Memoirs on Differential Equations and Mathematical Physics

Volume 11, 1997, 67–88

Guram Kharatishvili and Tamaz Tadumadze

THE PROBLEM OF OPTIMAL CONTROL FOR NONLINEAR SYSTEMS WITH VARIABLE STRUCTURE, DELAYS AND PIECEWISE CONTINUOUS PREHISTORY

Abstract. Necessary conditions both for the optimality of controls and initial functions are proved in the form of an integral maximum principle and conditions of transversality for nonlinear systems with a variable structure, delays and a piecewise continuous initial function in the case where values of the initial function (prehistory) and of the trajectory at a non-fixed initial moment and at a moment of variation of the structure do not, generally speaking, coincide.

1991 Mathematics Subject Classification. 49K25.

Key words and Phrases. Maximum principle, transversality conditions, delays, variable structure systems.

reziume. araCrPivi dagvianebul argumentiani cvladstruqturiani sistemisaTvis uban-uban uCKveti saCKisi PunqciiT damtkicebulia marTvis da saCKisi Punqciis optimalurobis aucilebeli pirobebi integraluri maqsimumis principisa da transversalobis pirobebis saxiT im SemTxvevaSi, roca saCKisi Punqciis (Cinaistoriis) da traeqtoris mniSvnelobebi araPiqsirebul saCKis momentSi da struqturis cvlilebis momentSi, sazogadod, ar emTxvevian erTmaneTs.

1. Introduction

Necessary conditions of optimality for the problem given below (see 2) are derived from a necessary condition of criticality [1,2,3] the basis of which forms the notion of quasi-convex set introduced by R.V. Gamkrelidze [4].

Variation of the structure of a system means that the system at some beforehand unknown moment may go over from one law of movement to another. After variation of the structure, the values of the initial function of the system depend on its previous state. This joins them into a single system with variable structure.

In conclusion, it should be noted that some particular cases of the problem under consideration have been studied in [5].

2. Statement of the Problem. Necessary Conditions of Optimality

Let O_i ⊂ R^{ni} , G_i ⊂ R^{ri} , i = 1, . . . , m, be open sets, R^n be an ndimensional Euclidean space, J = [a, b] be a finite interval; let the functions f_i : J × O^2_i × G^2_i → R^{ni} , i = 1, . . . , m, be continuously differentiable with respect to (x_i, z_i) ∈ O^2_i , i = 1, . . . , m, respectively, let τ_i : R^1 → R^1, θ_i : R^1 → R^1, i = 1, . . . , m, be continuously differentiable functions satisfying the conditions τ_i(t) ≤ t, τ̇_i(t) > 0, θ_i(t) < t, θ̇_i(t) > 0; let q^k(t_1, . . . , t_{m+1}, x_{10}, x_1, . . . , x_{m0}, x_m), k = 0, . . . , l, be scalar functions continuously differentiable in all arguments t_i ∈ J, i = 1, . . . , m + 1, (x_{i0}, x_i) ∈ O^2_i , i = 1, . . . , m; let the functions g_i : J × O_{i−1} → O_i, i = 2, . . . , m be continuous and continuously differentiable with respect to x_{i−1} ∈ O_{i−1}, i = 1, . . . , m; respectively, let Δ_i = Δ(J_{i1}; N_i) be the set of piecewise continuous functions φ_i : J_{i1} → N_i with a finite number of points of discontinuity, J_{i1}[τ_i(a), b], N_i ⊂ O_i be a convex bounded set, ‖φ_i‖ = sup{φ_i(t)|^t ∈ J_{i1}}; let Ω_i be the set of measurable functions u_i : J_{i2} → U_i satisfying the condition: clu_i(J_{i2})-is a compactum lying in G_i, J_{i2} = [θ_i(a), b], U_i ⊂ G_i is an arbitrary set.

Consider the sets

A_i = J^{1+i} × i∏ p=1 O_p × i∏ p=1 Δ_i × i∏ p=1 Ω_p, i = 1, . . . , m,

with the elements σ_i = (t_1, . . . , t_{i+1}, x_{10}, . . . , x_{i0}, φ_1, . . . , φ_i, u_1, . . . , u_i), i = 1, . . . , m; ∏_i p=1 O_p = O_1 × · · · × O_i, respectively.

To every element σ_m ∈ A_m, t_i < t_{i+1}, i = 1, . . . , m, we assign the differential equation of variable structure

ẋ_i(t) = f_i(t, x_i(t), x_i(τ_i(t)), u_i(t), u_i(θ_i(t))), t ∈ [t_i, t_{i+1}], (1_i) x_i(t) = φ_i(t) + g_i(t, x_{i−1}(t)), t ∈ [τ_i(t_i), t_i), x_i(t_i) = x_{i0}, (2_i) i = 1, . . . , m.

Here and in the sequel we assume that g_1 = 0, that is, x_1(t) = φ_1(t), t ∈ [τ_1(t_1), t_1).

Definition 1. The set of functions {x_i(t) = x_i(t; σ_i), t ∈ [τ_i(t_i), t_{i+1}], i = 1, . . . , m}, is said to be a solution of the equation with variable structure which correspond to an element σ_m ∈ A_m, if the function x_i(t) ∈ O_i on the interval [τ_i(t_i), t_i] satisfies the condition (2_i), while on the interval [t_i, t_{i+1}] it is absolutely continuous and satisfies the equation (1_i) almost everywhere.

Definition 2. The element σ_m ∈ A_m is said to be admissible if the corresponding solution {x_i(t), t ∈ [τ_i(t_i), t_{i+1}], i = 1, . . . , m} satisfies the conditions

q^k(t_1, . . . , t_{m+1}, x_{10}, x_1(t_2), . . . , s_{m0}, x_m(t_{m+1})) = 0, k = 1, . . . , l.

The set of admissible elements will be denoted by A^0_m.

Definition 3. The element ~σ_m = (~t_1, . . . , ~t_{m+1}, ~x_{10}, . . . , ~x_{m0}, ~φ_1, . . . , ~φ_m, ~u_1 . . . , ~u_m) ∈ A^0_m is said to be locally optimal if there exist a number δ > 0 and a compact set K_i ⊂ 0_i, i = 1, . . . , m, such that for arbitrary elements σ_m ∈ A^0_m satisfying m+1∑ i=1 |~t_i − t_i| + m∑ i=1 {|~x_{i0} − x_{i0}| + ‖ ~φ − φ_i‖ + ‖ ~f_i − f_i‖_{Ki} } ≤ δ the inequality q^0(~t_1, . . . , ~t_{m+1}, ~x_{10}, ~x_1(~t_2), . . . , ~x_{m0}, ~x_m(~t_{m+1})) ≤ ≤ q_0(t_1, . . . , t_{m+1}, x_{10}, x_1(t_2), . . . , x_{m0}, x_m(t_{m+1}))

is fulfilled.

