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ABSTRACT. In this paper, the (Hg, LP) and (HKZ?, K;’p) type
boundedness for the multilinear commutator associated with the Littlewood-
Paley operator are obtained.

1. INTRODUCTION AND DEFINITION

Let L} (R™) = {f%is locally integrable on R"}. Suppose f € L;,.(R"),
B = B(xzg,r) = {z € R" : |x — x| < r} denotes a ball of R" centered
at xo and having radius r, write fp = |B|™' [, f(z)dz and f#(z) =
sup,ep |B|™ [51f(x) — fpldz < oo. The function f is said to belong to
BMO(R™) if f# € L*(R"), and define ||f||zro = ||/#|] 1.

Let T be a linear operator and K be a function on R"™ x R",

T(f)(x)= | K(z,y)f(y)dy for feC,

R’I’L
where K satisfies:
() [K(z,y +h) = K(z,y)] < C - |h|* |z —y|"7 for 2|h| < |z —y],
0<a<l;
(2) IT(f)||zro < C||f]|Lro for some 1 < py < o0;
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Then we call T' is the Calderén-Zygmund singular integral operator.
Let b € BMO(R™) and T be the Calderén-Zygmund singular integral
operator. The commutator [b, T| generated by b and T is defined by

[0, T1(f) (@) = b(z)T(f)(x) = T(bf)(x).

A classical result of Coifman, Rochberg and Weiss (see[2]) proved that
the commutator [b, T is bounded on LP(R"™) (1 < p < oo). However, it
was observed that the [b, 7] is not bounded, in general, from H?(R"™) to
LP(R™). But if HP(R") is replaced by a suitable atomic space Hg (R™)
and HK;%”(R")(see[l][?][u]), then [b, T'] maps continuously Hz(R") into
LP(R") and H K:g’(R”) into K, ~P. In addition we have easily known that
HZ(R") C HP(R"), K;‘EP(R”) C Hqu"p(R”). The main purpose of this
paper is to consider the continuity of the multilinear commutators related
to the Littlewood-Paley operators and BMO(R™) functions on certain
Hardy and Herz-Hardy spaces. Let us first introduce some definitions(see
[1][3-10][12][13]).

Given a positive integer m and 1 < j < m, we denote by C7" the
family of all finite subsets ¢ = {o(1),---,0(j)} of {1,---,m} of j different
elements. For o € C7", set 0¢ = {1,---,m} \ 0. For b= (b, -, by) and
o ={0(1),-- a0} € CF, set by = (bor); =+ bo()s bo = bo(1) -+ - bo(y)
and ||b;||pro = |[boy||Bro - [|bo() || BMO-

Definition 1. Let b; (i = 1,--- ,m) be a locally integrable functions
and 0 < p < 1. A bounded measurable function a on R" is called a (p, l;)
atom, if

(1) supp a C B = B(xo,r)

(2) lallz= < [B(wo,r)|7"

(3) [zay)dy = [5a(y) L., bi(y)dy = 0 for any o € cr 1<) <m.

A temperate distribution(see[14][15]) f is said to belong to H/(R"), if,
in the Schwartz distribution sense, it can be written as

f(x) = Z Ajaj(z).

where ajs are (p, b) atoms, \; € C and > 521 [Aj[P < oo, Moreover,

11l = (32 Al .

Definition 2. Let 0 < p,g < 0o, a« € R. For k € Z, set By, = {x €
R™ :|z| < 2%} and Cy = By, \ Biy_1,andyy, = xc, for k € Z,where x¢, is
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the characteristic function of set (.. Denote the characteristic function
of BO by Xo0-
(1) The homogeneous Herz space is defined by

Kg#(R") = {f € Ly (R"\{0}) : [[fl]ggr < o0}

where

o0

1/p
> 2’““p||kal|’£q] .

k=—00

1 lliegr =

(2) The nonhomogeneous Herz space is defined by
Kap Rn {feLloc ):||fHKg‘p<OO}‘

where

0 1/p
Al kgr = [Z 25| fxellfe + IIfXOHﬁql :
k=1

Definition 3. Let « € R", 1 < ¢ < o0, o > n(l —1/q), b; €
BMO(R"), 1 <i < m. A function a(z) is called a central (o, ¢, b) -atom
(or a central (a, q, g)—atom of restrict type ), if

(1) supp a C B = B(zg,r)(or for some r > 1),

(2) Ha||Lq < | B(xo, 7’)\_“/”

(3) [yalz)zlde = [;a(x)z’ ], bi(z)de = 0 for any o € " |1 <
j<m,0< |ﬁ| < «, where 8 = (f, ..., 5,) is the multi-indices with
BieNforl<i<nand|3|=>",0.

