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Abstract. For extremal problems in B-spaces, a modified version of the
method of joint covering is considered and a necessary condition of criticality
is proved. In the space of regular functions with values in a B-space, the
properties of a bilinear integral with measure are studied; a theorem on the
existence of a solution of a nonhomogeneous integral equation with measure
is proved; for controlled objects described both by integral equations with
measure and by one-sided mixed restrictions, the necessary conditions of
optimality are derived from those of criticality.
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§ 1. INTRODUCTION

The present paper is devoted to deepening and generalization of the appa-
ratus of investigation of optimal problems with mixed restrictions considered
in the paper [4]. The proposed apparatus is also convenient for controlled
objects which are described by equations with measure. Controls are chosen
from the space of regular functions, i.e., from the Banach space obtained by
completion of the set of step-functions with respect to the uniform norm.
This space has been investigated in detail in [4] and [6].

The paper consists of five sections. In the second section, we consider
(with certain modifications) a way of investigation of extremal problems
named in literature as ”the method of joint covering” [12]. Presentation of
the method is principally the same as in [3]. One of the first variants of the
above-mentioned method has been elaborated in [1].

The principal difference of the method suggested in the present paper
from the well-known schemes [1-2] consists in that the restrictions pre-
scribed in terms of differential equations are understood just as any other
restrictions. This permits us, without principal difficulties, to consider the
restrictions given by more complicated equations. A survey of the methods
of joint covering is given in [12].

In the third section, in a standard manner we determine a bilinear integral
of regular functions by means of finitely additive functions of sets generated
by functions of bounded variation. This integral is a generalized Stieltjes
integral. A number of basic properties of the integral calculus is also given.

In the fourth section, we study nonhomogeneous Volterra—Stieltjes equa-
tions with measure

t

£(t) = w(t) + / 9(s,2(s))do(s), (1.1)

to

where ¢ is a function of bounded variation and w is a regular function.
It turnes out that the equation (1.1) describes a great many physical pro-
cesses [18]. Equations of this type with various integrals, in particular, with
Stieltjes, Lebesgue-Stieltjes, Young and Dushnik integrals [6—10], have been
considered in various works. Moreover, these works differ in that the in-
tegration in these equations takes place over closed, half-closed and open
intervals on which w is taken from the class of functions of bounded varia-
tion or is a constant, and the solution is sought in the same class of functions
of bounded variation. In the linear case, the equation (1.1) for the integral
suggested in §3 has been studied in [5]. In the present work, we consider
the equation (1.1) in the case where w is a regular function and a solution
is sought in a class of regular functions. Existence and uniqueness theorems
are proved.

In the fifth section, we study general problem of optimal control with
mixed one-sided restrictions. Necessary conditions of optimality are derived
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in the class of regular controls, without additional assumptions of such type
as the piecewise constancy of the set of active indices and the conditions of
generality of position [16].

§ 2. EXTREMAL PROBLEMS CONNECTED WITH THE USE OF VECTOR
SEMI-ORDERED SPACES

A Banach space X is said to be a partially ordered B-space if a convex
cone £ with a vertex at zero is selected in it possessing the property: if
€K,y € Kand z+y =0, then x = y = 0. Elements of K are called
positive elements of the space X; K is called the cone of positive elements
of the space X; the relation z € K is written either as z > 0 or by 0 < z; by
definition, the inequality x > y implies z—y > 0. As for the space X, we say
that it is ordered by means of the cone K. We denote the cone of positive
elements of the partially ordered B-space X by X.. A set X, is said to be
reproducing if every element z € X is representable as a difference of two
positive elements.

A partially ordered B-space X is said to be Krein’s or a BK-space if the
set Xt contains at least one inner point. The fact that x is an inner point of
the set X we write either as > 0 or 0 < «; by definition, the inequality
x> 0 means that —z < 0. Note that if X is a Krein’s space, then X is a
reproducing set [17].

If X is a B-space, partially ordered by the cone I, then we can introduce
in the conjugate space X* the notion of positiveness by assuming that the
functional z* is positive if z*z > 0 for all x € K. The set of all positive
functionals forms a convex cone which we denote by K*. If K is a reproduc-
ing cone, then X* can be partially ordered by the cone *. In what follows,
X* is assumed to be closed.

Consider the following general extremal problem. Let A be a set in a
metric space X, and let F, G, H be B-spaces. Note that F and H are
partially ordered by the cones F; and H,, respectively. Let f, g, h be the
mappings of A into F, G, H, respectively. A point g € A is said to be the
minimum point f on A under the restrictions

g(z) =0,
{h(x) 0 (2.1)

IN

if g(xzo) = 0, h(zo) < 0, and for any, satisfying the same conditions, point
x € A for which f(z) is comparable with f(zo) the inequality f(zo) < f(x)
is fulfilled.

The maximum point is defined analogously.

Now the general extremal problem can be formulated as that of finding
minimum (or maximum) points of the function f on the set .4 under the
restrictions (2.1).
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When studying the problem under consideration, it has been found more
convenient to consider only one function instead of several functions in-
volved non-symmetrically in the conditions. Thus, just as in [3] and [4],
we introduce the notion of a critical point of mapping and show that the
above formulated extremal problem can be reduced to the problem of finding
critical points of some, specially constructed, mapping.

Definition 2.1. Let M be a set from a metric space ), W be a B-space
and let P : M — W be some mapping. The point zy € M is said to be
the critical point of the mapping P if the point wg = p(zo) is the boundary
point of the set P(M).

It can be easily seen that the point zg € M is critical for the mapping
p: M — W if and only if for any positive number e there exists a point
w € W, |w| < e, such that the image of the set M under the mapping
z = p(z) +w, z € M, does not contain the point wy = p(zp).

Let

Y=XxFxH,
M=AxFy xHy,
W=FxGxH,

and let p : M — W be the mapping defined by

pl(xakay) = f(a:) + ka
p2(z, k,y) = g()
p3($,k,y) = h(:l?) +v,

Lemma 2.1. If g € A is a minimum point of the general extremal prob-
lem, then zo(zo,0,—h(zg)) € Ms a critical point of the mapping p [3], [4].

In [4] we describe the method of joint covering for the case where M is a
convex closed cone with the vertex at zero, containing inner points. These
results, with slight modifications, remain also valid for the case where M is
a convex closed subset of the Banach space. For the sake of convenience,
zero will be assumed to belong to M.

Let D C Y be a convex set. Denote by cone D the least convex cone with
the vertex at zero, containing D and zero. It can be easily verified that

coneD = {\z|A >0, z € D}.

Denote a minimal linear manifold or a subspace containing D by spD. As
is seen,

spD = coneD — coneD.
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Lemma 2.2. Let D C Y be a convex set containing zero. Then the equality
sp D = cone(D — D).
holds.
It is not difficult to prove this lemma.

Lemma 2.3. Let D C ) be a convex set and let zg € D be some point.
Then for any € > 0 the equality

spD = sp(B(z0,€) N D)
18 valid.

Proof. Obviously, spD D (B(z9,e)ND). Prove the inverse inclusion. Let on
the contrary sp D\(B(z0,€) N D) # D for some number ¢ > 0. This implies
that cone Dsp(B(zp,€) N D) # @. Hence there exists a point Z such that
z € D and z & sp B(zo,) N D. As far as D is convex, for any A € [0,1]
the point (1 — X)zp + AZ belongs to the set D. Let a = min{e/|z — 2o|, 1},
A1 € (0,a) and assume z; = (1 — X\)zo + A\1Z. We have z; — 29 = A(Z — 20)
and |21 — 20| = M |Z— 20| < €/|Z2—20|-|Z— 20| = €, whence 21 € B(zp,e)ND.
But then

_ 1 1-AX

z = A_1Z1 — Al
The obtained contradiction proves the lemma. W

L 20 € sp(B(zo,2) N D).

The following lemma substitutes the principle of the openness of the
mapping.

Lemma 2.4. Let J, W be a B-space, M C .J, and M be a convez closed
set containing the origin, and let M, = B(0,v)N M, v > 0, K = cone M,,
T:J— W be a bounded linear operator such that T () = W. Then there
exists k > 0 such that for any w € W there is z € |ki| - M~ satisfying the
condition Tz = w.

Proof. Obviously, UF_nM, = K. Hence UX_,T(nM,) = T(K) =W and
consequently W is representable in the form of a countable union of closed
sets T'(nM,), n =1,2,.... By the Baire theorem on the categories, one of
these sets contains an inner point. Then, as is easily seen, T'(A,) contains
an inner point as well.

If zero is not an inner point of T'(M, ), then by the Hahn-Banach theorem,
there exists a nonzero continuous linear functional w which is supporting
the convex closed set T'(M,) at zero, i.e., such that w*Tz < 0 for all z € M,,.
But then w*T'z < 0 for all z € K which contradicts the condition T'(K) = w.

