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ABSTRACT. In the article, on the base of abstract theory (B. V. Logi-
nov, 1979) the nonlinear eigenvalue problems for nonlinearly perturbed
Helmholtz equations having application to low temperature plasma the-
ory and to some problems of differential geometry are considered. Other
possible often technically more difficult applications (for instance, peri-
odical solutions in heat convection theory) are completely determined
by the group symmetry of original equations and do not depend on
their concrete essence. In the general case of finite group symmetry
with known composition law, a computer program for determination of
all subgroups is given, in particular, for dihedral and also planar and
spatial crystallographic groups.

1. INTRODUCTION

In applied problems of critical phenomena, solutions that are invariant
with respect to subgroups of the symmetry group of the original bifur-
cation problem are interesting. The general theory of construction and
investigation of branching equations for bifurcational symmetry breaking
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problems is given in [3,4,9]. It is supposed that the nonlinear equation

By — ANy = R(y, A), By, M| = o(llyl) (1)

(B, A()\) are linear operators from F; to E,, F; and FEy are Banach
spaces, A € R!) admits the motion group of the Euclidean space R?,
s > 1. In neighborhoods of critical values \g of the parameter A that are
eigenvalues of the problem (B — A(\))¢ = 0, periodical solutions with
crystallographic group symmetry (the semi-direct product G = G % Gl
of the s—parametrical continuous shift group G; = Gi(aq,...,a,) and
the group G! of the elementary cell of periodicity constructed on the
basic translations) arise, which are mutually transformed by the action
of the group G.

Basic elements of the zero-subspace N = N(B — A(\g)) have the form
of Bloch functions

@T:@IT:eXp[i<lr>q>]v q:(xlw'-axs)ar:la-"?n? (2)

where the inverse lattice vectors 1, are given by the dispersion relation,
which determines critical values \q of the bifurcation parameter and con-
nects the integer multiples of periods |ai|, k = 1,...,s, along the basic
translations a, with physical dimensionless parameters of the applied
problem. An arbitrary s-periodic function can be represented in the
form of Fourier series on the inverse lattice Fi(q) = >,/ fie'™? and the
basic elements of zero-subspace N(B — A()\g)) should be determined as
this Fourier series components. By the theorem on inheritance of the
group symmetry of equation (1), the corresponding branching equation
(BEq) 0 = f(§,¢) : E — =" admits the s-parametrical rotation group
SO(2) x ... x SO(2), which is homomorphic to the shift group G;(«),

-~

s times

and the discrete rotation-reflection group G, determined by the vectors
1, and elements ¢,

f(Ae) =By f(& €). (3)
Here A, is the representation of the group G in =", contragredient to its
representation in IV, and B, is its representation in the defect subspace
N* = N*(B — A(\)).

The problem on finding solutions of equation (1) which are invariant
with respect to subgroups of the discrete symmetry group G! arises. The
general scheme for its solving is given in [2, 13|, and also in [3, 4, 9].

The initial problem is the discrete group G! and the structure L(G')
of all its subgroups. If Hp = G* > H; D Hy O ... D> H, = {H}®
is some chain of subgroups of the length & then there exists the basis
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R, in N with respect to which the representation A, for every subgroup
H; splits into irreducible representations. The set of all BEqs for H-
invariant solutions forms the dual by inclusion structure L' to L(GY):
BEq of solutions which are invariant with respect to the more slender
subgroup contains the BEq of solutions which are invariant with respect
to wider subgroup. For two chains A = {H;}* and g 'Ag = {g ' Hyg}¥
of similar subgroups, the connection between the Hj-invariant element
subspaces and respectively between the BEqs of Hp-invariant solutions
is realized by the element g.

For the simple illustration of this abstract theory, here for the equations

Au+ Nsinh u =0 (4)

and
Au+ N sinu=0 (5)

periodical solutions with hexagonal lattice of periodicity are found. Ap-
plications of these equations to low temperature plasma theory [6, 7] and
to some problems of differential geometry [1, 14| are known. Complicated
examples, for instance, periodical solutions in heat convection theory [10,
11], also can be investigated according to the same scheme. In the general
case of finite group with known composition law, a computer program
for the determination of all subgroups is given.
We use the terminology and notation from [3, 4, 9, 12].