Here ‖ ~ f_i − f_i ‖ K_i = ∫ J H ( t; f_i, K_i ) dt, H ( t; f_i, K_i ) =

= sup {| ~ f_i ( t, x_i, y_i ) − f_i ( t, x_i, y_i )| + | | | ∂ ~f_i(·) ∂x_i − − ∂f_i(·) ∂x_i | | | + | | | ∂ ~f_i(·) ∂y_i − ∂f_i(·) ∂y_i | | | ( x_i, y_i ) ∈ K^2_i } ; ~f_i(t, x_i, y_i) = f_i(t, x_i, y_i, ~u_i(t), ~u_i(θ_i(t))), f_i(t, x_i, y_i) = = f_i(t, x_i, y_i, u_i(t), u_i(θ_i(t)) ) , ~x_i = x_i(t; ~σ_i), x_i(t) = x_i(t; σ_i).

The problem of optimal control consists in finding a locally optimal element.

Theorem 1. (Necessary conditions of optimality). Let ~σ_m ∈ A^0_m be a locally optimal element; a < ~t_1 < · · · < ~t_{m+1} < b, ~t_i < γ_i = γ_i(~t_i) < τ_{i+1}(~t_{i+1}) i = 1, . . . , m_{−1}, ~t_m < γ_m = γ_m(~t_m) ≠ ~t_{m+1}; let the functions (~u_i(t), ~u_i(θ_i(t))) i = 1, . . . , m, be continuous at the points ~t_i, γ_i, ~t_{i+1}, respectively, i = 1, . . . , m, and the functions ( ~φ_i(t), ~φ_i(τ_i(t))), i = 1, . . . , m be continuous at the points ~t_i, i = 1, . . . , m, respectively. Then there exist a nonzero vector n = (n_0, . . . , n_l), n_0 ≤ 0, and a solution ψ_i(t), t ∈ [~t_i, γ_i(~t_{i+1})] of the conjugate equation

ψ̇_i(t) = −ψ_i(t) ∂ ~f_i(t) ∂x_i − ψ_i(γ(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t) − −χ_i(t)ψ_{i+1}(γ_{i+1}(t))

∂ ~f_{i+1}(γ_{i+1}(t)) ∂y_{i+1} ∂~g_{i+1}(t) ∂x_i γ̇_{i+1}(t) (3_i) t ∈ [~t_i, ~t_{i+1}], ψ_i(t) = 0, t ∈ (~t_{i+1}, γ_i(~t_{i+1})], i = m, . . . , 1, such that the following conditions are fulfilled:

1) the integral maximum principle ~ti∫

τ_i(~t_i )

ψ_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t) ~φ_i(t)dt ≥

~ti∫

τ_i(~t_i) ψ_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t)φ_i(t)dt, ∀φ_i ∈ Δ_i, i = 1, . . . , m, (4)

~ti+1∫

~ti ψ_i(t) ~f_i(t)dt ≥ ~ti+1∫

~ti ψ_i(t)f_i(t, ~x_i(t), ~x_i(τ_i(t)u_i(t), u_i(θ_i(t)))dt, ∀φ_i ∈ Δ_i, i = 1, . . . , m. (5)

2) transversality conditions π ∂Q ∂t_i = −a_iψ_{i−1}(~t_i) ~f_{i−1}(~t_i) + b_i{ψ_i(~t_i) ~f_i(~t_i) + ψ_i(γ_i) [ ~f_i(γ_i, ~x_i(γ_i), ~x_{i0}) − ~f_i(γ_i, ~x_i(γ_i), ~φ_i(~t_i) + ~g_i(~t_i))]γ̇_i(~t_i)}, i = 1, . . . , m + 1, (6) π ∂Q ∂x_{i0} = −ψ_i(~t_i), π ∂Q ∂x_i = ψ_i(~t_{i+1}), i = 1, . . . , m. (7)

Here ~f_i(t) = ~f_i(t, ~x_i(t), ~x_i(τ_i(t))), ∂ ~f_i(t) ∂x_i = ∂ ∂x_i f_i(t, ~x_i(t), ~x_i(t)), ~g_i(t) = g_i(t, ~x_{i−1}(t)), ∂~g_{i+1}(t) ∂x_i = ∂ ∂x_i g_{i+1}(t, ~x_i(t)); χ_i(t) is the characteristic function of the segment [τ_i(~t_{i+1}), ~t_{i+1})]; g_{m+1} = 0, i.e., the last summand in the right-hand side of the equation (3_m) equals zero; γ_i(t) is the function inverse to τ_i(t); a_1 = 0, a_2 = · · · = a_{m+1} = 1, b_1 = · · · = b_m = 1, b_{m+1} = 0; tilde over Q denotes that the gradient is calculated at the point (~t_1, . . . , ~t_{m+1}, ~x_{10}, ~x_1(~t_2), . . . , ~x_{m0}, ~x_m(~t_{m+1}),

Remark 1. If

rank ( ∂Q ∂t_1 , . . . ∂Q ∂t_{m+1} , ∂Q ∂x_{10} , . . . ∂Q ∂x_{m0} , ∂Q ∂x_1 , . . . , ∂Q ∂x_m ) = 1 + l,

then_m ∑ i=1 max{|ψ_i(t)||t ∈ [~t_i, ~t_{i+1}]|} ≠ 0. Remark 2. From the integral maximum principle 1) one can obtain in a standard way the pointwise maximum principle with respect to the functions ~φ_i(t), i = 1, . . . , m: ψ_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t) ~φ_i(t) ≥ ψ_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t)φ_i, ∀φ_i ∈ N_i, a.e. on [τ_i(~t_i), ~t_i], i = 1, . . . , m; with respect to the controls ~u_i(t), i = 1, . . . , m, p_i∑

p=1 θ̇^{p−1}_i (t)ψ_i(θ^{p−1}_i (t)) ~f_i(θ^{p−1}_i (t)) + ν_i −p_i∑

p=1 .q̇^p_i (t)ψ_i(q^p_i (t)) ~f_i(q^p(t)) ≥

≥ p_i∑

p=1 θ̇^{p−1}_i (t)ψ_i(θ^{p−1}_i (t))f_i(θ^{p−1}(t), ~x_i(θ^{p−1}_i (t)), ~x_i(τ_i(θ^{p−1}_i (t))),

u_{i,pi−p+1}, u_{i,pi−p}) + ν_i−p_i∑

p=1 ρ̇^p_i (t)ψ_i(ρ^p_i (t))f_i(ρ^p_i (t), ~x_i(ρ^p_i (t)), ~x_i(τ_i(ρ^p_i (t))), u_{i,pi+p}, u_{i,pi+p−1}), ∀(u_{10}, . . . , u_{1,νi} ) ∈ u^{1+νi}_i , a.e. on [ξ_{i,pi} , ξ_{i,pi +1}], p_i = 1, . . . , ν_i, i = 1, . . . , m. Here ξ_{i,pi} = ρ_i(ξ_{i,pi −1}), p_i = 1, . . . , ν_i, ξ_{i,0} = θ_i(~t_i), ξ_{i,pi +1} = ~t_{i+1};

θ^0_i (t) = t, θ^p_i (t) = θ_i(θ^{p−1}_i (t)); ρ_i(t) is the function inverse to θ_i(t), ρ^1_i (t) = ρ_i(t); we assume that

∑_0

p=1 α_p = 0.