Thus the set T'(M+y) contains a sphere with the center at zero. If k is the
radius of the sphere, then the above said means that for any w € W and
any € > 0 there exists a point z € - |w| - M such that [Tz — w| <e.

Let now w be an arbitrary vector from w. Suppose w; = w and denote
by z1 the vector belonging to f - |wy| - Mgy, for which [Tzy — wy| < §|ws].
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By induction we define w,—1 = w, — T'z,, and find that z,41 € % .
|wni1| - M satisfies the condition |Tz,11 — wypt1| < 3|wpi1]- We have
Wyt1 = [wy, — Tzy| < 3+ Jwy|, whence |z,41] < 55 - Jw:|.

Next,

1 1 1
Zn+1 € 7 lwnta| - My C 3 o |wi |- M,
whence |z,4+1]| < |“;€1‘ 2% and the series z; + 25 +- - - is absolutely convergent.
If we denote by z the sum of this series, then |z| < ¢ - w1, z € |wy| - M,.
Summing up the equalities wy = w, we = w1 —T2z1,..., W1 = wy—T 2y,
we obtain wpy1 =w —Tz1 — - —Tzy.

Passing in the above equality to limit as n — oo and taking into account

that w, — 0, we arriveat w =T2. N

In what follows, we denote by (7', M) the least upper bound of the set
of all numbers k satisfying the conditions of Lemma 2.4.

Let M be a convex set in the B-space J, and let 0 € M, L = sp M,
p: M — W be a mapping taking the values from the B-space W.

Definition 2.2. We say that the mapping p is differentiable at the point
zg € M if there exists a linear operator T : L — W satisfying:

lim |P(Z) - p(Zo) - T(Z - Zo)|

S Rl

= 0. (2.2)

We call the operator T' the differential of p at the point zg and denote it by
the symbol T' = Dp(zy).

If p is differentiable in the above indicated sense, then the differential
Dp(zp) is defined on L uniquely.

Indeed, let 77 and T» be two operators satisfying (2.2). For simplicity we
assume that zg = 0. Then for any z € M we have

T2 —Toz| <|p(2) — p(20) — Ta(2 — 20) —p(2) +p(20) + T1 (2 — 20)| <(2) - |2],

where v(z) — 0 together with |z|. Substituting instead of z the value az,
a > 0, we get

alTiz —Tez| <a-y(a-2)-|z|, ie,
[Tz — Toz| < y(a-2) - |2

Since the left-hand side of the above equality does not depend on « and the
right-hand side tends to zero as a — 0, we obtain 71z = T>z for all z € M.
This implies that Ty z = T>z for all z € L.

Everywhere below, unless otherwise stated, L is assumed to be dense
in J.

Let M be a convex set in J and let p be differentiable at every point of M.
Then for any z1, 2o € M the linear operator T' = Dp(z1) — Dp(22) is defined
on L. Since we have nowhere stated the continuity of the corresponding
mappings, the operator T may happen to be unbounded. If, however, it is
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bounded, then by continuity it can be extended to the whole space J. In
this case T € B(J,W).

Definition 2.3. The mapping p is said to be continuously differentiable
on M if p is differentiable at all points of M, for every pair of points z1,
22 € M the operator Dp(z1)—Dp(z2) is bounded and the mapping (z1, z2) —
Dp(z1) — Dp(22) is continuous as an operator M x M — B(J,W).

Lemma 2.5. If a mapping p is continuously differentiable in the vicinity
of the point zo € M, T = Dp(zp), then for any § > 0 there exists a neigh-
borhood V' of the point zy such that for all z1, zo € V N M the inequality

Ip(21) = p(22) = T(21 — 22)| <6 - |21 — 22].
is fulfilled.

The proof of this lemma can be found in [3] and [4]. Now we are able to
formulate a generalization of the Graves lemma [11].

Lemma 2.6. Let J and W be B-spaces, M be a convex closed set in J, and
let p: M — W be a continuous mapping. Let, moreover, K = cone(M —
20) and T be a bounded linear operator defined on sp K and satisfying the
following conditions:

(a) T(K)=W;

(b) there exists v > 0, such that for any z1,zo € B(zo,7) N M, the
inequality

Ip(21) — p(22) = T'(21 — 22)| < 6|21 — 2o

is fulfilled; moreover, 6 < o = 2(T, M,).
Then the equation w = p(z) has a solution z € B(zo,7y) N M for all
w € B(p(20), p), where p =1 - (& —9).

The proof of this lemma, which is similar to that of the Graves lemma,
is given in [2] for the case where M is a cone with the vertex at zero but
this proof is also fit for proving Lemma 2.6.

Comparing this result with Lemma 2.5, we convince ourselves that the
following lemma is valid.

Lemma 2.7. Let J and W be B-spaces, M C .J be a convex closed set,
let p: M — W be a continuously differentiable mapping in the vicinity of
a point zo € M, and let the linear operator T = Dp(z9) map cone(m — zp)
onto the whole space W. Then there exists a neighborhood V of the point
Zy such that the set P(M N'V) contains a neighborhood of the point p(zp)
n W.

From this lemma we immediately get the following
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Corollary 2.8. If zg € M is a critical point of the mapping p and T =
Dp(z0) is a linear bounded operator, T : sp(M — zo) — W, satisfying for
some ~y the condition (b) of Lemma 2.6, then T cannot satisfy the condition
(a) of the same lemma.

Before we proceed to formulating the final result, note that K1 = T'(K),
where K = cone(M — zp) is a convex cone in the space W. Suppose that it
either is closed or contains inner points. Then the condition K # W means
that we can separate this cone from zero, i.e., there exists a different from
zero functional w* € W* such that for all z € K we have w*Tz < 0.

Theorem 2.9 (A necessary condition of criticality). Let J and W be B-
spaces, M C .J, zg € M, be a convex closed set, and let p : M — W be a
continuous mapping continuously differentiable in the vicinity of the point
T = Dp(z0), K = cone(M — 29). Then if zg € M is a critical point of the
mapping p and T(K) either is closed or contains inner points, then there
exists a non-zero continuous linear functional w* € W* separating this cone
from zero, i.e., such that

w*Tdz <0 forall 6z € K.
In other words,

w*Téz <0 forall 6z: 29+ dz € M.

Since in the applications the space W is often a product of B-spaces, we
will give in conclusion a simple criterion for coneT(K)ty to contain inner
points of the product.

Lemma 2.10. Let J, Wy, Wy be B-spaces, W = Wy x W, K C J be a
convex closed cone with the vertex at zero, and let Ty : spK — Wi and
Ty : spK — Wy be linear bounded operators, T\ = W. Denote by N(T})
the set of those z € K for which Tz = 0. If To(N(T1)) is open, then
T, (K) x T2 (K) is also open in W.

§ 3. INTEGRAL CALCULUS IN THE SPACE OF REGULAR FUNCTIONS

Let J = [0,1] and let X be a Banach space. For every E C J we denote
by X, the characteristic function of the set E. If E = {t}, t € J, then its
characteristic function will be denoted by Yy, .

Definition 3.1. The function xz : 7 — X is said to be a step-function if
there exists a partition of the segment J : 0 = tp < t; < --- < tp, =1
such that the function z is constant on every open interval (t;—1,t;), i =
0,1,...,m.
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By ¥ we denote the algebra generated in J = [0, 1] by the sets [0,¢] and
[t,1], 0 < t < 1. Obviously, the sets {a}, [a,b], (a,b), [a,b), (a,b], where
0 <a <b <1, belong to the algebra X. It is easily seen that for any
step-function z : J — X there exist the sets Ey,...,E, from ¥ and the
vectors &1,...,&, from X such that

x(t) = ZXEl. (t)¢ forall t=J,
i=1

and vice versa.

Definition 3.2. A function z : 7 — X is said to be regular if for every
t € [0,1) it has a limit from the right, z(t+), and for every t € (0,1] it z
has a limit from the left, 2(t—). By definition we assume that 2(0—) = z(0)
and z(14) = z(1).

Clearly, the step-function is regular.

Theorem 3.1. For a function x : J — X to be regular, it is necessary
and sufficient that = be the limit of a uniformly convergent sequence of step-
functions [4], [6], [13].

We denote the space of regular functions which map a segment J into
a B-space X by NCN(J,X). It is easily verified that NCN(J,X) is a
B-space with respect to the uniform norm
|z|von = sup |z(t)].
teg
Denote by CN (1, J7X) the closed subspace of the B-space NCN(J, X)

generated by continuous from the left regular functions; by definition, the
functions from CN (7, X) are assumed to be continuous at zero.

