Mem. Differential Equations Math. Phys. 12(1997), 196–203

I. P. Stavroulakis

OSCILLATIONS OF FUNCTIONAL DIFFERENTIAL EQUATIONS

Abstract. Consider the first order delay differential equation x^′(t) + p(t)x(t − τ ) = 0, τ > 0, t ≥ t_0, (∗) and its discrete analogue

x_{n+1} − x_n + p_nx_{n−k} = 0, k ∈ Z^+, n = 0, 1, 2, . . . . (∗)^′ Oscillation criteria are established for (∗) in the case where 0 < lim inf t→∞ ∫_t t−τ p (s) ≤^1_e and lim sup_{t→∞} ∫_t t−τ p(s)ds < 1, and for (∗)^′ when

lim inf n→∞ n−1∑ i=n−k p_i≤ (_k k+1 )_{k+1} and lim sup n→∞ n∑ i=n−k p_i < 1.

reziume. naSromSi ganxilulia pirveli rigis dagvianebulargumentiani diPerencialuri gantoleba (∗) da misi diskretuli analogi (∗)^′ . dadgenilia rxevadobis pirobebi (∗)-isTvis im SemTxvevaSi, roca 0 < lim inf t→∞ ∫_t t−τ p(s) ≤^1_e da lim sup_{t→∞} ∫_t t−τ p(s)ds < 1 da (∗)^′-isaTvis im

SemTxvevaSi, roca lim inf_{n→∞} n−1∑ i=n−k p_i ≤ (_k k+1 )_{k+1} da lim sup n→∞ n∑ i=n−k p_i < 1.

1. Introduction Consider the linear delay differential equation x^′(t) + p(t)x(τ(t)) = 0, t ≥ T, (1) where p and τ are continuous functions defined on [T, ∞), p(t) > 0, τ(t) < t for t ≥ T , τ(t) is nondecreasing and lim_{t→∞} τ(t) = ∞.

By a solution of the equation (1) we understand a continuously differentiable function defined on [τ(T_1), ∞) for some T_1 ≥ T such that (1) is satisfied for t ≥ T_1. Such a solution is called oscillatory if it has arbitrarily large zeros. Otherwise it is called nonoscillatory.

1991 Mathematics Subject Classification. 34k15, 34K25.

Key words and phrases. Delay differential equation, delay difference equation, oscillation.

The first systematic study for the oscillation of all solutions of the equation (1) was undertaken by Myshkis. In 1950 [25], he proved that every solution of the equation (1) oscillates if

lim sup t→∞ [t − τ(t)] < ∞, lim inf_{t→∞} [t − τ(t)] · lim inf_{t→∞} p(t) > 1 e . (C_1)

In 1972, Ladas, Lakshmikantham and Papadakis [19] proved that the same conclusion holds if

lim sup t→∞ t∫ τ (t) p(s)ds > 1. (C_2)

In 1979 Ladas [18] and in 1982 Koplatadze and Chanturiya [14] improved (C_2) to

lim inf t→∞ t∫ τ (t) p(s)ds > 1 e . (C_3)

Concerning the constant^1_e in (C_3), it is to be pointed out that if the inequality t∫ τ (t) p(s)ds ≤ 1 e holds eventually, than, according to a result in [14], (1) has a non-oscillatory solution.

In 1982 Ladas, Sficas and Stavroulakis [21] and in 1984 Fukagai and Kusano [11] established oscillation criteria of the type of the conditions (C_2) and (C_3) for the equation (1) with an oscillating coefficient p(t).

It is obvious that there is a gap between the conditions (C_2) and (C_3) when the limit lim_{t→∞} t∫ τ (t) p(s)ds

does not exist. How to fill this gap is an interesting problem which has been recently investigated by several authors.