Theorem 2. Let ~σ_m ∈ A^0_m be a locally optimal element; a < ~t_1 < · · · < ~t_{m+1} < b, ~t_i < γ_i < τ_{i+1}~t_{i+1}, i = 1, . . . , m − 1, ~t_m < γ_m ≠ ~t_{m+1}; let the functions (~u_i(t), ~u_i(θ_i(t))), i = 1, . . . , m, be left- (right-) continuous at the points ~t_i, γ_i, ~t_{i+1}, i = 1, . . . , m, respectively. Then there exist a non-zero vector π(+) = (π_0(+), . . . , π_q (+)) and a solution ψ_i(+)(t), t ∈ [~t_i, γ_i(~t_{i+1})] of the conjugate equation (3_i), i = 1, . . . , m, such that the conditions in which we have to substitute π and ψ_i(t) instead of π(+) and ψ^{(+)}_i , respectively, i = 1, . . . , m, are fulfilled. Moreover, the equality (6) is replaced by the inequality π^− ∂~θ ∂t_i ≥ −a_iψ^−_{i−1}(~t_i) ~f_{i−1}(~t_i−) + b_i{ψ^−_i (~t_i) ~f_i(~t_i−) + ψ^−_i (γ_i)[ ~f_i(γ_i−, ~x_i(γ_i), ~x_{10}) − ~f_i(γ_i−, ~x_i(γ_i), φ_i(~t_i−) + ~g_i(~t_i))]γ̇_i(~t_i)}, i = 1, . . . , m + 1 ( π^+ ∂~θ ∂t_i ≤ −a_iψ^+_{i−1}(t) ~f_{i−1}(~t_i+) + b_i{ψ^+_i (~t_i) ~f_i(~t_i+)ψ^+_i (γ_i)[ ~f_i(γ_i+, ~x_i(γ_i),

~x_{10}) − ~f_i(γ_i−, ~x_i(γ_i), ~φ_i(~t_i+) + g_i(~t_i))]γ̇_i(~t_i)} ) , where ~f_i(~t^{(+)}_i ) = ~f(~t^{(+)}_i , ~x_i(~t_i), ~x_i(~τ_i(~t^{(+)}_i )).

Consider now for (1_i) and (2_i), i = 1, . . . , m, where g_2 = · · · = g_m = 0, the problem with the boundary conditions

q_1(t_1, x_{10}) = 0, q_i(t_i, x_{i−1}(t_i)) − x_{i0} = 0, i = r, . . . , m, q_{m+1}(t_{m+1}, x_m(t_{m+1})) = 0, (8)

and with the functional

q_0(t_{m+1}, x_m(t_{m+1})) → min . (9)

The functions

q_1 : J × 0_1 → R^{l1} , q_i : J × 0_i → R^{ni} , i = 2, . . . , m, q_{m+1} : J × 0_m → R^{l2} , q^0 : J × 0_m → R^1

are assumed to be continuously differentiable in all arguments.

The function Q for the problem under consideration is of the form

Q = (q_0, q_1, q_2 − x_{20}, . . . , q_m − x_{m0}, q_{m+1}). (10)

Taking into account (10), from Theorem 1 there follows

Theorem 3. Let σ_m be a locally optimal element of the problem (1_i), (2_i), i = 1, . . . , m, (8), (9) and let the conditions of Theorem 1 be fulfilled. Then there exist a non-zero vector χ = (χ_0, χ_1, . . . , χ_{m+1}), χ_0 ≤ 0, χ_1 ∈ R^{l1} , χ_i ∈ R^{ni} , i = 1, . . . , m, χ_{m+1} ∈ R^{l2} and a solution ψ_i(t), t ∈ [~t_i, γ_i(~t_{i+1})], of the conjugate equation (3_i) i = 1, . . . , m, where the last term in the righthand side equals zero, such that the conditions (4), (5) are fulfilled, while the conditions of transversality take the form χ_i ∂~q_i ∂t_i = −a_iψ_{i−1}(~t_i) ~f_{i−1}(~t_i) + b_i{ψ_i(~t_i) ~f_i(~t_i) + +ψ_i(γ_i)[ ~f_i(γ_i, ~x_i(γ_i), ~x_{i0}) − ~f_i(γ_i, ~x_i(γ_i), ~φ_i(~t_i))]γ_i(~t_i)} − c_iχ_0 ∂~q^0_i ∂t_{m+1} , i = 1, . . . , m + 1, χ_1 ∂~q_1 ∂x_{10} = ψ_1(~t_1), ψ_i(~t_i) = χ_i, i = 2, . . . , m, χ_i ∂q_i ∂x_{i−1} = ψ_{i−1}(~t_i), i = 2, . . . , m, χ_0 ∂~q_0 ∂x_m + χ_{m+1} ∂~q_{m+1} ∂x_m = ψ_m(~t_{m+1}). . Here c_1 = · · · = c_m = 0, c_{m+1=1}, ~x_{i0} = q_i(~t_i, ~x_{i−1}(~t_i), i = 2, . . . , m. 3. Proof of Theorem 1.

The necessary conditions of optimality are proved by the scheme given in [1, 2, 3]. When applying this scheme, the principal moment is the construction of a continuous and differentiable mapping which plays an important role in deriving the necessary conditions of optimality. To this end we present below and prove (see 3.1 and 3.2) the appropriate theorems.

3.1. Continuous Dependence and Differentiability of the Solution. Let O ⊂ R^n be an open set: E(J × O^2; R^n) be a space of n-dimensional functions f; J × 0^2 → R^n satisfying the following conditions:

3) for a fixed t ∈ J the function f(t, x, y) is continuously differentiable with respect to (x, y) ∈ O^2;

4) for a fixed (x, y) ∈ O^2 the functions f, f_x, f_y are measurable with respect to t; for an arbitrary compactum K ⊂ O and an arbitrary function f there exists a function m_{f,k}(t) ∈ L_1(J, R^1_+), R^1_+ = [0, ∞) such that |f(t, x, y)| + |f_x(˙)| + |f_y(˙)| ≤ m_{f,K} (t) ∀(t, x, y) ∈ J × K^2. In the space E(J × O^2; R^n), let us introduce by means of the bases of neighborhoods of zero two locally convex separable topologies [1, 2, 3],

{V_s(K; δ) ⊂ E(J × 0^2; R^n) a compactum K and a number δ > 0 are arbitrary}, s = 1, 2, where V_1(K; δ) = {δf ∈ E(J × O^2, R^n)|h(δf; K) ≤ δ}, (11) V_2(K; δ) = {δf ∈ E(J × O^2, R^n)| ∫ J H_0(t; δf, K)dt ≤ δ}, (12)

h(δf; K) = sup {^{t′′}∫ t^′ δf(t, x, y)dt|(t^′, t^{′′}, x, y) ∈ J^2 × K^2 } , H_0(t, δf; K) = sup { |f(t, x, y)| + |f_x(·)| + |f_y(·)| | |(x, y) ∈ K^2 } . Consider the sets

B_i = J^{1+i} × i∏ p=1 O_p × i∏ p=1 Δ(J_{i1}; O_i) × i∏ p=1 E(J × O^2_i ; R^{ni} ), i = 1, . . . , m, with the elements μ_i = (t_1, . . . , t_{i+1}, x_{10}, . . . , x_{i0}, φ_1, . . . , φ_i, f_1, . . . , f_i), i = 1, . . . , m respectively. In what follows we will assume that the topologies T_1, T_2 are prescribed in the spaces E(J × O^2_i ; R^{ni} ) and i = 1, . . . , m (see (11) and (12)).