Definition 3.3. Let 0 : J — X be a function. The complete variation of
the function ¢ on J is defined as

v(0,J) = sup Z |o(t:) = o(ti)l,

where the upper bound is taken over all finite partitions of the segment
J:0<ty <ty <t, <1 Ifw(o,J) < oo, then o is called a function of
bounded variation on 7.

It is not difficult to verify that any function of bounded variation is
regular.

Denote by BV (J7,X) the space of all functions of bounded variation
which map J into X. This is a B-space with respect to the norm

|U|BV = |U(TO)| + V(Ua j)a
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where 7y is some fixed point from 7. Denote by BVy (7, X) the closed sub-
space of the B-space BV (7, X) generated by the functions o € BV (7, X)
satisfying the condition o (1) = 0.

Let 0 € BV(J,X). Denote by A, the finitely additive set function which
is defined on the algebra ¥ by the relation A\, ([a,b]) = o(b) —o(a) and takes
the values from the B-space X [4].

Regular functions were studied in detail in [4] and [6].

Definition 3.4. A bilinear triple (BT') is a set of three B-spaces X, Y,
Z with a bilinear continuous mapping 7' : X x Y — Z. We will write
x-y =T(z,y) and denote BT by (X,Y, Z)r, or simply by (X, Y, Z) always
assuming that |T| < 1.

Examples: Let E, F,G be B-spaces.

(a) X =B(E,F),Y=E,Z=F and T(u,y) = u(y);

(b) X =B(E,F),Y =B(G,E), Z=B(G,F) and T(u,v) = uow;
() X =E,Y =E*, Z =R and T(e,e*) = e*¢;
(d)X=Z=F,Y=R and T(f,\) =\ f.

Obviously, Examples (a), (¢) and (d) are particular cases of Example (b).
Define now a bilinear integral. Let (X,Y, Z) be a bilinear triple, E € ¥,
o € BV(J,Y) and z € NCN(J,X) is a step-function defined by the
equality
z(t) = Exg, (t) foral teJ,

where Fy,..., E, is a family of mutually disjoint sets from the algebra X,
and &,...,&, are the vectors from X. By definition we assume that

/a:(t) A (dt) = Zfi)\o(EEi).

E

Clearly, integration of step-functions with respect to a set is a linear
operation, and

[0 ratat)| < suploto - v, B

teE

E

Let x € NCN(J,X) be an arbitrary function and let {z,,} be a sequence

of step-functions uniformly convergent to x. Then, as is easily seen, the
sequence [, 2, (t) - Ag(dt), n = 1,2,..., converges for every E € ¥ in the
norm Z. The limit of this sequence of integrals is called, by definition, a
bilinear integral of x with respect to the finitely additive set function of the
set Ay, taken over the set £ € Z. We denote it by [, 2(t) - \;(dt), i.e.,

n—00
E E

/ 2(t) - Ao (dt) = lim [ za(t) - Ao (dt).
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We can easily see that the above defined integral preserves almost all basic
properties of the common integral [4], [14]. In the sequel, we will denote it
in some other way,

/ sa(t) - do(dt).
E

If - € NCN(J,X), then for every ¢t € J denote by z,(t) (respectively,
by z; (t)) the right (the left) jump of the function z at the point ¢, i.e.,
x,(t) = z(t+) — (¢t) (respectively, z, (t) = x(t) — z(t—)). By definition we
assume that z, (0) = z,(1) = 0.

Lemma 3.2. Let x € NCN(J,X) and let M C X be a subset. Next, let
Fy, F5 and G, G2 be the sets defined by the relations

Fi{te Jlz(t—-) e MV x(t) € MV z(t+) € M},
B{te Jlz(t—) € MV z(t+) € M},
Gi{t € J|z(t—) € X\M A z(t) € X\M A z(t+) € X\ M},
Go{t € J|z(t—) € X\M A z(t+) € X\M}.

Then the sets Fy, Fy are closed, while Gy, G5 are open in [J.

Proof. Obviously, G; = J\F1 and G2 = J\F>. If we prove that the sets
Fy and F; are closed, then the openness of the sets Gy, G5 will be proved
as of the complements of closed ones. Prove the closeness of the set Fj.
Let {t,} be a sequence convergent to some point ¢t € J. There exists a
finite subsequence {t,, } such that either z(t,, —) € M for all k = 1,2, ...,
or z(ty,) € M for all k = 1,2,..., or z(ty,+) € M for all k = 1,2,....
Without restriction of generality, we may assume that t,, <t k=1,2,...,
orty,, >tk=1,2,.... Consider the case where t,,, <t¢, k=1,2,.... Then

lim z(tp,—) =z(t—), lm z(ty,)==(—) lm z(t,,+)=z(t—).
k—o0 k—o0 k—o0
Hence z(t—) € M and thus ¢t € F;. The case where t,, >t, k=1,2,...,

is considered in a similar manner. It is not difficult to verify that F» is a
closed subset of the set F;. N

Corollary 3.3. Let € NCN(J,X) and let K C X be a subset. Then
the following statements are valid:

(a) the set {te J|z(t—) €0k V z(t)€ OK V z(t+) € OK} is closed in J;

(b) the set {t€ Jlz(t—) € it K A z(t) € int K A z(t+) € int K} is open
mn J;

(c) the set {te T|zx(t—) #K A z(t)#K V z(t+)# K} is open in J.

Proof. Tt follows from Lemma 3.2 that: (a) holds if we put M = 9K; (b)
holds if we put M = X\ int K; (¢) holds if we put M =K. W
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Lemma 3.4. Let X1, X2, X be B-spaces and let (X1, X2, X) be a bilinear
triple. Next, let to € J, a € BV(JX1), v € NCN(J,Xs), and let a
function ay be defined by the equality

¢
ay(t) = aq(to) + /* da(s)s(s), forall te J.
to

Then aq € BV(J,X), v(a1,J) <v(a,J)-|z|nen and for every t € J the
equalities

a1, (t) = ap(t)z(t+), ag,(t) =a, (Hz(t-).
are valid.

Proof. Let 0 < sp < 81 < --- < 8, < 1 be an arbitrary partition of the
segment 7. Then we have

n

Z|041 ) —ai(si- 1)|—Z

i=1

n

<> wvley[sicn,sil) - sup z(t)] <

i=1 te[si—lysi]

n
ZU Sz 1751] |x|NCN :U(aaj)'|x|NCN'
i=1
Hence v(ay,J) <v(a,J) - |z|nen and « € BV (T, X).

Let now {x,, C NCN(J,X2)} be a sequence of step-functions which
converges uniformly to the function x and let {,,} be a sequence of positive
numbers, €, — 0 as m — oco. Next, let ¢t € [0,1) be some point. Then we
can easily see that the equality

I AN

them
lim / x da(s) - zp(s) = a, () - zn(t+)
S
is valid for every n, n = 1,2,.... By definition of the integral,
t+em t+em

lim / x da(s) -z, (s) = / * da(s) - z(s). (3.1)

SR t
We have

tem t4em tem

[ wdals)-mnts) = [ xdas) (o

[ dal) - lonlo) -

—z(s)]] <

’U(Oé, [t,t +5m]) : |$n - 37|NC’N < ’U(Oé,j) ’ |$n - $|NON'
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Consequently, the limit (3.1) does exist uniformly with respect to m. Then,
using the theorem on transposition of passages to limit, we obtain that

a, (t+) - z(t+) = nhﬁrréo ay,(t) -z, (t+) =
t+em

= nhﬁrréo mlgnoo x da(s) -z, (s) =
t

t+em
- fim i [ o) au(0) =
t

t+em
= lim_ / « das) - 2(s) = Tim [on (¢ + ) — an ()] = o, 1)

The fact that a7, (t) = «, (t)xz(t—) for every t € (0,1] is proved analo-
gously. H

Theorem 3.5. Let X1, X5, X,Y be B-spaces, X1,X2,Y being a bilinear
triple. Neat, let « € BV(J,X1), A€ NCN(J,B(X,X>)) and let a1 be a
function defined by

t

a1 (D)€ = y (F0)€ + / s da(s) A(s)E,

forall teJ, £€X, (3.2)

where to is a point from J. Then oy € BV(J,B(X,))), and for the
equality

1

/ v da(t) A(H)z(t) = / v don (H)(?)
0 0
forall x € NCN(J,X) (3.3)

to be fulfilled, it is necessary and sufficient that the function oy be of the
form (3.2).

Proof. From Lemma 3.4 it immediately follows that oy € BV (J,B(X,Y)).
Let (3.3) be fulfilled. Then, substituting in it the functions of the type
s = X[t,to](s)gv 5 € [OatO)a € € X and s — X[t,to](s)gv 5 € (tht]v € € X:
we can easily see that the function «; is expressed in terms of the equality
(3.2). Prove the sufficiency. Let T : NCN(J,X) — Y be an operator
defined by

Ty = 0/ « da(H) Az (t) — 0/ v dos (Do (t), forall =€ NCN(Y,X).
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Obviously, T is a linear operator, and
Tz| < [v(a,J) - [Alven +v(e, T)] - |z], =€ NOCN(T,X).

