 CZQ 1—bo 023 1-b3 Dzl ‘ng D:cg D
3

) H Dglz+1 (ai1i2i3i4R> }

k=1

12 14

+ZZZZZZZ%WWWI

i1=2 i12=2 i3=0 i4=2 b1=0 bo=0 by=

11—2—2b1 ¥i2—2—2b2 /via—2—2bs 1yi1 —2—2b1 )iz —2—2bs i3 TYi4a—2—2by
{C’Ll—l by CZQ 1—bo C i4—1—by ‘le Dwg D D
4

H Dglz+1 (ai112i3i4R) }

k=1,k#3

11 B _q 4_
my 21 51

U
+ Dy D Dyt
DI IPISIP WA

i1=2 12=0 i3=2 i4=2 b1=0

i1 —2—2b1 ,¥iz—2—2b3 /¥ig—2—2bg 711 —2—2b1 io i3—2—2bs 7yis—2—2by
{ Oll —1-— bl C17,3 1— b3 07,4 1— b4 le DIQ D DCC u
4

H D:Iz):l;z—i_l (ai1i2i3i4R) }

k=1,k#2

13 114

+ZZZZZZZ%WWW1

11=0 12=2 i3=2 14=2 bo=0 b3=0 by=

i0—2—2bg ¥i3—2—2b3 /via—2—2bs Tyi1 TYi2—2—2b2 iz —2—2b3 1yiga—2—2by
{C’Lg—l ba 07,5 1—b3 CZ4 1—byg ‘Dxl‘sz Drg Dm

4
. H D24 (i igigia R) }
k=2
my ma 30131 E1 40
+ Z Z Z Z Z Z Z Db1+lDb2+1Db“+1Db4+l
11=2 12=2 i3=2 i4=2 b1=0 bo=0 b3=0 by=0
4 4

k=1

i —2—2by, ’ik—2—2bk bk"rl
{Hclk 1—by DIk ai1i2i3i4R) :
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To prove the above representation one can use formula (11). Add to and
i1 .
subtract from each factor of the form Y (—1)""*" C% the correspond-

a1=by
ing addend M; Then we have

1b1+

(51 2

Ki1i2i3i4b1b2b3b4 = Z (_1)i1—a1 0311 Z (_1)2'2—(12 0322

a1=by ag=b2
i3 4

O (=DPTRCE Y (1) TN O = My, =

a3=bs ay=04
M 41 T [ io T

- Z (_1)21_&1 Cgll + Milbl ' Z (_1)12—012 0222 + Mi2b2
La1=b1 J Laa=b2 J
[ i3 T [ ig T
Z (_1)13_(13 CZ?; + Mi3b3 ’ Z (_1>Z4_a4 Cgi + Mi4b4

Laz=bs J Loa=by |

- Mb1b2b354‘

Remove the parenthesis and apply formula (11).
Moreover, from (17) one can see the next formulas:

4

>33 Y T

a1=i1 a2=0 a3=0 ay=0

4
H D:?: (aalaQOrsmlR) (xlv 527 537 £4> =0.
k=2

Let us integrate (19) with regard for (20) and the above identities. To
this end in (19) we set x; = &, 22 = &, 3 = &3,24 = & and calculate
fourfold integrals of the left- and right-hand sides of the identity within
the limits x19 < & < o1, To9 < & < X9, T30 < €3 < X3, Tyo < &4 < Xy4:

