Memoirs on Differential Equations and Mathematical Physics

Volume 13, 1998, 1–98

George Jorjadze

HAMILTONIAN REDUCTION AND QUANTIZATION ON SYMPLECTIC MANIFOLDS

Abstract. Hamiltonian reduction scheme based on the analysis of restricted 1-forms in gauge-invariant variables is constructed. The method is applied for several physically interesting gauge invariant models. For the models of Yang-Mills theory a possible mechanism of the confinement is obtained. A quantization method (E-quantization) based on the extension of phase space with further application of the constrained quantization technique is constructed. A problem of scalar product for the constrained systems is investigated. A possible solution to this problem is found. Generalization of the Gupta-Bleuler conditions is done by minimization of quadratic fluctuations of quantum constraints. Connection of E-quantization to the geometric quantization and Berezin quantization is found. The quantum distribution function is introduced. For a pure state distribution the special elliptic type equation is obtained. A possible experimental measuring of the quantum distribution is discussed.

1991 Mathematics Subject Classification. 70G35, 81S10, 81S30, 81T13.

Key words and Phrases. Phase space, Hamiltonian reduction, gauge theory, symmetry, quantization, coherent state, quantum distribution.

reziume. agebulia Hamiltonuri reduqciis sqema, romelic dafuZnebulia 1-formebis analizze yaliburad invariantul cvladebSi. es meTodi gamoyenebulia sxvadasxva, fizikuri TvalsazrisiT saintereso, yaliburad invariantuli modelisaTvis. iang-milsis Teoriis modelTaTvis napovnia konfainmentis SesaZlo meqanizmi. agebulia daqvantvis meTodi, romelic dafuZnebulia fazuri sivrcis gafarTovebaze da romelic iyenebs bmebiani sistemebis daqvantvis teqnikas. bmebiani sistemebisaTvis SesCavlilia skalaruli namravlis problema. moZebnilia am problemis SesaZlo gadaCyveta. qvanturi bmebis kvadratuli fluqtuaciebis minimizaciiT mocemulia gufTa-bleuleris pirobebis ganzogadoeba. napovnia daqvantvis axali meTodis kavSiri geometriul da berezinis daqvantvasTan. Semoyvanilia qvanturi ganaCilebis funqcia. Cminda mdgomareobis ganaCilebisaTvis miGebulia specialuri elifsuri tipis gantoleba. ganxilulia qvanturi ganaCilebis funqciis SesaZlo eqsperimentuli gazomva.

Introduction

The fundamental physical theories and many corresponding interesting models are described by the gauge-invariant Lagrangians. The well known examples are: electrodynamics, general relativity, Yang-Mills theory, standard model, string theory, etc. The gauge invariant Lagrangians are singular and in the Hamiltonian formulation lead to the constrained dynamical systems [1-7].

For the constrained Hamiltonian systems there are, in principle, two ways of quantization. The first is the Dirac method, in which one first quantizes the system ignoring the constraints and then selects the admissible physical states by demanding that they are annihilated by the constraint operators. The second is the reduced phase space method where one first eliminates all unphysical degrees of freedom and then quantizes the resulting unconstrained system.

Unfortunately neither of these methods is universal and several problems arise in practical applications. It should also be noted that the quantum systems constructed by the indicated methods generally are not unitary equivalent to each other [8-11].

In the Hamiltonian formulation of gauge theories one has the first class constraints, which are the generators of the gauge transformations. The constraint functions Φ_a (a = 1, . . ., M ) have the commutation relations of the corresponding Lie algebra, and the key step of the Dirac quantization method is a suitable representation of this algebra. The admissible quantum states we call the physical states and they satisfy the Dirac conditions

Φ̂_a|Ψ_{ph}⟩ = 0 (a = 1, . . ., M ),

where Φ̂_a are the constraint operators. Sometimes these conditions are nontrivial equations and description of the physical states is becoming problematic [12]. Besides that, the Dirac conditions generally have no solutions in the same Hilbert space where the first stage of quantization was performed. Respectively, on the next stage of quantization the problem of scalar product for the physical states arises [13]. Another principal problem of the Dirac method is a problem of unitarity. The latter is connected with the Hermiticity of the observable operators on the physical Hilbert space [14].

The classical reduction procedure of the reduced phase space method implies restriction to the constraint surface ~M : Φ_a = 0 (a = 1, . . ., M ), with subsequent reduction to the physical phase space M = ~M/G where G is the gauge group and ~M/G is the space of gauge orbits.

Theoretically the set of orbits (M = ~M/G ) is a well defined manifold, it possesses a symplectic structure and the coordinates on M are gaugeinvariant true physical degrees of freedom. But in practical applications, this theoretical scheme also encounters the technical problems related to the explicit construction of the physical phase space M supplied with a symplectic structure. Here, apart from the mathematical difficulties, the physical content of the true degrees of freedom may be quite unpredictable.

A commonly used classical reduction scheme is a gauge fixing procedure when one introduces the additional constraints χ_a = 0 (a = 1, . . . , M ) [1], [3]. In simple cases, the explicit form of the true physical variables is obvious and this reduction scheme works perfectly well. But in general, as it was shown in [15], the space of gauge orbits ( ~M/G) cannot be obtained by some ‘simple’ gauge fixing. This problem usually arises for non-abelian gauge groups, and obviously, it is related to a possible non-trivial structure of the physical phase space [16-17].

Another reduction scheme can be based on the introduction of gaugeinvariant variables [3], [7]. A complete set of gauge-invariant variables allows us to describe the physical phase space M and obtain the corresponding symplectic structure. But, from the structure of gauge transformations, one can usually obtain only a part of gauge-invariant variables, and the construction of the complete set, as a rule, is problematic. At the same time, the obtained gauge-invariant variables are not canonically conjugated to each other. For the non-canonical coordinates the Poisson brackets are ‘non-linear’ and there is no general method for their representation.

Interesting general reduction procedure was proposed in [18-19]. This scheme is based on the analysis of restricted 1-forms in Darboux coordinates, but unfortunately, these coordinates are not so effective in practical applications.

After the classical reduction we arrive at the physical phase space M with some definite symplectic structure. But, in general, the physical phase space M could be a symplectic manifold without a global cotangent bundle structure. In such cases, the canonical coordinates exist only locally and the method of canonical quantization is not applicable.

Another drawback of canonical quantization is a crucial dependence of the corresponding quantum theory on the initial choice of coordinates, since a quantum system obtained by canonical quantization is not invariant under the general canonical transformations.

For the generalization of canonical quantization, different methods were developed and geometric quantization [20-26] is accepted as the most general one. This approach is indeed a powerful method for the quantization on arbitrary symplectic manifolds, but its formulation looks like a set of mathematical rules which are not directly derived from the basic physical principles. Besides, the method of geometric quantization has significant difficulties for the field theory generalization. Therefore, in spite of 20 years history, this method is not popular among physicists.

Similar problems arise for other interesting approaches [27-30] which use various mathematical structures for the generalization of canonical quantization.

Rather different method based on the extension of phase space was proposed in [31] (see also [32]). The introduced extended system is equivalent to the initial one on the certain constraint surface. Further, for the quantization of constrained extended system the BFV (BRST) [33-34] quantization was used. The phase space extension method with rather different physical interpretations was considered in other recent papers as well (see [35-38]). In [31] one can find a wide variety of references to different quantization methods, their analyses and a short review for the BFV (BRST) method.

The global Lie group symmetries play an important role for both classical and quantum systems, and representations of the classical symmetries on the quantum level is a key step for any quantization scheme. Symmetries of the classical system provide conservation laws and integrability of some evolution equations. The generators of symmetry group transformations of the quantum system commute with the Hamilton operator, and investigation of the eigen-value problem for these operators helps to obtain the Hamiltonian spectrum and integrate the Schrödinger equation.

If a symmetry group is sufficiently large, the classical system is completely integrable and one can introduce the action-angle variables. These variables are convenient in the classical description, since the dynamics in these variables is trivial. But in the quantum case the completely integrability of the classical system is not so effective for the solution of the quantum problem. The reason is again geometrical: the action-angle variables take values in some restricted domain, and therefore, this variables cannot be used for the canonical quantization, though formally they are canonical.

Obviously, the above mentioned quantization problems are related to each other. The author worked on these problems during several years. The main results obtained in collaboration with the colleagues are published in the papers [39-57]. The present work is a review of those activities.

The work contains introduction, five chapters, conclusion and four appendices.

The first section of Chapter 1 is used for the introduction of notation and definitions of symplectic geometry. Then we consider groups of canonical transformations. In the first two sections we introduce some simple examples which are used in next chapters as a test for the described reduction and quantization methods. In third section we give a probability description of the classical statistical systems using a distribution function on a phase space.

The second chapter is devoted to the Hamiltonian reduction procedure for gauge invariant theories. The general reduction scheme is considered in the first section. This scheme is based on the analysis of restricted 1-forms in gauge-invariant variables. We also consider situations when only a part of the gauge-invariant variables is known. The indicated analysis helps us to obtain the remaining part of the gauge-invariant variables. Here, as an illustration, some simple examples are considered. The additional examples are given in the Appendices A and B.

In Appendix A we consider the reduction scheme for a 6-dimensional model with the rotation symmetry. By reduction procedure we obtain the two dimensional sphere.

In Appendix B we investigate the reduction procedure and a boundary behaviour for (2 + 1)-dimensional massive photodynamics.

In subsequent sections the described method is applied to other more complicated gauge invariant models. In particular, in Section 2.2 we consider the relativistic particle on SL(2, R) group manifold. Here we first consider general manifolds and summarize how the Lagrangian and Hamiltonian formalism is implemented for the reparametrization invariant theory. Then we specialize to manifolds corresponding to semi-simple Lie groups, where there is a left-right Noether symmetry with conserved currents L and R. Here we find that the constraint corresponding to the Minkowski massshell condition has a simple form through these conserved quantities. This stipulates our Hamiltonian reduction, and also provides the general solution of the reduced classical equations. We then consider the special group SL(2, R) which is a three dimensional Lorentzian manifold. This group has the property that the above Hamiltonian reduction leads to a split reduced system consisting of two chiral (‘left’ and ‘right’) sectors, which are both coadjoint orbits of the group.

In Section 2.3 the reduction scheme is applied to a finite-dimensional system with SU (2) as the gauge group of symmetry. This system can be considered as a toy model for the Yang-Mills theory with fermions. We show the essential difference between the SU (2) and the corresponding U (1) model. The structure of gauge-invariant variables in the case of SU (2) can be interpreted as the confinement phenomenon.

In the last section of the second chapter we study the field theory model with a semi-simple gauge group. The fields take values in the corresponding semi-simple Lie group, and the model is essentially non-linear. For this model one can easily construct the gauge-invariant variables. Respectively, the reduction procedure is rather trivial. We show that the model is equivalent to the Yang-Mills theory with some boundary conditions.

In Chapter 3 we start with the formulation of Dirac quantization principles. Then we give the examples for the partial realization of these principles and describe general problems of quantization. We discuss a possible generalization of canonical quantization based on Mackey-Isham approach.

In the next section we give the corresponding examples. In particular, we consider the quantization on a cylinder and a torus. A quantum system obtained for a cylinder is unitary equivalent to the canonically quantized model. We find that a consistent quantization on a torus requires quantization of the phase space volume. Note that the obtained Hilbert space is finite dimensional. The next example is a reduced system for the particle on SL(2, R) manifold, where quantization is associated with a symmetry group representation.