To every element μ_m ∈ B_m there corresponds the differential equation of variable structure:

ẋ_i(t) = f_i(t, x_i(t), x_i(τ(t))), t ∈ [t_i, t_{i+1}], (13_i) x_i(t) = φ_i(t) + g_i(t, x_{i−1}(t)), t ∈ [τ_i, (t_i), t_{i+1}),

x_i(t_i) = x_{i0}, i = 1, . . . , m. (14_i)

Definition 4. A set of functions {x_i(t) = x_i(t; μ_i), t ∈ [τ_i(t_i), t_{i+1}], i = 1, . . . , m} is said to be a solution of the equation of variable structure corresponding to the element μ_m ∈ B_m, if the function x_i(t) ∈ 0_i on the segment [τ_i(t_i), t_i] satisfies the condition (14_i) and on the interval [t_i, t_{i+1}] is absolutely continuous and satisfies the equation (13_i) a.e. Theorem 4. Let {~x_i(t), t ∈ [J_i(~t_i), ~t_{i+1}], i = 1, . . . , m}, a < ~t_1 < · · · < ~t_{m+1} < b, be a solution corresponding to the element ~μ_m =(~t_1, . . . , ~t_{m+1}, ~x_{10}, . . . , ~x_{m0}, ~φ_1, . . . , ~φ_m, ~f_1, . . . , ~f_m) ∈ B_m and let K_{i1} ⊂ 0_i be a compactum containing some neighborhood of the set K_{i0} = cl[{~x_i(t)|t ∈ [~t_i, ~t_{i+1}]} ∪ { ~φ_i(t)| ∈ J_{i1}}]. Then for every ε > 0 there exists a number δ = δ(ε) > 0 such that to every element

μ_m ∈ V (~μ_m; K_{11}, . . . , K_{m1} , δ, c_0) = m+1∏ i=1 V (~t_i; δ) × m∏ i=1 V ( ~φ_i; δ) ×

× m∏ i=1 V ( ~φ_i; δ) × m∏ i=1 V_1( ~f_i; K_{i1}δ) ∩ V_2( ~f_i; K_{i1}, c_0)),

there corresponds a solution {x_i(t; μ_i), t ∈ [J_i(t_i), t_{i+1}], i = 1, . . . , m}. Moreover, the function x_i(t; μ_i) is defined on [J_i(t_i), ~t_{i+1} + δ] ⊂ (J_i(a), b), and satisfies almost everywhere on [t_i, ~t_i + δ] the equation (13_i). If μ^s_m ∈ V (~μ_m; K_{11}, . . . , K_{m1} , δ, c_0), s = 1, 2, then

|x_i(t; μ^1_i ) − x_i(t; μ^2_i )| ≤ ε, t ∈ [max(t^1_i , t^2_i ), ~t_{i+1} + δ], i = 1, . . . , m. (15) Here V (~t_i; δ), V (~x_{i0}; δ), V ( ~φ_i; δ), are the δ-neighborhoods of the points ~t_i,~x_{i0}, ~φ_i, in the spaces R^1, R^n, respectively; Δ(J_{i1}; R^ni ); V_1( ~f_i; K_i, δ) = ~f_i + V_1(K_{i1}; δ), V_2( ~f_i; K_{i1}c_0) = ~f_i + V_2(K_{i1}; c_0), V_1(K_{i0}; δ) ⊂ E(J × 02_i ; Rni , V_2(K_{i1}; c_0) ⊂ E(J × 0^2_i ; R^{ni} ; c_0 > 0 is a fixed number.

Theorem 4 can be proved by the method given in [6] (see also [7]) and is used in proving the continuity of the mapping (see 3.3).

Remark 3. There exists a number ~δ ∈ [0, δ] (see (12)) such that

V_2( ~f_i; K_{i1}, ~δ) ⊂ V_1( ~f_i; K_i, ~δ) ∩ V_2( ~f_i; K_{i1}, c_0), i = 1, . . . , m.

Consequently, the inequality (15) is the more so valid for μ^s_m ∈ m+1∏ i=1 V (~t_i; ~δ) × m∏ i=1 V ( ~φ_i; ~δ) × m∏ i=1 V_2( ~f_i; K_{i1}, ~δ). This fact is used in proving the openness of the set D_0 (see 3.2). Introduce the set V_i = {δμ_i = (δt_1, . . . , δt_{i+1}, δx_{10}, . . . , δx_{i0}, δφ_1, . . . , δφ_i, δf_1, . . . , δf_i) ∈ ∈ B_i − ~μ_i | | |δt_i| ≤ c_i, δx_{i0} ≤ c_1, ‖δφ_i‖ ≤ c_i, δf_p = s∑ j=1 α_j εf^j_p , p = 1, . . . , i, |α_j | ≤ c_i}, i = 1, . . . , m, δf^j_p ∈ E(J × 0^2_p; R^{np} ), p = 1, . . . , i, j = 1, . . . , s, are fixed points and s, c_i > 0 are fixed numbers.

From Theorem 4 we have

Theorem 5. There exist numbers ε_0 > 0, δ_0 > 0 such that for an arbitrary (ε, δμ_m) ∈ [0, ε_0]×V_m, to the element ~μ_m +εδμ_m there corresponds solution {x_i(t; ~μ_{i+εδμi} ), t ∈ [τ_i(t_i), t_{i+1}], i = 1, . . . , m}, t_i = ~t_i + εδt_i. Moreover, x_i(t; ~μ_i + εδμ_i) is defined on [τ_i(t_i), ~t_{i+1} + δ_0].

Remark 4. Due to the uniqueness, x_i(t; ~μ_i) on the interval [τ_i(~t_i), ~t_{i+1} + δ_0] is a continuation of ~x_i(t). Therefore the function ~x_i(t) in the sequel is assumed to be defined on the whole interval [τ_i(~t_i), ~t_{i+1} + δ_0].

Using the numbers δ_0 and ε_0 (see Theorem 5), we introduce the notation

Δx_i(t; εδμ_i) = x_i(t; μ_i + εδμ_i) − ~x_i(t), t ∈ [max(t_i, ~t_i), ~t_{i+1} + δ_0], ε ∈ [0, ε_0].