4

H D;:ik_l (U) (.’fl, $2,$3,$4)

k=1

—HDW (RL (u HDmk Yu] - R (219, T2, 3, 24) (21)
k=1

+HDmk 1 ($1,$20,$3,I4 +HDmk 1 ] R($1,$2,$30,$4)

k=1
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4
+ H DI u] - R (21, 9, w3, T49) — H D7V u] - R (210, T20, T3, T4)
k=1
4 4
- HDZZ“_I [u] - R (210, T2, T30, T4) — H DZ}C’“_I [u] - R (210, T2, 73, Ta0)
k=1 k=1
4 4
- HDZ]“_I [u] - R (21, w20, T30, T4) — H D u] - R (1, w20, T3, Tao)
k=1 k=1
4 4
— H DI [u] - R (w1, 2, T30, Tao) + H DI+ [u] - R (w10, @20, T30, T4)
k=1 k=1
4 4
+ 1] Dr" [ul - R (10, wa0, w3, wa0) + [ [ D~ [u] - R (w10, 2, T30, T40)
k=1 k=1
+ H Dmk 1 (xl, 20, T30, $40 H Dmk 1 (x107 L20, X305 $40)
353D ) SIS 1HD% U (u (w10, 72,73, 24))
i1=1 ig=1 ig=1 ig=1 k=1
mi ma2 m3 mq 4
DD D D (I [T D2 (Gusasasas (010, 72, 73, 74)
a1=1] Q=12 3=13 Q4=14 k=1
‘R (xIOa T2, T3, .Z'4))
mi Mm2 m3 mg S 4
_ Z Z Z Z (_1)z1+z2+13+z4—1 H D;,Z—l (u (ﬂfl,xgo,xg, 334))
i1=1 ig=1 ig=1 ig=1 k=1
mi ma2 m3 m4 4
. Z Z Z Z (_1)a1+a2+a3+a4 HDaOcé: (aa1a2a3a4 (xl’ Top, T3, 334)
a1=1] a2=12 Q3=13 Q4=14 k=1

'R(931>552,333,334)) -

mi ma m3 maq
1
N Z Z Z Z (=1) Z1+ZQ+23+Z4 HD% ' u (1, T2, T30, T4)) -

i1=1 i2=1 izg=1 i4=1 k=1
mi m2 m3 mq 4
ail+aztoa3ztoay «a
2.2 2 2 [T P2 (Gasasason (1,22, 730, 24)
a1=%1 Qa2=%2 Q3=13 Qu=i4 k=1

'R($1,$2,$307$4))
4

a i iQ: i i (_1)i1+i2+i3+i4_1 HDQZ_I (u (21, T2, T3, T40))

11=1 12=1 i3=1 i4=1 k=1
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mi1 m2 m3 my 4
ajtagtasztay a
' Z Z Z Z (_1) HDz: (aalaza3a4 (%1,x2,x3,$40)

Q1=11 Q2=12 Q3=13 Q4=14

‘R (33'1, X2, T3, x40))

DI IS

i1=1 i2=1 i3=1 i4=1

k=1

4
t1+i2+i3+is—1 H D;;Z—l (U (1'107 Ta0, T3, 554))

k=1

mi ma2 m3 mq 4
a)toaztaz+ag «
' E E E E (_1) HDIII; (aa1a2a3a4 ($10,$20,$3,$4)

a1=1] ap=12 Q3=13 Q4=14

‘R (210, X0, T3, X4))

DI IS

i1=1 i2=1 i3=1 i4=1

k=1

4
i1+ig+igt+ia—1 H D;Z_l (u (55107 X2, T30, 554))

k=1

mi ma2 m3 mq 4
ajtagtaztag a
: E E E E (_1) HDIII; (aa1a2a3a4 ($10,$2,$30,$4)

Q1=1] Q2=i3 Q3=13 Q4=14

‘R (xIOa Z2,T30, .T4))

FYSY (

i1=1 i2=1 i3=1 i4=1

k=1

4
i1+i2+iz+ia—1 H D;,Z—l (U (1'107 Ty, T, 3340))

k=1

mi m2 m3 mq 4
altaztaztaq «a
' Z Z Z Z (_1) HDoc: (aa1a2a3a4 (x10>x2>5173a3340)

Q1=11 Q2=12 Q3=13 Q4=14

‘R (210, T2, T3, Ta0))

DI B!