In Section 3.3 we consider another example of non canonical quantization. Here we study the roots of the phase operators. Correct definition of the corresponding operators leads to the extension of the Hilbert space. In the case of square root the fermionic extension arises. For the k-th root we introduce the new ‘particles’ whose statistics depends on k. It is shown that the described quantization can be associated with a quantization on k-sheet manifolds.

In Chapter 4 we introduce the scheme of E-quantization. This scheme is based on the extension of the phase space and it uses the technique of the constrained quantization.

The phase space of the extended system, is a cotangent bundle over the initial symplectic manifold. For the quantization of the extended system the canonical method is used and the pre-quantization operators arise as a result of some natural operator ordering. This extension scheme is described in Section 4.1.

In the next section we introduce a constrained surface of the extended system. The constraint functions are characterized by some complete set of observables of the initial system, and they form the set of the second class constraints. Further, the corresponding constraint operators are introduced, and for the restriction of the extended quantum system the Dirac, or the Gupta-Bleuler like, conditions are used. Certainly, the Dirac conditions are used only for a half of commuting constraints. The same number of complex conditions is used in Gupta-Bleuler case as well.

After reduction to the physical Hilbert space, the standard problems of constrained quantization arise. The problem of the correct definition of the observable operators is connected with the deformation procedure. We describe this procedure for the constant symplectic matrix in Appendix C.

In Section 4.3, illustrating the quantization scheme described above, we consider two examples. The first one is a quantization on a plane and the second one on a cylinder.

When we use the Dirac conditions, the problem of scalar product arises. A possible solution to this problem is considered in Section 4.4, where the limiting procedure with normalized physical states is used. Here, the solutions of Dirac conditions are interpreted as the vectors of the space of unbounded functionals on the Hilbert space, and then, the limiting procedure is accomplished in this dual space.

Using the E-quantization method, in Section 4.5 we describe a possible realization of the classical symmetries on the quantum level. For illustration we consider the rotation group on a sphere and its quantum realization.

The last chapter starts with a generalization of the Gupta-Bleuler like conditions, where we use the minimization principle for quadratic fluctuations of quantum constraints. The corresponding technique is described in Appendix D. The obtained generalized condition contains constraint operators of second order, and for a physical wave function it is an elliptic type equation on the phase space.

In Section 5.2 we introduce the coherent states, which are related to some complete set of observables. Coherent states are constructed as the functions on the phase space and, at the same time, they are parametrized by the points of the phase space. Such coherent states minimize uncertainties of those observables to which they are related to. At the end of the section we construct the special coherent states on a cylinder and study their behavior in the limit when the squeezing parameter tends to zero. In this limit we get the eigenstates of the angular-momentum operator.

In the last section we introduce the quantum distribution functions, which are smooth non-negative distributions on the phase space. The corresponding functions satisfy some elliptic type equations. This equation specifies the distribution functions for the pure states. Generalization to the mixed states is done as a convex combination of the pure ones. There are different classes of quantum distribution functions and each class is related to a certain complete set of observables of the system in consideration. We discuss the physical interpretation of these distribution functions. Namely, we interpret them as the distributions obtained in the experiment where we simultaneously measure the indicated complete set of observables. At the end of the paper we discuss a possibility of the formulation of quantum mechanics in terms of quantum distribution functions without referring to the Hilbert space formalism.

In conclusion, we present the main results of the paper.

1. Hamiltonian Dynamics

In this chapter we give a brief review of the Hamiltonian dynamics. We use notations of [20]. For more details see also [58-59] and [23].

1.1. Symplectic manifolds. The Hamiltonian system is described by the phase space, a set of observables, the Poisson structure and the Hamilton function.

The phase space is an even (2N ) dimensional manifold M with smooth, second order tensor field ω^{ij}(ξ), and this tensor field should satisfy the following three conditions:

1. The matrix ω^{ij}(ξ) is antisymmetric: ω^{ij} = −ω^{ji} 2. It is invertible in each point ξ ∈ M: det ω^{ij} ≠ 0. 3. The identities

ω^{il}∂_lω^{jk} + ω^{jl}∂_lω^{ki} + ω^{kl}∂_lω^{ij} = 0 (1.1)

are satisfied for any free three indices i, j, k. Here ∂_l denotes the derivatives in some local coordinates (ξ^1, . . ., ξ^{2N} ).

The observables f(ξ), g(ξ), h(ξ), . . . are smooth functions on M and the space of observables is denoted by O(M).

The tensor field ω^{ij} defines the Poisson bracket of two observables f and g {f, g} ≡ −∂_ifω^{ij} ∂_j g. (1.2) It is easy to check that the Jacobi identity {{f, g}, h} + {{h, f}, g} + {{g, h}, f} = 0 (1.3) follows from the condition (1.1).

Since the Poisson brackets (1.2) are linear, antisymmetric and satisfy the Jacobi identity, the set of all observables has a structure of Lie algebra, which is called the Poisson-Lie structure.

The Hamiltonian vector field constructed for an observable f(ξ) has the components

V^i_f ≡ ω^{ij}∂_j f (1.4)

and we associate with this field the first order differential operator V_h

V_h := V^i_h∂_i (1.5)

acting on the space of observables O(M).

The Hamilton function H = H(ξ) is a generator of dynamics. It defines the phase trajectories (phase flow) as the solutions of the Hamilton equations

ξ̇^i = V^i_H (ξ). (1.6)

Respectively, the evolution of any observable f takes the form ḟ = {H, f} (1.7) The inverse of the matrix ω^{ij} is the co-tensor field ω_{ij} (ω^{ij} ω_{jk} = δ^i_k), and from (1.1) we obtain

∂_iω_{jk} + ∂_j ω_{ki} + ∂_kω_{ij} = 0. (1.8)

Using the co-tensor ω_{ij}, one can construct the 2-form ω = 1/2ω_{ij}dξ^i ∧dξ^j which is non-degenerated, antisymmetric and, due to (1.8), closed (dω = 0). Such a 2-form is called the symplectic form and the corresponding manifold M is a symplectic manifold.

The co-tensor field ω_{ij} (locally) has the form

ω_{ij} = ∂_iθ_j − ∂_jθ_i (1.9)

with some co-vector field θ_i (see (1.8)). Then, the Hamilton equations (1.6) can be obtained from the variation of the action S = ∫ [θ_i(ξ)ξ̇^i − H(ξ)]dt. (1.10)

If the covector field θ_i is global, it defines the 1-form θ = θ_idξ^i and from (1.9) we have

ω = dθ. (1.11)

Note, that the Poisson structure and the evolution equations (1.1)-(1.6) can be considered for a degenerated matrix w^{ij} as well. But in that case the dynamical equation (1.6) cannot be obtained from the Hamilton’s principle of the action (1.10).

Definition (1.2) gives ω^{ij}(ξ) = −{ξ^i, ξ^j}, (1.12) and a choice of the tensor field ω^{ij} (ξ) in some coordinates ξ^i is equivalent to the postulation of Poisson brackets of those coordinates. Note that, in general, the coordinates ξ^i are not global (sometimes there is no global coordinate system on M) and therefore, in such cases, the relation (1.12) has only a formal meaning.

It is clear that the relations (1.1) are automatically satisfied if at least two indices from (i, j, k) coincide. Therefore, for 2-dimensional manifolds any antisymmetric tensor field with nonvanishing ω^{12} is suitable.

Let us consider some simple examples.

A. M = R^2. The phase space is a plane with the ‘flat’ coordinates (ξ^1 ≡ p, ξ^2 ≡ q). For ω^{21} = −ω^{12} = 1, we get the standard form of Poisson brackets {f, g} = ∂f ∂p ∂g ∂q − ∂f ∂q ∂g ∂p , (1.13)

and p and q can be interpreted as the momentum and the coordinate of a particle moving on the axis q.

B. M = R^1 ⊗ S^1. The phase space is a cylindre with the coordinates ξ^1 ≡ S ∈ R^1, ξ^2 ≡ φ ∈ S^1 and the natural Poisson structure is given by {f, g} = ∂f ∂S ∂g ∂φ − ∂f ∂φ ∂g ∂S . (1.14)

This system describes a rotator where the variable S has a meaning of the angular momentum.

It should be noted that the coordinate S is a global one, and therefore it can be considered as an observable as well, while the second coordinate φ is only local, and it is not an observable. Observables are periodic functions of φ.

C. M = S^1 ⊗ S^1. The phase space is a torus with the coordinates ξ^1 ∈ S^1, ξ^2 ∈ S^1. If a_1 and a_2 are the periods of the corresponding coordinates ξ^1 and ξ^2, then any observable f should be periodic: f(ξ^1, ξ^2) = f(ξ^1 + a_1, ξ^2 + a_2). For the Poisson brackets we choose again ω^{21} = 1.

D. M = S^2. The phase space is a sphere. If r is a radius of the sphere and ϑ, φ are the corresponding spherical angles, then the natural Poisson structure (see the example below) is given by {f, g} = 1 r sin ϑ ( ∂f ∂φ ∂g ∂ϑ − ∂f ∂ϑ ∂g ∂φ ) . (1.15)

The last two examples have no direct analog in classical mechanics since they can not be obtained by the Hamiltonization of regular Lagrangian systems. But such systems can be considered for the description of the internal degrees of freedom [43-49], [60-63]. The corresponding quantum versions are especially interesting, where, due to the compactness of the phase spaces, the ‘Hilbert space’ of quantum states is finite dimensional (see Chapters 3 and 4).

Examples A and B have a natural generalization for a symplectic manifold which is the cotangent bundle M = T^∗Q of an N-dimensional manifold Q. In this case M is a set of pairs (p, q), where q ∈ Q and p is a covector at q. On T^∗Q there is the canonical 1-form p_adq^a(a = 1, . . ., N ) and the corresponding canonical 2-form

ω = dp_a ∧ dq^a. (1.16)

Such systems with the global canonical symplectic structure are most well investigated both on classical and quantum level. In particular, due to the global canonical structure, one can use the standard canonical quantization.

At the same time, the systems with the cotangent bundle structure have some fundamental character since all symplectic manifolds locally have the canonical form. More precisely, according to Darboux’s theorem, for an arbitrary point m ∈ M there is a neighbourhood U of m and a coordinate system p_a, q^b (a, b = 1, . . . , N ) on U such that ω = dp_a ∧ dq^a in U . The proof of this theorem can be found in [19] or [20].

Investigation of integrability is the main problem of the classical mechanics. The Hamiltonian system is called completely integrable if one can find the canonical coordinates I_a, φ^b(a, b = 1, . . . , N ), θ = I_adφ^a, such that H = H(I_1, . . . , I_N ). We call the coordinates I_a and φ^a the action and the angle variables respectively. The dynamics of a completely integrable system in the action-angle variables is trivial

I_a(t) = I_a φ^a(t) = ω^at + φ_0 where ω^a = ∂H ∂I_a . Note that the integrability is always related to the symmetry groups, and, in general, a Hamiltonian system is not a completely integrable one.

At a formal level, much of the symplectic geometry that underlies the Hamiltonian formulation of the classical mechanics extends to field theories and can be used as the starting point for quantization. The Poisson brackets in a field theory are defined through the variational derivatives of the observables. Note that the symplectic structure can be introduced for the singular fields as well. For example, the phase space of N-singular solutions of the Liouville field theory [39-41]

ϕ_{tt}(t, x) − ϕ_{xx}(t, x) + exp ϕ(t, x) = 0 (1.17)

is described by the class of two functions ϕ(x), π(x) ≡ ϕ̇(x) with certain singularities. One can show (see [40-41]) that the corresponding singular solutions of (1.17) can be constructed by the consequent actions of Backlund transformations and the corresponding class is uniquely parametrized by two regular functions ϕ_0(x), π_0(x) ≡ ϕ̇_0(x) and a set of 2N variables p_a, q^b(a, b =

1, . . ., N ). The symplectic form, calculated in regular variables, has the standard canonical form ω = ∫ dx dϕ_0(x) ∧ π_0(x) + N∑ a=1 dp_a ∧ dq^a. 1.2. Groups of canonical transformations. The first order differential operator (1.5) is invariant under any choice of coordinates ξ^i and its action on the observable f(ξ) is given by the Poisson bracket V_h : f(ξ) → {h, f}. (1.18) Using the Jacobi identity (1.3), we get [V_{h1} , V_{h2} ] = V_{{h1 ,h2 }}, (1.19) where [ , ] denotes the standard commutator of two operators.