Theorem 6. Let a < ~t_1 < · · · < ~t_{m+1} < b, ~t_i < γ_i = γ_i(~t_i) < τ_{i+1}(~t_{i+1}), i + 1, . . . , m − 1, ~t_m < γ_m = γ_m(~t_m) ≠ ~t_{m+1}; let the functions ~f_i(t, x_i, y_i), i = 1, . . . , m, be continuous respectively at the points (~t_i, ~x_{i0}, ~φ_i(τ_i(~t_i))), (γ_i, ~x_i(γ_i), ~x_{i0}), (γ_i, ~x_i(γ_i), ~φ_i(~t_i)), i = 1, . . . , m, and the functions ~φ_i(t), i = 1, . . . , m, be continuous respectively at the points ~t_i, i = 1, . . . , m. Then there exist numbers ε_1 ∈ [0, ε_0], δ_1 ∈ [0, δ_0] such that the following formula is valid: Δx_i(t; εδμ_i) = εδx_i(t; δμ_i) + o_i(t; εδμ_i), ∀(t, ε, δμ_i) ∈ [τ_{i+1}(~t_{i+1}), ~t_{i+1} + δ_1] × [0, ε_1] × V_i, i = 1, . . . , m, (16)

where

δx_i(t; δμ_i) = Y_i(~t_i; t) [ δx_{i0} − ~f_i(~t_i)δt_i ] + ~ti∫

τ_i(~t_i) Y_i(γ_i(s); t) ∂ ~f_i(γ_i(s)) ∂y_i [ δφ_i(s) + ∂~g_i(s) ∂x_{i−1} δx_{i−1}(s) ] γ̇_i(s)ds + ~ti+1∫

~ti Y_i(s; t)δ ~f_ids − Y_i(γ_i; t) [ ~ f_i(γ_i, ~x_i(γ_i), ~x_{i0}) − ~f_i(γ_i, ~x_i(γ_i), ~φ_i, (~t_i) + ~g_i(~t_i)) ] γ̇_i(~t_i)δt_i = = δx^1_i (t; δμ_i) − δx^2_i (t; δμ_i), i = 1, . . . , m, (17)

Y_i(s; t) is a matrix function satisfying the equation ∂Y_i(s; t) ∂s = −Y_i(s; t) ∂ ~f_i(s) ∂x_i − Y_i(γ_i(s); t) ∂ ~f_i(γ_i(s)) ∂y_i γ̇_i(s), s ∈ [~t_i, ~t_{i+1}] and also the condition Y_i(t; t) = E, Y_i(s; t) = 0, s > t; next,

lim_{ε→0} o_i(t; εδμ_i)/ε = 0, uniformly with respect to (t, δμ_i) ∈ [τ_{i+1}(~t_{i+1}),

~t_{i+1} + δ_1] × V_i; δ ~f_i(t) = δf_i(t, ~x_i(t), ~x_i(τ_i(t))), τ_{m+1}(~t_{m+1}) = ~t_{m+1} − δ_1. The proof of Theorem 6 is conducted in a way described in [2, 7]. In the same way one can prove more general

Theorem 7. Let a < ~t_1 < · · · < ~t_{m+1} < b, ~t_i < γ_i < τ_{i+1}(~t_{i+1}), i = 1, . . . , m − 1, ~t_m < γ_m ≠ ~t_{m+1}, and let the conditions (t, x_i) → (t_i(+), ~x_{i0}) lim ~f_i(t, x_i, ~φ_i(τ_i(t))) = ~f_i(~t_i(+)), ~x_{i0}, ~φ(τ_i(~t_i(+))) < ∞, (t, x_i, y_i) → (γ_i(+), ~x_i(γ), ~x_{i0}) lim ~f_i(t, x_i, y_i) = ~f_i(~γ_i(+), ~x_i(γ_i), ~x_{i0}) < ∞, be fulfilled. Then there exist numbers ε_1 ∈ [0, ε_0], δ_1 ∈ [0, δ_0], such that the formula (16) is valid for an arbitrary point (t, ε, δμ_i) ∈ [τ_{i+1}(~t_{i+1}), ~t_{i+1} + δ_1] × [0, ε_1] × V^{(+)}_i , while in the formula (17) before δt_i there take place respectively the expressions Y (~t_i; t) ~f_i(~t_i(+)) + Y (γ_i; t) [ ~ f_i(γ_i, (+), ~x_i(γ_i), ~x_{i0}) − ~f_i(γ_i(+), ~x_i(γ_i), ~φ_i(~t_i(+)) + g(~t_i))]γ̇_i(~t_i). Here V^−_i {δμ_i ∈ V_i| δt_K ≤ 0, K = 1, . . . , i + 1}, V^+_i {δμ_i ∈ V_i| δt_K ≥ 0, K = 1, . . . , i + 1}. Theorem 8 ([The Cauchy formula [8]]). Let A(t), B(t), t ∈ J_1 = [s_1, s_2] be summable matrix functions of dimension n × n; let F (t), t ∈ J_1 be an ndimensional summable vector function and τ(t) satisfy the same conditions as τ_i(t) do; let φ(t), t ∈ [τ(s_1), s_2] be a piecewise continuous function. Then the solution of the equation ẋ(t) = A(t)x(t) + B(t)x(τ(t)) + F (t), t ∈ J_1, x(t) = φ(t), t ∈ [τ(s_1), s_1), x(s_1) = x_0 ∈ R^n, can be represented as

x(t) = Y (s_1; t)x_0 +

s_1∫

τ (s_1) Y (γ(s); t)B(γ(s))γ̇(s)φ(s)ds + t∫ s_1 Y (s; t)F (s)ds, t ∈ J_1, where Y (s; t) is a matrix function satisfying the equation ∂Y (s; t) ∂s = −Y (s; t)A(s) − Y (γ(s); t)B(γ(s))γ̇(s), s ∈ [s_1, t] and also the condition Y (t; t) = E, Y (s; t) = 0, s > t; γ(s) is the function inverse to τ(s).

On the basis of Theorem 8 we can conclude that the function δx^1_i (t; δμ_i) (see (17)) satisfies the equation

δẋ^1_i (t) = ∂ ~f_i(t) ∂x_i δx^1_i (t) + ∂ ~f_i(t) ∂y_i δx^1_i (τ_i(t)) + δ ~f_i(t), t ∈ [~t_i, ~t_{i+1}] (18) with the initial condition δx^1_i (t) = δφ_i(t) + ∂~g_i(t) ∂x_{i−1} δx_{i−1}(t), t ∈ [τ_i(~t_i), ~t_i), δx^1_i (~t_i) = δx_{i0} − ~f_i(~t_1)δt_i; (19) while the function δx^2_i (t; δμ_i) (see (17)) satisfies the equation

δẋ^2_i (t) = ∂ ~f_i(t) ∂x_i δx^2_i (t) + ∂ ~f_i(t) ∂y_i δx^2_i (τ_i(t)), t ∈ [γ_i, ~t_{i+1}], (20) with the initial condition δx^2_i (t) = 0, t < γ_i δx^2_i (γ_i) = [ ~f_i(γ_i, ~x_i(γ_i), ~x_{i0}) − − ~f_i(γ_i, ~x_i(γ_i), ~φ_i(~t_i))]γ̇_i(~t_i)δt_i. (21) For the sake of brevity we denote the function, δx_i(t; δμ_i), δx^1_i (t; δμ_i) and δx^2_i (t; δμ_i), respectively by δx_i(t), δx^1_i (t) and δx^2_i (t).