i1=1 i2=1 i3=1 i4=1

k=1

4
i1+ig+ig+iga—1 H D;’Z_l (u (;El, X205, T30, 274))

k=1

mi ma2 m3 mq 4
ajtagtaz+ag a
. E E E E (_1) HDx: (aa1a2a3a4 (%1,.7?20,%30,%4)

Q1=1] Q2=i3 Q3=13 Q4 =14

‘R (3717 L20, T30, 554))

DI E!

i1=1 i2=1 i3=1 i4=1

k=1

4
11+i2+i3+ia—1 H D;,Z—l (U (l'la Ta0, T3, 3340))

k=1

mi m2 ms3 my 4
altaztaztaq a
' Z Z Z Z (_1) HDoc: (aa1a2a3a4 ($1,$20,x3,x40)

Q1=1] Q2=i3 Q3=13 Q4 =14

‘R (371, x20, T3, 9340))

k=1
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SEssn

i1=1 is=1 iz3=1 iz=1

YE.A. UTKINA

4
i1+ig+ig+ia—1 H DQZ_I (u (21, 9, T30, T40))

k=1

mi m2 ms3 my 4
altaztaztaq a
’ Z Z Z Z (_1) HDoc: (aa1a2a3a4 (xlaanxi%OaleO)

Q1=i1 ao=is az=i3 qq=i4

‘R (11,19, 130, T40))

Bt ot b ol

i1=1 dg=1 i3=1 ig=1

k=1

4
i1+ig+iz+is—1 H Di’;‘l (u (210, T20, T30, T4))

k=1

mi m2 ms3 my 4
ajtagtaz+ag a
’ Z Z Z Z (_1> HDoc: (aalaQasa4 ($10,$20,x30,x4)

a1=11 a2=12 Q3=13 4=1l4

"R (210, 720, T30, T4))

SEesn

i1=1 dg=1 i3=1 ig=1

k=1

4
11+i2+i3+i4—1 H D;IZ_I (u (1;10, T90, L3, $40>>

k=1

mi ms2 m3 m4 4
altaztaztaq I
’ Z Z Z Z (_1> HDoc: (aalaQasa4 ($10,$20,x3,x40)

a1=11 a2=12 Q3=13 4=1l4

‘R (210, 220, T3, T40))

bbb ol

i1=1 i9=1 i3=1 i4=1

k=1

4
t1ti2+iz+ig—1 H D;’Z_l (u (1}10, x2,T30, $40)>

k=1

mi ms2 m3 m4 4
altaztaztaq a
' Z Z Z Z (_1> HDoc: (aalaQasa4 ($10>$2>$307$40)

a1=11 a2=12 Q3=13 4=1l4

‘R (710, 22, 230, Ta0))

bt b ol

11=1 22=1 i13=1 4=1

k=1

4
i1+i2+i3+ig—1 H D;IZ_I (u (xl, L20, T30, $40>>

k=1

m1 mo ms3 maq 4
al+aztaztay «a
. E g E E (1) I I Dy (G asasas (T1, T20, T30, Tao)

a1=11 Qo=fio Q3=i3 Qu=i4

"R (21, 120, 230, Ta0))

+iiii(—1)

i1=1 ia=1 iz=1 is=1

k=1

4
e H D (u (210, %20, T30, Ta0))

k=1

m1 mo m3 myq 4
al+aztaztay «a
. E E E E (_1> | | Dx: (aa1a2a3a4 (x10,$20,$30,$40)

a1=11 a2=12 Q3=13 4=1l4

‘R (w10, 220, T30, T40) )

k=1
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1

2 ms 4 . . .
‘/ DD D (CE T DT DT D (6 o, i, )

io=1 i3=1 ig4=1
£10 2 3 4

i i f: f: (_1)a1+a2+a3+a4

a1=0 ag=i2 az=1i3 g=i4

D D322 D73 DT (a0, agagas (§1, T20, T3, Ta) R (€1, B0, T3, T4))

io—1 Myis—1 yig—1
+D:C2 ‘Dz5 D:C4 u(£17x27'r307'r4>

f: f: i i (_1)a1+a2+a3+a4

a1=0 ag=i2 a3z=i3 a=i4

Dgll Dg;?—lé D?g_i3 Daoc[:_m (aa1012043044 (517 T2, T30, JI4) R (517 L2, L30, I‘4))

to—1 Myiz—1 Myiga—1
+D:z:2 ‘Dz5 D:z:4 U(£1,$2,$3,1’40)