Before the work of Erbe and Zhang [9] not much was known about the class of linear delay differential equations for which neither (C_2) nor (C_3) was satisfied. As far as we know, only the papers [4, 11, 13] contained results that could be applied also to some cases that were not covered by the above mentioned results. In 1988, Erbe and Zhang [9] developed new oscillation criteria by employing the upper bound of the ratio x(τ(t))/x(t) for possible nonoscillatory solutions x(t) of the equation (1). Their result, when formulated in terms of the numbers m and L defined by

m = lim inf_{t→∞} t∫ τ (t) p(s)ds and L = lim sup_{t→∞} t∫ τ (t) p(s)ds,

says that all the solutions of the equation (1) are oscillatory if 0 < m ≤^1_e and L > 1 − m^2 4 . (C_4)

Since then, several authors tried to obtain better results by improving the upper bound for x(τ(t))/x(t). In 1991 Jian Chao [2] derived the condition L > 1 − m^2 2(1 − m)

, (C_5)

while in 1992 Yu and Wang [28] and Yu, Wang, Zhang and Qian [29] obtained the condition L > 1 − 1 − m − √ 1 − 2m − m^2 2 . (C_6)

In 1990 Elbert and Stavroulakis [7] and in 1991 Kwong [17], using different techniques, improved (C_4) in the case where 0 < m ≤^1_e to the conditions L > 1 − ( 1 − 1 √ λ_1

)_2 (C_7) and L > ln λ_1 + 1 λ_1

, (C_8)

respectively, where λ_1 is the smaller root of the equation λ = e^{mλ}.

In 1994 Koplatadze and Kvinikadze [15] improved (C_6), while in 1996 Philos and Sficas [26] derived the condition L > 1 − m^2 2(1 − m) − m^2 2 λ_1. (C_9)

Following this historical (and chronological) review, we also mention that in the case where t∫ τ (t) p(s)ds ≥ 1 e and lim_{t→∞} t∫ τ (t) p(s)ds = 1 e ,

this problem has been studied in 1993 by Elbert and Stavroulakis [8] and in 1995 by Kozakiewicz [16], Li [23], [24] and by Domshlak and Stavroulakis

[5]. The methods previously used in [17] and [28] can be combined so that the conditions (C_2) and (C_4)-(C_9) may be weakened to L > ln λ_1 + 1 λ_1 − 1 − m − √ 1 − 2m − m^2 2 (C_{10})

where λ_1 is the smaller root of the equation λ = e^{mλ}. It is to be noted that as m → 0, then all conditions (C_4) − (C_9) and also the condition (C_{10}) reduce to the condition (C_2). However the improvement is clear as m →^1_e . For illustrative purpose, we give the value of the lower bound in these conditions when m =^1_e :

(C_2) : 1.000000000 (C_4) : 0.966166179 (C_5) : 0.892951367 (C_6) : 0.863457014 (C_7) : 0.845181878 (C_8) : 0.735758882 (C_9) : 0.709011646 (C_{10}) : 0.599215896

We see that the condition (C_{10}) essentially improves all the known results in the literature.

Consider next the delay difference equation

Δx_n + p_nx_{n−k} = 0, n = 0, 1, 2, . . . , (1)^′

where {p_n} is a sequence of real numbers, k is a positive integer and Δ denotes the forward difference operator Δx_n = x_{n+1} − x_n. Note that the equation (1)^′ is a discrete analogue of the equation (1).

By a solution of the equation (1)^′ we mean a sequence {x_n} which is defined for n ≥ −k and which satisfies (1)^′ for n ≥ 0. A solution {x_n} of the equation (1)^′ is said to be oscillatory if the terms x_n of the solution are neither eventually all positive nor eventually negative. Otherwise, the solution is called non-oscillatory.

Erbe and Zhang [10] proved that if p_n ≥ 0, then either one of the following conditions

lim inf n→∞ p_n > k^k (k + 1)^{k+1}

, (C_0) or lim sup n→∞ n∑ i=n−k p_i > 1 (C_2)^′ implies that all solutions of the equation (1)^′ oscillate. Then Ladas, Philos and Sficas [20] proved that the same conclusion holds if p_n ≥ 0 and

lim inf n→∞ ( 1 k n−1∑ i=n−k p_i ) > k^k (k + 1)^{k+1}

. (C_3)^′

Therefore, they improved the condition (C_0) by replacing the p_n of (C_0) by the arithmetic mean of the terms p_{n−k}, . . . , p_{n−1} in (C_3)^′. A further improvement of the above conditions is presented here as well as a sufficient condition under which all solutions of (1)^′ oscillate without the assumption that p_n ≥ 0 for all n ≥ 0.

