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ABSTRACT. In the present paper, the authors introduce two new
subclasses S\ (A, ) of close-to-convex functions and Cgf)()\, «) of quasi-
convex functions with respect to 2k-symmetric conjugate points. The
integral representations and convolution conditions for these classes are
provided. Some coefficient inequalities for functions belonging to these

classes and their subclasses with negative coefficients are also provided.

1. Introduction

Let A denote the class of functions of the form
f(2) :z—l—Zanzn, (1.1)
n=2

which are analytic in the open unit disk Y = {z € C : |z| < 1}. Let S,
S*, IC, C and C* denote the familiar subclasses of A consisting of functions
which are univalent, starlike, convex, close-to-convex and quasi-convex
in U, respectively (see, for details, [2, 3, 4, 5]).

Al-Amiri, Coman and Mocanu [1] once introduced and investigated a
class of functions starlike with respect to 2k-symmetric conjugate points,
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which satisfy the following inequality

m{;iég} >0 (zel),

where k > 2 is a fixed positive integer and for(2) is defined by the
following equality

k—1

3 [g—v F(e¥2) + ¢ f(gvz)] (e = exp(2mi/k); = € U).

v=0

for(z) =

2|~

(1.2)
In the present paper, we introduce the following two classes of ana-
lytic functions with respect to 2k-symmetric conjugate points, and obtain
some interesting results.
Definition 1. Let S (), o) denote the class of functions in A satis-
fying the following inequality
2f'(2) + A2 f"(2) }
R >a (zeU), 1.3
(THae e o C )
where 0 < A <1, 0 < o < 1 and fy(2) is defined by equality (1.2).
And a function f(z) € A is in the class C¥ (), ) if and only if zf'(2) €
(k)
Sse’ (N, ).
In our proposed investigation of the classes Sélg)()\, a) and Célg)()\, a),
we shall also make use of the following lemmas.

Lemma 1. Let v > 0 and f € C, then

1t7/ FOat e C.
0

F(z) =

z
This lemma is a special case of Theorem 4 in [6].
Lemma 2 [3]. Let 0 < A <1 and f € C*, then

F(2) = %1—1/0 f)tx2dt e C* C C.

Lemma 3. Let 0 < A <1 and 0 < o < 1, then we have Ss(lg)()\,oz) C
ccs.

Proof. Let F(z) = (1 = \)f(2) + Azf'(2), Far(z) = (1 — X) for(2) +
Az fo(2) with f(z) € SP(\, a), substituting z by ez (u =0,1,2, ..., k—
1) in (1.1), we get

elzf'(e’z) + Aerz)? f"(e'2)
. 1.4
R { (1 = X) far(erz) + Aerz fh, (erz) - a (14)
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From inequality (1.4), we have

%{ 7 ) e L} S
(1 = X) for(e#Z) + XetZ [}, (eVZ)

Note that fa(e#z) = €“f2k( ) Jar(€"2) = fo(2), far(etZ) = 7" far(2)
and f;, (e*Z) = fi,.(2), thus, inequalities (1.4) and (1.5) can be written
as

2f'(eh2) + N2t f (etz2) }
{ N o)+ A2 ] 7 (16)
and
2f!(eMZ) + A22e M f7(ekZ)
{ N () T e F () } - D
Summing inequalities (1.6) and (1.7), we can obtain
2 [ Fl(er2) + ff(guz)} gy [Eu F(et2) + et fff(suz)]
R > 2a.
(1= A)fau(2) + Az f3(2)
(1.8)

Let p = 0,1,2,...,k — 1 in (1.8), respectively, and summing them we
can get

{Zglk Zz;é [f’(g”z) + f’(5”§)} + A% k ! [E“f”(s“z) +e ”f”(e“z)] }
R > q,

(1= A)far(z) + Ang;.C(Z)

or equivalently,

i { (1 Z—fé)if)(;z)kz;))\jf)\%;;)(z) } =R { ;; i?(;)) } > a,

that is For(2) € S*(a), which is the class of starlike functions of order a in
U. Note that S*(0) = S*, this implies that F'(z) = (1-\)f(2)+Azf'(z) €
C. We now split it into two cases to prove.

Case 1. When A = 0. It is obvious that f(z) = F(z) € C.

Case 2. When 0 < A < 1. From F(z) = (1 — \)f(2) + A\zf'(2) and
0 < X <1, we have

£(2) :%zl—% /O Fl)t—2dt.

Since v = % —1 > 0, by Lemma 1, we obtain that f(z) € C. Hence
ng)(A, a) C C C S, and the proof is complete.

By means of Lemma 2, using the similar method as in Lemma 3, we
may prove the following Lemma.
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Lemma 4. Let 0 < A <1 and 0 < o < 1, then we have Cgf)()\,oz) C
CrCC.

In the present paper, we shall provide the integral representations and
convolution conditions for the classes Ss(f)(k, «) and Cgf)(k, «), we shall
also provide some coefficient inequalities for functions belonging to these
classes and their subclasses with negative coefficients.