DIDID P WCTRECE

a1=0 =12 a3=i3 ag4=i4
a1 Mya2—1i Y3 —1i3 )4 —14
D:C1 D:Cz Dm Dz4 (aa1a2043044 (517 Ta, T3, $40)

- R (&1, w9, 13, 149)) — (1) D2 DB DRy (&4, 20, T30, T4)

DID DI SEEIEEE

a1=0 ags=iz az=iz as=i4

a1 a2 —1i a3 —1i3 X4 —1yg
Dm Drz Dﬂc3 Dac4 (aa1a2a3a4 (fla T20, T30, 334)

DD I B BRI

a1=0 ag=i2 az=i3 a=i4

Dglngj_iQDooc?_ingf_M (aa1a2a3a4 (fla T2, T30, 9340) ‘R (fla T2, X30, =’E4o))

io—1 yi3—1 Myiga—1
+Dm2 ng Du U(§1,9320,9330,934o)

mi mo ms ma
altaztasz+toaa a1 a2 —12 )3 —13 T4 —14
D2 2 2 Dy Dy =D Dy

a1=0 as=iz a3z3=i3 aq4=iqg
(aa1a2a3a4 (fla T20, T30, 9340) R (§1>$20>$307$4o))} dfl} -

Z2

e ms A . . .
‘/ >3 > (Y DU DT D (w10, &, s, )

11=1 i3=1 ig4=1
£20 1 3 4

i i i i (_1)a1+a2+a3+a4

a1=i1 a2=0 az=i3z as=is
Q1 —1i1 )2 )3 —1i3 )4 —1i4
DII Dr2 D$3 Dw4 (aa1a2a3a4 (x107 527 xs, $4)

‘R (5171(), 527 xs, Z’4))
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11—1 yiz—1 Myig—1
+DI1 DI5 D:z:4 u(xl>€2>x307x4)

X i i i f: (_1)a1+a2+a3+a4

a1=11 a2=0 az3=i3 ag4=1i4
a1—11 a2 a3 —1i3 4 —1ig
D:cl Dx2 ng Dm (aa1a2a3a4 (931>f2>$30>$4)'R(3717527117307=T4))

i1—1 yis—1 yiga—1
+ DIl DI5 D:C4 u (w17€27x37x40)

X i i i f: (_1)a1+a2+a3+a4

a1=11 a2=0 a3z3=i3 as=i4

ng_ilD:?;Dg;_%Dg:_u (a011012013044 (1131, 627 zs, [E40) ‘R (l’l, 527 xs, 3740))

mi ma ms3 ma
11—1 yiz—1 yigs—1 2 : 2 : 2 : 2 : a1 +oztaztoy
— D:cll DIJ Dz4 U($10,§2,$30,$4) . (—1)

a1=11 a2=0 a3z3=i3 ags=i4

D1 D2 DB DI (a0, agasas (T10, 2, T30, Ta) - R (210, &2, T30, T4))

mi ma ms3 mya
11—1 yiz—1 yig—1 2 : 2 : 2 : 2 : a1 +oztaztoy
— D:cll DIJ Dz4 U($10,§2,$3,I40) . (—1)

a1=11 a2=0 a3z3=i3 ags=i4

D D2 DB DI (a0, agagas (T10, 2, T3, Tao) - R (210, &2, T3, Ta0))

mi ma ms3 ma
11—1 yiz—1 yig—1 2 : 2 : 2 : 2 : a1 +oaztaztoy
— D:cll DIJ Dz4 U($1,€2,$30,I40) . (—1)