The operator V_h generates the group of one parameter transformations T^ϵ_h acting on the space of observables O(M) T^ϵ_h : f(ξ) → exp(ϵV_h) f(ξ) ≡ f + ϵ{h, f} + ϵ^2 2! {h, {h, f} + · · · + . (1.20) In particular, T^t_H is the operator for the time evolution of observables.

We call a transformation T canonical if it preserves the Poisson brackets. From the Jacobi identity (1.3) we obtain that the transformations (1.20) are canonical {T^ϵ_hf, T^ϵ_hg} = T^ϵ_h{f, g}. (1.21) Let h_α(ξ) (α = 1, . . ., M ) be a set of functions which satisfy the relations {h_α, h_β} = C^γ_{αβ}h_γ , (1.22) where C^γ_{αβ} are the structure constants of some Lie group G.

The operators V_{hα} generate the M -parameter transformations of O(M)

U_ϵ := exp(ϵ^αV_{hα} ) : f → f + ϵ^α{h_α, f} + ϵ^αϵ^β 2! {h_α{h_β, f}} + · · · +, (1.23) and from (1.19) and the Backer-Campel-Hausdorff formula [66] we see that (1.23) is a representation of the group G.

If, in addition to (1.22), all h_α are integrals of motion (see (1.7)), {H, h_α} = 0, (1.24) then G is a symmetry group of the classical system since in that case the operators U_ϵ and T^t_H commute with each other.

Generalization of (1.24) is given by {H, h_α} = d^β_αh_α, (1.25) where d^β_α are constants. In that case we have an extension of the Lie algebra (1.22), and the evolution equations for the observables h_α (1.7) become linear.

Let us consider some examples:

a. The translation group on a plane (see Example A). The functions

h_0 = 1, h_1 = p, h_2 = q (1.26)

have the commutation relations

{h_0, h_1} = 0, {h_0, h_2} = 0, {h_1, h_2} = h_0 (1.27)

and according to (1.20), h_1 and h_2 generate the translations on a plane: h_1 : (p, q) → (p, q + ϵ) h_2 : (p, q) → (p − ϵ, q). (1.28) Note that the constant function h_0 does not generate any transformation.

b. The symplectic group on a plane Sp(1, R) (see Example A). The functions

l_0 = 1 4 (p^2 + q^2), l_1 = 1 4 (p^2 − q^2), l_2 = 1 2 pq (1.29)

satisfy the commutation relations

{l_0, l_1} = −l_2, {l_0, l_2} = l_1, {l_1, l_2} = l_0 (1.30)

and they generate the following global linear transformations 2l_0 : (p, q) → (p cos ϵ − q sin ϵ, q cos ϵ + p sin ϵ) 2l_1 : (p, q) → (p cosh ϵ + q sinh ϵ, q cosh ϵ + p sinh ϵ) 2l_2 : (p, q) → (e^{−ϵ}p, e^ϵq). (1.31)

The group of linear transformations which preserve the canonical Poisson brackets (1.13) is the definition of the group Sp(1, R).

The commutation relations (1.30) have the form {l_μ, l_ν } = ε_{μνσ}g^{σρ}l_ρ, (1.32) where g^{μν} = diag(+, −, −) is the metric tensor of 3-dimensional Minkowski space and ε_{μνσ} is the corresponding antisymmetric 3-tensor (with ε_{012} = 1). These are the commutation relations of the Lie algebra so(2, 1) (or sl(2, R)) and we see the isomorphism of these Lie algebras to sp(1, R) (see [67]).

Note that the functions (1.29) and (1.27) together also form the extended Lie algebra with 6 generators.

c. The translation group on a cylindre (see Example B). Let us consider two different translations on a cylindre: T^ϵ_1 : f(S, φ) → f(S, φ + ϵ), T^ϵ_2 : f(S, φ) → f(S + ϵ, φ). (1.33)

These transformations are canonical and they are generated by the operators

V_1 = ∂_φ, V_2 = ∂_S , (1.34)

respectively. Note that the first operator V_1 is constructed from the Hamiltonian vector field of the observable S: V_1 = V_S , while there is no corresponding global observable for the second one V_2.

Since any observable f(S, φ) is periodic in φ: f(S, φ) = f(S, φ + 2π), the corresponding transformations T^ϵ_1 should be periodic (in ϵ) as well

T^ϵ_1 = T^{ϵ+2π}_1 . (1.35)

It is necessary to stress, that any consistent quantization should take into account geometric peculiarities of the phase space and corresponding transformation groups.

d. The translation group on a torus (see Example C).

In this case the translation of ξ^1 and ξ^2 coordinates are again the canonical ones. They are periodic with periods a_1 and a_2 respectively, but these transformations are not generated by any observables.

e. The rotation group on a sphere (see Example D).

There is no any global coordinate system on a sphere, but the following three functions

J_1 = r sin ϑ cos φ, J_2 = r sin ϑ sin φ, J_3 = r cos ϑ (1.36)

are well defined observables. They are, respectively, the X, Y and Z coordinates of a point on the sphere. Note that J_i (i = 1, 2, 3) are not independent and they are related by

J^2_1 + J^2_2 + J^2_3 = r^2. (1.37)

From (1.15) we get the commutation relations of the rotation group

{J_k, J_l} = ε_{klm}J_m, (ε_{123} = 1), (1.38)

and the observables (1.36) generate the action of the rotation group SO(3) on the sphere. It is easy to see that these are the ordinary rotations on the sphere.

f. The Poincaré group for spinless particle with the mass m. The phase space is R^6 with the canonical coordinates (⃗p, ⃗q), where ⃗p := (p_k; k = 1, 2, 3) and ⃗q := (q_k; k = 1, 2, 3) are 3-dimensional vectors.

Ten generators of the Poincare group have the form: P_0 = √ ⃗p^2 + m^2 and P_k = p_k are the translation generators, J_k = ε_{klm}q_lp_m are the rotation generators and

L_k = √ ⃗p^2 + m^2 q_k (1.39)

generate the boosts.

One can easily check that these generators satisfy the commutation relations of the Poincare group Lie algebra. Note that the global transformations generated by (1.39) are nonlinear.

g. A nonlinear realization of the group SL(2, R) (see Example A). Let us consider the following three functions on a plane

I_0 = p^2 + q^2 2 + r, I_1 = √ r + 1 4 (p^2 + q^2) p, I_2 = √ r + 1 4 (p^2 + q^2) q, (1.40)

where r is a positive parameter (r > 0), and p, q are the canonical coordinates. The functions I_μ (μ = 0, 1, 2) have the commutation relations (1.32) of sl(2, R) Lie algebra (see Example b), but it is clear that the corresponding transformations now are nonlinear.

Investigation of Hamiltonian’s symmetries is the main problem of both classical and quantum mechanics. But this problem can be inverted, and one can try to obtain the Hamilton function with a given group of symmetry. When the symmetry group G is generated by the set of functions h_α with the commutation relations (1.22), then the suitable Hamiltonian should satisfy the equations (1.24) (or (1.25)). If the action of the group G on the phase space M is transitive (as in all above mentioned examples), then the equations (1.24) have only the trivial (constant) solution for the Hamilton function H. Of course, a possibility for (1.25) always remains if the Hamiltonian is equal to one of the generators h_α, as, for example, H = √ ⃗p^2 + m^2 (1.41)

for the relativistic particle.

1.3. Pure and mixed states in classical mechanics. We usually consider the ‘regular’ Hamiltonian systems when the Hamilton equations (1.6) have unique global solutions ξ(t) for arbitrary initial conditions ξ(0) = ξ_0 and the phase trajectories define the global one-parameter transformations of the phase space M T^t_H : ξ → ~ξ(ξ, t). (1.42) Since the initial data are given by the points of the phase space M, these points are associated with the classical states: each point ξ describes certain state of the classical system. In such description, there is a unique prediction for the evolution of the classical system.

But sometimes, even in the classical mechanics, we consider the probability description as well. In general, we assume that the points of the phase space M describe the pure states of the system and an arbitrary (mixed) state is given by the distribution function ρ(ξ) on M. The physical meaning of ρ(ξ) is a probability density that the system is in the pure state ξ. This means that if Ω is any domain of the phase space M and dμ(ξ) ≡ √ ω(ξ) d^{2N} ξ with ω(ξ) ≡ det ω_{ij}(ξ) (1.43)

is the invariant measure on M, then

P_Ω = ∫ Ω ρ(ξ) dμ(ξ) (1.44)

is a probability that the system is in some pure state ξ ∈ Ω. Respectively P_M = 1.

We use such probability description for the statistical ensemble of the systems. The distribution functions ρ(ξ) can also be used in the case of possible experimental errors of a measurement procedure.

By definition, the distribution function ρ(ξ) is nonnegative, but, in general, it is a generalized function (rather than the ordinary one). For example, the pure state ξ_0 is described by the δ-function distribution

ρ_{ξ0} (ξ) = √ det(ω^{ij}) δ(ξ − ξ_0). (1.45)

Using the definition (1.44), we can calculate the mean value of the observable f(ξ) in the state ρ(ξ)

f̄ = ∫ M f(ξ)ρ(ξ) dμ(ξ). (1.46)

In the dynamical description of the mean values (1.46), the observable f(ξ) is assumed to be time independent, and obviously, the time evolution of ρ(ξ) takes the form

ρ(ξ, t) = ρ_0(T^{−t}_H ξ), (1.47)

where T^{−t}_H is the transformation (1.42). Then from (1.6) we obtain the Liouville equation for the distribution function ρ(ξ, t) ρ̇ = {ρ, H}. (1.48) The equations (1.46)-(1.48) define the Liouville picture of statistical systems.

Another description of the statistical systems can be done by a time independent distribution function ρ(ξ) considering the dynamics of the observables f according to (1.7). We call such description the Hamilton picture. It is clear that the Liouville and the Hamilton pictures are, respectively, analogous to the Schrödinger and the Heisenberg pictures of quantum mechanics. One can check that both of these pictures give the same dynamics for the mean values of the observables f(ξ) (see [23]).

2. Hamiltonian Reduction of Gauge Theories

In this chapter we investigate the Hamiltonian reduction procedure of gauge invariant theories. We construct a general reduction scheme and considere several non-trivial examples. The content of this chapter is based on the papers [53-54] and [56].

2.1. Reduction scheme with gauge invariant variables. Any non-singular Lagrangian leads to the standard Hamiltonian description considered in the previous chapter. But if we start from the gauge-invariant Lagrangian L = L(q_k, q̇_k) (k = 1, . . ., N ) and use the Dirac procedure [1], or the first order formalism [18]-[19], we arrive at the extended phase space Γ with coordinates (p_k, q_k) and the action S = ∫ p_kdq_k − [H(p, q) + λ_aϕ_a(p, q)]dt, (2.1) k = 1, . . ., N ; a = 1, . . ., M ; (N > M ), where ϕ_a(p, q) are the constraints, H(p, q) is the canonical Hamiltonian, and λ_a are the Lagrange multipliers. The constraint surface M_c is defined by

ϕ_a(p, q) = 0 (2.2)

and the following relations are fulfilled

{H, ϕ_a}_Γ = d^b_aϕ_b, {ϕ_a, ϕ_b}_Γ = f^c_{ab}, ϕ_c (2.3)

where f^c_{ab} are the structure constants of the corresponding gauge group. The index Γ on the left hand side indicates that the Poisson brackets are calculated on the extended phase space Γ.