Theorem 9. The following formula is valid: m∑ i=1 ∂ ~Q ∂x_i δx_i(~t_{i+1}) = m∑ i=1 (Y_i(~t_i)δx^1_i (~t_i) − Y_i(γ_i)δx^2_i (γ_i) + β_i), (22)

where

β_i = ~ti∫

τ_i(~t_i) Y_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t)δφ_i(t)dt +

+ ~ti+1∫

~ti Y_i(t)δ ~f_i(t)dt; (23)

Y_i(t) is a solution of the matrix equation

Ẏ_i(t) = −Y_i(t) ∂ ~f_i(t) ∂x_i − Y (γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t) − −χ_i(t)Y_{i+1}(γ_{i+1}(t)) ∂~g_{i+1}(t) ∂x_i γ̇_{i+1}(t),

t ∈ [~t_i~t_{i+1}] (24)

Y_i(~t_{i+1}) = ∂ ~Q ∂x_i , Y_i(t) = 0, t ∈ (~t_{i+1}, γ(~t_{i+1})] i = m, . . . , 1. (25) Proof. Obviously (see (25)), ∂ ~Q ∂x_i δx^1_i (~t_{i+1}) =Y_i(~t_{i+1})δx^1_i (~t_{i+1}) − Y_i(~t_i)δx^1_i (~t_i) + Y_i(~t_i)δx^1_i (~t_i) =

= ~ti+1∫

~ti d dt (Y_i(t)δx^1_i (t))dt + Y_i(~t_i)δx^1_i (~t_i). (26)

From the fact that δx^1_i (t) satisfies the equation (18), we obtain ~ti+1∫

~ti d dt (Y_i(t)δx^1_i (t))dt = ~ti+1∫

~ti [ Ẏ_i(t)δx^1_i (t) + Y_i(t) ( ∂ ~f_i(t) ∂x_i δx^1_i (t) +

+ ∂ ~F_i(t) ∂y_i δx^1_i (τ_i(t)) + δ ~f_i(t) )] dt. (27) Now, taking into account (19) and (25), we transform the integral ~ti+1∫

~ti Y_i(t) ∂ ~f_i(t) ∂y_i δx^1_i (τ_i(t))dt =

τ_i(~t_{i+1}) ∫ τ_i(~t_i ) ∂ ~f_i(γ_i(t)) ∂y_i ,

γ̇_i(t)δx^1_i (t)dt = ~ti∫

τ_i(~t_i) Y_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i [ δφ_i(t) + ∂~g_i(t) ∂x_{i−1} δx_{i−1}(t) ] γ̇_i(t)dt +

+ ~ti+1∫

~ti Y_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i δx^1_i (t)γ̇(t)dt. (28)

Owing to (27) and (28), from (26) we obtain ∂ ~Q ∂x_i δx^1_i (~t_{i+1}) = β_i + ~ti+1∫

~ti [ Ẏ_i(t) + Y_i(t) ∂ ~f_i(t) ∂x_i +

+Y_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t) ] δx^1_i (t)dt + τ_i(~t_i∫

τ_i(~t_i) Y_i(γ_i(t)) + ∂ ~f_i(γ_i(t)) ∂y_i ∂~g_i(t) ∂x_{i−1} γ̇_i(t)δx_{i−1}(t)dt +

+Y (~t_i)δx^1_i (~t_i). (29)

Since δx^2_i (t) satisfies equation (20) and also the condition (21), we have analogously ∂ ~Q ∂x_i δx^2_i (~t_{i+1}) = ~ti+1∫

~ti [ Ẏ_i(t) + Y_i(t) ∂ ~f_i(t) ∂x_i + Y_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t) ] ×

×δx^2_i (t)dt + Y_i(γ_i)δx^2_i (γ_i). (30)

Thus m∑ i=1 ∂ ~Q ∂x_i δx_i(~t_{i+1}) = m∑ i=1 [ ∂ ~Q ∂x_i δx^1_i (~t_{i+1}) − ∂ ~Q ∂x_i δx^2_i (~t_{i+1}) ] =

= m∑ i=1 (Y_i(~t_i)δx^1_i (~t_i) − Y_i(γ_i)δx^2_i (γ_i) + β_i +

+ ~ti+1∫

~ti ( Ẏ_i(t) + Y_i(t) ∂ ~f_i(t) ∂x_i + Y_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t) ) δx_i(t)dt +

+ ~ti∫

τ_i(~t_i) Y_i(γ_i(t)) ∂ ~f_i(γ_i(t)) ∂y_i ∂~g_i(t) ∂x_{i−1} γ̇_i(t)δx_{i−1}(t)dt. (31)

We can easily see that m∑ i=1 ~ti∫

τ_i(~t_i) Y_i(γ_i(t)) ∂ ~f (γ_i(t)) ∂y_i ∂~g_i(t) ∂x_{i−1} γ̇_i(t)δx_{i−1}(t)dt =

= m∑ i=1 ~ti∫

~ti χ_i(t)Y_{i+1}(γ_{i+1}(t))

∂ ~f_{i+1}(γ_{i+1}(t)) ∂y_{i+1} ∂~g_{i+1}(t) ∂x_i γ̇_{i+1}(t)δx_i(t)dt. (32)

Because of (24) and (32), the equality (31) provides the formula (22). ■ 3.2. Calculation of the differential of the mapping. Consider the space

E_{μm} = R^{1+m} × m∏ i=1 R^{ni} × m∏ i=1 Δ(J_{i1}; R^{ni} ) × m∏ i=1 E(J × 0^2_i ; R^{ni} )

of the points μ_m. Topologies T_1, T_2 specify in E_{μm} two locally convex separable topologies; denote them respectively by Θ_1, Θ_2.

Denote by D_0 the set of elements μ_m ∈ B_m to which there corresponds a solution of equation of variable structure (14_i), (15_i), i = 1, . . . , m.

Define on a set D_0 the mapping

S : D_0 → m∏ i=1 R^{ni} , (33)

by the formula

S(μ_m) = (S_1(μ_1), · · · , S_m(μ_m)), .S_i(μ_i) = x_i(t_{i+1}; μ_i), i = 1, . . . , m. Let ~μ_m ∈ D_0 passing through the point ~μ_m and L~_{μm} be a finite-dimen-sional manifold L~_{μm} = { μ_m ∈ E_{μm} |μ_m = ~μ_m + δμ_m, δμ_m = S∑ j=1 α_j δμ^j_m, α_j ∈ R^1, δμ^j_m ∈ E_{μm} − ~μ_m, } ;

W_m = { δμ = S∑ j=1 α_j δμ^j_m| |α_j | ≤ c_2 }

be a bounded neighborhood of zero in L~_{μm} − ~μ_m; let c_2 > 0 ~μ_m be a fixed number.

The finite openness of the set D_0 implies the existence of a number ε_2 ∈ [0, ε_1], such that for arbitrary (ε, δμ_m) ∈ [0, ε_2]×Ω_m the point ~μ_m +εδμ_m ∈ D_0 ∩ L~_{μm} . ε_2 is assumed to be so small that ε|δt_i| ≤ δ_2, i = 2, . . . , m + 1 for (ε, δμ_m) ∈ [0, ε_2] × W_m.