2. Integral Representations

We first give the integral representations of functions in the classes
SP(X «) and P (N, a).
Theorem 1. Let f(z) € S (A, a) with 0 < A < 1, then we have

for(z) = /OZ

1
A
1 k=1 Ly 21—a) | w(E) (er()
o {% ;/o ¢ [1 o) 1 w(e*‘?)] dc}

usdu, (2.1)

2

>

S

where for(2) is defined by equality (1.2), w(z) is analytic inU and w(0) =
0, lw(z)| < 1.

Proof. Suppose that f(z) € S& (A, a), we know that the condition
(1.3) can be written as

2f'(2) + A2 f"(2) 1+ (1—2a)z
(1= A) far(2) + Az f5.(2) 1—2 ’

where “<” stands for the usual subordination, it follows that

2f'(2) + A2 f"(2) _ 1+ (1 —2a)w(z)

(1= A) for(2) + Az fy.(2) 1—w(z) ’ (2.2)

where w(z) is analytic in ¢ and w(0) = 0, |w(z)| < 1. By applying the
similar method as in Lemma 3 to equality (2.2), we can obtain

(1= Nzfor(2) + Az(2f5%(2))

(1= A) fan(2) + Az f3(2)
1L 1A= 20)w(Ets) | 14+ (1 - 20)w(E)
2k — 1 —w(erz) * 1 —w(erz) - (23)

I
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From equality (2.3), we get
(1= M fo(2) + AMzfo(2)) 1
(1 =X for(2) + Az fs,.(2) 2

L |20 - aw(etz) | 201 - a)w(er)
=2 [ =) (1 - w(guz))] - (24)

Integrating equality (2.4), we have

log { (1= A)fan(2) + )‘Zfﬁk(z)}

z

121 — a)w(e)  2(1 — a)w(er) J
21{?2/{ 1—W5”<)+§<1w(£uc)>:| 3

that is,

(1= X) for(2) + Az fa.(2)
i e e e
=z exp{Qk;/O c ll—w(5”C)+1—w(5MZ)] d(}. (2.5)

From equality (2.5), we can get equality (2.1) easily. Hence the proof is

complete.

Theorem 2. Let f(z) € Sg;)()\, a) with 0 < X\ < 1, then we have

2121_% /Z/u

(1-a) w(e*() w(gNZ)
o {zk Z/ [1 — (o) 1—w<euz>] dc}

1+ (1 —20)w(t)
O 1—w()

>«IH

dtu

“2du, (2.6)

where w(z) is analytic in U and w(0) =0, |w(z)| < 1.
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Proof. Suppose that f(z) € ng)(k, a), from equalities (2.2) and (2.5),
we can get

(1 =X)f(2) + AMzf"(2))

_ (1= Nfi(2) + Azfi(2) 14 (1 = 20)w(z)
z 1—w(z)

1 k— 1 —a) w(er() w(erC)
= exp{ ok Z/ [1 —u)(é‘“C) * 1 —w(&“?)] dg}
14+ (1= 20)w(2)
l-wz)

Integrating this equality, we can get equality (2.6) easily. Hence the proof
is complete.

Similarly, for the class Cgf)()\, «), we have

Corollary 1. Let f(z) € Célcg)()\, a) with 0 < X\ < 1, then we have

1

N

1k € 2(1 — «) w(er() w(er()
exp{%E/ ]

déux—2du,

where for,(2) is defined by equality (1.2), w(z) is analytic inU and w(0) =
0, lw(z)] < 1.

Corollary 2. Let f(z2) € Cgf)()\, a) with 0 < X\ < 1, then we have

:lzl—% /Z/u
A 0 Jo

1 /€ 13 [f2(1—a) | w(er) w(erQ)
E/o o {%;/o ¢ [1 —oo 0 1o ©
14 (1 —2a)w(t)
1 —w(t)
where w(z) is analytic in U and w(0) =0, |w(z)| < 1.

dtdéu2du,

3. Convolution Conditions

In this section, we give the convolution conditions for the classes
SS(IZ)()\,oz) and Cg'ﬁ)(A,a). Let f, g € A, where f(z) is given by (1.1)
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and ¢(z) is defined by

2)=z+ i b, 2",
n=2

then the Hadamard product (or convolution) f * g is defined (as usual)
by

(f *g)(z —z+Zanb = (g% f)(2).

n=2

Theorem 3. A function f(z) € Ss(f)()\,a) if and only if

%{f* {(1—A> - e - 2

gy [ﬁ“ 0y 1+(1 ; 2a)€’ h] }(2)

— [T+ (1 —2a)e”] - f= <¥h+ %zh’) (%) } #£0 (3.1)

forall z € U and 0 < 0 < 2w, where h(z) is given by (3.6).
Proof. Suppose that f(z) € S& (), @), since (1.3) is equivalent to
2f'(2) + A2 f"(2) 1+ (1—2a)e®
(1= X) for(2) + Az fs,.(2) 7 1— e
for all z € Y and 0 < 0 < 27. And the condition (3.2) can be written as