A function ξ = ξ(p, q) is called a gauge-invariant variable if ξ|_{Mc} ≠ const and {ξ, ϕ_a}_Γ = ~d^b_aϕ_b, (2.4)

where |_{Mc} denotes the restriction to M_c. The functions ~d^b_a, as well as d^b_a in (2.3), are assumed to be regular in the neighborhood of M_c. Note that the below described reduction scheme can be generalized for arbitrary first class constraints ϕ_a with non-constant coefficients f^c_{ab} in (2.3).

Each gauge-invariant variable ξ possesses the class {ξ} of equivalent gauge-invariant variables on Γ. A gauge-invariant function ~ξ is equivalent to ξ if ~ξ|_{Mc} = ξ|_{Mc} . On the other hand, the function ξ|_{Mc} is constant along the gauge orbit (on M_c) and it defines the function ~~ξ on the physical space

M = M_c/G. Thus, {ξ}, ξ|_{Mc} and ~~ξ denote the gauge-invariant variable ξ in different context. If there is no ambiguity, we will use the notation ξ for all of them.

Maximal number of gauge-invariant variables (2.4) which are functionally independent on the constraint surface M_c is 2(N − M ) [3]. Assuming that

{ξ^α : α = 1, . . ., 2(N − M )} is the corresponding complete set of gaugeinvariant variables, one can prove (see [18-19]) that

1. p_kdq_k|_{Mc} = θ_1 + θ_2 with a) dθ_1 = 0 b) θ_2 = θ_α(ξ)dξ^α (2.5) c) det ω_{αβ} ≠ 0 where ω_{αβ}(ξ) = ∂_αθ_β − ∂_βθ_α; 2. H(p, q)|_{Mc} = h(ξ). The main statement of (2.5) is that after restriction to the constraint surface M_c, the dependence on extra (nonphysical) variables is presented only in the term θ_1, which is a ‘total derivative’.

Since dθ_1 = 0, it gives no contribution to the variation of the restricted action and we can neglect it. Then for the reduced system we obtain S|_{Mc} ≡ ~S = ∫ θ_α(ξ)dξ^α − h(ξ)dt, (2.6) and the dynamics for gauge-invariant variables are described by the Hamilton equations (see (1.6) and (1.10))

ξ̇α = ω^{αβ}(ξ)∂_β h(ξ), (2.7)

where ω^{αβ}(ξ) is the inverse of the symplectic matrix ω_{αβ} = ∂_αθ_β − ∂_βθ_α.

Thus, the reduced system (2.6)-(2.7) is an ordinary (nonconstrained) Hamiltonian system.

It should be noticed that in the general case any 2(N − M ) number of gauge-invariant variables play the role of local coordinates on the physical phase space M and, respectively, (2.6)–(2.7) are defined only locally. A global description can be achieved by a set of gauge-invariant variables which defines the global structure of the physical phase space M. The number of such gauge-invariant variables is greater than 2(N − M ), but on the constraint surface there are relations among them, and these relations define the geometry of M (on the phase space geometry of constrained systems, see [16]).

For illustration, let us consider the following example of (2.1)-(2.3) (see [53]) S = ∫ ⃗p · d⃗q − [λ_1ϕ_1 + λ_2ϕ_2]dt. (2.8)

Here ⃗p and ⃗q are vectors in R^3, the canonical Hamiltonian is zero,

ϕ_1 = ⃗p · ⃗q, ϕ_2 = ⃗p^2⃗q^2 − (⃗p · ⃗q)^2 − r^2 (2.9)

and r is a positive parameter. These constraints are Abelian ({ϕ_1, ϕ_2} = 0) and the second constraint ϕ_2 can be written in the form

ϕ_2 = ⃗J^2 − r^2 where ⃗J = ⃗q × ⃗p is the angular momentum.

It is clear that the physical phase space is two-dimensional and the components of angular momentum ⃗J are gauge-invariant variables (they commute with the constraints (2.9) since the latter’s are O(3) scalars). On the constraint surface these three components are related by ⃗J · ⃗J = r^2. Therefore, the physical phase space M is a two-dimensional sphere (see Appendix A and Examples D and e of the previous chapter), and any two coordinates, as well as the 1-forms θ_1 and θ_2, are defined only locally.

The reduction scheme described in (2.6)-(2.7) can be used if all 2(N − M ) gauge-invariant variables are known. For practical application of this scheme, one can introduce arbitrary variables η^1, . . ., η^M , which are complementary to gauge-invariant variables, in order to complete the coordinate system (ξ^1, . . ., ξ^{2(N−M)}, η^1, . . . , η^M ) on M_c. Calculating the restricted 1-form p_kdq_k|_{Mc} in these coordinates and taking its differential, we can find the symplectic form ω = ω_{αβ}(ξ)dξ^α ∧dξ^β. Note that in actual calculations it is possible to select the 1-form θ_2 = θ_α(ξ)dξ^α and get (2.6).

Application of this procedure to model (2.8)-(2.9) gives θ_2 = (s − r)dφ, where s and φ are the cylindrical coordinates on a sphere (see Appendix A)

J_1 = √ r^2 − s^2 cos φ J_2 = √ r^2 − s^2 sin φ J_3 = s (2.10)

It is clear that although (s − r)dφ is not a global 1-form, its differential can be continued to the well-defined symplectic form on the sphere [27] (see (A.6)) ω = − J_1(dJ_2 ∧ dJ_3) + J_2(dJ_3 ∧ dJ_1) + J_3(dJ_1 ∧ dJ_2) r^2 = ds ∧ dφ. It is easy to check that this symplectic form leads to the Poisson brackets (1.15). Note that a consistent quantum theory of this system exists only for the discrete values of the parameter r (see [20] and Section 4.5).

Generalization of the scheme to the infinite-dimensional case is straightforward (in the Appendix B we present the example of massive photodynamics in (2 + 1) dimensions). If we use the Dirac observables [68]

ψ_{in} = e^{iΔ−1} (^{⃗∇ ⃗A})ψ (2.11)

in ordinary ED, we will easily obtain the photons in the Coulomb gauge and the ‘four-fermion interaction’ for the ‘dressed fermions’ (compare with the example in Section 2.3 and see [18], [69]).

Commutation relations of the complete set of gauge-invariant variables can also be derived by calculation of the Poisson brackets on the extended phase space [3]. This, more standard procedure is based on the fact that the Poisson brackets of any two gauge-invariant variables is again a gaugeinvariant one. This procedure and the scheme described in (2.6)-(2.7) are almost equivalent. Sometimes, however, when the complete set of gaugeinvariant variables is not a canonical one and the corresponding canonical quantization is problematic, the calculation of differential forms become reliable to apply more general quantization techniques (see: [18], [31], [52], [57]).

In general, from the structure of gauge transformations, one can easily find only a part of gauge-invariant variables, and a construction of a complete set of gauge-invariant variables (2.6) is troublesome. Our approach with differential forms can be effectively used for the solution of this problem as well.

Let us consider the situation when we know a set of gauge-invariant variables {ξ^μ : μ = 1, . . . , K}, where N − M ≤ k ≤ 2(N − M ). We can add arbitrary variables η^1, . . . , η^{2N−M−K} in order to complete the coordinate system on M_c and calculate the restricted 1-form p_kdq_k|_{Mc} . Assuming that we can select the ‘total derivatives’ and the differentials dξ^μ in the form p_kdq_k|_{Mc} = dF (ξ, η) + θ_μ(ξ, η)dξ^μ (2.12) and using (2.6), we can easily conclude that θ_μ(ξ, η) will be gauge-invariant variables. Note that passing to gauge-invariant variables ξ^μ is helpful for obtaining the form (2.12). To illustrate this method, we apply it to a relativistic particle [5], where we have the 1-form θ = ⃗pd⃗q − p_0dq_0, and the constraint surface M_c with ϕ ≡ p^2 − m^2 = 0, (p_0 > 0). The momenta ⃗p are gauge invariant, and after restriction on M_c, we have θ|_{Mc} = ⃗pd⃗q − √ ⃗p^2 + m^2dq_0.

One can easily rewrite it in the following form θ|_{Mc} = d(⃗p · ⃗q − √ ⃗p^2 + m^2q_0) − (⃗q − ⃗p √ ⃗p^2 + m^2 q_0)d⃗p. Evidently, the coefficients of the differentials −d⃗p are gauge-invariant variables. They are canonically conjugate to ⃗p ⃗Q = ⃗q − ⃗p √ ⃗p^2 + m^2 q_0.

The gauge invariance of ⃗Q can also be established from the relation ⃗L = √ ⃗p^2 + m^2 ⃗Q, (2.13)

where ⃗L are the generators of Lorentz transformations. Since all generators of the Poincare group (P_μ, M_{μν} ) are gauge-invariant variables, the same property holds for the coordinates ⃗Q. On the constraint surface ⃗p^2 − m^2 = 0, (p_0 > 0), all of these coordinates are the functions only of the reduced variables ⃗p and ⃗Q (see Example f in Section 1.2).

The reduced system can be easily quantized in the momentum representation: ^⃗p = ⃗p and ^⃗Q = iℏ⃗∇. The operator ordering problem arises only for the generators (2.13). Note that the standard Lorentz covariant measure in the scalar product

⟨Ψ_2|Ψ_1⟩ = ∫ d^3⃗p √ ⃗p^2 + m^2

Ψ̄_2(⃗p)Ψ_1(⃗p)

corresponds to the ordering ^⃗L = iℏ √ ⃗p^2 + m^2 ⃗∇.

2.2. Relativistic particle on SL(2, R) group manifold. Let M be a (pseudo) Riemannian manifold with the metric g_{μν} (x), where x^μ is a local coordinate system on M . Take the familiar action describing a relativistic point particle of the mass m > 0 moving freely on the manifold M

I_0 = −m ∫ dt √ g_{μν} (x) ẋ^μẋ^ν, (2.14)

where t is a parameter along the trajectory x^μ(t) and ẋ^μ := dx^μ/dt. We assume that t increases monotonically, say, from t = 0 to t = T , and that paths under consideration satisfy g_{μν} (x)ẋ^μẋ^ν > 0. It is known that, at the classical level, one can replace (2.14) by the quadratic action [70] I = − 1 2 ∫ dt [ 1 λ g_{μν} (x)ẋ^μẋ^ν + λm^2 ] (2.15)

with λ = λ(t) > 0 being a Lagrange multiplier. Indeed, if we substitute λ by using its equation of motion, the action I reduces to I_0. Like I_0, the action I is invariant under reparametrizations t → f(t) with λ(t) −→ λ^′(f(t)) = (df dt )_{−1} λ(t), x^μ(t) −→ x^{μ′}(f(t)) = x^μ(t), where we assume ḟ (t) > 0 to preserve the monotonic property.