It can be easily verified that the value of the operator T on step-functions
equals zero. Since step-functions are dense everywhere in NCN (7, X), a
linear bounded operator vanishing on step-functions will identically be equal
to zero on the whole space NCN(7,X). R

Theorem 3.6. Let X1, X2, X,Y be B-spaces, (X1, X2,Y) being a bilinear
triple. Next, let p € BV (J,X1), 8 € BV(J,B(X, X2)) and let the function
p1 be defined by

e1(0)€ + [ + d(s)[B(s) — B,
0<t<ty, E£€X,
eL(1)E+ [} * dp(s)[B(s) — B,
to <t <1, £€X,

p1(t)€ = (3.4)

where tg is a point from J. Then the following assertions are valid:
(a) g1 € BV(J,B(X,Y)), v(¢p1,T) <2-v(p,T) - v(B8,T);
(b) for the equality

t 1

/1* dgo(t)/* dB(s)z(s) = /*dsm(t)ﬂf(t)
0

to 0
for € NCN(7J,X) (3.5)

to be fulfilled, it is necessary and sufficient that the function @, be of the
form (3.4) and satisfy the relation

1

[p1(0) — 1 (1)]€ = - / * do(s)[8(s) — B(to)]¢,
0
for all &€ X. (3.6)

Proof. Prove the assertion (a). Let 0 <79 <711 < -+ < 7 < Tp=1 < Thp1 <
.-+ < T, <1 be a partition of the segment 7, and let &, ..., &, be vectors
from X, |¢| <1,i=1,...,n. Then for every i € {1,...,k} we have

[p1(m) — p1(Ti1)]§ =

= /* dp(s)[B(s) — B(7i))&i — / * dp(s)[B(s) = B(ri1)& =
0 0

. / ¥ do()[B(m) — Blrion)]s + / v dip(s)[B(s) — BT

0 Ti—1
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which implies that

lp1(10) — @1 (Ti—1)]&] < lp(Tim1) — 9(0)] - |[B(7:) — B(Ti-1)]&:] +
+u(p, [ric1, 7)) sup  |[B(s) — B(m)]&] <

SE[Ti—1,7i]
v(p, [0, t0]) - [B(1i) — B(Ti—1)| + v(e, [0, %0]) X
xv(B, [Ti—1,7i]) <2 (9, [0,t0]) - v(B, [Ti-1,Ti]-

In a similar way, we can prove that for every i € {k + 1,...,n} the
following inequality is valid:

[o1 (i) — 1 (mio1)]&| < 2v(e, [to, 1]) - (B, [Ti—1, 7i]).

We have

Z| [p1(mi) — @1 (Ti-1)]&il <2 Z v(p, [0, to])v(B, [Ti-1, 7)) +

n

Z (g, [to, (B, [1i-1,7]) <

n

32’”(90“7)' ’U(ﬂa [TiflaTi]) :21}(507&7)'”(5“7)'

i=1

As is easily seen, for every £ > 0 there exist vectors &, ...,&, from X,
|&] < 1,i=1,...,n, such that

ZM (1) — p1(ri1)] < Z| [p1 (i) — pr(Ti-1)l&il +e.

i=1

Hence we obtain that
Z|901 Tz 901 Ti— 1)|<2’U((p7 )’U(ﬂ,j)-FS

for any partition of the segment J and for any ¢ > 0. Thus v(p,J) <
2v(e, J) - v(B,T).

Prove now the assertion (b).

The necessity. Let (3.5) be fulfilled. Consider the function Z(t) =
Xi-#)E, t € J, £ € X where 7 is some point from J. Suppose that
T < tg. We have

(o[B8 -8 0<t<r
/ *dﬁ(s)x(s)_{[ﬂ(t)—ﬁ(to)]él rei<r 8D

to
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The case where 7 > ty yields

t

o 0, 0<t<,
to/ e {[ﬁu) - B, T<tst -

Taking into account the above obtained expressions and substituting the
function z; in (3.5), we easily get that

(o1 (1) —pr(7)]€ =

_ {fJ «dp(D[B(1) - Blto)]E + [} +dp(DB(T) - Blto)lE, 0< T < to,

[ edp(O[B() — BrYE, to<7<1, €€ X (3.9)

which for 7 = 0 implies

or(1) — 1 (0)]€ = / wdp(D)[B(H) - Blto)]E, €€ X.  (3.10)
0

Multiplying this equality by —1, we obtain (3.6). The equality (3.9) results
in

PL(1)E — [o +dp(s)[B(t) — Bto)l€ — [, *dp(s)[B(s) — Blto)]E,
0 <t <y,

e1(1)E + [] xdip(s)[B(s) — BO)IE,
to<t<l1, £€X.

p1(H)€ =

Calculating ¢1(1)¢ from (3.10) and substituting in the upper right-hand
side, we easily get (3.4).

The sufficiency. Let (3.4) and (3.6) be fulfilled. It is not difficult g
verify that the operator defined by the equality

1 t 1

Tx = /*d(p(t)/*d,@(s)a:(s) —/*d(pl(t)a:(t), forall z € NCN(J,X)

0 to 0

is a linear bounded operator, T : NCN(J,X) — Y. Let us calculate
the value of the operator T' on the functions of the kind Z(t) = xo,7(t)&,
teJ, e X and T(t) = xr (1), t € T, £ € X where 7 is a point from
J. First calculate TZ. To this end, we will need the value of the integral
f:o xd3(s)Z(s). For 0 < 7 < ty, we have

t

=, JB(r)=pB@)E 0<Lt<T,
t/*dﬂ(s)x(s) B {0, r<t<l1l, feX.
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The case where 7 > tq yields
t

_ B -Bt)s,  o<t<m
| rastoEe) = {[ﬂ(r)—ﬂ(tonf, r<t<i, €ex.

to

Taking into consideration the above obtained expression, for 0 < 7 <ty we
get

Tz = [ =do(t)x,7(1)[B(E) — B(T)IE = [p1(T) — ¢1(0)]€ = 0.

— o\H

For ty < 7 <1 we have
1

T% = / wdp(t) X0, (DIB(E) — Bta)IE + Xty (B)IB(r) — Blto)]E] —

T

o1 (1) — 1 (0)) = / wdp(t)[(t) — Blto)]€ + / wdip(1)[(r) — Bto)]€ +

L1 (0)E — o (1) + / wdp(t)[B(t) — B(r)IE =

/ wdp(t)[B(1) — Blto)JE + 01 (0)€ — 1 (1)€ = 0.

Using (3.7) and (3.8) and acting analogously as when calculating TT, we
easily get that 7T = 0.

Consequently, since any step-function is represented as a linear combi-
nation of the above considered functions Z,  and also since step-functions
are dense everywhere in NCN(J, X), from the linearity and boundedness
of the operator T it follows that it is identically equal to zero. W

From Theorems 3.5 and 3.6 we have the following

Corollary 3.7. Let X, X1, X2, YV, V1, Vo be B-spaces, where (X1, X2,)s)
and (V1,)2,Y) are bilinear triples. Further, let ¢ € BV (J, 1), B €
BV(7,X,), A € NCN(J,B(X,X>)) and let the function @1 be defined
by the equality

(0)€ + [y xdy(s) [ *dB()A(r)E,
0<t<to,

()€ + [} #dp(s) [ =dB(r) A(T)E,
to<t<1, £€X,

p1(t)€ = (3.11)

where tog is a point from [J. Then the following statements are valid:
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(a) ©1 € BV(j,B(X,Y)), 'U((,Ol,j) S 2- /U(Qpaj) : ’U(ﬂ,j) . |A|NCN;
(b) for the equality

1 t

/*dgp(t)/*dﬂ(s)A(s)a:(s) = /*dgpl(t)a:(t), forall x € NCN(J,X),
0 to 0

to be fulfilled, it is necessary and sufficient that the function @, be of the
form (3.11) and satisfy the relation

1 t

(o1(0) — pr (e = — / wdip(2) / «dB(s)(s)€, for all €€ X.

0 to

The theorem below deals with the formula of integration by parts.

Theorem 3.8. Let X,Y,Z be a bilinear triple, 0 € BV(J,X) and p €
BV (7,Y). Then the following formula of integration by parts is valid:

1

/ wo(t) - dp(t) + / wdo(t) - p(t) = o(1) - p(1) — 5(0) - p(0) +
0

0
+ Y lou(m) - pu(r) =0, (T)p, (7). (3.12)

0<7<1
Proof. Consider the operator
T:BV(7,X)—>Z
defined by

To = / wo(t) - dp(t) + / wdo(t) - plt) — 0(0) - p(0) + o(1) - p(1) —
0
= > [ou(r) - pu(r) =0, (1) - p, (7)], forall o€ BV(J,X).

