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ABSTRACT. Let Sy denote the class of functions f = h+ g which are
harmonic univalent and sense preserving in the unit disk U. Al-Shagsi
and Darus[7] introduced a generalized Ruscheweyh derivatives operator

(o]
denoted by DY where DY f(z) = z—i—kZQ [1+ Ak — 1)]C(n, k)az*, where
C(n, k) = (k+2_1). The authors, using this operators, introduce the
class HY of functions which are harmonic in U . Coefficient bounds,
distortion bounds and extreme points are obtained.

1. INTRODUCTION

A continuous functions f = u + iv is a complex valued harmonic func-
tion in a complex domain C if both v and v are real harmonic in C. In
any simply connected domain D C C we can write f(z) = h+g, where h
and g are analytic in D. We call h the analytic part and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univa-
lent and sense-preserving in D is that |h'(z)| > |¢'(z)| in D. See Clunie
and Sheil-Small (see [2]).
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Denote by Sy the class of functions f = h + g that are harmonic
univalent and sense-preserving in the unit disk U = {z : |2|] < 1} for
which f(0) = h(0) = f.(0) =1 =0. For f = h+ g € Sy we may express
the analytic functions h and g as

hz)=z+Y a2",  g(z)=)Y b2"  |h[<1.  (L1)
n=2 n=1

Observe that Sy reduces to S, the class of normalized univalent analytic
functions, if the co-analytic part of f is zero.

The class 7 is defined as the subclass of Sy consisting of all functions
f =h+ g where h and g are given by

h(z) :z—Z|an|z", g(z) = —Z\bn\z”. (1.2)

In 1984 Clunie and Sheil-Small [2] investigated the class Sy as well as its
geometric subclasses and obtained some coefficient bounds. Since then,
there has been several related papers on Sy and its subclasses such that
Silverman [3], Silverman and Silvia [4] and, Jahangiri [5] studied the
harmonic univalent functions.

We denote by HY the class of all function of the form (1.1) that satisfy
the condition

R(DYf(2)) >0, z e U. (1.3)

where DY f(z) = DYh(z) + D}g(z), and DY} denotes the operator intro-
duced by Al-Shagsi and Darus|7] and is given by

DY f(z) =2+ i [1+ Ak —1)]C(n, k)ax", A >0, (1.4)

where
TG +n)
C(n, k) = (kJFZ_l) :%, k> 2. (1.5)

Note that when A\ = 0, we get Ruscheweyh differential operator (see[1]).
Also note that the class HS = HP(«) the class of harmonic univalent
functions studied by Yalcin and Oztiirk [6]. We further denote by TH?
the subclass of HY, where THY =7 N'HY.
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2. COEFFICIENTS BOUNDS

Theorem 2.1. Let f = h+ g with h and g are given by (1.1). Let

> k14 Ak = D)]C(n, k) (|an] + [ba]) <2, (2.1)

oo
k=1

where ay =1 and X > 0. Then [ is harmonic univalent sense preserving
in U and f € 'HY.
Proof. For |z| < |z < 1, we have by (2.1),

|f(21) = f(22)]
> [h(21) = h(z)| — [g(21) — g(22)]

(21 — 22) + Zak(zf — 25
k=2

> bi(zt = 25)
k=1

> |21 — 2 (1 — by =) k;|z2|k_1>

k=2

k=2

> |21 — 2] (1 — [b1| = |22| Zk[l + Ak = 1)]C(n, k)[Ja| + |bk|]>
> |21 = 22|(1 = [ba])(1 = [22]) > 0.

Consequently, f is univalent in U. We note that f is sense preserving in
U. This is because

W' (z)] > 1— Zk\akHz\k_l >1-— Zk|ak|
k=2 k=2

o

>1-> k[1+ Ak —1)]C(n, k)|ag|2]

k

[|
I\

> k[ ME = D]Cn k)b > > kb2t > 1g/(2)].

1 k=1

WK

B
Il

Now we show that f € HY. Using the fact that w > 0 if and only if
|1 4+ w| > |1 —w|, it suffices to show that

1+ (DXh(2))" + (D3A(2))

' e _

_ '1 — (D3h(2)) — (Dyh(z))
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'Q—I—i k[1+ Xk —1)]C(n, k)anz”_l—i-f: k[1+ Ak —1)]C(n, k)b,z"""

k=2 k=1

o0

—'— k[1+ Ak —1)]C(n, k)a,z" —Zk + Ak — 1)]C(n, k)b,z" !

=2

>2 -3 k[1+ Ak —1)]C(n, k)|ay||2|""
k=2

=Y kR[4 Ak = D]C(n k) [bal[2[" =D T E[L 4+ A(E = 1)]C(n, k)|an][2[""

=) E[1+ Ak = 1)]C(n, k)[ba]] 2"

=2— 22/{;[1 + Ak = 1)]C(n, k)|an||z]""

- 2§:k[1 + Ak = 1)]C(n, k) ba||2]" " >

2{1_<ik[1 A= 1], Blan+ 3 k(1 + Ak - D]Cn kﬂbn\)}

k=1

>0, by(2.1).