The Hamiltonian that corresponds to the action I is found to be H = − λ 2 (g^{μν} p_μp_ν − m^2), (2.16)

where p_μ is the momentum conjugate to x^μ. Since the momentum π conjugate to λ vanishes, following Dirac’s approach [1] to constrained systems we must have the consistency condition π̇ = {π, H} ≈ 0. This leads to

ϕ := g^{μν} p_μp_ν − m^2 ≈ 0, (2.17)

i.e., the Hamiltonian (2.16) be zero. Being first class, the constraint (2.17) generates a local gauge symmetry, which is none other than the reparametrization of the system. Accordingly, the reduced phase space is given by factorizing the constrained surface with respect to the gauge symmetry.

Now we shall consider the case where M is the manifold of a semi-simple Lie group G, which possesses the nondegenerate metric

g_{μν} (x) := Tr ( g^{−1}∂_μg g^{−1}∂_ν g ) (2.18)

where g = g(x) ∈ G is a group element. The ‘Tr’ in (2.18) is defined by the matrix trace ‘tr’ in some irreducible representation multiplied by a constant c, so as to provide an inner product ⟨X , Y ⟩ := Tr(XY ) = ctr(XY ) with a proper sign in the Lie algebra G of the group. (The constant c possesses a typical scale factor, which we set to unity for brevity.) Choosing a basis {T_m} in G, we have the ‘flat’ metric in the Lie algebra, η_{mn} := ⟨T_m , T_n⟩, which is the metric in the tangent space on the group manifold. As usual, X_m := ⟨T_m , X⟩ for X ∈ G and the indices are raised/lowered as X^m = η^{mn}X_n using the inverse η^{mn} of the metric η_{mn}, whence ⟨X , Y ⟩ = η_{mn}X^m Y^n. In terms of the vielbein e^m_μ := ⟨T^m , g^{−1}∂_μg⟩ one has g_{μν} = e^m_μe^n_ν η_{mn}. With (2.18) the action (2.14) can be written as

I_0 = −m ∫ dt √ Tr(g^{−1}ġ)^2 (2.19)

which is coordinate free and hence globally well-defined over the group manifold. The equations of motion derived from (2.19) are d dt ( g−1ġ ρ ) = 0, where

ρ := √ Tr(g^{−1}ġ)^2. (2.20)

Similarly, the action (2.15) admits the global form I = − 1 2 ∫ dt [ 1 λ Tr(g^{−1}ġ)^2 + λm^2 ] . (2.21)

A salient feature of M being a group manifold is that, in addition to the reparametrization invariance, the system acquires a chiral invariance. In fact, both of the actions, (2.19) and (2.21), are manifestly invariant under the rigid left-right transformations, g(x) −→ hg(x) g(x) −→ g(x)~h (2.22) for arbitrary elements h, ~h ∈ G.

To provide a globally defined Hamiltonian description, let us recall the free Hamiltonian system that can be defined to a semi-simple Lie group G, that is, the system whose phase space M is given by the cotangent bundle [59], [71] M = T^∗G ≃ G × G = {(g, R)| g ∈ G, R ∈ G} (2.23) on which the symplectic 2-form is given by ω = dθ with, θ = −TrR(g^{−1}dg). (2.24) The non-vanishing Poisson brackets derived from (2.24) are {R_m , R_n} = f^l_{mn} R_l, {R_m , g_{ij}} = (gT_m )_{ij}, (2.25) where f^l_{mn} are the structure constants appearing in the basis: [T_m , T_n] = f^l_{mn} T_l. The (total) Hamiltonian can be written as H = −1/2λϕ with λ a Lagrange multiplier, and ϕ = TrR^2 − m^2 ≈ 0. (2.26) Then, we get the equations of motion ġ = {g , H} = λgR, Ṙ = {R , H} = 0 (2.27) and the constraint (2.26). Since this constraint together with the first equation of (2.27) imply λ^2 = (ρ/m)^2, the motion equations (2.27) reproduce (2.20).

The conserved ‘right’ current R appearing in (2.27) is in fact the Noether current associated with the global right symmetry in (2.22) for the action (2.19). Analogously, the ‘left’ current L := −g R g^{−1} (2.28) is the conserved Noether current associated with the left symmetry in (2.22), which forms the Poisson brackets {L_m , L_n} = f^l_{mn} L_l, {L_m , g_{ij}} = −(T_mg)_{ij} (2.29) and commutes with the right current, {L_m , R_n} = 0. Both of the two currents commute with the constraint (2.26) and are hence gauge invariant.

Although unnecessary so far in the present group manifold case, a local coordinate system may be useful when we wish to find a physical interpretation for the currents. Consider, for example, the normal coordinates^1 g(x) = e^{xmTm} , (2.30) where x^m are the ‘flat’ coordinates specifying the position of the particle. Then, the momentum p_m conjugate to x^m reads p_m = −(g^{−1}∂_mg)_n R^n = (∂_mg g^{−1})_n L^n. (2.31) If we now define the ‘vector current’ V_m by subtracting the two chiral currents, we get V_m = 1 2 (L_m − R_m) = p_m + O(x^2), (2.32)

1This parametrization is available only for a neighbourhood of the identity g = 1, but this is not important for our purpose here.

where O(x^2) denotes a polynomial which is at least quadratic in x^m. This shows that in the vicinity of the origin g = 1 the vector current V_m reduces to p_m, but since V_m are conserved (while p_m are not), and since V_m are gauge invariant and survive the reduction, we may regard V_m as the ‘momentum’ (hence V_0 is the ‘energy’) of the particle in the chronological gauge x^0(t) = t. On the other hand, the ‘axial vector current’ A_m defined by adding the two currents becomes

A_m = 1 2 (L_m + R_m) = 1 2 f^l_{mn} x^np_l + O(x^2). (2.33)

As we shall see shortly, for G = SL(2, R) the current A_m will be interpreted as the generator of three dimensional Lorentz transformations (hence A_0 is the ‘angular momentum’). The orthogonality ⟨V , A⟩ = 0, which follows from (2.28), is consistent with this interpretation.

We wish to remark at this point on the general solution for the equations of motion (2.20). Thanks to the reparametrization invariance, the general solution can readily be found by choosing the invariant length for the parameter t so that ρ = 1. Indeed, the equations of motion (2.20) then reduce to^d_{dt} (g^{−1}ġ) = 0, which can be integrated at once to be g(t) = g(0)e^{−tR/m}, where R ∈ G is a constant satisfying (2.26). The general solution for (2.20) can be obtained simply by returning to the generic parameter by a reparametrization transformation t → f(t) g(t) = g(0)e^{−f(t)R/m}. (2.34) The constant R is in fact the conserved right current determined from the initial condition, g(0) and ġ(0). (The solution can also be given in terms of the left current as g(t) = e^{f(t)L/m}g(0).) Thus, in the normal coordinates (2.30) particle’s trajectory is just a straight line for the initial condition g(0) = 1.

We now specialize to the case G = SL(2, R) which is a three dimensional Lorentzian manifold isomorphic to S^1×R^2. We shall work with the following basis {T_m} in the algebra G = sl(2, R)

T_0 = ( 0 −1 1 0 ) , T_1 = ( 0 1 1 0 ) , T_2 = ( 1 0 0 −1 ) . (2.35)

Choosing c = −1/2, we find that the flat metric becomes η_{mn} = ⟨T_m , T_n⟩ = − 1 2 tr(T_mT_n) = diag (+1, −1, −1). (2.36)

Since the basis elements satisfy the relation

T_mT_n = −η_{mn} · 1 + ϵ^l_{mn} T_l (2.37)

with ϵ_{012} = +1, we have for X, Y ∈ sl(2, R) the useful formula XY = −⟨X , Y ⟩ · 1 + 1 2 [X , Y ] , (2.38) and, in particular, XX = −|X|^2 · 1, where |X|^2 := ⟨X , X⟩. It is then easy to show that if we write X = αX̂ with a ‘normalized’ vector (i.e., |X̂|^2 = ±1 or 0), we have

e^X = cos α · 1 + sin α · X̂, if |X̂|^2 = +1; cosh α · 1 + sinh α · X̂, if |X̂|^2 = −1; 1 + αX̂, if |X̂|^2 = 0.

(2.39)

We note that the orthochronous Lorentz group SO^↑(2, 1) in three dimensions is realized by the adjoint action of SL(2, R) X −→ g X g^{−1} with g ∈ SL(2, R). (2.40) More explicitly, the transformations in components induced by the adjoint action (2.40) read

X_m −→ Λ^n_m X_n with Λ^n_m = Tr(T_mg T^ng^{−1}), (2.41)

where the matrices Λ^n_m belong to the group SO(2, 1), whereas the property Λ^0_0 ≥ 1 can be seen by a direct computation. Clearly, the axial vector current (2.33), which now takes the form A_m = ϵ^l_{mn} x^np_l, is the generator of the Lorentz transformation (2.41), and in particular A_0 is the angular momentum.

We now carry out the reduction of the Hamiltonian system explicitly by means of the constraint (2.26) in the SL(2, R) case. The first point to be noted is that the reduced phase space M_{red} splits up into two coadjoint orbits of the group. To see this, let us first write the variable R ∈ G in (2.23) used for the phase space M as

R = h^{−1}K h with h ∈ G K ∈ G, (2.42)

where K is some fixed vector. The parametrization (2.42) is based on the observation that any element in G = sl(2, R) can be reached from K by an SO^↑(2, 1) transformation (2.40) with h, if we provide three types of K, that is, time-like |K|^2 > 0, space-like |K|^2 < 0 and null |K|^2 = 0. Since one can write K = rK̂ with r > 0 and a normalized vector K̂, one sees that the phase space M can be parametrized by the (redundant) set {g, h, r; s}, where s := |K̂|^2 = ±1, 0 indicates the type of K. Substituting (2.42) back into (2.24) and renaming gh^{−1} as g, we obtain

θ = θ_K (g) + θ_{−K} (h^{−1}), where θ_K (g) := −TrK(g^{−1}dg). (2.43)

If K is constant but not null, then θ_K is just the standard canonical 1-form associated with the coadjoint orbit O_K of the group G passing through K. But since the constraint (2.26) does indeed render K time-like constant with r = m, we see that the reduced phase space is given by the direct product of the two coadjoint orbits

M_{red} ≃ O_K × O_{−K} , (2.44) where the symplectic structure is carried over to those on the orbits. Accordingly, natural variables parametrizing the reduced phase space M_{red} are the currents on the coadjoint orbits

L = −g K g^{−1} and R = h^{−1}K h (2.45)

which form independently an sl(2, R) algebra under the Poisson brackets derived from (2.43).

