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ABSTRACT. The purpose of this paper is finding a lower bound for
summability matrix operators on sequence spaces [,(w) and Lorentz
sequence spaces d(w,p) and also the sequence space e(w, o0). Also, this
study is an extension of some works of Bennett.

1. INTRODUCTION

We study the lower bounds of summability matrix operators on [, (w)
and Lorentz sequence spaces d(w, p) and also the Banach sequence space
e(w, 00) considered in [1] on I, spaces. The problem of finding the upper
bound and lower bound of certain matrix operators such as Cesaro, Cop-
son and Hausdorff and Hilbert operators are considered in [3], [4], [5], [6]
and [7] on weighted sequence spaces.

Let 1 < p < o0, I, be the normed linear space of all sequences ()
with finite norm ||z]|,, where

o0

lzllp = (Y lzal?)7.

n=1

If (w,) is a decreasing non-negative sequence, we define the weighted
sequence space l,(w) as follows:

lp(w) ={ () : an|$N|p <00},

15
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with norm, ||.||,., which is defined in the following way:

2lpw = Zw )P

Also, if (w,,) is a decreasing non-negative sequence such that lim,, ., w, =
0 and > 7, w, = 0o, then the Lorentz sequence space d(w, p) is defined
as follows:

d(w,p) =1 (z,) anx*p < o0 },

where () is the decreasing rearrangement of (|z,]). Then d(w, p) is the
space of null sequences x for which z* is in [,(w), with norm ||z|4wp) =
2% I

Let X; =27+ -+ 2} and Wy, = wy + - - - + wy. The conjugate space of
d(w, 1) is e(w, o), where

*

e(w,00) ={ (z,) : sup < 00
(1,50) = { (@) : sup it < 00},
and its norm is defined by
k
Z||w.0o = su .
ol = sup 7

Let A be a matrix with non-negative entries. We consider lower bounds
of the form

Azl = Lll2llpw, (1A%l dawp) = Lll2laep)),

valid for every decreasing non-negative sequence x and L is a constant
not depending on x. We seek the largest possible value of L and denote
the best lower bound by L, ,, for matrix operator from [,(v) into [,(w)
and also it is denoted by L, ., (A) and Lgqp)(A) on l,(w) and d(w,p),
respectively.

When 0 < p < 1, we use notation |[|.|| without assuming that it is a norm.
We denote transpose matrix of A by A’. Suppose that A = (a,y) is a
summability matrix, then A’ is quasi-summability matrix and

o9
= E Ak nTk-
k=n

Also, denote by p* the conjugate exponent of p, so that p* = p/(p — 1).

Throughout this paper, we apply the following lemma and state some
statements on weighted sequence space [,(w) and some results on weighted
sequence space d(w, p).
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Lemma 1.1. Let p > 0 and A = (a;;) be a matrix with non-negative
entries. The following condition is equivalent to the statement that Ax
is decreasing for every decreasing, non-negative sequence z in d(w, p):
(1) 7im = >_;_, ai; decreases with i for each n.

Proof. Let x € d(w,p) be a decreasing, non-negative sequence and y =
Az. If (1) holds, by Abel summation, we have

o o
i =Y airy =Y rij(e; —wi),
=1 j=1

it follows that Az is decreasing. The converse deduce from the fact that
Yi =Tin When x = e + -+ -+ e,.
Above lemma shows that for the matrix A with condition (1), we have

Lpw(A) = Lauwyp)(A).

2. SUMMABILITY MATRIX OPERATOR ON d(w, 1) AND e(w, 00)

In this section, we consider the lower bound problem for summability
matrix operators on d(w, 1) and e(w,o00). These are lower triangular
matrices with entries of the form:

(i) Qp, 2 O;
(ii) apk =01if k > n;

(iii) Zzzl an g = 1.

We generalize Theorem 1 of [3] for summability matrix operators from
d(v,1) into d(w,1). We write .||, instead of ||.||4uw,1) and denote lower
bound by L, (A) for matrix operator from d(v,1) into d(w,1) and it
is denoted by L, (A) on d(w,1). Moreover, we denote lower bound of
matrix operator A from e(w, co) into itself with L, «(A). Throughout
this section, we assume A is a summability matrix operator satisfying
condition (1) in Lemma 1.1.