a1=11 a2=0 a3z3=i3 as=i4

Dgll_ing;Dgf_i3D§f_i4 (aa1a2a3a4 (3317 &2, T30, =T40)'R (51717 &2, T30, 9340))

mi ma ms my
i1—1 yiz—1 yia—1 altaztaz+aq
+ D3 T DT Dt u (w10, §2, T30, Tao) - E E E E (—1)

a1=11 a2=0 a3z3=i3 ag=i4

D D2 DB DI (aayagagas (T10, 2, T30, Tao) - R (210, €2, T30, Ta0)) } déa}

3

m1 M2 M4
‘/ D> (Y DR DT DY (o, €, )

11=1 i9=1 ig4=1
30 1 2 4

X i i i i (_1)a1+a2+a3+a4

a1=11 az=i2 az3=0 as=is

D1 D2 DI DM (a0 apagas (T10, T2, &3, T4) R (210, T2, &3, 74))

mi mo ms mq
i1—1 yiz—1 yia—1 2 : } : 2 : } : al+oazto3ztag
+Dz1 IDI2 D:z:4 U($1,$20,€3,$4) . (—1)

a1=11 az=iz2 a3=0 as=iy
a1—11 yas—1i2 a3 N4 —1ig
Dml DI2 D903 D$4 (a011012013064 (xb T20, 637 [E4)

- R (21,90, €3, 24)) + D D2 D (0, 9, €3, ap) -
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X i i i %4: (_1)a1+a2+a3+a4

a1=11 az=iz a3=0 ag=iqg

D?j_ings_izDgng:_u (aalaza3a4 (331, T2, 537 [E40) R (xb T2, 537 [E40))

mi mao ms3 my
i1—1 yie—1 yia—1 } : § : } : § : aitoa2t+az+ag
— D:cll ng Dz4 U($10,$20,§3,$4) . (—1)

a1=11 az=iz a3=0 ag=iqg

D D22 DI DI (aayagagas (T10, 220, £3, T4) - R (210, 220, 3, T4))

mi ma ms3 mg
11—1 yio—1 yig—1 } : § : } : § : a1 +oaztaztoy
— D:cll ng Dz4 U($10,$2,€37I40) . (—1)

a1=11 az=iz a3=0 aqg=iqg

Dglm" Dg2=2 D3 DY (Gayasasas (T10, L2, €3, Tao) -R (210, T2, &, T40))

mi ma ms3 mya
11—1 yio—1 yig—1 } : 2 : } : 2 : a1 +oaztaztoy
— D:cll ng Dz4 U($17I20,€37I40) . (—1)

a1=11 az=iz a3=0 ag=iqg

Dgl™ " D22 D3 DYt (Gayasasas (L1, 20, €3, Tao) - R (21, 220, €3, 240) )

mi ma ms ma
i1—1 Myis—1 e ajtazt+az+tag
+ D} D2 Dyt — u (210, T20, &3, Tao) - E E E E (-1)

a1=11 az=iz a3=0 aqg=iqg

D D22 DI DI (g, anagas (T10, 220, €35 Tao) - R (210, T20, &3, Ta0)) } dés}

T4

mi  mg mg3
_/ Z Z Z (=1 Dt D2 DR (210, 2, 3, £4)

11=1 ip=1 i3=1
Z40 1 2 3

X i i i ié (_1)a1+az+a3+a4

a1=11 az=iz az=i3 as=0

D1 D272 D37 D (a0, agagas (T10, T2, T3, E4) R (10, T2, T3, &)

mi mo ms mq
i1—1 yiz—1 yiz—1 2 : } : } : 2 : al+oazto3ztag
—|—le ng Drg U($1,$20,$3,§4) . (—1)

a1=11 az=i2 az=i3 a4=0

Dgll _il ng_iQ D?ﬁ‘iP’Di‘f (aa1a2a3a4 (3317 X20, T3, 54)'3 (xl, X20, T3, 54))