(3.2)

—{ (1= N)zf'(2) + Aa(=f'(2)) (1 =€)

—[( = M) far(2) + Az fr(2)][1+ (1 = 20)e”]} # 0. (3.3)
On the other hand, it is well known that

) =16 (3.4)
And from the definition of for(2), we know
fule) = 5 [(F W) + T+ 35
where
1 k-1
== Z — (3.6)

Substituting (3.4) and (3.5) into (3. 3), we can get (3.1) easily. This
completes the proof of Theorem 3.
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Similarly, for the class Cgf)()\, «), we have

Corollary 3. A function f(z) € Célcg)()\,a) if and only if

%{f* {z{(l - A) {ﬁ(l — ety - 1+(1g2o¢)e" h}
z oy 1+ (1 —2a)e? 1 /
3 [ - e - S }}(z)

—[1+ (1 =2a)e"] - fx [z (?m %zh’)/] (z) } #0

for all z € U and 0 < 0 < 27, where h(z) is given by (5.6).

4. Coefficient Inequalities

In this section, we first provide the sufficient conditions for functions
belonging to the classes ng)(k, «) and Cgf)()\, a).

Theorem 4. Let 0 < A< 1land0<a<1. If

D 1A =X)+Amk+ D0k + Dapkir — R(ans )|+ (1—a) [R(ans1)]]
+ Z A+ M |an| < 1—a, (4.1)
n;élk-i—l

then f(z) € S® (A, ).
Proof. It suffices to show that
2f'(2) + A2 f"(2)
) (1= A far(2) + Azf(2)

Note that for |z| = r < 1, we have

‘ 2f'(2) + A2 f"(2)
(1= A)fau(2) + /\Zfék( )
'Z A) + An|(na, — R(a,)e,)z" !
1+ Zn o[(1=A) + An|R(ay,)cy2zmt
< 2nzal(L = A) + Anf [na, — Rlan)cn| 2"
T 1=l =) + Ande, [R(an)] 2"
< ZZO:Q[(I — A) + An] [na, — R(a,)cn|
T 13000 = A) + Anfey [R(an)|

—1‘<1—a.

_1‘
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where

-1 1, n=1lk+1,

gDy — (4.2)
0, n#lk+1.

This last expression is bounded above by 1 — « if

N

Cp =

el

Il
=)

v

[e.e]

Z[(l — A) + Mn[|na, — R(ay)cn| + cn(l — a) |R(a,)|]] <1—a. (4.3)

n=2
Since inequality (4.3) can be written as inequality (4.1), hence f(z) sat-

isfies the condition (1.3). This completes the proof of Theorem 4.
Similarly, for the class Célg)()\, a), we have

Corollary 4. Let 0 < A <1l and0<a<1. If

o

> (k4 1D)[(1 = A) + A(nk + 1)]

n=1

[l(nk + Dankir = R(ansa) | + (1 = @) [R(anki)]]

+ Z A) + Anl Jan| < 1—a,

n=2
n#lk+1

then f(z) € CP(\, ).

Let 7 be the subclass of A consisting of all functions which are of the

form
—z—Zan " (a, > 0).

For convenience, we write S{ (A, a)NT as TSM(\, o) and Célg)()\, a)n
T simple as TC¥ (X, o). We now provide the necessary and sufficient

coefficient conditions for functions belonging to the classes 7° ngz)()\, a)
and TC® (A, ).

Theorem 5. Let 0 < A < 1, 0 < o < 1 and f(z) € T, then
f(z) e TS®(X a) if and only if

e e}

D (1= A) + Ak + D)][(nk +1) — alaprr + Y nl(1—A) + Anja,
n=l n;ﬁc%i-l
<1l—oa. (44)
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Proof. In view of Theorem 4, we need only to prove the necessity.
Suppose that f(z) € TS (), a), then from (1.3), we can get

1=30,n[(1 =) + Anja,z""!
" { 1 =320l = X) 4+ Anjcpanzn! } > (4.5)

where ¢, is given by (4.2). By letting z — 1~ through real values in
(4.5), we can get

1=>2,n[(1 =X\ + Anjay,
=, [ =N+ Meaa, —

or equivalently,

e}

Z[(l —A) + Anf(n —acy)a, <1 —a. (4.6)
n=2
Substituting (4.2) into inequality (4.6), we can get inequality (4.4) easily.
This completes the proof of Theorem 5.
Similarly, for the class 7C®) (X, ), we have
Corollary 5. Let 0 < A < 1, 0 < a < 1 and f(z) € T, then
f(z) e TCW(X a) if and only if

o0

> (k+1)[(1=N)+A(nk+1)][(nk+1) —a]ans+ Z [(1=\)+Anay,
=t nt ikl
<1-oq.
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