Theorem 10. Let the conditions of Theorem 6 be fulfilled. Moreover, the functions ~F_i(t, x_i, y_i), i = 1, . . . , m, are assumed to be continuous respectively at the point (~t_i, ~x_i(~t), ~x_i(τ_i(~t_i))), i = 1, . . . , m. Then the differential of the mapping (33) at the point ~μ_m has the form dS~_{μm} (δμ_m) = ( dS_{1μ1} (δμ_1), . . . , dS_{mμm} (δμ_m) ) , where dS_i~_{μi} (δμ_i) = δx_i(~t_{i+1}; δμ_i) + ~f_i(~t_{i+1})δt_{i+1}, i = 1, . . . , m, (34) δμ_i ∈ W_i = {δμ_i| (δμ_i, 0, . . . , 0) ∈ W_m}, i = 1, . . . , m − 1. Proof. It is easily seen that the set V_i can be chosen in such a way that W_i ⊂ V_i. Therefore for (ε, δμ_i) ∈ [0, ε_2] × W_i we have

S_i(~μ_i + εδμ_i) − S_i(~μ_i = x_i(~t_{i+1} + εδt_{i+1}; ~μ_i + εδμ_i) − ~x_i(~t_{i+1}) = = Δx_i(~t_{i+1} + εδt_{i+1}; ~μ_i + εδμ_i) + ~x_i(~t_{i+1} + εδt_i) − ~x_i(~t_{i+1}) = εδx_i(~t_i + εδt_i; δμ_i) +

+ ~ti+1 +εδti+1 ∫ ~ti+1 ~f_i(t)dt + 0_i(~t_{i+1}; εδμ_i). (35)

By assumption, ~f_i(t, x, y) is continuous at the point (~t_i, ~x_i(~t_i), ~x_i(τ_i(~t_i))), which implies the continuity of the function ~f_i(t) at the point ~t_{i+1}. Applying now the theorem of the mean, we get ~ti+1+εδti ∫ ~ti+1 = ε ~f_i(~t_{i+1})δt_i + 0_i(εδμ_i). (36)

Further,

lim_{ε→0}[δx_i(~t_{i+1} + εδt_{i+1}; δμ_i) − δx_i(~t_{i+1}; δμ_i)] = 0, uniformly with respect to δμ_i ∈ W_i. (37) Using (36) and (37), from (35) we have

S_i(~μ_i + εδμ_i) − S_i(~μ_i) = ε[δx_i(~t_i) + ~f_i(~t_i)δt_i] + 0_i(εδμ_i), where

0_i(εδ_i) = 0_i(~t_{i+1}; εδμ_i) + 0_i(εδ_i) + ε[δx_i(~t_i + εδt_i; δμ_i) − δx_i(~t_i)] and lim_{ε→0} 0_i(εδμ_i)/ε = 0, uniformly with respect to δμ_i ∈ Ω_i.

Thus, the formula (34) is valid. ■ Let us consider now the mapping P^1 : D_0 → R^{1+l} (38) defined by the formula P^1 = QL, L(μ_m) = (t_1, . . . , t_{m+1}, x_{10}, . . . , x_{m0}, x_1(t_1), . . . , x_m(t_{m+1})).

Theorem 11. Let the conditions of Theorem 9 be fulfilled. Then the differential of the mapping (38) at the point ~μ_m is of the form

dP^1~_{μm} (δμ_m) = m∑ i=1 { ∂ ~Q ∂t_i + a_iY_{i−1}(~t_i) ~f_{i−1} − b_i [ Y_i(~t_i) ~f_i(~t_i) +

+Y_i(γ_i) ( ~ f_i(γ_i, ~x_i(γ_i), ~x_{i0}) − ~f_i(γ_i, ~x_i(γ_i), ~φ_i(~t_i) + ~g_i(~t_i)) ) γ̇_i(~t_i) ]} δt_i + + m∑ i=1 {[ ∂ ~Q ∂x_{i0} + Y_i(~t_i) ] δx_{i0} + β_i } , (39)

where a_1 = 0, a_2 = · · · = a_{m+1}, b_1 = · · · = b_m = 1, b_{m+1} = 0.

Proof. It is easy to see that

dP^1~_{μm} (δμ_m) = m+1∑ i=1 ( ∂ ~Q ∂t_i δt_i + ∂ ~Q ∂x_{i0} δt_i + ∂ ~Q ∂x_i dS_i~_{μi} (δμ_i) ) +

+ ∂ ~Q ∂t_{m+i} δt_{m+1}. (40)

Taking into account (34), (22), (19) and (21), we obtain m+1∑ i=1 ∂ ~Q ∂t_i δt_i + m∑ i=1 ∂ ~Q ∂x_i dS_i~_{μi} (δμ_i) = m+1∑ i=1 { ∂ ~Q ∂t_i + a_iY_{i−1}(~t_i) ~f_{i−1}(~t_i) − −b_i [ Y_i(~t_i) ~f_i(~t_i) + Y_i(γ_i) ( ~ F_i(γ_i, ~x_i(γ_i), ~x_{i0}) − − ~f_i(γ_i, ~x_i(γ_i), ~φ_i(~t_i) + ~g_i(t_i)) ) ×γ̇_i(~t_i) ]} δt_i + m∑ i=1 [ Y_i(~t_i)δx_{i0} + β_i ] . (41)

Owing to (41), from (40) we get the formula (39). ■

3.3. Necessary Conditions of Criticality. Deriving the necessary condition of criticality. Consider the space E_z = R^1 × E_{μm} . Let D = {z = (s, μ_m)|s ∈ R^1}. The finite openness of the set D_0 implies the finite openness of D. Define on the set D_0 the mapping

P : D → R^{1+l} (42)

by using the formula P (z) = P^1(μ_m) + (s, 0, . . . , 0).

The topology Θ_1 defines in E_2 a locally convex separable topology which we denote by Θ.

In E_2 we prescribe a filter ϕ~_z , ~z = (0, ~μ_0), with elements

Ω~_r = R^1_+ ∩ V_0 × m+1∏ i=1 V~_{ti} × m∏ i=1 V~_{xi0} × m∏ i=1 Ω~_{φi} × m∏ i=1 Ω~_{fi} , where V_0, V~_{ti} , V~_{xi0} are arbitrary neighborhoods of the points 0 ∈ R^1, ~t_i ∈ (a, b), ~x_{i0} ∈ 0_i; Ω~_{φi} = Δ_i ∩ V~_{φi} , V~_{φi} ⊂ Δ(J_{i1}; R^n) is an arbitrary neighborhood of the point ~φ_i; Ω~_{fi} is an arbitrary element of the filter ϕ~_{fi} .

Elements of the filter ϕ~_{fi} are Ω~_{fi} = f_i ∩ V~_{fi} , where V~_{fi} ⊂ E(J × O^2_i ; R^{ni} ) is an arbitrary neighborhood of the point ~f_i = ~f_i(t, x_i, y_i) = f_i(t, x_i; y_i, ~u_i(t), ~u_i(θ_i(t))) in the topology T_2, F_i = {f_i(t, x_i, y_i, u_i(t), u_i(θ_i(t)))|u_i ∈ Ω_i}. Being a direct product of convex filters by quasi-convex filters ϕ~_{fi} [1, 2, 3], the filter ϕ~_z is Θ-quasi-convex. The proof of quasi-convexity of ϕ~_{fi} is given in [9].

The criticality of the mapping P onto ϕ~_z follows in a standard way from the local optimality of ~μ_m [1, 2, 3].

From Remark 3 and Theorem 4 there follows the existence of an element W~_z, such that c_0w~_z ⊂ D, and the mapping (42) onto c_0w~_z is continuous in the topology Θ.

The assumptions of Theorem 1 ensure the fulfillment of the conditions of Theorem 10 which in its turn ensures differentiability of the mapping (42) at the point ~z: dP~_z (δz) = dP~_{μm} (δμ_m) + (δs, 0, . . . , 0), δz = (δs, δμ_m). Thus all the premises for the necessary condition of criticality are fulfilled [1, 2, 3]. Consequently, there exists a non-zero vector π = (π_0, . . . , π_l) and the element ~W_z ∈ ϕ~_z such that πdP~_z (δz) ≤ 0, ∀δz ∈ K(c_0 ~w~_z − ~z), (43) K(M) denotes a convex cone stretched on the set M.