Further, we point out that for SL(2, R) one can express the symplectic 2-form ω_K = dθ_K (or ω_{−K} = dθ_{−K} ) for the coadjoint orbit solely in terms of the chiral current L (or R) in (2.43). For example, in terms of the left current the corresponding symplectic 2-form can be written as

ω_K (g) = − 1 4m^2 ϵ^{mnl}L_mdL_n ∧ dL_l. (2.46) To see this, we introduce a parameter δ ≥ 0 by ⟨K̂ , L̂⟩ := − cosh δ with the normalized left current L̂ := L/ √ |L|^2, and construct the three vectors

T_0 := K̂ − L̂ 2 cosh (δ/2)

, T_1 := − K̂ + L̂ 2 sinh (δ/2)

, T_2 := [K̂ , L̂] 2 sinh δ

. (2.47)

For fixed K̂ and L̂, these vectors form a new orthonormal basis of the sl(2, R) algebra,

⟨T_m , T_n⟩ = η_{mn} and [T_m , T_n] = 2 ϵ^l_{mn} T_l. (2.48)

With this basis we consider the Euler angle representation of SL(2, R) elements

g = g(α, β, γ) = e^{αT2} e^{βT0} e^{γT2} . (2.49)

Note that among the three parameters is a bounded one 0 ≤ β < 2π, which is the parameter in the cyclic direction S^1 of the group manifold SL(2, R) (see (2.39)). Observe also that the Lorentz transformation on the vector K̂ by the adjoint action of g(α) = e^{αT2} is a ‘rotation’ in the plane spanned by K̂ and L̂

K̂ −→ g(α) K̂ g^{−1}(α) = sinh (2α + δ) sinh δ

K̂ + sinh 2α sinh δ

L̂. (2.50)

One then finds that for α = −δ/2 the vector K̂ is rotated to −L̂, and for α = −δ/4 it is rotated halfway to −L, i.e., it directs to T_0. But since the parametrization (2.49) consists of two rotations of the type (2.50) with g(α) and g(γ) interrupted by the rotation with e^{βT0} , the parameters fulfilling the relation L = −gKg^{−1} in (2.45) are found to be α = γ = − δ 4 β = arbitrary. (2.51)

(The appearance of the free parameter β is expected from the counting of degrees of freedom: SL(2, R) is three dimensional while its coadjoint orbit is two-dimensional for m ≠ 0.) If we now express the canonical 1-form θ_K in (2.43) using (2.49) and (2.51), we get θ_K (g) = −mdβ + ⟨[K̂ , L] , dL⟩ 4(m − ⟨K̂ , L⟩) . (2.52)

Choosing, e.g., K̂ = −T_0, we find that the corresponding symplectic 2-form ω_K is just the one given in (2.46). Note that from (2.45) this choice implies

L_0 > 0 and R_0 < 0, (2.53)

that is, the left current lies in the coadjoint orbit given by an upper hyperboloid in the algebra sl(2, R) whereas the right current lies in the coadjoint orbit given by a lower one.

2.3. Finite dimensional models of ED and YM theories. In this section we consider the finite-dimensional model with the SU (2) gauge group of symmetry. It is difficult to obtain all gauge-invariant variables and therefore, we use the method described at the end of Section 2.1. The obtained structure of gauge-invariant variables is quite unexpected. For comparison, we also present the corresponding U (1) model. These U (1) and SU (2) models can be considered as the toy models of electrodynamics and Yang-Mills theory (with matter), respectively. In the classical description, all ‘fields’ are assumed to be c-numbers.

A. The model with U (1) symmetry

Let us consider the action S = ∫ dt[ i 2 (ψ^∗ψ̇−ψ̇^∗ψ) − mψ^∗ ψ+A_0(ψ^∗ψ − kE)+EȦ− 1 2 E^2], (2.54)

where all ‘fields’ (ψ^∗, ψ, A_0, A, E) are functions only of time t; m and k (k ≠ 0) are parameters. The similarity to electrodynamics is apparent from the notation. At the same time, (2.54) has the form (2.1), where A_0 ≡ λ(t) is a Lagrange multiplier, and ϕ ≡ ψ^∗ψ − kE is a constraint (we use the time derivatives instead of 1-forms where it is convenient).

The nonzero Poisson brackets are {ψ, ψ^∗} = i, {E, A} = 1 and we have the gauge transformations ψ(t) −→ e^{+iα(t)}ψ(t), ψ^∗(t) −→ e^{−iα(t)}ψ^∗(t) and A(t) −→ A(t) + kα(t), E(t) −→ E(t). Then, A_0(t) −→ A_0(t) + α̇(t) provides the invariance of action (2.54).

The reduced system is two-dimensional, and two gauge-invariant variables can be chosen as follows

Ψinv = e^{−ik A}ψ Ψ^∗inv = e^{ik A}ψ^∗ (2.55)

(compare with (2.11)). Here the reduction procedure (2.6) is trivial and we find ~S = ∫ dt [ i 2 (Ψ^∗invΨ̇inv − Ψ̇^∗invΨinv) − mΨ^∗invΨinv − 1 k^2

(Ψ^∗invΨinv)^2 ] . Thus, the ‘gauge field’ A vanishes and the physical ‘excitations’ are only the ‘dressed fields’ Ψinv (with ‘four-fermion interactions’).

This model has a simple generalization in the case of a multi-component gauge field ⃗A with the gauge transformations ⃗A −→ ⃗A + ⃗kα, where ⃗k are parameters (⃗k^2 ≠ 0). The gauge-invariant variable Ψinv is constructed similar to (2.55) (or, to (2.11)). Then, after reduction, the ‘longitudinal’ (to the ⃗k) component of the gauge field ⃗A vanishes and the physical variables are the ‘transverse’ ones, together with the constructed ‘dressed field’ Ψinv. So, for these Abelian models, the structure of gauge-invariant variables is very similar to the physical observables in electrodynamics [18], [69].

B. The model with SU (2) symmetry

For the model with SU (2) gauge group of symmetry, we consider the action S = ∫ dt [ i 2 (ψ^∗_αψ̇_α − ψ̇^∗_αψ_α) − mψ^∗_αψ_α + ⃗A_0(⃗j + ⃗J) + ⃗E ˙⃗A − 1 2 ⃗E^2 ] . (2.56)

Here ψ_α (α = 1, 2) is the 2-component spinor, m is a parameter, ⃗A and ⃗E are 3-dimensional vectors, ⃗A_0 are Lagrange multipliers, and the angular momenta ⃗j and ⃗J are given by ⃗j = ψ^∗ ⃗σ 2 ψ ⃗J = ⃗A × ⃗E, (2.57) where ⃗σ are the standard Pauli matrices. The similarity with Yang–Mills theory is obvious.

The nonzero Poisson brackets are {ψ_α, ψ^∗_β} = iδ_{αβ} {E_m, A_n} = δ_{mn} (m, n) = 1, 2, 3 (2.58) and the constraints ⃗ϕ = ⃗j − ⃗J generate the gauge transformations ψ → ωψ, ψ^∗ → ψ^∗ω^{−1}, A → ωAω^{−1}, E → ωEω^{−1}, where ω(t) ∈ SU (2) and A ≡ 1 2 ⃗A⃗σ, E ≡ 1 2 ⃗E⃗σ. (2.59) Then, for A_0 ≡^1_2 ⃗A_0⃗σ, we get A_0 → ωA_0ω^{−1} − iω̇ω^{−1}.

Any scalar product of the vectors ⃗A, ⃗E, ⃗J,⃗j will be gauge-invariant variable. But on the constraint surface (⃗j + ⃗J = 0), only three of them are functionally independent. If we choose these independent gauge-invariant variables as

l_0 = 1 4 ( ⃗A^2 + ⃗E^2), l_1 = 1 2 ( ⃗E ⃗A), l_2 = 1 4 ( ⃗A^2 − ⃗E^2), (2.60)

then from (2.58) we obtain the sl(2, R) algebra (see (1.32)):

{l_μ, l_ν} = ϵ_{μνσ}g^{σρ}l_ρ, where g^{μν} = diag(+, −, −, ). (2.61)

Since there are three constraints, the physical phase space is four-di-mensional. To construct the fourth gauge-invariant variable and find the complete symplectic structure, we use the method of Section 2.1 (see (2.12)).

For parametrization of the constraint surface, we introduce the new variables (j, Φ) and (h, φ) j = 1 2 (h_1 + h_2) h = 1 2 (h_1 − h_2) Φ = φ_1 + φ_2 φ = φ_1 − φ_2,

(2.62)

where ψ_α = √ h_αe^{−iφα} , ψ^∗_α = √ h_αe^{iφα} , (α = 1, 2) Then, for the 1-form, we have i 2 (ψ^∗_αdψ_α − ψ_αdψ^∗_α) = jdΦ + hdφ. (2.63) The vector ⃗j (see (2.57)), in these new coordinates, takes the form ⃗j = √ j^2 − h^2 cos φ √ j^2 − h^2 sin φ h and ⃗j^2 = j^2. Note that on the constraint surface we have (see (2.60)) l^μl_μ = j^2/4, and for fixed j, the commutation relations (2.61) define the well-known symplectic structure on this hyperboloid (see, e.g., [54]).

If we introduce the orthonormal basis (⃗e_i · ⃗e_k = δ_{ik}, ⃗e_i × ⃗e_j = ϵ_{ijk}⃗e_k):

⃗e_1 =

− sin φ cos φ 0 ⃗e_2 = − h j cos φ sin φ − √_{j2−h2} h ⃗e3 = ⃗j j ,

then ⃗A and ⃗E can be parametrized as follows: ⃗A = ⃗e_1q_1 + ⃗e_2q_2, ⃗E = ⃗e_1p_1 + ⃗e_2p_2,

where

p_1q_2 − p_2q_1 = j. (2.64)

Calculating the restricted 1-form ⃗Ed ⃗A|_{Mc} in these new coordinates and using (2.64), we obtain ⃗Ed ⃗A|_{Mc} = p_1dq_1 + p_2dq_2 − hdφ. (2.65)

Comparing (2.63) and (2.65), we see that there is a cancellation of the 1- form hdφ. This means that the corresponding degree of freedom vanishes.

Now it is convenient to introduce the polar coordinates for the two-vectors (q_1, q_2) and (p_1, p_2):

q_1 = r cos β p_1 = ρ cos γ, q_2 = r sin β p_2 = ρ sin γ.

Three of them (r, ρ and (β−γ)) are connected with gauge-invariant variables (2.60)

r^2 = 2(l_0 + l_2) ≡ l_+, ρ^2 = 2(l_0 − l_2) ≡ l_−, rρ cos(β − γ) = 2l_1.

Using these relations, we finally get the reduced 1-form θ|_{Mc} = jdϑ + l_1 dl_+ l_+ where ϑ = Φ − β. (2.66)

So the coordinate ϑ = Φ − β is the fourth gauge-invariant variable. Respectively, the reduced Hamiltonian takes the form H|_{Mc} = 2mj + j^2 + 4l^2_1 l_+

(2.67)

and this is the complete reduction.

Note that the second part of the reduced 1-form l_1d(ln l_+) defines the above mentioned symplectic structure on the hyperboloid l^μl_μ =^1_4 j^2.

We see that the physical picture of this reduced system differs from the corresponding Abelian case. Here, after the reduction procedure, we obtain the vanishing of the part of ‘matter field’ (ψ) degrees of freedom as well.

Geometric quantization [20] is a natural way of constructing the quantum theory of the reduced system (2.66)–(2.67), but, in principle, one can use the canonical quantization as well. For this purpose, it is convenient to introduce (global) ‘creation’ and ‘annihilation’ variables

a^+ = √ je^{iϑ}, a = √ je^{−iϑ}, (2.68) and in quantum theory, we get the discrete eigenvalues for j = a^+a. Then, quantization of the system with the canonical 1-form l_1d(ln l_+) and the Hamiltonian (2.67) (for the obtained discrete eigenvalues of j), gives the irreducible representations of SL(2, R) group (see, e.g., [54]).

Next, from (2.62), we have the relation N ≡ ψ^∗_αψ_α = 2j. It is natural to interpret the corresponding operator (N̂ ≡ 2ĵ) as the ψ ‘particle number’ operator. In quantum theory, we have

[N̂, â^+] = 2â^+,

where â^+ is a physical creation operator (2.68). So among the physical excitations (created by the operator â^+) there are states with only even numbers of ‘fermions’. This fact can also be seen from the structure of the variable a^+ (see (2.68) and (2.62)), since it has the phase factor e^{i(φ1+φ2)}. In the quantum case the corresponding operator creates (see [72]) the pairs of ‘dressed’ ψ-particles. Thus, the vanishing of ‘matter field’ degrees of freedom in the classical case can be interpreted as the confinement phenomenon of the corresponding quantum theory.