Theorem 2.1. Suppose that A = (a; ;) is a summability matrix operator
from d(v, 1) into d(w, 1) with non-negative entries. We write S,, = W,, +
Y heni1 WkTkn and V, = vy 4 - - 4 v,. Then
S,
Ly, (A) =inf =2,
ol4) = ing 22
Proof. Denote the stated infimum by M. Let = be in d(v, 1) such that
Ty > Ty > --->0and y = Az. By Abel summation, we have
n—1

Yn = Zrnk(xk — Tpy1) + T
k=1
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Hence

00 n—1
||ALL’||w = an ( Tn,k(xk - xk+1) + Sl?n>

Therefore

L,.,(A) > M.
To show that the constant M is the best possible, we take 1 = xy =
coo=g,=1and xz =0 for all Kk >n + 1. Then

[zllo = Vo, [[Az]lw = Sh.

Therefore

L,.,(A) =M.
The following lemma is needed in the sequel.
Lemma 2.1. Let o > 0 and X(,) = > o, o=, then (n — 1)*X,
increases and tends to é

Proof. Let x, = —— and y, = [ | 7%, then

1
Y = pum—
(n+1) Z Yk an
k=n-+1
By the usual integral comparison,
1 1
< X < :
ane = C 0 = aln — 1)«

which implies the stated limit. Write z, = n'*?y,, then

L dt n dt
e = 0+ ) [ e

n -1 (t + 1)1+a .
14+« a
For n—1 <t < n, we have ?T+11 < % hence ((?:f))lw < 7;11:& and 2,41 < 2.

X(n)
Yin) )-

Therefore (£*) is increasing, then so is (
Theorem 2.2. Let A be a summability matrix operator from d(w,1)
into itself. If for k > n

Tkn S Ea
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and w,, < % for all n, then
L,(A)=1.

Proof. We have S,, = W, + ZZ‘;”H WETkn, hence S,, > W, for all n, and
SO
Ly, (A) > 1.

Since 1y, < 7 for k > n,

1
k=n+1
Applying Lemma 2.1, n ZZOZNH k% < 1. Therefore
Sn 1
Il
W, — W,

Since W,, — oo as n — oo, hence
Ly, (A) <1.

This deduces the statement.

We note that the Hausdorff matrix, Norlund mean matrix, weighted
mean matrix, and in particular Cesaro matrix are summability matrix

operators.
We denote the Cesaro matrix by C', with entries:
S Y
O if <3

The lower bound problem of C is discussed in [3].

Corollary 2.1. If N > 0 and w,, = MLN, then

Lo(C) = 1.

Theorem 2.3. Let A be a summability matrix operator from e(w, co)
into itself. If wy =1 and w,, > a,; for all n, then

L, (A) =1

Proof. Let x be in e(w,00) such that x; > x5 > --- > 0 and y = Ax.
Then for all n

n n
Yn = Z Qn Tk > Ty Z Apk = T
k=1 k=1
Hence % v
L g (Vn).
W, — W,
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Therefore ||2]|w.c0 < [|AZ| w00 and so Ly, (A) > 1. To show that the
constant is the best possible, we take xr1 = 1 and z,, = 0 for all n > 2.
Then ||z||weco =1 and y,, = ap 1. Thus y, < w, and

Y, < W, (Vn).
Therefore ||Az||yoo <1 and Ly o(A) < 1. This establishes the proof of

the theorem.

Theorem 2.4. Suppose that A = (a, ) is a summability matrix opera-
tor from e(w, 0o) into itself, then

Ly oo (AY) = 1.

Proof. Let x be in e(w,c0) such that xy > x5 > -+ > 0 and y = A'z.
Then for all n

Vo= ue = > O aipm)
k=1

k=1 i=k
i=n+1 k=1
Hence X,, <Y, for all n and s0 ||||w,co < || A" ||w,co- Therefore
Ly oo(A) > 1.