The harmonic mappings

- 2_: K1+ Ak 1)]C(n,k)2k

+Zk Y )}O(n,k)zk

k=1

where Z |zx| + Z lyr] = 1, show that the coefficient bound given by
k=2 k=
(2.1) is sharp.

The functions of the form (2.2) are in HY because

S k[1+ Ak - D)]C(n, l{;)<|ak\ + \bk\) =14 o + Dl = 2.

The restriction placed in Theorem 2.1 on the moduli of the coefficients of
f = h+7 enables us to conclude for arbitrary rotation of the coefficients
of f that the resulting functions would still be harmonic univalent and
f € HY. We next show that the condition (2.1) is also necessary for
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functions in 7HY.

Theorem 2.2. Let f = h+ g with h and g are given by (1.2). Then
f € THY if and only if

ikz 1+ Ak —1)]C(n, k) (o] + |bx]) < 2, (2.2)

where a; =1 and X\ > 0.

Proof. We first suppose that f € 7HY, then by (1.3) we have
R{(D3h(2)) + (Drg(2))'}

= 9‘%{1 — ik[l + Ak = 1)|C(n, k)|ay|z"

[e.e]

=) E[L+ Ak - 1)]C(n, k)|bk|2”‘1}
) > 0.

If we choose z to be real and let z — 17, we get

[e.9]

1= k[1+ Ak — 1)]C(n, k)|ax| - Zk1+A —1)]C(n, k)|bx| >0,

which is precisely the assertion (2.3) of Theorem 2.2.
Conversely, suppose that the inequality (2.3) holds true. Then we find
from the definition (1.3) that

R{(D3h(2)) + (DRg(2))'}

(e e}

= %{1 =) E[14 Ak = 1)]C(n, k)|ax|z""
=Y Ek[14 Ak - 1)]C(n, k)|bk\§”‘1}

>2— ik[l + Ak = 1)|C(n, k) (|bw] + |bk])z" "

> 2 — ik[l + Ak — 1)]C(n, k) (|bx] + |bx]) > 0.

provided that the inequality (2.3) is satisfied.
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3. DISTORTION BOUNDS AND EXTREME POINTS.

In this section, we shall obtain distortion bounds for functions in 7HY
and also provide extreme points for the class THY.

Theorem 3.1. If f € THY, for A\ >0 and |z| =r > 1, then

1 — |by] 9

F < (Ut by + (1= b)r + g ot

and
1 — |by] 2
20+ M) (n+1)
Proof. We only prove the second inequality. The argument for first

inequality is similar and will be omitted. Let f € 7HY. Taking the
absolute value of f, we obtain

[f() = (1 =bo)r — (L= by)r +

|f(2)] = (X =b)r = > (lan| + [ba])r"

> (1=bi)r— Z (lan] + [bn])r?

— (1= by — (1+A§< T D021+ )+ (o] + Pl

> (1= b = 5 A;(H 3 Zk L+ Ak — 1)]C(n k) (Jan] + b))
> (1= by)r — (1+>\§(n 11—

The bounds given in Theorem 3.1 for the functions f = h + g of
the form (1.2) also hold for functions of the form (1.1) if the coefficient
condition (2.1) is satisfied. The functions

L—|b|

1) =2+l =sa a7

and

L=fb]
f@ === s N

for |by| < 1 show that the bounds given Theorem 3.1 are sharp.

The following covering result follows from the second inequality in
Theorem 3.1.
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Corollary 3.2. If f € THY, then

1
{w ol < gl DR e+ 1 - 1)]} c 1(D).

Theorem 3.3. f € THY if and only if f can be expressed as

Z (Velor + pigr) (3.1)
k=1
where z € U,
1
hi(2) =z, hp(2) = 2z — Fok=2,3,...),
T )
gr(2) = 2 — ! ZF (n=1,2,..),

K[1+ Ak — 1)]C(n, k)
Yo () =1, % >0 and py, > 0.
k=1

In particular, the extreme points of 7HY are {h;} and {gx}.

Proof. Note that for f we may write

fz) = Z(%hk—i-,ukgk)

k=1

[e.9]

1 k
(0 + i)z = kz:; K1+ ME—D]C(n k) *°

[
WE

B
Il

00 1 n
_; K1+ Ak —D]C(n. k)7

Now the first part of the proof is complete, since by Theorem 2.2

G Vk
;k LMk = DO R S DTm R

= Mk
];k 1+ Ak ]O(”’k)k[HA(k—n]C(n,k)

[e.e]

Z%-Hik —-nmn=1-m<L
=1
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Conversely, suppose that f € THY . Then
D K[+ AR = D]C(n k) (lax] + [b]) < 2
k=1

Setting
Ve =k[1+ Ak —1)]C(n, k)|ar], 0<% <1, (k=2,3,..),
e = k[1+ Xk —1)]C(n, k)|be|, 0<pm <1, (k=1,2,3,..),

o0

and gy =1 —7 — > (7% + px) we obtain
k=2
f(2) = 32 (whi + prgr) as required.

k=1
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