Obviously, T is a linear operator. Let us show that this operator is bounded.
We have

[To| < l|olnen -v(p, ) +v(0,T) - lplnen + 1o (0)] - [p(0)] +
Ho W] - 1+ D llow(@)] - ol + 1o, 1 - 1o, (] <

< (o(0)] + v(0,.7)) - v(p, T) + (7(0)] + v(e, 7)) - [plven +
+0(0) + v(a, ) p(0)] + ([15(0)] + v(e,.7) - |p(1)] + v(0, T) x

x > llow(m)+ oy (D] < lolay - (1p(O)] + |p(1)] + 2lplpv + lplnen)-
0<7r<1

IN
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Consequently, T' is a bounded operator.
Let

01 (t) = XJ[0,7] (t)£7 for te ja E € X7
o2(t) = x(r1y(1)E, for teJ, (€X,

where 7 is a point from 7. We can easily see that Toy = 0 and T'o2 = 0.
Since any step-function is a linear combination of functions of the above in-
dicated types, the operator T vanishes on these functions. Let us choose the
sequence {0y, } of step-functions from BV (J, X) such that |0, —o|nyon — 0
asn — oo and v(op,J) < v(o,J), for all n = 1,2,.... Then, apply-
ing Helly’s theorem on the passage to limit under the integral sign [4] and
taking into consideration the definition of the integral, we readily get that
To, = To asn — co. Hence To =0 for allo € BV(7,X). R

Corollary 3.9. Let (X,Y,Z) be a bilinear triple, o € BV (J,X) and p €
BV (7,Y). Then for any a and b, 0 < a < b <1, the formula

1 b
/ so(t) - dp(t) + / wdo(t) - p(t) = o (b) - p(b) — o(a) - p(a) + 0 (@)pu (a) —
0 a

—0,(O)pu(0) + Y [0u(7) - pu(r) — 0, (7) - p; (7)] for all o € BV(J,X)
0<7<b

is valid.

Consider some results from [4] we will need in the sequel.

Theorem 3.10. Every bounded linear functional x* € CN*(J,X) is rep-
resentable uniquely as

1
e = /* do(t) - z(t) forall z€ CN(TJ,X), (3.13)
0

where 0 € BVy(J,X*). Formula (3.13) specifies an isometric isomorphism
between the spaces CN*(J,X) and BVy(T,X™*), |z*| = |o|pv.

Let X be a BK-space with the cone of positive elements X,. Then
we can see that CN(J,X) is also a BK-space with the cone of positive
elements CN4(J,X) =CN(J,X4).

Definition 3.5. The function ¢ : J — X is said to be nonincreasing (non-
decreasing) if for all t and s, 0 < t < s < 1, o(t) and o(s) are congruent
and the inequality o(t) > o(s) (respectively, o(t) < o(s)) holds.

Let x € CN(J,X), xz > 0. Then by Corollary 3.3, the set {t € J|z(t) >
0 A z(t+) > 0} is open in J.
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Lemma 3.11. Let x € CN(J,X), x > 0, and let 0 € BV(J,X*) be a
nonincreasing function. Then in order that

/1 sdo (t)z(t) = 0,

it is necessary that the following conditions be fulfilled:
(a) for any t € J the equalities

o,()z(t+) =0, o, (t)z(t) =0

hold;

(b) if (a,b) C T is a segment such that for all t € (a,b) x(t) and z(t+)
belong to the interior of the cone X, then o is a constant on (a,b).

If X =R, then conditions (a) and (b) are sufficient as well.

§ 4. INTEGRAL EQUATIONS WITH MEASURE.

Let J =[0,1] and let X, X; be B-spaces, where X is a Banach algebra
with unity id; let (X;,X,X) be a bilinear triple, 3 € CN(J,X;) be a
function of bounded variation and let w € CN(J,X) be some function.
Next, let [a,b] C J and to € [a,b]. Consider the equation

t

o(t) - [ d3(s)a(s) = wlt), € [at] (4.1)
to
where z is an unknown function. If there exists a function z : [a,b] = X
satisfying the equation (4.1), then we call it a solution of this equation. The
equation with measure (4.1) will be called the Volterra-Stieltjes equation.

Suppose that the solution of (4.1) does exist. Then by Lemma 3.4, the
equality

z,(t) — Bu(t)z(t+) = w,(t) for t € [a,b) (4.2)

is valid. It follows from (4.1) that z(t9) = w(to), and from (4.2) we have

(4.3)

[id =B ()] (t+) = =(t) + wy (1),
z(t) = [id =B, (t)]z(t+) — wy,(¢) for t € [a,b).

Assume id —f3,(tp) to be an invertible element of the algebra X;. Then
the first equality of the system (4.3) implies that

2(to+) = [id =B, (to)] " w(te+). (4.4)
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Introduce the following functions:

_Jax(to+)  for t=ty,

x2(t)_{:n(t) for t € (to,b)], (4.5)
| B(to+)  for t=t,,

ﬁ2(t>_{ﬁ(t) for ¢ € (to,b], (4.6)

B(t) = B(t) — B=2(t), T(t) = =(t) — x2(t) for t € [to,b], and consider the
equation (4.1) on the interval [to,b]. We have zo(t) + ¢ — ftto *d[B2(s) +
E(s)](wg (t) + 2(t)) = w(t), for t € [to, b], which immediately yields

2o(t) / +dB(5)72(5) = wa(t) for € [to, ], (4.7)
where

ws(t) = w(to) + =, (to) for t=ty,

T w) + By (to)z(to+)  for t € (to,b].

Transforming the right-hand side of this equality and denoting the function
wy by w, we obtain

wa(to) = w(to) + z,(to) = w(to) + z(to) —
—z(to) = [id =B, (to)] " tw(to+).
t) + Bu(to)z(to+) = w(t) + z,(to) — wy,(to) =
t) + z(to+) — z(to) — w(to+) + w(to) =
= w(t) — w(to+) + [id =B, (to)] " w(to+) =
= w(t) — [id —[id =B, (to)] Jw(to+) for t € (to,b]

w2 (t)

w(
w(

which implies that
wa(to+) = w(to+) — [id =[id =B, (to)]Tw(to+) = wa(to).

Consequently, the function ws is continuous from the right at the point
to and expressed by the equality

w(t) = w(t) — [id —[id — B, (to)] Hw(to+) for € [to,b].  (4.8)

Let Ty and Lo be operators defined on the space CN([to,b], X) by the
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equalities

t
(Tows) () = 2o (t) — / #dB(s)z2(s) for all
to
tE[tO,b], T2 ECN([to,b],X),
t
(Low) (1) = / «dBs(s)z2(s) for all t€ [to,b], w2 € CN([to,b], X).
to
Since B2 € CN(J,X1), by Lemma 3.4 the operators T» and Lo take the

values from the space C'N ([to, b], X). Obviously, T» and L, are linear oper-
ators, and

|Laz2|on < v(B2, [to, b])|72|onN,
|T>| < |id —Lo|.
Suppose v(f2, [to,b]) < 1. Then the operator T, = id — L, is invertible [15]
and hence for any ws € CN([tg,b], X), the equation (4.7) has the unique
solution z3 = T2_1’U}2.
Reasoning analogously, we get that if v(81, [a,to]) < 1, where

_)Ba+) for t=a,
ﬂl(t)_{ﬁ(t) for ¢ € (a,to], (4.9)

then the operator T} defined by the equality

t

(Tvan)() = o (t) — / wdf (s)z1(s) for all € [a, to]

to

maps the space CN([a, to], X) into itself and is invertible. Thus, if w; is the
function defined by the equality

_Jw(a+) for t=a,
wilt) = {w(t) for t € (a,to], (4.10)
then the equation
z1(t) — / xdB1(s)x1(s) =wy(t) for t € [a,to], (4.11)

to

has the unique solution x; = Tl_lwl.
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As is seen, if z; and x2 are solutions of the equations (4.11) and (4.7),
respectively, then the function z defined by

[ld _ﬂu(a)]xl (a) - wu(a) for t=a,
z(t) = ¢ z1(t) for t € (a,to],
T2 (t) for te€ (t(), b],

is a the solution of the equation (4.1).
Formulate the obtained result in the form of

Lemma 4.1. Let J = [0,1], X be a B-space, X; be a Banach algebra,
let (X1,X,X) be a bilinear triple and 8 be a function of bounded variation
from the space CN (T, X1).