Below from the necessary condition of criticality (43) we will derive the necessary conditions of optimality.

The condition δz ∈ K(c_0 ~w~_z − ~z) is equivalent to the condition δs ∈ R^1_+, δt_i ∈ R^1, δt_{i0} ∈ R^{πi} , δφ_i ∈ K( ~w~_{φi} − ~φ_i), δf_i ∈ K(c_0 ~w~_{Fi} − ~F_i). Using the expression (39), letting δf_i = δφ_i = 0, i = 1, . . . , m, δs = 0 in (43) and taking into account that δt_i, i = 1, . . . , m+1 δx_i = 0, i = 1, . . . , m, may take arbitrary values, we obtain π ∂ ~Q ∂t_i = −a_iπY_{i−1}(~t_i) ~f_{i−1}(~t_i) + b_i [ πY_i(~t_i) + πY_i(γ_i) ( ~ f_i(γ_i, ~x_i(γ_i), ~x_{i0}) − − ~f_i(γ_i, ~x_i(γ_i), ~φ_i(~t_i) ) γ̇_i(~t_i) ] , i = 1, . . . , m + 1, (44) π ∂ ~Q ∂t_i = −πY_i(~t_i), i = 1, . . . , m. (45) Letting δt_i = 0, i = 1, . . . , m + 1, δx_{i0} = δf_i = 0, i = 1, . . . , m, δs = 0 in (43) and taking into consideration that ~W~_{φi} − ~φ_i, i = 1, . . . , m, contains a non-zero element, we get ~ti∫

τ_i(~t_i ) πY_i ( γ_i(t) ) ∂ ~f_i(γ_i(t)) ∂y_i γ̇_i(t)δφ_i(t)dt ≤ 0,

∀δφ_i ∈ K (~ W~_{φi} − ~φ_i ) , i = 1, . . . , m. (46) For δt_i = 0, i = 1, . . . , m + 1, δx_{i0} = δφ_i = 0, i = 1, . . . , m, δs = 0 we have ~ti+1∫ t_i πY_i(t)δf_i ( t, ~x(t), ~x(τ_i(t)) ) dt ≤ 0, ∀δf_i ∈ K ( c_0 ~W~_{Fi} − ~F_i ) , i = 1, . . . , m. (47) If δt_i = 0, i = 1, . . . , m+1, δx_{i0} = δφ_i = δf_i = 0, i = 1, . . . , m, we obtain that π_0.

Introduce the notation Ψ_i(t) = πY_i(t), t ∈ [~t_i, γ_i(~t_{i+1})], i = 1, . . . , m. (48) Obviously, Ψ_i(t) on the interval [~t_i, ~t_{i+1}] satisfies equation (3_i) and also the condition

Ψ_i ( ~t_{i+1} ) = π ∂ ~Q ∂x_i , Ψ_i(t) = 0, t ∈ ( ~t_{i+1}, γ_i(~t_{i+1}) ] . (49)

Conditions (44), (45) and (49) on account of (48) provide the condition of transversality (2).

From the convexity and boundedness of the set N_i follows the inclusion Δ_i − ~φ_i ⊂ K(~W~_{φi} − ~φ_i). (50) Condition (46), due to (48), (50) and the fact that δφ_i = φ_i − ~φ_i, results with respect to ~φ_i in the maximum principle (4).

Prove now the condition (5). The mapping

δf_i → ~ti+1∫ t_i Y_i(t)δf_i ( t, ~x_i(t), ~x_i(τ_i(t)) ) dt, δf_i ∈ V_2 ( K_{i1}; c_0 ) , (51)

is continuous in the topology T_1 (see [9]).

The continuity of the mapping (51) makes it possible to conclude that inequality (47) is valid for an arbitrary

δf_i ∈ K([~W~_{Fi} ]^1_{Mi} − ~f_i), M_i = V_2(K_{i1}; c_0),

where [~W~_{Fi} ]^1_{Mi} is a closure with respect to M_i of the set ~W~_{fi} ∩ M_i in the topology T_i.

Using now the proven in [9] inclusion F_i − ~f_i ⊂ K([~W~_{Fi} ]^1_{Mi} − ~f_i), we can say that the inequality (47) is valid for arbitrary δf_i ∈ f_i − ~F_i.

From (47), due to (48) as well as δf_i = f_i ( t, x_i, y_i, u_i(t), u_i(θ_i(t)) ) − ~f_i ( t, x_i, y_i, ~u_i(t), ~u_i(θ_i(t)) ) ∈ F_i − ~f_i we obtain with respect to the controls the maximum principle (5).

Thus Theorem 1 is proved completely. ■

Finally we note that Theorem 2 is proved analogously to Theorem 1. In this case for calculation of the differential we use Theorem 7, while in the filter ϕ~_z we replace respectively the neighborhoods V~_{ti} , i = 1, . . . , m + 1, by R^−~_{ti} ∩ V~_{ti} (R^+~_{ti} ), where R^−~_{ti} = (−∞, ~t_i], R^−~_{ti} = [~t_i, ∞).

References

1. R. V. Gamkrelidze and G. L. Kharatishvili, Extremal problems in linear topological spaces 1. Math. Systems Theory,1(1967), No. 3, 229– 256.

2. R. V. Gamkrelidze and G. L. Kharatishvili, Extremal problems in linear topological spaces. (Russian) Izv. Akad. Nauk SSSR, Ser. Mat., 33(1969), No. 4, 781–839.

3. R. V. Gamkrelidze, The necessary conditions of first order and axiomatics of extremal problems. (Russian) Trudy Mat. Inst. Steklova 62(1971), 152–180.

4. R. V. Gamkrelidze, On some extremal problems in the theory of differential equations with applications to the theory of optimal control. SIAM J. Control, 3(1965), 106–128.

5. N. M. Avalishvili, Maximum principle for the optimal problem with a variable structure and delays. (Russian) In Optimal problems with a variable structure. Tbilisi University Press, Tbilisi, 1985, 48–79.

6. R. V. Gamkrelidze, Fundamentals of the optimal control. (Russian) Tbilisi State University Press, Tbilisi, 1977.

7. G. L. Kharatishvili, Z.A. Machaidze, N.I. Markozashvili and T. A. Tadumadze, Abstract variational theory and its application to the optimal problems with delays. (Russian) Metsniereba, Tbilisi, 1973.

8. R. Gabasov and F. M. Kirillova, Qualitative theory of optimal processes. (Russian)Nauka, Moscow, 1975.

9. G. L. Kharatishvili and T. A. Tadumadze, Nonlinear optimal control systems with variable delays. (Russian)Mat. Sb., 107(149)(1978), No. 4(12), 613–633.

(Received 24.12.96)

Authors’ addresses:

G. Kharatishvili Cybernetics Institute of the Georgian Academy of Sciences 5, S.Euli St., Tbilisi 380086 Georgia

T. Tadumadze I.N. Vekua Institute of Applied Mathematics of Tbilisi State University 2, University St., Tbilisi 380043 Georgia