2. BRANCHING EQUATION WITH HEXAGON GROUP SYMMETRY D
FOR THE EQUATIONS (4), (5)

The general form of BEq admitting the symmetry of hexagonal lattice
L = li+V3mj, 13 = 3[(¢ = 3m)i+ V3({ +m)j], I = 3[—(£ + 3m)i +
V3L —m)j], lyx = o1, k = 1,2,3 (the integers ¢ and m have the
same parity) for the first bifurcation point ¢ = m = 1 with the basis (2)
{p, = exp[i(l,, q)]}® in the zero—subspace can be obtained [5, 9] by group
analysis methods on the base of the inheritance theorem (3), where

Bya) = Ag(a) = diag{exp (iB(a1 + V3an)),
eap (—if(on + V3az)), exp (=if(ar — v3az)), (6)
exp (iB(ay — V3aw)), exp (—2iBay), exp (2ifay)},
=T and 2a is the lattice width. The equality (3) means that the man-
ifold F = {&, f|f — f(§) = 0} is an invariant manifold of the transforma-
tion group £ = A&, f= Ag(a)f and can be expressed [8] through the
complete system of functionally independent invariants I; = g—;, j=1,6,



94 B.V.LOGINOV AND O.V.MAKEEV

Ir = &8, Is = &384, Ig = &586, 10 = §28§386- Thus the branching system
allowing the hexagon group symmetry has the form [5, 9]

J1(€,6) = X ap0(€)&1(&162)7 (§364)72 (§586)7°
20 (La82)" (€s€a)7 (6586)™

pk>1

[ap; x(¢) 5_15555 + by, k(€) k+154£5] 0 (7)

fol€e) = rfi(€e) =0, fs(€ e) = rfi(€e) =0,
f4(§7€) = r4fl(€>€) - 07f5(€75) = Sf1(€7€) =0
fo(§,8) = srPfi(€,e) =0,

where the permutation of the hexagon top numbers (i.e. the hexagon
group Dg) is generated by the permutations r = (135246) (the rotation
on the angle ¥ counterclockwise) and s = (15)(26)(3)(4) (the reflection
around the axis joining the tops (3) and (4)).

The main part of the branching system (7) has the form

§ie + A& + B&&3és + B&i&&+ ... =0
§ae + AL3E1 + B&Esés + B&lsbs + ... =
Ese + AL3Ey + B& 16 + BEsEsbs + ... =
§4e + AGLEs + B&E 6 + B&Esbs + ... =
Ese + AL2E6 + B&sEséa + BEG16a + .. =
o€ + ALZEs + BEe&slu + Bée&iba+ ... =0

where A = :I:%g, B =+), N\ = 4&%2 (the upper sign is related to the
equation (4) and the lower one to (5))
In the article [5] the following statement is proved

Lemma 1. In the case of hexagonal symmetry, let n = dim N(B) = 6
and assume that the group of symmetries for the branching equation
is given by (6) and the permutations Dg. Then the subspace N(B)
decomposes into the direct sum of two one-dimensional and two two-
dimensional 1rreducible Dg-invariant subspaces with basic elements

=

=
[N
—

(901+<p2+<p3+904+905+<p6)
s Z(z + V3y) + cos Zx + cos Z(z — V/3y))
(<P1 P2 — @3+ Pa+ 5 — P6) =

nZ(z+v3y) +sin 2 —sin Z(z — V3y)),

(9)

G
=
o

St I sl 1
Tz
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(

N® ) = —% (sing(m +v/3)y + 2sin %x + sin 2 (z — \/§y)) :
’ er =5(—p1+ P2+ 95— ) =
[ =sinf(r+v3y) —sin gz~ V3y),
€5 :2_\1/3(901+S02—2903—2904+905+g06):
N@ . :%(COS%(JJ—F\/gy)—QCOS%x—i—COSE(:E—\/gy)),
' e6 = 5(p1 42— @5 — pe) =
= cos Z(z + V/3y) — cos Z(z — /3y).

\
In the same work [5] branching equations for solutions invariant with

respect to normal divisors together with asymptotics of such solutions
are written out.

3. SOLUTIONS WITH SUBGROUPS SYMMETRY

Here we find the solutions of (4), (5) which are invariant with respect
to subgroups of the hexagonal group Dg.
The initial one is the hexagon group

o 2 3 4 5 2 3 4 _5
Dg ={e,r,r=,r°, r* r° s, sr,sr° sr°, sr®, sro}

generated by the substitutions of N(B) basic elements indexes and the
structure L(Dg) of all its subgroups.
In the structure L(Dg) the following subgroup chains are selected

Ay Aig=Dg D Ay ={e,r? rt sr sr3 srP}

D As={e,sr} D A5 ={e};
Ay :Agg=DgD Ay =A11 D Ago={e, 721"} D Ay3 = {e};
Az = sr®Aysr® = srAgsr: Asg = Dg D Az = A1y