Nezxt, let [a,b] C J and ty € [a,b]. Then the following statements are
valid:

(a) if v(B,[a,to]) < 1+ |ou(a)|, then the equation (4.11), where By is
defined by the equality (4.9), has a unique solution x; € CN([a,to], X) for
any w1 € CN([a,to], X);

(b) if v(B, [to,b]) < 140, (to), then the equation (4.7), where B is defined
by the equality (4.6), has the unique solution xo € CN([to,b], X) for any
wy € CN([to,b],X),‘

(c) if the conditions of statements (a) and (b) are fulfilled and if id — B, (to)
is an invertible element of the algebra X, then the equation (4.1) has the
unique, continuous from the left, solution x : [a,b] — X for any w €
CN(J,X) and it is expressed by the solutions of the equations (4.7) and
(4.11), respectively, as follows

[id =8, (a)]zi(a) —wy,(a) for t=a,
z(t) =< z1(t) for te (a,to],
x2(t) for t € (to, ],
where wy, wo are defined by the equalities (4.10), (4.8).

Let us cite the following auxiliary lemma which can be proved without
any difficulties.

Lemma 4.2. Let 0 € BV (J,X). Then for any € > 0 there exists a parti-
tion of the segment J : 0 =ty < t1 < -+ < t, =1 such that the inequalities

v(o,[ti—1,ti]) <e+|ou(ti1)| + o, ()], i=1,2,...,n,
hold.

Theorem 4.3. Let J = [0,1], X be a B-space, X1 be a Banach algebra
and let (X1,X,X) be a bilinear triple. Next, let to € J be some point
and B be a function of bounded variation from the space CN(J, X1) such
that for any t € [to, 1] id —3,(¢t) is an invertible element of the algebra X, .
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Then for any w € CN (T, X), there exists a unique function x € CN(J,X)
satisfying the Volterra-Stieltjes equation

t
z(t) — / xdf(s)z(s) =w(t) forall te J. (4.12)
to

Proof. By Lemma 4.2, there exists a partition of the segment 7 : 0 = 7/, <
o<1 <tgp<m <---<t,=1such that the following inequalities hold:

v(B,[ric1,m]) < 1+ |8, (mi-1)| for i=1,2,...,n,

v(B, [ mia]) <1+|Bu(mj)| for j=1,2,...,m,
where 79 = 74, = tp. By Lemma 4.1, there exists a solution of the equation
(4.12) on the interval [r{,71]. Denote this solution on the interval [y, 7]
by z1, while on the interval [r{,7o] by z|. Construct subsequently the

solution of (4.12). First we construct the solution on the interval [tg, 1]. Let
t € [r1,m2]. We have

T1 t

z(t) — /*dﬂ(s)a:(s) — /*dﬁ(s)x(s) =w(t), for té€ [r,mn],
/ «dB(s)z(s) = / “dB(s)z1(s) = o1 (m1) — w(n).

Consequently, the equation (4.12) on the interval [r1, 2] takes the form
t
x(t) — /*dﬁ(s)x(s) =w(t) —w(m)+z1(r) for te€[m,m]
T1

By Lemma 4.1, there exists a solution of this equation. Denote it by z-.
Continuing in such a manner, we obtain that on the interval [r,,_1, 7,,] there
exists a solution x,, of the equation

t

z(t) — / xdB(s)z(s) = w(t) — w(Th—1) + Tp_1(Th—1) for t € [r_1,7]
Tn—1

Thus the function Z(t) = Y 1" X(ri_,,n](t)Zi(t), t € [to,1] is a solution of

the equation (4.12) on the interval [to, 1].

Analogously we can construct a solution of the equation (4.12) on the
interval [0, to]. If 2}, i = 2,3,...,m, are solutions of the equation

£(t) - / wdB(s)2(s) = w(t) — w(r]) — zia (l_y) for te [ 7],

i—1
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then the function Z(t) = Y-\ X(r,,r,_,](t)@}(t) for t € (0,t0], Z(0) = 1, (0)
is a solution of the equation (4.12) on the interval [0, t9]. Consequently, the
function x(t) = Xjo,10](1)T(t) + X (20,11 (t)T(t) for t € T is a solution of the
equation (4.12) on the whole interval 7. B

Corollary 4.4. Let J = [0,1], let to € J be a point and (X1, X2, X) be a
bilinear triple. Next, let A € CN(JT,B(X,Xe)) and let B be a function of
bounded variation from the space CN(J,X1) such that for any t € [to,1)
the operator id —f,(t)A(t+) is invertible. Then for any w € CN(J,X)
there exists a unique function x € CN(J, X) satisfying the Volterra-Stieltjes
equation

t

o(t) - / «dB(s)A(s)z(s) = w(t) for all te T,
to
Now we pass to the consideration of the nonlinear equation. Let J = [a, b]

be a segment, ty € [a,b], and let 3 be a function of bounded variation from
the space CN(J, X1). Denote by V (3, tg;-) the function

1)(,3, [to,to]) for a S t S t(),

v(B,to;t) = {v(g, [to, t]) for to <t <b.

Next, let D C X be a closed set and g : J x D — X5 be a mapping
satisfying the following conditions:
(a) for every £ € D, the function t — g(t,&), t € J, belongs to the space
(b) there exist nonnegative functions k and p from the space CN(J,R")
such that the following inequalities are fulfilled:

lg(t,&)| < k(t) forall teJ, £e€D,
|g(t7£1) - g(ta€2)| S p(t)|£1 - €2| for all ¢ € J: 51752 € D.

Then, as is seen, for every z € C'N(J, D) the function ¢t — g(¢, z(t)),
t € J, belongs to the set CN(J, X5).
Consider the equation

t

z(t) — /*dﬁ(s)g(s,x(s)) =w(t) for teJ, (4.13)

to
where w is a function from the set CN(J, D). By Lemma 3.4, we have
z(to+) — z(to) — Bu(to)g(to+, z(to+)) = w(to+) — w(to),
whence

z(to+) — By (to)g(to+, z(to+)) = w(to+). (4.14)
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This implies that for a solution of the equation (4.13) to exist on the interval
[to, b], it is necessary that the equation

£ — Bu(to)g(to+,£) = w(to+)
have a solution & € D.

Theorem 4.5. Let J = [a,b], let to € J be a point, (X1,X2,X) be a
bilinear triple and let w and B be functions of bounded variation from the
spaces CN(J, X) and CN(J, X1), respectively. Neat, let D = B(w(ty),dy)U
B(w(to+),ds), let k, p be nonnegative functions from the space CN(J,R!)
and let g : J x D — Xo be a mapping satisfying the conditions (a) and (b).
Then for a unique solution x € CN(J,D) of equation (4.13) to exist, it is
sufficient that the following conditions be fulfilled:

a

© s fu(®) ~wita)| + [ *do(B 105 k(D) < d,
t€la,to] i

b
sup [w(t) ~ w(to )| + [ +do(5,ta; k(0 < dy

t€[to,b] i
a b
(d) /*dV(ﬂ,to;t)p(t) <1, /*dv(ﬁ,to;t)p(t) <1
to tO

Proof. Consider the operator L : B(w(to+),d2) — X defined by the equal-
ity

L(§) = w(to+) — Bu(to)g(to+,§), & € Blw(to+),d2)-
From the second inequality of condition (c) and also from the condition (a)
it follows that |L(§) — w(to+)| < d2. Hence the operator L maps a closed
sphere B(w(to+), ds) into itself. As is seen from the condition (b),

|L(&1) — L(&)| < 1By (to)[p(to+)[é1 — &| for all &1,& € B(w(to+),d),

while from the second inequality of the condition (d) it follows |3, (to)|p(to+)
< 1. Consequently, B is a contraction operator [15]. Then it has a unique
fixed point & € B(w(to+),dz), i-e.,

§o = w(to+) + Bu(to)g(to+, So)- (4.15)

Since the solution of the equation (4.13) satisfies the equality (4.14), we
have z(to+) = &..

From the first inequality of the condition (c) and from the condition (a),
it follows that the operator T defined by

(Tyas)(8) = w(t) + / «dB(s)g(s,2(5)), 1 € [ato)],
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maps the closed set CN([a,to], B(w(to),d1)) into itself.
The first inequality of the condition (d) and the condition (b) imply
that 77 is a contraction operator. Then it has a unique fixed point x; €

CN([a, to], B(w(to),d1)).
Let w and 3 be functions defined by the relations

_ B(to+)  for t=to,
B(t) for to <t<b,

W(t) = & for t=ty,
w(t) + By (to)g(to+,&) for to <t <b.

