Mem. Differential Equations Math. Phys. 10(1997), 129–131

T. Kiguradze

ON UNIQUE SOLVABILITY OF THE PERIODIC PROBLEM IN THE PLANE FOR LINEAR HYPERBOLIC EQUATIONS

(Reported on May 13–20, 1996)

Consider the linear hyperbolic equation

∂^2u ∂x∂y = p_0(x, y)u + p_1(x, y) ∂u ∂x + p_2(y) ∂u ∂y + q(x, y), (1) where p_j : R^2 → R (j = 0, 1), p_2 : R → R are essentially bounded measurable functions and q : R^2 → R is a locally summable function. Besides, let there exist constants ω_1 > 0 ω_2 > 0 such that

p_j (x + ω_1, y) = p_j (x, y) = p_j (x, y + ω_2) (j = 0, 1) for (x, y) ∈ R^2, p_2(y + ω_2) = p_2(y) for y ∈ R.

By a solution of the equation (1) we understand a locally absolutely continuous function u : R^2 → R satisfying the equation (1) almost everywhere in R^2. Below we formulate sufficient conditions of existence and uniqueness of a solution of the equation (1) satisfying the conditions

u(x + ω_1, y) = u(x, y), u(x, y + ω_2) = u(x, y) for (x, y) ∈ R^2. (2)

First we consider the case where p_1(x, y) ≡ 1 and p_2(x, y) ≡ 1, i.e., the equation (1) has the form

∂^2u ∂x∂y = p_0(x, y)u + ∂u ∂x + ∂u ∂y + q(x, y). (1^′)

Theorem 1. Let p_0(x, y) ≢ 0 be an absolutely continuous function and let either of following two conditions

p_0(x, y) + 1 2 ∂p_0(x, y) ∂x ≤ 0 for (x, y) ∈ R^2 or p_0(x, y) + 1 2 ∂p_0(x, y) ∂y ≤ 0 for (x, y) ∈ R^2.

take place. Then the problem (1^′), (2) is uniquely solvable.

1991 Mathematics Subject Classification. 35L55.

Key words and phrases. Linear hyperbolic equation, periodic in the plane solution.

Below we study the problem (1),(2) in the case where the following conditions take place: ω2∫ 0 p_1(x, t) dt > 0 for x ∈ [0, ω_1], p_2(y) > 0 for y ∈ [0, ω_2], ω1∫ 0 p_0(s, y) ds ≤ 0, ω1∫ 0 p_1(s, y) ds ≥ 0 for y ∈ [0, ω_2]

and ω1∫ 0 ω2∫ 0 p_0(s, t) dsdt ≠ 0.

Introduce the following notation:

p_{00}(y) = 1 ω_1 ω1∫ 0 p_0(s, y) ds, p_{01}(y) = 1 ω_1 ω1∫ 0 p_1(s, y) ds,

ρ_m(y) = 4π2 ω21 m^2p_{10}(y) − p_{00}(y)p_2(y) 4π2 ω21 m^2 + p^2(y)

, α_m(y) = 1 4π2 ω21 m^2 + p^2(y) for m ∈ Z,

β_{mk}(y) = k^2

(_{4π2}

ω21 m^2 + p^2(y) ) (m − k)^2 for m ≠ k, m, k ∈ Z,

I_0(p_0, p_1, p_2) = sup_{y∈[0,ω} 2] (^{y+ω}2∫ y ∑ m∈Z exp ( − 2 ∫_y t ρ_m(τ ) dτ ) ( exp ( ∫_{ω2} 0 ρ_m(τ ) dτ ) − 1 )_2^αm^{(t) dt}

) 1_2 ,

I_1(p_0, p_1, p_2) = sup_{y∈[0,ω} 2] (^{y+ω}2∫ y sup_{k∈Z} ∑ m∈Z,m≠k exp ( − 2 ∫_y t ρ_m(τ ) dτ ) ( exp ( ∫_{ω2} 0 ρ_m(τ ) dτ ) − 1 )_2^βmk^{(t) dt} ) 1_2 .

Theorem 2. Let p_1 be an absolutely continuous function and let

I_0(p_0, p_1, p_2)

(_1

ω_1 ω1∫ 0 ω2∫ 0 |p_0(s, t) − p_{00}(t)|^2 ds dt ) 1_2 +

+I_1(p_0, p_1, p_2)

(_1

ω_1 ω1∫ 0 ω2∫ 0 | | |^{∂p1(s, t)}_{∂s} | | |^2 ds dt ) 1_2 < 1.

Then the problem (1), (2) is uniquely solvable.

References

1. T. Kiguradze, Some boundary value problems for systems of linear partial differential equations of hyperbolic type. Mem. Differential Equations Math. Phys. 1(1994), 1-144.

2. T. Kiguradze, On periodic in the plane solutions of second order linear hyperbolic systems. Archivum Mathematicum (to appear).

Author’s address: Faculty of Physics I. Javakhishvili Tbilisi State University 3, I. Chavchavadze Ave., Tbilisi 380028 Georgia