To show that the constant is the best possible, we take 1 =1 and x,, = 0
for all n > 2. We have A’z = z, hence || A" ||y 0o = ||#]|wco and so we
have the statement.

3. SUMMABILITY MATRIX ON [,(w)

In this section, we consider summability matrix operator and its trans-
pose on [,(w). First, we shall give some lemmas which will be useful in
the sequel.

Lemma 3.1. Let (z,), (y,) and (w,) be non-negative sequences. If (w,)
is decreasing and

i=1 =1
then

=1 i=1



LOWER BOUNDS FOR SUMMABILITY MATRICES 21

Proof. Suppose that X; = 2221 r, and Y; = 2221 yr. Fixing n and
summing by parts, we have

n
E Wix; =
i=1

(]

(Wi — wig1)X; + w, X,

(wi - wi—l—l)Y; + wnYn

n
= § wW;yY;-
i=1

Lemma 3.2. Let p > 1 and (z,), (y,) and (w,) be non-negative se-
quences. If (z,) and (w,,) are decreasing and

™

then
=1 =1

Proof. Applying Lemma 3.1 and then Holder’s inequality, we have

n n n
P p—1 p—1
E T, = E riv, = < E Vi,
i=1 i=1 i=1

< (>
=1 =1

Therefore Y 0" 2 <> ¥ and again by Lemma 3.1, we deduce

(2
n n
p p
E w;r; < E W;Y; -
i=1 i=1

In the following, we consider the lower bound problem for quasi-sum-
mability matrix operators.

Theorem 3.1. Suppose that p > 1 and A = (a,) is a summability
matrix operator from [,(v) into [,(w). Also, let v = (v,), w = (wy,) be
non-negative decreasing sequences. If v; = w; and

i=1 i=1
for all n, then

Lyww(A) = 1.
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Proof. Let x = (x,,) be a non-negative decreasing sequence and y = A'z.
Then

n n o
E Yi = E E Qi Tk
i=1 i=1 k=i
n n

v

]

INg
=

Applying Lemma 3.2, we deduce that ||y||,w > ||Z|pw. Since (2%

> ) is
(3

a non-negative decreasing sequence and » . v; < Y " w;, we have

[2llp0 < [|#][p- Therefore ||ylpw > [|2]lp0 and Lp,.w(AY) > 1. Further

a;; = 1 and A’e; = ey, hence ||A’e;]|pw = |l€1]/pn. This completes the
proof of the theorem.

We establish a lower bound for summability matrices with increasing
rows.

Lemma 3.3. Suppose p > 1 and A = (a;;), B = (b;;) are summability
matrices. If

n

Zai,jgibi,j, (Z,n:1,2,> ([)
j=1

j=1
then
Lpw(A) < Lyw(B).

Proof. Let x be a decreasing non-negative sequence. Applying Lemma
3.1 for (I), we have

i

7
E i T < E by ;.
=1

Jj=1

Hence [|Az||p.w < || Bz||pw, and so

Lpw(A) < Lpw(B).
In the following statement, we compare lower bound of summability ma-
trix with Cesaro matrix.

Theorem 3.2. Suppose p > 1 and A = (a;;) is a summability matrix.
If the rows of A are increasing, then

Lpw(A) < Lpw(C).
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Proof. We show that

n n
ZCL,’JSZC,’J (Z,?’L:LQ,)
j=1 j=1

It is clear that for n > i, we have

n

n
E a;; = E cij= 1.
=1

J=1

When n < 1, since the rows of A are increasing, we have

n

n n
iZai,j = HZCLZ'J + (Z — n)Zai,j

Jj=1 Jj=1 Jj=1

n 7
< nZam—%—n Z Q; 5
j=1 Jj=n+1
i
= n Z CLZ'J'
j=1

= n.

Hence
n
:E:(MJ SZ;‘ZZEE:C@T
j=1 7j=1
We now apply Lemma 3.3 for A and C to establish the theorem.
In the following we state some result of Theorem 3.2 showing the exact

value of the lower bound for summability matrix, where w,, = %

Corollary 3.1. Suppose p > 1 and A = (a;;) is a summability matrix
with increasing rows. If w is defined by w,, = %, then

L,.,(A)=1.