It follows from (4.15) that W is right-continuous at the point ¢o. Consider
the operator 75 defined by

t

(Tos) (1) = W(H) + / «dB(s)g(s, 22(s)), ¢ € [fo,D]

to

We have

|(Tox2)(to) — w(to+)| < |Bu(to)|k(to+) < da
|(Tos) (8) = w(toH)] < [w(t) — wlto+) +
B, (to)gto+.0) + / «dB(s)g (s, 22(s))] <

t

< sup |w(t) — w(to+)] +/*dv(ﬁ,t0;s)k(s) <ds.
te(to,b]
to
Thus the operator T, maps the closed set CN ([to, b], B(w(to+), dz)) into it-
self. From the second inequality of the condition (d) and from the condition
(b) it follows that 75 is a contraction operator. Then it has a unique fixed
point z2 in the set CN([to, b], B(w(to+),d2)).
It can be easily verified that the function x defined by the equality

) x(t) for t € [a,to],
2(t) = {m(t) for t € (to, b,

is a solution of the equation (4.13) on the whole interval J. W

§ 5. OPTIMAL PROBLEM WITH ONE-SIDED MIXED RESTRICTIONS.

Suppose we are given the following objects: J = [0,1], top € J is a point;
X, Xy, Xo, U, Q, K1, Ky are Banach spaces; K and Y are BK-spaces,
(X1, X2, X) and (K1,K2,K) are bilinear triples; 2 and U are convex open
sets in the spaces X and U, respectively; f, g, h, ¢ are functions from
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the spaces C1(Q x U,K»), CH(Q x U, X5), C'(Q x U,Y), C'(Q x Q,Q)
respectively; a« € BV (J,K1); B,r are functions of bounded variation from
the spaces CN(7,X;), CN(TJ,X) respectively, and r(tg) = 0. In what
follows, the space X is said to be the phase space and v is said to be the
space of controlling parameters. Functions from the set CN (7, U) are called
admissible controls.

The problem is formulated as follows: among all functions z € CN (7, ),
initial values z° € Q and admissible controls u € CN(J,U) satisfying the
restrictions

t

(1) = 2° + r(t) +/*dﬁ(s)g(x(s),u(s)), (5.1)
M) u() <0, teJ, (52)
q(z°,2(0),2(1)) =0, (5.3)

find a triple (u,z,z°) which minimizes the integral

1

/ wda(s) f(w(s), u(s)) —> inf (5.4)

0

If such a triple does exist, we will call it an optimal process.

To obtain necessary conditions of optimality for the problem (5.1)—(5.4),
we will use the method of joint covering one of modifications of which has
been mentioned in §2. Following this scheme, we assume that

J=CN(J,U)x CN(J,X)x X x Kx CN(J,Y),
M =CN(J,U) x ON(J,Q) x Q x Ky x ON(T,Y3),  (5.5)
W =K xCN(J,X)x CN(J,Y) x Q,

and define the mapping p : M — W in a way indicated below: if z =
(uawawoakay)a w = (w17w27w37w4)7 b= (p17p27p37p4)5 then let w1 :pl(z)a
wy = pa(z), w3 = p3(z), wa = pa(z), where

pi(z) = /*da(t) ), u(®) + k,

pa(z,t) = x(t) —a° —r(t) — /dﬁ(s)g(x(s),u(s)), te J,

p3(z,t) = h(z(t),u(t)) +y(1), t€J,
pa(2) = q(a°, 2(0),z(1)).
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According to Lemma, 2.1, if (u,z,2°) is a minimum point of the problem
(5.1)-(5.4), then zy = (u,z,2°,0,y) € M, where y(t) = —h(z(t),u(t)),
t € J, is a critical point of the mapping p.

For the differential T' = Dp(zo) = (T1,T>,T5,T4) on the set M, it is not
difficult to obtain the following expressions

Tiéz = /*da(t) [fo(x(t), u(t)dx(t) + fu(a(t), u(t))du(t)] + o,
0

T2(52,1) = 00(0) = 02 ~ [ +d8(5) g (a(s),u(s))ba(s) +
+gu(a(s), u(s))5u(s)], ted, (5.6)
T5(02,t) = ho(z(t), u(t))dz(t) + hu(z(t), u(t))du(t) +dy(t), t€ T,
Ty6z = Dyq(2°, (0), 2(1))6z° + Daq(z°, 2(0), 2(1))dz(0) +
D3q(°,2(0), 2(1))éx(1).

Determine now the conditions of nondegeneracy for the problem (5.1)-
(5.4), i.e., we have to clarify under which conditions the cone T'(K'), where
K = cone(M — zp), contains inner points. Since the set M contains inner
points, the linear manifold sp(M — z) spanned onto M — 2, coincides with
the whole space J. Further, if the cone T'(K) contains inner points, then
evidently, TJ = W, and vice versa. Hence we have to determine under
which conditions the image under the mapping T of the space J coincides
with the whole space W.

Let dw = (dwy,dws,dws,dws) € W be an arbitrary point. Then it
is evident that for any functions éu € CN(J,U), édz € CN(TJ,X) and
dz° € X there exist 0k € K and dy € CN(J,Y) such that

Ty (0u, 8z, 62°, 5k, 6y) = dwy,
Ts((6u, 6z, 02°, 0k, 8y), t) = dws(t), t€ J.

It follows from the above-said that in order that T'J = W, it is necessary
and sufficient that the following conditions be fulfilled:

(a) for any function dwe € CN(J,X) and for any vector ws € @ there
exists 6z € J such that

{meﬂ:maxtej,

T462’ = W4.

(5.7)

Consider the equation

0z (t) = dwa(t) +/dﬂ(s)gz(a:(s),u(s))éa:(s), te J.
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Owing to Corollary 4.4, for the solution of this equation to exist for any
dws, it is sufficient that the following condition be fulfilled:

(b) for any ¢, to < ¢t < 1 the operator id — (3, (t)g.(z(t+),u(t+)) is
invertible.

Note that if 8 is continuous on the interval [to, 1], then the condition (b)
is fulfilled automatically. If g, is bounded, i.e., there exists M > 0 such
that |g,(z,u)| < M, then in order that condition (b) to be fulfilled, it is
sufficient that |G, (t)] < 1/M, to <t < 1.

From the above arguments it follows that the question on the existence
of a solution of the first equation of the system (5.7) does not depend on the
choice of the vector §z° € X and of the function du € CN(J,U). Denote
by N(T3) the set of all §z € J for which T5(dz,t) = 0, t € J. Then it is
easy to see that for the condition (a) to be fulfilled, it is sufficient that the
condition

(c) Ta(N(T2)) = Q
be also fulfilled.

Consequently, for the cone T'(K) to contain inner points, it is sufficient
that the conditions (b) and (c) be fulfilled. The conditions (b) and (c) are
those of nondegeneracy of the mapping T'.

Assume zg € M to be a critical point of the mapping p and the condi-
tion of nondegeneracy to be fulfilled. Then by Theorem 2.9, there exists a
nonzero, linear, continuous functional w* € W* such that for all §z € J for
which 2y + 0z € M, the inequality

w*Tdz < 0. (5.8)

is fulfilled.

The equalities (5.5) imply W* = K* x CN*(J,X) x CN*(J,Y) x
Q*. Hence we have to deal with the spaces CN*(J,X) and CN*(J,Y).
By Theorem 3.12, these spaces are isometrically isomorphic to the spaces
BVy(J,X*) and BVy(J,y*), respectively.

Let us now pass to the deduction of corollaries from the relations (5.8).
Let

w* = (X, ,0,0) € W* =K x BW(J,X") x BW(J,Y™) x Q"
Using (5.6), we obtain that for all 6z € .J for which zy + 6z € M, the
following inequality is valid:

1 1

X / sda(t) f02(t) + x / sda(t) fudult) + ok +

+ / sdp ()52 (t) + p(0)62° — p(1)52° —
0
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1 t 1 t

- / xdip(t) / £d3(s)g, 07 (s) — / xdip(t) / *df3(s)gudu(s) +

0 to 0 to
1 1

+ O/ xdo (t)h, 0z (t) + O/ xdo (t)hydu(t) + O/*do(t)dy(t) +
+1pD1q6x° + 1 D2qéx(0) + 1 D3gdx (1) < 0. (5.9)

Taking into account the fact that increments éu, éx, 62°, ok, dy are
independent and assuming that one of them is different from zero, while
the remaining ones are equal to zero, we obtain from (5.9) five independent
inequalities:

x0k <0 forall 0k e, 6k >0; (5.10)

Xfo xda(t) fz0z(t) +f0 xdp(t 53:( )—

— [y *dip(t ft *dB(5)ga 0 (s) + [y *do(t)h, oz (t)+
+1¢pD2qdx(0) + 1y D3qdx(1) <0 (5.11)
for all dz € CN(J,X) for which =+ éx € CN(J,N);

0)0z° — ¢(1)dz° + 1 D1¢dx° < 0 (5.12)
for all 62° € X for which z° 4+ 62° € Q; ’
Xfo sda(t) fudu(t) fo xde(t ft xdB(s)guou(s)+
+f0 xdo (t)hy,du(t) <0 for any du € CN(J,U) (5.13)
for which w+ du € CN(7J,U);

xdo (t)oy(t) <0 for all dy € CN(J,Y) for which

o _

— h(z(t),u(t)) + dy(t) >0 for all t € J. (5.14)

The omitted arguments of the functions in the above obtained inequalities

are the same as in (5.6). From the inequality (5.10) it immediately follows
that

x <0. (5.15)

Transform the inequality (5.11). Consider the functions a;, @1, o1 and
~ which are defined by the following relations:

t
a1 (1) = a1 (10)€ + X / wda(s)fo6, teT, €€X;
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t

o1(t)€ = o1(70)¢ -I-/*da(s)hzf, te J,£ € X;

70

—D3q*y for t=0,
Y(t) = Dag*p — D3g*yp for t€(0,1),
Dyg*y for t=1;

o1 (HE = f-l-fo*dcp ) [} #dB()g.&  for te€0,t], €€X,
£+f1 xdo(s) [ *dB(1)ge&  for t € [to,1], €€ X,

1 s

(01 (0) — @1 (1)) = — / wdp(s) / «dB(r)gat, €€ X.