Note that for the similar finite-dimensional constrained systems, such ‘confinement’ like phenomenon has been derived by the ‘first quantize and then reduce’ method (see [73]). In that approach, the reduction of the extended states space by the conditions ϕ̂_a|Ψ_{phys}⟩ = 0 forbids states with certain quantum numbers.

2.4. Field theory model with non-Abelian gauge group. For the finite-di-mensional models of the previous section, the gauge group G acts on the configuration space of ‘gauge field’ A and on the phase space of ‘matter field’ ψ. This is the standard situation for the Yang-Mills theory.

Using the notations of (2.59), we have ⃗Ed ⃗A = ⟨E, dA⟩, (2.69) where ⟨ , ⟩ is a scalar product in the corresponding Lie algebra G (see the comments after (2.18)). Thus, the Lie algebra G can be interpreted as the configuration space of a ‘gauge field’ ⃗A and the corresponding cotangent bundle as the phase space.

If one takes a manifold of a semi-simple Lie group G as the configuration space, then there are the natural actions (left and right) of G on this manifold. One can similarly construct the gauge theory where the phase space is a cotangent bundle over G. Generators of the left and right transformation (g → ωg, g → gω) are, respectively, the left and right currents (see (2.28)). Choosing the gauge transformation as the right action, we find that the constraints are ϕ ≡ R = 0. Thus, the ‘gauge field’ part in the action takes the form (see (2.24) ∫ ⟨R, g^{−1}dg⟩ − (⟨Λ, R⟩ + H(R, g))dt, (2.70) where Λ ∈ G gives the Lagrange multipliers, H is the gauge-invariant Hamiltonian, and for convenience we change the sign of R.

The field theory generalization of (2.56) is the standard Yang-Mills theory. In this section, we consider the corresponding generalization of (2.70) with the action S = ∫ dt [∫ d^{D−1}⃗x (_{D−1} ∑ k=1 ⟨R_k, g^{−1}_k ġ_k⟩ + e⟨A_0, ϕ⟩ ) − H ] , (2.71)

where g_k(⃗x, t) ∈ G; R_k(⃗x, t), A_0(⃗x, t) ∈ G; H is a gauge-invariant Hamiltonian, A_0 are Lagrange multipliers, ϕ(⃗x, t) ≡ e ∑_{D−1} k=1 R_k(⃗x, t) are constraints, and e is the coupling constant (see below).

The ‘1-form’ ∑_{D−1} k=1 ⟨R_k, g^{−1}_k dg_k⟩ defines the equal-time Poisson brackets (2.25) {R_{k,a}(⃗x), R_{l,b}(⃗y)} = δ_{kl}δ(⃗x − ⃗y)f^c_{ab}R_{k,c}(⃗x), {g_k(⃗x), R_{l,a}(⃗y)} = δ_{kl}δ(⃗x − ⃗y)(g_kT_a(⃗x)), {g_k(⃗x), g_l(⃗y)} = 0, (2.72) where the set {T_a| T_a ∈ G} is some basis in the Lie algebra G, and R_a ≡ ⟨T_a, R⟩ Thus, for the constraints ϕ_a ≡ ⟨T_a, ϕ⟩, we have {ϕ_a(⃗x), ϕ_b(⃗y)} = δ(⃗x − ⃗y)f^c_{ab}ϕ_c(⃗x) (2.73) The corresponding gauge transformations are

g_k −→ g_kω R_k −→ ω^{−1}R_kω (2.74)

and one can easily construct the following gauge-invariant variables

g_{kl} = g_kg^{−1}_l and L_k = g_kR_kg^{−1}_k . (2.75)

The Hamiltonian H in (2.71) is an arbitrary functional of such gaugeinvariant variables.

Since Eq. (2.75) gives the sufficient number of gauge-invariant variables, we can use the scheme described in Section 2.1. The first nontrivial case is 3-dimensional space-time. If we introduce g = g_1g^{−1}_2 as the ξ^μ variables, and R_1, R_2 and g_2 as the η variables of the scheme (see (2.12)), then for the ‘1-form’ θ = ⟨R_1, g^{−1}_1 dg_1⟩ + ⟨R_2, g^{−1}_2 dg_2⟩ (where integration over R^2 is assumed), we immediately get

θ = ⟨R_1 + R_2, g^{−1}_2 dg_2⟩ + ⟨g_2R_1g^{−1}_2 , g^{−1}dg⟩ and after reduction we have θ|_{Mc} = ⟨r, g^{−1}dg⟩, (2.76) where r := g_2R_1g^{−1}_2 is also gauge-invariant variable.

Thus, the structure of the 1-form is the same, and only the number of variables decreasing. One can verify this fact for other dimensions as well.

It is clear that the phase spaces of the systems with 1-forms (2.69) and (2.24) are essentially different, and there is no regular map between them. But in the field theory (where infinite number of such spaces exist), there is a nonlocal transformation (see [74-75])

A_k = 1 e g^{−1}_k ∂_kg_k E_k = −eg^{−1}_k ∂^{−1}_k (L_k)g_k (2.77)

which transforms system (2.71) into the Yang-Mills theory with the same gauge group G. Indeed, from (2.71) and (2.77), one can see that ϕ = D−1∑ k=1 ∂_kE_k + e[A_k, E_k] (Gauss law) and ⟨E_k, Ȧ_k⟩ = ⟨R_k, g^{−1}_k ġ_k⟩ + (total derivatives). (2.78)

To get the corresponding Hamiltonian of the Yang-Mills theory [76] H = 1 2 ∫ d^{D−1}⃗x D−1∑ k=1 ⟨E_k, E_k⟩ + 1 2 D−1∑ k,l=1 ⟨F_{kl}, F_{kl}⟩ with F_{kl} = ∂_kA_l − ∂_lA_k + e[A_k, A_l], one must choose the following Hamiltonian H = 1 2 ∫ d^{D−1} [ e^2⟨∂^{−1}_k L_k, ∂^{−1}_k L_k⟩ + 1 e^2 ⟨∂_k(g_{kl}∂_lg_{lk}), ∂_k(g_{kl}∂_lg_{lk})⟩ ] (2.79)

in (2.71). Thus, we can assume that the system (2.71), (2.79) is equivalent to the ordinary Yang-Mills theory with some boundary conditions (which allows us to invert (2.77) and to neglect the total derivatives in (2.78)).

The boundary behavior is a subtle problem even for simple models of the field theory (see, e.g., Appendix B). It is too complicated for the Yang-Mills theory and we do not consider it here.

Unfortunately, the complicated form of the Hamiltonian (2.79) is not simplified after the reduction procedure. For example, in the considered 3-dimensional case, the reduced Hamiltonian acquires the form H = 1 2 ∫ d^2x [ e^2⟨∂^{−1}_1 r, ∂^{−1}_1 r⟩ + e^2⟨∂^{−1}_2 l, ∂^{−1}_2 l⟩ + + 1 e^2

⟨∂_1(g∂_2g^{−1}), ∂_1(g∂_2g^{−1}⟩ ] , (2.80) where l = grg^{−1}.

Gribov’s ambiguity problem [15] has stimulated many papers on the gauge-invariant description of the Yang-Mills theory. For the literature and new results on this problem see in [7]. The reduced system (2.76), (2.80) gives one of the possible versions of the Hamiltonian reduction for this theory. The main problem in such approaches is the complicated form of the Poincaré generators in terms of gauge-invariant variables [74-77]. For example, Hamiltonian (2.80) is nonlocal in fields and nonanalytical in the coupling constant e. So the standard perturbative quantization is not applicable here.

Note that the Hamiltonian (2.80) and the corresponding symplectic form was obtained in [74-75] by the Dirac bracket formalism.

3. Quantization

In this chapter, we consider general quantization problems. We analize the difficulties of canonical quantization and give the examples of non canonical quantization. The content of this chapter is based mainly on the papers [50], [54-55], but it uses the results of previous papers as well.

3.1. Quantization principles. The classical theory usually plays a role of some approximation to quantum theory, however, it is necessary to stress, that a consistent quantum theory exists not for arbitrary classical one. On the other hand, there is no smooth ‘classical’ limit (ℏ → 0) for all predictions of quantum theory and the primary role of classical theory is to provide a framework for the interpretation of quantum theory, rather than its approximation. Such a point of view first was indicated by Dirac and he formulated correspondence principles of classical and quantum theories as a similarity between their mathematical structures.

According to Dirac’s formulation [78], the quantization of a Hamiltonian system can be considered as a map Q of the classical observables f(ξ), g(ξ), h(ξ), . . . , into the Hermitian operators f̂, ĝ, ĥ, . . . , which act on some appropriate Hilbert space H. We call corresponding operators the quantum observables. The map Q should satisfy the following principles:

P1. Linearity: if a and b are real numbers (a, b ∈ R), then Q : (af(ξ) + bg(ξ)) → af̂ + bĝ. P2. Mapping of the Poisson-Lie structure: Q : {f, g} → i ℏ [f̂, ĝ]. (3.1)

P3. Mapping of the centre: constant functions are mapped into constant operators Q : f_0 → Î, where f_0(ξ) ≡ 1 and Î is the unit operator.

P4. Irreducibility: any operator Ĉ, which commutes with all operators Qξ^i (i = 1, . . . , 2N ) should be proportional to the unit operator Ĉ = cÎ with some number c.

Here we assume that all coordinates are global and therefore they are observables as well.

In the case of canonical variables p, q, the correspondence (3.1) gives the Heisenberg commutation relation

[q̂, p̂] = iℏÎ (3.2)

and the operators q̂, p̂ and Î form the Heisenberg algebra. From the text books of quantum mechanics it is well known that the commutation relation (3.2) provides the Heisenberg uncertainty principle for the coordinate and momentum (δp)(δq) ≥ ℏ/2.

We see that the Dirac’s correspondence principles (P1-P4) preserves the Poisson-Lie structure of the classical system and this is a mathematical correspondence of the two theories. Of course, there is some physical motivation for these principles.

It is clear that the linearity principle P1 is related to the superposition principle of quantum mechanics, while the second and third principles are responsible for the realization of quantum uncertainty principle and symmetry group transformations of the quantum system. The principle P4 takes into account a number of physical degrees of freedom, and at the same time, it provides irreducibility of a representation of some fundamental transformation groups.

In quantum description, we use the Dirac’s ‘bra-ket’ notations for vectors of Hilbert space, scalar product and mean values. Thus, ⟨ψ|f̂ |ψ⟩ denotes the mean value of the quantum observable f̂ in the state |ψ⟩.

Unfortunately, in the consistent quantization schemes one can satisfy all four correspondence principles (P1-P4) only for some restricted class of observables, and there is no possibility to extend these principles for all observables [79-80]. Nevertheless, it is interesting to note, that some of these principles can be satisfied for all observables if we refuse other ones. Then, restriction on the class of observables arises, when we try to satisfy all principles together.

For illustration, we consider the Hilbert space ~H = L_2(M) with the scalar product

⟨Ψ_2|Ψ_1⟩ = ∫ dμ(ξ) Ψ^∗_2(ξ)Ψ_1(ξ), (3.3)

where dμ(ξ) is the invariant measure (1.43).

From the equation (1.19) we see that the operators Qf = −iℏV_f (3.4) satisfy the principles P1 and P2 automatically. However, by (3.4), the constant functions are mapped into the zero operators, and there is no irreducibility as well.

In the case of Example A (see (1.13)), the map (3.4) gives Qp = −iℏ∂_q Qq = iℏ∂_p and instead of the Heisenberg algebra we get two commuting operators.