Proof. Let x be a decreasing, non-negative sequence in [,(w). We have

[Az)2, = > wa(d ] anpwe)?

= [zlfw

hence L, ., (A) > 1. Applying Theorem 3.1 and Corollary 2.1, we deduce
that
L,.,(A) <1.
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Therefore L,.,(A) = 1. Bennett considered summability matrices with
increasing or decreasing rows in [1]. For example

1 0
1/3 2/3 0

re)=|1/6 2/6 3/6 0
1/10 2/10 3/10 4/10 0

I'(2) is the summability matrix with increasing rows and for w, = =, we
have

Lpw(T(2)) = 1.

4. QUASI-SUMMABILITY MATRIX

In this section, we establish a lower bound for quasi-summability ma-
trix on l,(w) for 0 < p < 1, where sequences are non-negative. Note
that we shall use the norm only as a notation and do not use norm’s
properties. First, we compare lower bound of quasi-summability matrix
with Copson matrix.

Lemma 4.1. Suppose 0 < p < 1 and u, v and w are N-tuples with
non-negative entries. If u, w are decreasing, and

N N
Zui>Zv,~ (nzl, ,N),

then

N N
ZwiufEZwivf, (n=1,...,N).
1="n i=n

Proof. Set x; = uny_;11 and y; = vy_;41 for 1 <i < N —n + 1, we have
SV g = O w; and Ny = SOV vy Applying Lemma 3.1
and Holder’s inequality, we deduce the statement.

Lemma 4.2. Suppose 0 < p <1 and A = (a;;), B = (b;;) are summa-
bility matrices. If the rows of B are decreasing and

Zaj’i Z ijm (j,n: 1,2,) (I)
1=1 i=1

then
Lyw(A') < Lyw(BY).
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Proof. Let N be fixed and = be a sequence with non-negative entries.
We define u and v by

N N
U; = E bjﬂ;l’j, vV = E ajixj, (Z = 1, 2, .. )
j=i j=i

It is clear that u; decreases with 7. Definition of summability matrix and
(I) follow that

N N
Zuizzvia (7121,2, 7N)7

hence applying Lemma 4.1, we deduce that

N N
ZwiufZZwivf, (n=1,2,...,N).
i=n i=n

Therefore || Btz > [|A'2||pw, and so
Lyw(A") < Lypu(B').

The transpose of Cesaro matrix is called the Copson matrix and we
denote it with C*. Applying Theorem 2.1 of [6], we have

Lp,w(Ct) =p.

Theorem 4.1. Suppose A = (a; ;) is a summability matrix. If the rows
of A are decreasing, then

Lp,w(At) S D,
where 0 < p < 1.

Proof. 1t is clear that the rows of C' are decreasing. For n > j, we have
D b= ca=1l
i=1 i=1
Also, when n < j, since the j'" row of A is decreasing, the average
1 n
- ; j
decreases with n. Hence
- n
Zaj,iZ—, (j:1,2,),
i=1 J

and so we have (I). We now apply Lemma 4.2 for A* and C* to establish
the theorem.
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In the following, we evaluate lower bound of summability matrix with
increasing rows.

Lemma 4.3([1], Lemma 3.13). Let 0 < p < 1, and u be N-tuple with
positive entries. Then

N

Py u(uw) T < Qow)y  (n=1...N), (11)

and if p > 1, the inequality in (/1) is reversed. The constant p is best
possible in either version of (I7) and there is strict inequality unless p = 1
or u = 0.

Theorem 4.2. Let 0 < p <1 and A = (a;;) be the summability matrix.
If the rows of A are increasing, then

Ly (At) > p.