D Aso={e,sr3} D Asz = {e};
Ay =r"Air?: Ayg=Dg D Ay1 = A1 D Aga{e,sr5} D Ayz = {e};
As: Aso=Dg D A5y ={e,s,73, 513} D Aso = {e,sr} D As3={e};
Ag: Aso=Dg D A1 =As51 D As2=1{e,s} D Ags={e};
A7 Arog=Ds D Azy = {e,r?, 14 s, 5172, srt}

D Arp={e,r? 1t} = Ayy D Azz = {e};

Ag: Ago=Dg D Ag1 = A71 D Ago = {e,sr?} D Ags = {e};
Ag = 1r°Agr = sr?Ajgsr? . Agg = Dg D Ag1 = Az

D Ago ={e,sr'} D Ags = {e};
Ay = rtAgr? Ao =D D Aoy = A7

D Ao ={e s} D Az = {e};
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Ay Ao =D D Ang = {e,r,r? r3 et r°}
D Apo={e, %'} D Az = {e};
A i Ajgg=Dg D Agg = A1 O Aigp = {e,r*} > A = {e};
Ayz: Azo = Dg D Ayz1 = {e,r3 sr? sro}
D Az = As2 D Azz = {e};

A 1 Ao =Ds D Argg = A131 D Aao = Ago D Az = {e};
A5t Ais0=Dg D A5 = Ai31 D Aiso = Agp O Ais3 = {e}
A Atgo = Dg D A1 = {e,r®,sr, 511} D Ao = A1 D Az = {e};
A7t Ao =Dg D Ayzg = Ais1 D Airg = Aga D Airg = {e};
Ag : Aigo = Dg D Ay = Ais1 D Aiga = Agp O Agz = {e}.

The subgroups

{e,r?, 14, sr,sr3 sr°} {e,r? rt s, sr? sri},
{e,r,r%,r3 rt r°} {e, sr3}, {e,r% r1}

are normal divisors (on the figure they are shown by semiboldface lines)

For the brevity of presentation we consider here only the four first
chains of subgroups.

3A. Consider the chains A, Az, A4 The projective
operator P(A; ;) transforms the N(B) into one-dimensional subspace of
A 1—invariant elements span{y; = % (p1 4+ 2+ @3+ @4+ o5+ ©s) }
Complete this one-dimensional subspace up to N(B) by the basic ele-
ments of irreducible invariant subspaces

05 = 75 (91— p2 — 03+ Ya + 5 — pe),

3 = 75 (b1 — p2 + 203 — 204 + 5 — ),
pi = 75 (o1 + 2+ 05— v5),
p5 = 5 (01 + 02 — 203 — 204 + @5 + ),
w6 = 75 (91 + 2 — 05 — v5).
Then BEq of A, ;-invariant solutions is resulting from BEq in new
base at n, = 0, k = 2, 6.

772(p1+p2+p3)+1
no
Z ap;O \/§3p1+p2+p3
P
2(p1+p2+p3) 3k—1 3k+1
T T Uil
- Z 3p1+tpatps |:ap;k(\/§>3k—l T bp?k(\/§)3k+1 (10)

p,k21
The main part of (10) is the following
A 2B ,

me + gni”r == 0
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AT2B>
(e > 0) for the equation (4) ((5)).

The subspace of N(B) elements which are invariant with respect to

the Aj s-subgroup span {¢] = “Dlj—m,% = ”2}”4,% = S05+“0‘5} is trans-

with solutions 719 = £/, signe = —sign (A + 2B), ie. ¢ < 0

ferred by transformation r# into the subspace span {p; = “01}“”2,@3 =
503\%“05,@: = “04\;%“06} of Ayo = r*A; or’-invariant elements and by trans-
formation sr® into the subspace span {p; = “Dl\J/r—%,% = “02}“05,@3 =
p3t+wa

v of Azp = sr®A;osr°—invariant elements. The BEq solutions in-
variant with respect to A; 5 has the form

771 ﬂpl +p2 7751 +p2 77?73 Ufl +p2 7751 +p2 ﬂ§p3
Z ap; 0 3p1+P2TP3 + % 3p1+P2+P3 ’
p, k21
k—1 k k k+1 k k]
. 12 m. 5 m. 2 5 —
%W<ﬁ) (%) (&) +wa () (B) ()]=0
N p1+p3, p1+P3, 202 p1+p3_P1+p3_2p3 -
m2 b s N Mo s
Z ap, 0~ /3 V3 3p1+P2TP3 + Z 3p1+P2+P3 ’
P P, k>1
r o Vo NE (s V] (11)
T2 T 5 —
%*<> (3 )( ) () (%) ()] =0
N 75 np2+p5 npz +p5 2 npz +p3np2 +p3n2p1 -
1 2 1
Z ap, 0~ /3 V3 3pP1 +p2+p3 + Z 3p1+P2+P3 ’
D p,k>1
[ . k—1 . k . k " k+1 " k " k]
. J5 T T2 5 Kis T2 —
wie(B) () (%) +o () () (3) =0

with the corresponding main part

M (5 + +B771772 + 3775)
e (2 + 22 + L)
s (e + 2Ly + 4n2) =

(12)