A temperate distribution f is said to belong to HK;;;”(R”)(OI" HK:’;(R")),
if it can be written as f = 37 M\ja; (or f = 3777, Nja; ), in the
S’(R™) sense, where a; is a central (o, q, b)-atom(or a central (v, q,b)-
atom of restrict type ) supported on B(0,27) and > |\;P < oo(or
Y520 1Ajl < o0). Moreover,

1 ez Cor 1 larmcey) = inf(z I[P,
J

where the infimum are taken over all the decompositions of f as above.

Definition 4. Let € > 0 and ¢ be a fixed function which satisfies the
following propertieS'

(1) [ th(z)dz =0,

(2) |(@)] < O+ Jaf)=0HD,

3) [W(z+y) —v()| < Clyf (1 +]a[) =1+ when 2Jy| < |zf;
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The Littlewood-Paley multilinear commutator is defined by

=1/ / ]
I(2) tnt+l ’

Fi(f)( / [H ] uly — 2)f(2)dz,

Jj=1

where

={(y,t) € R : |z —y| < t} and ¢y (z) = t ™ (x/t) for t > 0. Set
Ny) = fRn Uiy — x) f(x)dz. We also define that

(/] |Ft<f><x,y>|2%)l/2>

which is the Littlewood-Paley operator(see [15]).

( )

2. THEOREMS AND PROOFS

Theorem 1. Lete > 0,b; € BMO, 1 <i<m, b= (b1, ,bm), n/(n+
e) < p < 1. Then the multilinear commutator sz} is bounded from

p n n
HE(R ) to LP(R™).

Proof. It suffices to show that there exist a constant C' > 0, such that
for every (p,b) atom a,

1S5 (a)]|» < C.

Let a be a (p, l;) atom supported on a ball B = B(xzg,r). When m =1
see [7], and now we prove m > 1. Write

/ |55 (a) () [Pda
Rn
:/|_ - |Si(a)(m)\pdx+/ ‘Si(&)(m)\pdlejtﬂ,

|lx—zo|>2r

For I, taking ¢ > 1, by Holder’s inequality and the L?-boundedness of
Sf;, we have

~
[\

- p/a
([ ish@ie) - B2
|x—x0|<2r

OISy (a) (@)l - |B(xo, 2r) [P/
Cllbllparollallfa BI*7 < OBl 0.

IA

N
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For I, denoting A = (Ay,---, Ay) with A; = (b)), 1 < i < m, where
(bi)p = |B(z0,m)|™" [y, bi(x)dz, by Holder’s inequality and the van-
ishing moment of a, we get

o0

=% /2 155 (a) (z) Pd

=1 Y 2kt r>|z—zo|>2kr

[e¢) p
<Cy (B2t | 155 (a) (@)l
=1 2k+1p>|z—z0|>2kr
S
< C |B( 2k+1 )|1—p % /
1 2k+1p>|x—20|>2kr

p

1/2
dydt
2
( A H Yuly — a(z)d] tm) dr
<O [Blro, 251) 1P / //
;| 0 )| [ 2k+H1p>|z—zg|>2kr

(/B th(yz)@ﬁt(yfﬂo)Hl(bj(iE)bj(z))a(z)dz) fyfft) dr|

noting that z € B, = € B(zg,2""r) \ B(xo,2"r), then

Sy (a)(z)

2
[//F( (/ ey — 2) — —wo\HV) 2lla(z >dz) fyft]
2
N ([ R L R N
C[//r(x) </Bt |a(z>|j131|b]($) it )(1+l‘oy/t)”+1+€d) tHH}
tl—n 1/2
¢ (/ o T =g dydt)

/ H|b 2|0 — 2[|a(2)|dz

t1-n92(n+l+e) 1/2
dydt
//I‘(x (2t + 2lg — yl)2riTa)

/ H 1b3() — bj ()10 — 2 la(2)|dz:

1/2

1/2

IN

IN




12 CHANGHONG WU AND LANZHE LIU

Notice that 2t + |zg — y| > 2t + |xg — x| — |x — y| > t + |ro — x| when
|z —y| <t, and it is easy to calculate that

> tdt ,
_ . —2(n+e).
|, T s = Cla =l

then, we deduce

S5 () (x)

fn 1/2
<C dydt
= (/ /m) (2t + g — y]) X179 )

/ H\b 2)llzo — #IF|a(2)ldz

l-n 1/2
<C dydt
- (/ /r(z) (t+ |z — w2179 )

/ H\b 2)llzo — #I°la(2)ldz

00 tdt 1/2
<C /
( o (t+]zr— $0|)2("+1+5)>

x /B 1_I|bj<:c> —b;(2)leo — 2[la(2)|dz

< C|BJE/m=1/r]g — go|~(0+2) / H|b 2)ldz.