miy ma ms ma
i1—1 yiz—1 yiz—1 ai1+oazto3ztag
+Dx1 ng D(Eg U($1,$2,$30,§4) ' E § § E (_1)

a1=11 ag=i2 az=i3 a4=0

Dgll o ng_i2 Dgg_i3D§f (aalaQa3a4 (131, T2, X30, §4>R (x17 X2, T30, 54))

mi mo ms my
i1—1 yiz—1 yizs—1 } : 2 : 2 : } : altaztasz+toaa
- Dmll DxQ Dx?’ u(x107x207x37€4) : (_1)

a1=11 az=iz az=i3 as=0

D D272 DB D (a4, anasas (T10, 20, T3, Ea) - R (210, T20, T3, E4))
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mi ma mz M4
i1—1 myis—1 yiz—1 altagtaztay
— D} D2 DR u (w10, 2o, T30, E4) - E E E E (1)
a1=i1 az=i2 az=i3 as=0

D1 D22 DB D (a0, agagas (T10, T2, T30, E4) - R (210, T2, T30, E4))

mi ma ms3 ma
i1—1 myis—1 yiz—1 2 : 2 : 2 : 2 : altaztaztay
— D:cl ng ‘DIJ u($1,$20,$30,§4) . (—]_)

a1=11 as—=iz az=i3z aqs=0

DY D22 DB DY (a0, agagas (21, T20, T30, E4) - R (@1, 220, T30, &)

mi mo ms my
i1—1 myig—1 yiz—1 ajtagtaztay
+D; T D2 D2 u (w19, 2o, 30, E4) - E E E E (1)

a1=11 as—=is az=i3 ags=0

DY D22 D237 DY (a0, agagas (T10, T20, T30, &) - R (210, T20, T30, &a)) } da}

T2 my oma
- / / { Z Z (=) DB D (&, &, w30, 24)
O

i f: i i (_1)a1+a2+a3+a4

a1=0 a2=0 az=i3z as=iq

ng Dg; D;”j_ii‘Dg‘f_“ (aa1a2a3a4 (517 €2a T30, 334) ‘R (fla §2a T30, 5174))

+ DR DR (6, €o, s, Ta) - f: i i i (1) reetasTas

a1=0 a2=0 az=iz as=iq

D D22 DS B DI (anyagagas (§1, &2, T3, T40)-R (&1, o, T3, Ta0) )

mi ma ms ma
o - i
_ D?Ci 11);%1 1U (617627553075540) . Z Z Z Z (_1)a1 aztaz+ay

a1=0 a2=0 az=i3z as=i4

DY D22 DI DI (aayazasas (§1, €2, T30, Ta0) R (&1, &2, T30, Ta0)) } dEod€y}

o m2 myq
. / / {303 (U= DR D (6, w0, €, )
10 %30 19=1 14=1

i izz i i (_1)a1+a2+a3+a4

a1=0 ags=iz2 a3=0 ayg=i4
Dgll ng_iQDgngf_u (aa1a2a3a4 (517 220, 53) $4)R (517 T20, 53) 5134))

+ D2 D (6,22, €3, Ta0)

i i i i (_1)a1+a2+a3+a4

a1=0 ags=is a3=0 ag=ig
Dgll ng_ngg’Dgf_M (aa1a2a3a4 (617 T2, 637 ZE40) ‘R (Sla T2, 63) .1'40))
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1 X2

[ O GO D D )

ig=1 iy=1
T10 20 3 4

. il: f: f: i (_1>a1+a2+a3+a4

a1=0 a2=0 az=t3 as=i4

Dﬂ@ﬂ? ng Dgg_iB Dg{:_m (aa1a2a3a4 (517 527 x30, $4)

1 T4 mo s
_/ / { Z Z (1) D2 DB (&1, 90, 23, &4)
z10 x40 271 8B=1

il: i i f: (_1>a1+a2+a3+a4

a1=0 ao=i2 az=i3 a4=0

D D272 D378 DY (ayasasas (€1, T20, T3, &) - R (&1, X0, T3, 1))