0 to

Then, applying Theorems 3.5 and 3.6, we get from inequality (5.11) that
fo xd®(t)0x(t) < 0 for all dx from arbitrarily small neighborhood of zero of
the space CN(J, X), where ®(t) = a1 (t) + p(t) — 1 (t) + o1 (t) +(¢) for all
t € J. But then fol xd®(t)0x(t) = 0 for all 6z € CN(J,X). This implies
that ®(t) = const. Consequently, ®(¢) — ®(s) = 0 for all ¢ and s from the
segment /. We have

t

t t
X 0/ edo(s) fr€+o(t)E — p(0)E - / wdip(s) / «dB(T)ga€ + 0/ edo(s)hat +

0 t
+ Dog™p€ =0 forall te€ (0,t], £€X;

1 1 S
X [ xda(s) f26+@(1)€ — p(t)E — | *dp(s) | *dB(T)g.E sdo(s)h, € +
j ot [
FDsq*pE =0 forall ¢ € (to,1), €€ X;
1 1 s
N / wdax(s) foE+p(1)E — p(0)E — / dip(s) / “dB(7)g.€ +
0 0 to

Daq* €+ D3g* € =0, €€ X.

To give the system the desired form, we have to transform some terms
from this system. Namely, applying Corollary 3.11, we obtain

8§

xdp(s) | *dB(r)g=¢ = — [ *[p(s) = p(0)]dB(s)ga € + @1(£)€
[ [rtome=]

t
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fort € J, & € X, where

{Sol (t)f = ZO§T<t (PV(T)ﬂV (T)gz (Z‘(T-l-), U(T+))£
for t€(0,1], (€ X, (5.17)

@i1(0) = 0.

S

/ dip(s) / «dB(7)g.€ = / wlo(s) — p(L)]dB(s) g + o (1)€

t

fort € J, € € X, where

{w(t)ﬁ = Dt<ra1 Pr(T)Bu(T)ge (2(1+), ul(r+))§
for t€0,1), £€X, (5.18)

er(1) = 0.

Using the obtained formulas, the system (5.16) takes the form

t
(1) = —Dag" b€ + p(0)E — x / sda(s) f.€ -
0

- / lp(s) — P(0)]AB($)gs€ — / wdo(s)hat + ()
0

0
for 0<t<ty, £€X,
1

(1) = Dyq 6 + (1€ + x / wdo(s) fo€ +
t
1

+ / #lo(s) — p(1)]dB(s)gat + / +do(s)hof — 0 (8)

t
for to<t<l, €€X,

(5.19)

[0(0) = p(1)JE = Do € + Dag e + X / sda(s) fo€ + / #lp(s) — 9(0) -
0 0

—p(1)]dB(s)gaE + / wdo(s)h€ — [pi(to) + o (to))E, € € X.
0

We call the above-obtained system the conjugate equation of the problem
(5.1)-(5.4).

The inequality (5.12) easily results in (¢(0) — ¢(1) + D1g*)62° < 0 for
all 5z° from arbitrarily small neighborhood of zero of the space X. This
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implies that ¢(0) — ¢(1) + D1¢*1 = 0. Hence we have

¢(0) = ¢(1) = =D1q"%. (5.20)

The obtained equality is the condition of transversality for the conjugate
equation (5.19).

Transform now the inequality (5.13). Acting in the same way as in trans-
forming the inequality (5.11), we obtain the following system:

X / wdar(s) fun+ / #lo(s) — P(0)]dB(s)gun + / «dor (5)hut) —

0 0
— @ (t)n =0 forall te0,t], neU;

X / wdos(s) fut / #lo(s) — (DdB()gun + / dor (3] —

5.21
-, =0 forall telty,1], neU; (5.21)

1 1

X / wd(s) funt / #[p(s) — 9(0) — p(L)]AB(s)gurt + / dor (3] —
_[Bito) + By (to)ln =0, neU,

where the functions $; and P, are defined by the equality

?i(t)n = Eogrq @u(7) By (T)gu(@(T+), u(t+))n,
for t€(0,1], neU,

%,(0) = 0; (5.22)
e = Xo<r <t v (T)Bu(T)gu(@(T+), u(t+))n

for t€[0,1), nevU, (5.23)
7,(1) =0.

We call the system (5.21) the condition of maximum for the problem (5.1)-
(5.4).

Transform now the inequality (5.14). Let dy; (t) = —h(z(t)), u(t) for all
t € J and dy»(t) = $h(z(t),u(t)) for all t € J. Obviously, —h(z(t),u(t)) +

dy;(t) >0 for all t € 7, i =1,2. Then from (5.14) we have

/ sdo (t)h(z(t), u(t)) = 0. (5.24)

Let 0 <t <ty <1 and 6y(t) = X[z,t,)(t)n, where n € Y. Obviously,
—h(z(t),u(t)) + dy(t) > 0. Then from (5.14) we have

[o(ts) —o(t1)ln <0 forall neYy.
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Thus
U(tl) > U(t2) for all t1,te, 0<1t; <ty <1. (525)
If o(79) = 0, where 79 is a point from 7, then (5.25) takes the form

0_is nonincreasing;;
o(t) >0 forall tel0,m]; (5.26)
o(t) <0 forall ¢€ (r,1].

Now we formulate the obtained result in the form of

Theorem 5.1. Let for problem (5.1)—(5.4) the conditions of nondegeneracy
(b) and (c) be fulfilled, let (u,x,z°) be an optimal process and let 1o € J be
some point. Then there exist a nonincreasing function of bounded variation
o:Jr—Y* o(rn) =0, constants x € K*, x <0, ¥ € Q* and a function
of bounded variation ¢ : J — X*, p(10) =0, such that the following con-
ditions are fulfilled: the conjugate equation (5.19); the transversality condi-
tion (5.20); the maximum condition (5.21); the condition of complementing
nonrigidity.

To elucidate the condition of complementing nonrigidity, we can apply
Lemma 3.13.

If in the initial problem the function g is continuous, then in the conjugate
equation the functions ¢; and ¢, are identically equal to zero, and in the
condition of maximum the functions , and $, are also identically equal to
Z€ro.

Let in the initial problem K; = X; = R!, Ky = K, X» = X and let
bilinear mappings corresponding to bilinear triples be ordinary multiplica-
tion by a number. Under these assumptions, the conjugate equation and
the conditions of maximum take a more convenient form. Namely,

() = — Dag™ + p(0) — / edar(s) f2x — / «dB(5)g2 () —
0 0

t
— 4(0)] —/*h;da(s) + o) for 0<t<to,

1

0
o(t) =Dayg™ + (1) + / edar(s) fox + / «dB(s)g2lp(s) — o(1)] +

1
+/*h;da(s) —r(t) for to <t <1,
t
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1
£(0)—p(1) = Dagth + Dag*to + / wdo(s) f2x +
1]

+ | =dB(s)gzle(s) — ¢(0) — p(1)] +

+ [ *hldo(s) — ei(to) — @r(to)-

/
/

t

/*da(S)fJX+/*dﬂ(S)gZ[w(S) — (0] + / *hy,do(s) — (1) =0
for all t € [0, 1],

/ wda(s) fix+ / «dB(5)g7 0 (5) — p(1)] + / e do(s) —B,(t) = 0
for all t € (to, 1],

/*da(S)f{fX+ *df3(5)g,lp(s) — 0(0) = p(1)] +
0

O\H O\H

If to the above-said assumptions we add a(t) = B(t) = t for t € J,
to = 0, 70 = 1 and ¢ independent of dz(0), then from Theorem 5.1 we
directly obtain the necessary optimal conditions given in [4].

Finally it should be noted that if the space @ is finite-dimensional, then
Theorem 5.1 remains valid without additional condition of nondegeneracy.
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