2. Main Results We need the following lemmas which are also very interesting in their own right.

Lemma 1 ([12]). Suppose that m > 0 and the equation (1) has an eventually positive solution x(t). Then m ≤ 1/e and

λ_1 ≤ lim inf_{t→∞} x(τ(t)) x(t) ≤ λ_2, where λ_1 and λ_2 are the roots of the equation λ = e^{mλ}.

Lemma 2 ([28]). Let 0 < m ≤^1_e and x(t) be an eventually positive solution of the equation (1). Then

lim sup t→∞ x(τ(t)) x(t) ≤ 2 1 − m − √ 1 − 2m − m^2 . Lemma 3 ([27]). Assume that {p_n} is a sequence of non-negative real numbers and that there exists M > 0 such that

lim inf_{n→∞} n−1∑ i=n−k p_i > M. If {x_n} is an eventually positive solution of (1)^′, then for every sufficiently large n there exists an integer n^∗ with n − k ≤ n^∗ ≤ n − 1 such that x_n∗_{−k} x_n∗ ≤ ( 2 M )_2 . Theorem 1 ([12]). Let 0 < m ≤ 1/e and let x(t) be an eventually positive solution of the equation (1). Then L ≤ 1 + ln λ_1 λ_1 − M, where λ_1 is the smaller root of the equation λ = e^{mλ} and M = lim inf_{t→∞}^{x(t)}_{x(τ (t))} .

Corollary 1. Consider the differential equation (1) and assume that when L < 1 and 0 < m ≤^1_e , the following condition holds: L > ln λ_1 + 1

λ_1 − 1 − m − √ 1 − 2m − m^2 2 , (C_{10})

where λ_1 is the smaller root of the equation λ = e^{mλ}. Then all solutions of the equation (1) oscillate.

Example. Consider the delay differential equation

x^′(t) + 0.6 απ + √ 2 (2α + const)x(t − π 2 ) = 0,

where α = √ 2(0.6e+1) π(0.6e−1) . Then

lim inf t→∞ t∫ t−^π_2 0.6(2α + cos u)/(απ + √ 2)du = 1 e and lim sup t→∞ t∫ t−^π_2 0.6(2α + cos u)/(απ + √ 2)du = 0.6. Thus, according to Corollary 1, all solutions are oscillatory. Remark that none of the results mentioned in the introduction can be applied to this equation.

Theorem 2 ([27]). Assume that there exists a sequence n_m → ∞ such that p_n ≥ 0 for n ∈ [n_m − (N + 1)k, n_m] and n−1∑ i=n−k p_i ≥ c > ( k k + 1 )_{k+1} for n ∈ [n_m − Nk, n_m], m = 1, 2, . . . , where

N = 1 + [ log 4 − 2 log c log c + (k + 1)(log(k + 1) − log k) ]

and [·] denotes the greatest integer function. Then all solutions of the equation (1)^′ oscillate.

Theorem 3 ([27]). Assume that {p_n} is a non-negative sequence of real numbers and let k be a positive integer. Assume further that there exists M > 0 such that

lim inf n→∞ n−1∑ i=n−k p_i > M and lim sup_{n→∞} n−1∑ i=n−k p_i > 1 − (M 2 )_2 . Then all solutions of the equation (1)^′ oscillate.

Remark. The results concerning the equation (1) can be extended to advanced differential equations and inequalities (cf. [7]), to equations with positive and negative coefficients (cf. [29]), to neutral differential equations (cf. [3]) and also to higher order equations (cf. [6]) and essentially improve the existing results in the literature. While the results concerning (1)^′ may be applied to the case when the sequence {p_n} is not assumed to be nonnegative everywhere and also when the conditions (C_0), (C_2)^′ and (C_3)^′ fail.

References

1. O. Arino, G. Ladas and Y.G. Sficas, On oscillations of some retarded differential equations. SIAM J. Math. Anal. 18(1987), 64–73.

2. J. Chao, On the oscillation of linear differential equations with deviating arguments. Math. Practice Theory 1(1991), 32–40.

3. Q. Chuanxi and G. Ladas, Oscillations of neutral differential equations with variable coefficients. Appl. Anal. 32(1989), 215–228.

4. Yu. Domshlak, Sturmian comparison method in investigation of the behavior of solutions for differential-operator equations. (Russian) Elm, Baku, 1986.

5. Yu. Domshlak and I. P. Stavroulakis, Oscillations of first order delay differential equations in a critical state. Appl. Anal. 61(1996), 359–371.