So

o
IT < C|B[¥/™ 1P " |B(ao, 25 1r)| 7
k=1

p
_ —(n+e) / b d
X X o z
[/2k+1r>xmo>2kr ‘ ‘ ( H ‘ | ) ]

oo
<C|BI/"=1P Y7 B(ao, 25 )17
k=1

[Z > /M & — o~ |(B( |d:z:/| - Ucdz]p

i=00eC r>|z—xo|>2kr
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<C|Bf/"~ Upz > </| — Uc|dz> Z|Bw ok+1py 1P

j= OUECm
P
“ l/ 12 — a0~ (Bz) — Ao |da
2k+1p >z —z0|>2kr

<CY > lbecllpuo

7=0 UGC}-”

Noolpro S [B(xo, 2 ) [ (ntep/ngp| g (e/n=1/pp
k=1

SCHEH%MO Z P . okn(l=p(n+e)/n) C||g||BMO'
k=1

This finishes the proof of Theorem 1.
Theorem 2. Let 0 < p < 00, 1 < ¢ < o0, n(l—l/q)§a<
n(l—1/q) +¢, > 0,and bEBMO(R")1<z<m b=(by, - by).
Then Sb is bounded from HKO‘p(R") to KO"’(R")
Proof. Let [ € HKO"’(R”) and f(x) =372 Aja;(x) be the atomic

decomposition for f as in Definition 3, we write

[e.9]

1/p
|195.(F) (@) geor = ( > Qk“pllsi(f)xk\\iq>

k=—00
[ > o0 . 11/p
=C Z 28 ( Z XSG (a) xk] La)?
_k:—oo j:—oo i

M oo k-3 11/p

<O | 37 27 ST IISE (ag)xl o)

Lk=—00 j=—00 _

o0 o0

. 1/p
D 2k |>\j\\\5$(aj)Xk||Lq)p]

k=—o00 j=k—2
=1+ 1I1.

+C

For I, by the boundedness of S;i on L? and the Holder’s inequality, we
have

7 < C

[e'e) [e'e) . p 1/10
S gher ( 5 |Aj\\\53<aj>xj||m> ]
J

k=—o00 =k—2
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_Zz’mp (; A |||%||Lq>p] N

L —oo 2

[ oo 00 p1/p

> 2 ( 3 o) |

Lk=—00 Jj=k—2

( 1/p
(S5 P 2] T 0 <p<

1/p
[Zj:—oo AP S 2(’“‘])1”/2] L 1<p<oo
\

00 1/p
> P\j\p)

j=—o00

< Cllfllucor
For I, when m=1, let b; = | B[~ 1fB b1 (z)dx. We have

Sy (a;)(x)

/2
/ /W '/ (b () = ba(2))e(y — 2)a;(= >dz|2ffff]

2
//r( : (/B [Ve(y — 2) — ey — w0)[|b1(y) — b1(z)||aj(z)|d,z>

dydt
tn—l—l

dydt

2
" (j20 = 21/t)°
/ /m ( / ey 2) ) — ) <1+|x0_y|/t)n+1+ady>

tl—n 1/2
<C dydt
= (/ /m (t + o — g2 )

/ 0 — 2[la (2)][b1 () — by (2)]dz
B

“(/].

/ 20 — 2l (2)][b1 () — by (2)]dz
B;

(/1.

tl—n

1/2
(24 + [zo — y20+179) dy‘”)

tl—n

1/2
(t+To = 2o 0759 dydt)

/ 0 — 2l (2)][b1 () — by (2)]dz

B;

tn—i—l

1/2

] 1/2
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<o([ ) ( [ 1o Flateline) - m(z)\dz)

< Clo = 2ol ™ [ oy oy (o) — ba(2)|dz

B

< Clx — xo|~ ™+ xo — 2|%)a;(2)||by(x) — b}|dz
B ’ !