+ DE7'DE (&, w0, 230, &4)

i i i f: (_1)a1+a2+a3+a4

a1=0 as=i2 az=i3 a4=0
a1 Myaz—1i2 A3 —13 Q4 .
Dzl ng D:c3 Dgc4 (aa1a2a3a4 (Sla T2, T30, 54)

‘R (&1, 2, w30, &) — D271 DB " (€4, w99, w30, E4)

i i i i (_1)a1+a2+a3+a4

a1=0 as=i2 az=i3 a4=0
a1 Myaz—1i2 A3 —13 Q4
Dzl ng ng Dm (aa1a2a3a4 (51, L205 X305 54)

‘R (617 T20, T30, 54))} d54d§1}

T2 X3

_/ / { Z Z (_1)i1+i4—1 { chll_lD;i_lu ($1o,§2,§3,$4)

11=1 14=1
T20 T30 ! 4

5 i iz: i i (_1)a1+a2+0¢3+a4

a1=t1 a2=0 a3=0 as=is

D?f‘“D?jDé‘;Dﬁf‘“ (aa1a2a3a4 (96107 §2,&35 $4) ‘R ($10, §2,&35 $4))
mi mo ms maq
+ D;ll_lD;i_lu ([El, 6276375540) . Z Z Z Z (_1)a1+a2+a3+a4

a1=11 a2=0 a3=0 ayg=i4

DS D22 D8 DI (aay agasas (71, &2, &3, Ta0) R (w1, &2, &3, T40))
mi ms  m3 ma
PR tantast
_Dlxll 1D:7;i lu (.1'10,62,53,3340) : Z Z Z Z (_1)011 GeTrasTad

a1=11 a2=0 a3=0 ag=iqg
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Dgtl1 _il ng Dg; Dg:_i‘l (a011012013014 (ml()v 527 537 .7}'40)

'R(xl(b §2, &3, $40))} d§3dfz}

7T mi omg
- / / (303 (C) B DEDE Yy (10, €, 75, 1)
£20 £40 i1=1 i3=1

3 i i f: f: (_1)a1+a2+a3+a4

a1=11 a2=0 az=i3z ag4=0

D1 D22 DB DY (aayasasas (T10, 2, T3, E4)-R (210, £2, 3, E4))
+ DI'DE (2, &, w30, £4)

. i i f: f: (_1)a1+a2+a3+a4

a1=11 a2=0 az=i3z as=0
D1 D2 DB DY (aayasagas (21, &2, T30, E4)-R (21, £, T30, E4))

i1—1 7yig—1
_D;:ll D;i U($10,§2>$30>f4)

. i i f: f: (_1)a1+a2+a3+a4

a1=11 a2=0 az=i3z as=0

D1 D22 DI DY (aayasasas (T10, &2, T30, E4) - R (210, &2, T30, €4)) } dEadEs}

T3 T4

_/ / { Z Z (_1>i1+i2—1 { Dill_lpffg_lu (x10,x2,£3,£4)

11=1 i2=1
T30 T40 L 2

. i i i i (_1)a1+a2+a3+a4

a1=i1 as=i2 a3=0 ayg=0

Dgll_ingj_iQDﬂoﬂésDﬂoﬂé: (a011012013a4 (x10> T, &3, 64)'R (51710, Zo, &3, 64))
+ Dgcll_lD;cQg_lu (71,720, &3, &4)

. i i i i (_1)a1+a2+a3+a4

a1=i1 azs=i2 a3=0 ayg=0

D D272 D D (aayasasas (21, T20, €35 €0) R (21, T, €3, 1))

— DI D2 (210, 220, €3, &)

. i i i i (_1)a1+a2+a3+a4

a1=i1 azs=i2 a3z3=0 ayg=0
D1 D272 D DY (aayaza5as (T10, 20, €35 E0) R (210, 220, €3, €4)) } dEadEs}
r1 T2 T3