Proof. Suppose z is a sequence with non-negative terms. Applying
Lemma 4.3, we have

o o o o o
JA (P, =" wa(D - araze)’ > pY wa Y arnti(Y | ajum)
=1 k=n =1 k=n i=k
0 k 9]
=D Z Tk Z wnakm(z aj,nxj)p_l
k=1  n=1 =k
[e%S) k [e's)
> p Z Wi T Z akm(z a;nr;)P
k=1 n=1 j=k

Since A has increasing rows,
o
E Ajndy, (nzl,...,k),
=k

is increasing with n, hence

k 00 [es)
D k(> ajnm) T = (O ajnm)
n=1 i=k 7=k
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Thus applying Holder’s inequality, it follows that

AP, > pzwkxk(zam%)p
> pr Tp Vp(p 2 Za]kz]
2 S oSS
=1 =k

= plleHp,wllAtpr;U

Therefore ||A'2||p.w > pll2|lpw, and so Ly, (A?) > p.

Proposition 4.1([6], Proposition 2.2). Let 0 < p,q < 1, and A be a
matrix with non-negative entries. Then

[AZ] g0 = Ll|[[p,,

for all non-negative x if and only if

for all non-negative .

Theorem 4.3. Let p < 0 and A = (a; ;) be the summability matrix. If
A has increasing rows, then

o0

* p

E w;( E a;prr)’ < (p )pg Wiy,
j=1 k=1

for any sequence = with positive terms. Proof. Since 0 < p* < 1, Theorem
4.2 follows that

Lp*,w(At) > p.
Applying Proposition 4.1, we deduce that
Lpw(A) 2 p".
Hence for any sequence x with positive terms, we have
[AZ][pw = p*[|2]pw-

This completes the proof of theorem.
Corollary 4.1. Let p > 0, and = be a positive sequence. Then
—i+1 1., ~—
p

1<7,<] ST

T4 z;
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Proof. We apply Theorem 4.3, by replacing p with —p and z; with
x—lk. The left hand side of inequality is [[Ax|P ,, where A = (a;;) is a
summability matrix operator with

pRp} k=15,...,]

;. —
]7 .
0 otherwise

where ; is chosen to be first value of i at which the maximum

1 j
frsl?s)é(j—zﬂrl;xk)

is attained(j = 1,2,...). The rows of A are increasing and its entries
depend on x, but this is not damaging, because applying Theorem 4.3,
for any positive sequence x, we have

[AZ [0 < p"[|2[p,0

and this establishes the statement.

The following statement is an extension of famous inequality due to
Carlemann([2], Theorem 334).

Corollary 4.2. If (z;) is a sequence with non-negative terms, then

o0 o0
1
E wj max (x;---x;)77 <e E WETk-
1<i<;

i=1 k=1

Proof. We apply Corollary 4.1, by replacing x; with x,lf/ P

p — 0, we have the statement.

and tending

REFERENCES

[1] G. Bennett, Inequalities complimentary to Hardy, Quart. J. Math. Ozford(2), 49
(1998), 395-432.

[2] G. H. Hardy, J. E. Littlewood and G. Polya, Inequalities, 2nd edition, Cambridge
University press, Cambridge 2001.

[3] G. J. O. Jameson and R. Lashkaripour, Lower bounds of operators on weighted
I, spaces and Lorentz sequence spaces, Glasgow Math. J. 42(2000), 211-223.

[4] G. J. O. Jameson and R. Lashkaripour, Norms of certain operators on weighted
I, spaces and Lorentz sequence spaces, J. Inequalities in Pure and Applied Math-
ematics. Volume 3, Issue 1, Article 6(2002).

[5] R. Lashkaripour and D. Foroutannia, Inequalities involving upper bounds for
certain matrix operators, Proc. Indian Acad. Sci.(Math. Sci) Volume 116,
Agust(2006), 325-336.

[6] R. Lashkaripour and D. Foroutannia, Lower bounds for matrices on weighted se-
quence spaces, Journal of Sciences, Islamic Republic of Iran. Vol. 18, No. 1(2007),
49-56.



LOWER BOUNDS FOR SUMMABILITY MATRICES 29

[7] R. Lashkaripour and D. Foroutannia, Some inequalities involving upper bounds
for some matrix operators I, Czech. Math. J., to appear.

DEPARTMENT OF MATHEMATICS, SISTAN AND BALUCHESTAN UNIVERSITY,
ZAHEDAN, IRAN
E-mail address: d_foroutan@math.com

E-mail address: lashkari@hamoon.usb.ac.ir

Received March 21, 2007