T Cla — |+ / 20 — 2|, (2)][b1 (=) — b}|d=
B;

< Clz — xo\_("+€) (\bl(x) _ b}|2j(a+n(1—1/q)—a) + 2j(s+n(1—1/q)—a)||b1||BMO) )
So
153 (a5) x|z,

/g
< ¢ietn(i=1/g)=a) [( |by () — b;||$ — xo‘—q(n%)dm)

By

1/q
N ( iz — xo\—q<"+€>dx) 1] 3aro
By

< Ol D7) [ | By Yy || avo

Ly o-k(n+e) ‘Bk|1/q||bl||BMO}

< O||br|| a0 2V 1= 1/a)—e)—h(n-+e)+hn/d]

I

thus
] =
- b3 pql/p
c LZ gk ( > |Ajms$<aj>xk||m> ]
=0 j=—o0

00 k-3 pq1/p
< C||b1||mo [ Z Qkap ( Z ‘)\j|2[j(5+n(1—1/Q)_0¢)—k(n+a)+k’n/q}) ]

k=—00 j=—00

< C||b1||Bro
( .
[ZZO:_OO okap Z?;im ‘)\j|p2[J(E+n(1—1/4)—a)—k(n+6)+kn/q]p
O<p<l1

} 1/p

x [Zii_oﬂ’““p( k=3 W‘p2p[j(5+n(1_1/q)_a)_k<n+g)+kn/q]/2)

j=—00

. /1P
y (Z@—3 op [g(a+n(1—1/q)—a)—k(n+€)+kn/q]/2) ] ,

j=—o00

L l<p<oo
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< C|b1llBmo

: 1/p
[Zii_oo NP e 2“"“)(“”(1‘1/”*“”’] ,0<p<1

o 00 k) (e+n(l— —a 1/p
[Zj:—oo |>‘j‘p Zk:j+3 2U-k){etn(1=1/g) )p/z} , I<p<oo

e}

1/p
< Cllb1llBumo < >, |)\j\p> < CHf||HK;g-

j=—00
When m > 1, Let b} = |B|1fB r)dx, 1<z<mb’—(b},~-~,b§”).
We have

S5 (a;)(x)
[ ayat]"”?
1 T = ety - s
i T'(z) Bj ;4 t
<\//
L I'(z)
1/2
dydt
Hlb ) = bi()[e(y — 2) — ey — wo)l[a;(2)|dz | —
t +
J =1
< Cla— | <n+f/ (0 — 2[%|a; (2 |H\b 2)|d=
< Clao =l 9 [ 0= 2Flay(z |H\b )z
< C\x . :Eo‘_(n+€)
<3S () — By |/ 120 — 2la; (2) [ (B(y) — B)oeld
=0 UECm
< Clw — x|~ Z > (b(x) — b)g|27= - 279 - 2D
= OUGC’"
< Cla — mo| (o) . gileHn(1-1/a)—a Z Z (b |||bacHBMo,
i= OUEC’"
So
115 () el < CRIEA-1D=0)| 5,
q 1/q

TR ERad D I CEETN) I

1=0 oceC™
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< C||ggc||BM02j(5+”(1—1/4)—a) . 9—k(nte)+kn/q

< C|bl| sasos
then

00 k—3 . p1/p
r=c [Z 2rr ( > \Ajwusz,mj)xknm) ]

— =
< C|Jbl[ o

oo k-3 pq1/p
[Z okap ( 3 Aj|2u<5+n<1—1/q>—a>—k<n+s)+kn/q}) ]
k=—o0 j=—o00

< C|Ibl| 5o

’ [Z;O——oo 2k Z?:ioo |\ [P2U(etn(1=1/a)—a)—k(n-+e)+hn/glp
0<p<l1

1=

j=—o00

e p/p'] /P
x(g%—i% op [J(5“"”(1—1/‘1)—a)—k(n+€)+’m/¢ﬂ) } 7

l<p<oo

\

< C||b]|Baro

¢

0 fo%) AV a 1/p
[Zj:_ool&\pzk:mz(ﬂ k)(e+n(1-1/9) )p] ,

O<p<l1

(5 WP g 20 —nrz]
l<p<o

/p

\

0o 1/p
< C|[bl|prmo ( Z ‘)‘j|p>

j=—00

< OHfHHKZ’b?'

} 1/p
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Remark. Theorem 2 also hold for nonhomogeneous Herz-type spaces,

we omit the details.
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