_/ //{i (=1 { DIt u (€1, 60, &, 2a0)

1g4=1
T10 T20 T30 4
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X i iz: i i (_1)a1+a2+a3+a4

a1=0 a2=0 a3=0 ayg=i4
Dal Da2 DQBDQ:_i4 (aa1a2a3a4 (517 527 537 I40) ‘R (517 527 537 $40>>} d€3d£2d£1 }
T1 Ty T4

///{Z )2 DB (61, &, w30, €4)

i3=1
T10 T20 T40 3=

mi mo ms my
. Z Z Z Z (_1>a1+a2+a3+a4
a1=0 as=0 az=i3z ay=0
D2 D2 DY Dt (@ayasasos (€152, 30, §a) R (61,2, T30, 4)) } d€ad€adly }
T1 T3 T4

///{Z )* T D2 (&, 30, 63, 64)

to=1
T10 T30 T40 2=

. i i ig: f: (_1>a1+a2+a3+a4

a1=0 as=i2 a3=0 a4=0
D D222 D DY (aayasagas (§15 020, €3, &) R (&1, 020, E3, &) )} dEadE3dEy }
To T3 T4

///{Z ) D (w0, 62, €, 64)

11=1
T20 T30 T40 1=

. i f i i (_1)a1+a2+a3+a4

a1=i1 a2=0 a3=0 a4=0

D D22 D2 DY (aayasasas (T10, 62, €3, E4) R (10, &2, €3, &) ) } dEadE3dEs }

Now it remains to integrate (21) with respect to x1,xs, x3, and x4
my — 1, mo — 1, mg — 1, and my4 — 1 times, respectively. Denote by
H (xq, z9, x3, T4, T1, T, T3, x4) the right-hand side of (21) without the first
addend. Then

u (w1, T3, T3, 24) = HD " [RF] +HD "UH B, (22)
where
my1—2 mo—2
= > D (i (wa,05,20)) + Y Dy (03, (w1, w3, 4))
11=0 19=0

ms3—2 mg—2

+ Z D 907,5 5171,332,:174 + Z Dx_4i4 (3024 (x17x27x3))

i3=0 i4=0
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mg—2

_ Z l)_lll)_22 nggpll (xQO’x37x4))
4 i9=0

m3—2

_ Z DD (D iy (2, T30, 74))

13=0

mg—2

SN DD (D (e,

14=0

m3—2

_ Z l)_wl)_ZB nggom (x1,$307x4>)
4 i3=0

ma—2

S b (o ) -

14=0

3
&

~

S
Il
=)

3
&

~

=
Il

=)

3
b

~

=
Il

=)

3
b

~

N
Il

o

3
b

S

[ V)
Il
=)

ma—2

— Z D, Dy (D @, (21, 22, T49))

14=0

E
&

<.

w
Il
=)

mo—2 m3—2

+ ‘ Z Z D ZlD—ZzD—zs (Dzz Dzs i, (-7720, T30, 334))

i9=0 i3=0

3
&

@

=
Il

o

3
e

mo—2 mg—2

+ . Z Z D ZlD—ZgD—M (DZQ Dz49021 (xzo, xs, 1’40))

i9=0 i4=0

@

o
Il

=)

3
e

m3—2 mgqg—2

4 Z Z D, “D‘ZSD_Z4 (DZ3 D L i, (22, T30, $40))

i3=0 i4=0

@

S
Il
=)

3
&

m3—2 my—2
7 —1 —1 ) iq
* Z Z Z Dy* Dy, Dy, (D 5D @i (931,9330,9340))
i9=0 113=0 1i4=0
mi1—2 mo—2 ms3—2 myg—2

=0 > 2 DL DAl DLDL DL (DD Dy (20,0, 210))

11=0 i2=0 1i3=0 14=0
If one assumes that the functions ¢,;, (z'p =0,m, ,p=1,2,3, 4) are

arbitrary, then (22) can be treated as the general representation of the
solution of equation (1), as this was done in [6], p.66.
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