6. J. Džurina, Oscillation of second-order differential equations with mixed arguments. J. Math. Anal. Appl. 190(1995), 821–829.

7. Á. Elbert and I.P. Stavroulakis, Oscillations of first order differential equations with deviating arguments. In: Recent trends in differential equations, World Sci. Publishing Co., 1992, 163–178.

8. Á. Elbert and I. P. Stavroulakis, Oscillation and non-oscillation criteria for delay differential equations. Proc. Amer. Math. Soc. 123(1995), 1503–1510.

9. L. H. Erbe and B. G. Zhang, Oscillation for first order linear differential equations with deviating arguments. Differential Integral Equations 1(1988), 305–314.

10. L. H. Erbe and B. G. Zhang, Oscillation of discrete analogues of delay equations. Differential Integral Equations 2(1989), 300–309.

11. N. Fukagai and T. Kusano, Oscillation theory of first order functional differential equations with deviating arguments. Ann. Mat. Pura Appl. 136(1984), 95–117.

12. J. Jaroš and I. P. Stavroulakis, Oscillation tests for delay equations. Rocky Mountain J. Math. (to appear).

13. R. G. Koplatadze, On zeros of solutions of first order delay differential equations. (Russian) Trudy Inst. Prikl. Mat. I. N. Vekua 14(1983), 128–135.

14. R. G. Koplatadze and T. A. Chanturiya, On oscillatory and monotone solutions of first order differential equations with deviating arguments. (Russian) Differentsial’nye Uravneniya 18(1982), 1463–1465.

15. R. G. Koplatadze and G. Kvinikadze, On the oscillation of solutions of first order delay differential inequalities and equations. Georgian Math. J. 1(1994), 675–685.

16. E. Kozakiewicz, Conditions for the absence of positive solutions of a first order differential inequality with a single delay. Arch. Math. (Brno) 31(1995), 291–297.

17. M. K. Kwong, Oscillation of first order delay equations. J. Math. Anal. Appl. 156(1991), 274–286.

18. G. Ladas, Sharp conditions for oscillations caused by delays. Appl. Anal. 9(1979), 93–98.

19. G. Ladas, V. Lakshmikantham and L. S. Papadakis, Oscillations of higherorder retarded differential equations generated by the retarded arguments. In: Delay and Functional Differential Equations and Their Applications, Academic Press, New York, 1972, 219–231.

20. G. Ladas, Gh. Philos and Y. G. Sficas, Sharp conditions for the oscillation of delay difference equations. J. Applied Math. Simulation 2(1989), 101–119.

21. G. Ladas, Y. G. Sficas and I. P. Stavroulakis, Functional differential inequalities and equations with oscillating coefficients. In: Trends in theory and practice of nonlinear differential equations, (Arlington, Tx. 1982), Lecture Notes in Pure and Appl. Math., vol. 90 Marcel Dekker, New York, 1984, 277–284.

22. G. Ladas and I. P. Stavroulakis, On delay differential equations of first order. Funkcial. Ekvac. 25(1982), 105–113.

23. B. Li, Oscillations of delay differential equations with variable coefficients. J. Mat. Anal. Appl. 192(1995), 312–321.

24. B. Li, Oscillation of first order differential equations. Proc. Amer. Math. Soc. 124(1996), 3729–3737.

25. A. D. Myshkis, Linear homogeneous differential equations of first order with deviating arguments. (Russian) Uspekhi Mat. Nauk 5 (36)(1950), 160–162.

26. Ch. G. Philos and Y. G. Sficas, An oscillation criterion for first order linear delay differential equations. Canad. Math. Bull. (to appear).

27. I. P. Stavroulakis, Oscillations of delay differential equations. Computers Mat. Appl. 29(1995), 83–88.

28. J. S. Yu and Z.C. Wang, Some further results on oscillation of neutral differential equations. Bull. Austral. Math. Soc. 46(1992), 149–157.

29. J. S. Yu, Z. C. Wang, B. G. Zhang and X. Z. Qian, Oscillations of differential equations with deviating arguments. Panamer. Mat. J. 2(1992), 59–78.

(Received 25.06.1997)

Author’s address:

Department of Mathematics University of Ioannina 451 10 Ioannina Greece