Consequently the Ajs-invariant solutions of the equations (4), (5)
are representing by the formula np; + n5eos + nies, where the vec-
tor (ny,n5,mi) passes the solution set of the system (12). Respectively
the Ayo = r*A; or’~invariant solutions (Azs = sr®A; psr’—invariant so-
lutions) are the following

ri(mier +maes +n3es) = nirter Husrtes Husrtes = =ni(ea+
6) + 15(ps + p5) + 15 (1 + 2]

(s (nir 503 +n35 ) = nf sropi 5 sropy +n3 srops = Zo[ni (0ot
s) + 15 (01 + @) + 75 (03 + a)])

3B. Consider the normal divisors chain A,.
At its investigation in accord to [5, 9] pass to the indicated in Lemma 1
basis of irreducible invariant subspaces.
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For the construction of the equivalent BEq in the basis (9) it should be
taken the substitution & = C(, where C] is the transformation matrix
from {¢;}9 to {e;}¢ obtained in the Lemma 1, where ¢ = (1, (o, - . -, Cg)
are the coordinates of the vector ¢ € N(B) in the basis {e;}$. Since
o, = Sa—1, we can take §op—1 = Top—1 + T2k, §or = Tok—1 — 172, and the
transformation matrix 7 = C( is defined by the formula C = C; ' - C,

1 1

where Cf is quasidiagonal matrix with blocks < i i ) The corre-
sponding transformation 7 < ( has the form

T = %Cl —l—ﬁﬁs +3¢

Ty = 1 %gz +ﬁ<5 —%§4 1

T3 = %ﬁl —%Q (13)

Ty = —5:e 5

1 2v6 v 1 1
5= 5% +55%  —3%
Te = %ﬁz +ﬁ§3 +5C

Applying the formula P(Hj) = \le| > ge iy flg, where flg are quasidi-
agonal matrices with blocks T of irreducible representations, for A2 and
Ay 1 = Ay one has the projector with respect to ¢ variables:

Py,, = diag(1,1,0,0,0,0), Py,, = diag(1,0,0,0,0,0)

The following statement is true. For Aso—invariant solutions it should
be taken (3 = ... = (4 = 0 or according to (13) 74 = 73 = 75, T» =
—T4 = Tg, for Agq-invariant solutions one has (; # 0, ( =... =( =0
Or 7\ = T3 =Ty, To = T4 = Tg-

The relevant branching equations with respect to 7 variables have the
following solutions: Aso-invariant solutions

e \i_ 4 2 i
=0, T2 = + (_A+2B> iAO\/g(:FC”)?
1
’7—2:0, T = j:(_—A—i—g2B)2 :i:)\(\)(/—(:Fg)%7
7 # 0, A0, TE+TI=— Af2B::F52T€0;

and A, ;-invariant solutions

£ 2 \/§ 1
Here ¢ < 0 for equation (4) and ¢ > 0 for equation (5). The cor-
responding solutions for nonlinear problem (4), (5) are represented by

. . 1 . . . .

convergent series in €2, their asymptotics has the form of linear combi-
. 6 ~ .

nations » ,_, Tx¢x, where the omitted components 7, are equal to zero,
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and

p1=2cos Z(x +V3y), ¢ =2sinI(x+V3y), ¢3 = 2cos I,
¢4 = 2sin T, <ﬁ5:2cos§(x—\/§y), @6:2sin§(x—\/§y).

Conclusion. Using equations (4), (5) as an example, we have demon-
strated the general scheme of solution construction with subgroup sym-
metry. For every chain of subgroups there exists the basis of the zero-
subspace N(B) in which the BEqgs of subgroup invariant solutions form
the dual chain. For two chains A = {H.}¥ and ¢ 'Ag = {g ' Hpg}¥
of similar subgroups the connection between the Hp-invariant element
subspaces, and between the BEqs of Hj-invariant solutions, respectively,
is realized by the element g.

This result is completely determined by the original singular nonlinear
equation group symmetry and does not depend on the essence of the
simulated concrete bifurcation phenomenon.
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