In 1960 Segal [81] proposed the following generalization of (3.4) Q : f → f(ξ) − θ(V_f ) − iℏV_f ≡ f̂, (3.5) where θ(V_f ) is the value of the 1-form θ = θ_i(ξ)dξ^i on the Hamiltonian vector field V_f (see (1.11) and (1.5)): θ(V_f ) ≡ θ_j (ξ)ω^{jk}(ξ)∂_kf(ξ). Thus, the operator f̂ is constructed from the invariant terms, and it does not depend on the choice of coordinates on M.

We call the operators (3.5) the pre-quantization operators. One can check that the pre-quantization operators are Hermitian with respect to the scalar product (3.3), and they satisfy the principles P1-P3. Then, the problem is only with the irreducibility P4. Of course, this problem is related to the Hilbert space L_2(M) which is too large for the corresponding quantum system. It is clear that some reduction of L_2(M) is a natural way to get the irreducibility. The construction of pre-quantization operators and further reduction of the Hilbert space are the basic ideas of geometric quantization [20]. This method is quite general, and it can be used for the quantization of Hamiltonian systems with almost arbitrary symplectic manifolds. However, as it was mentioned in Introduction, despite a 20-years history, geometric quantization is still not popular among physicists due to a comparatively complicated mathematical formulation.

Recall that the standard canonical quantization is applicable only for the manifolds with the global cotangent bundle structure (M = T^∗Q) and the global canonical form (1.16). In that case we have a separation of all coordinates ξ^k (k = 1, . . ., 2N ) into two canonically conjugated parts. The first part is formed by the ‘coordinates’ (q^α) (of the configuration space Q), and the second by the corresponding ‘momenta’ (p_α) (α = 1, . . ., N ). Since the latter are unbounded: −∞ < p_α < +∞, one can use the standard quntization rule q^α −→ q̂^α = q^α, p_α −→ p̂_α = −iℏ ∂ ∂q^α . (3.6)

According to Darboux’s theorem, the canonical coordinates exist on an arbitrary symplectic manifold; but in general, such coordinates exist only locally [20], and there is no global cotangent bundle structure with unbounded momenta. Consistent quantization assumes some equivalence between the set of quantum mean values Q_f ≡ {⟨ψ|f̂ |ψ⟩ : |ψ⟩ ∈ H, ⟨ψ|ψ⟩ = 1} and the set of corresponding classical values C_f ≡ {f(ξ) : ξ ∈ M}^2. Therefore, in general, the rule (3.6) is not acceptable, since the spectrum of the first order differential operator is unbounded.

After the realization of canonical commutation relations (3.2) by the rule (3.6), the next step of the canonical quantization is a construction of other quantum observables. The corresponding map Q is given by Q : f(p, q) → f(p̂, q̂) (3.7) and in general, due to the non-commutativity of the operators p̂ and q̂, we have to indicate some ordering rule in the classical function f(p, q).

As it was mentioned above, all classical commutation relations cannot be mapped identically for the corresponding quantum observables. In particular, according the Groenwald-van Hove theorem [80]-[79] it is impossible to extend the classical Poisson-Lie algebra to polynomials in the momenta of degree more that two. But one can prove the following important

Lemma. Let O_1 be the class of observables f(p, q) of the following form

f(p, q) = A^k(q)p_k + B(q), (3.8)

where A^k(q) and B(q) are arbitrary smooth functions. If we choose the ordering

f̂ = 1 2 [ A^k(q)p̂_k + p̂_kA^k(q) ] + B(q), (3.9)

where p̂ and q̂ are the operators of canonical quantization (3.6), then: I. O_1 is the subalgebra of O(M).

II. The corresponding operators (3.9) are Hermitian.

III. There are no anomalies in the commutation relations of the operators (3.9).

The statements I and II are almost trivial, and III can be checked by the direct calculation using the differential operators p̂ = −iℏ∂_q .

A certain choice of the ordering in (3.7) provides the realization of the classical commutation relations only for the restricted class of observables, and in general, there is no some selected ordering rule. The ordering freedom actually is the ambiguity for any quantum theory. It is clear that this ambiguity vanishes in the classical limit ℏ → 0.

In the case of ‘flat’ phase space M = R^{2N} , some natural ordering is the Weyl’s one, which implies a complete symmetrization of operators p̂ and q̂ in the corresponding polynomials [82-83].

Representation of the canonical commutation relations (3.2) is possible only in the infinite-dimensional linear space with unbounded operators.

2Q_f and C_f should be the same at least in the classical limit (ℏ → 0).

Such operators have some domain of definition, and they cannot be extended to the whole Hilbert space H. For example, in the ‘flat’ case, both momentum and coordinate operators in (3.2) are unbounded, and respectively this commutation relation have no sense on the whole Hilbert space H. With some natural assumptions on the domain of definition of the coordinate and momentum operators one can prove Stone - von-Neumann theorem ([84]-[85]), that all irreducible representations of the canonical commutation relations are unitary equivalent.

If the classical commutation relations (1.22) are preserved for the corresponding operators ĥ_α = Qh_α, then these operators generate the group of unitary transformation given by

U^ϵ_h = exp( i ℏ ϵ^αĥ_α). (3.10)

In the case of Example a (see (1.26)-(1.28)), we get the Weyl group [82] with the elements U (ϵ, P, Q) = exp( i ℏ ϵ) exp ( i ℏ (P q̂ − Qp̂) ) , (3.11)

where we use the parametrization ϵ^0 := ϵ, ϵ^1 := −Q, ϵ^0 := P . To obtain the multiplication rule for the Weyl group, one can use Weyl’s formula^3

e^{f̂} e^ĝ = e^{f̂ +ĝ} e^{12 [f̂ ,ĝ]} (3.12)

which is true when

[f̂, [f̂, ĝ]] = 0, [ĝ, [f̂, ĝ]] = 0

If we introduce the one parameter transformations U_1(Q) and U_2(P )

U_1(Q) := exp (− i ℏ Qp̂) U_2(P ) := exp ( i ℏ P q̂), (3.13)

then from (3.12) we get the relation of non-commutativity

U_2(P ) U_1(Q) = exp ( i ℏ P Q)U_1(Q)U_2(P ) (3.14)

which actually defines the multiplication rule for the whole Weyl group

U (ϵ_1, P_1, Q_1)U (ϵ_2, P_2, Q_2) =

= U (ϵ_1 + ϵ_2 + 1 2 (P_1Q_2 − P_2Q_1), P_1 + P_2, Q_1 + Q_2). (3.15)

This group can be considered as the ‘quantum deformation’ of the commutative translation group on the plane (see (1.28)).

3Generalization of (3.12) for arbitrary case is the Backer-Cambel-Hausdorf formula [66].

In the classical case, the translation group is generated by the commuting operators (see (1.5))

V_p = ∂_q , and V_q = −∂_p.

Non-commutativity for the Weyl group comes from the Heisenberg algebra (3.2) which is related to the Heisenberg uncertainty principle. Thus, we can summarize that:

a) The basic physical principles for quantum theory are the superposition and uncertainty principles;

b) Dirac’s postulates P1-P4 are the mathematical realization of these principles;

c) as a result, we have the Heisenberg algebra and then, for the transformations of quantum system we get the Weyl group.

But one can postulate in another way too: we can take a definition of the Weyl group (3.15) (or of the non-commutativity (3.14)) as the primary principle, and consider the Heisenberg commutation relations (3.2) as the consequence.

This idea can be generalized, and one can consider quantization of a classical system as a suitable unitary representation of the corresponding symmetry group [28-29]. This representation should take into account peculiarities of the phase space and a possible quantum deformation, which is responsible for the uncertainty principle. Necessity for such generalization arises for the systems without the global canonical structure when one cannot apply the ordinary canonical method.

Note that the elements of the Weyl group are the unitary operators and they are well defined for arbitrary vector of the Hilbert space H. Respectively, the non-commutativity relations (3.14) are valid globally on the whole Hilbert space, while the canonical commutation relation (3.2) has no meaning for some vectors of H.

Unfortunately, mathematical principles of quantum mechanics cannot be tested directly, and, by experiments, we usually verify only some consequence of these principles. At the end of this section we consider a possible test for the non-commutativity relation (3.14).

Note that the Weyl group is connected with the transformations of the inertial frames. Indeed, the transformation U_1(Q) = U (0, 0, Q) corresponds to the translation in the coordinate space, while the operator U_2(P )) can be interpreted as the Galiley transformation (at t = 0) to the inertial frame with the velocity v = P/m, where m is a mass of a particle. In the classical theory these two transformations commute. This means that two observers, the first moving in the translated system and the second translated in the moving system, see the classical particle in the same state. Note that for a relativistic particle indicated transformations are non-commuting and, in principle, this effect is measurable.

In quantum mechanics we also have the non-commutativity given by (3.14). Then, the wave functions in the indicated classically equivalent frames differ by the phase factor exp (^i_ℏ P Q). Of course, a possible measurement of this effect could be a good test for the non-commutativity relation (3.14) and respectively, for the Weyl group too.

3.2. Examples of non-canonical quantization.

Quantization on a cylindre The translation group on a cylindre is given by (1.33). We denote the corresponding quantum transformations by U_1(ϕ) and U_2(S) where, for convenience, we denote the group parameters by ϕ and S. Formally, these operators are analogous to (3.13)

U_1(ϕ) ∼ exp (− i ℏ ϕŜ) U_2(S) ∼ exp ( i ℏ Sφ̂). (3.16)

But, now, we are not introducing the operators Ŝ, φ̂, and the operators U_1(ϕ), U_2(S) are the primary ones.

The quantum non-commutativity rule is postulated by

U_2(S) U_1(ϕ) = exp ( i ℏ Sϕ)U_1(ϕ)U_2(S). (3.17)

Then, consecutive actions of the operators U_1 and U_2 define the group of transformations. Any element of this group can be written in the form

U (ϵ, S, ϕ) = exp ( i ℏ ϵ)U_1(ϕ) U_2(S)

and the equation (3.17) gives a multiplication rule for this group (similarly to (3.14)-(3.15)).

The transformations (3.16) are assumed to be unitary and we have the natural conditions

U_1(0) = Î = U_2(0). (3.18)

Taking into account the periodicity in ϕ (see (1.35)), we impose the condition

U_1(ϕ + 2π) = U_1(ϕ). (3.19)

Then, from the equations (3.17)-(3.19) we obtain

exp ( i ℏ 2πS) = 1 ⇐⇒ S = nℏ, Thus, we conclude that the quantum non-commutativity rule (3.17) restricts the possible values of the parameter S for the quantum transformations U_2(S), and the equations (3.17)-(3.19) can be satisfied simultaneously only if S/ℏ is integer.

One can construct the following irreducible representations of (3.17) with natural physical interpretations:

i) The Hilbert space L_2 is given by the ortho-normal basis |n⟩ (n ∈ Z), and the transformations U_1(ϕ) and U_2(S) act on this basis in the following way: U_1(ϕ)|n⟩ = e^{−inϕ}|n⟩, U_2(mℏ)|n⟩ = |n + m⟩. (3.20) ii) The Hilbert space is the space of square-integrable functions on the circle L_2(S^1), and the action of the operators U_1(ϕ) and U_2(mℏ) on the function ψ(φ) ∈ L_2(S^1) is given by U_1(ϕ)ψ(φ) = ψ(φ − ϕ), U_2(mℏ)ψ(φ) = e^{imφ}ψ(φ). (3.21) One can check that both (3.20) and (3.21) give the realization of noncommutativity (3.17), and the conditions (3.18)-(3.19) are satisfied as well.

The unitary equivalence of the representations i) and ii) is given by the maps (ψ(φ) ↔ ψ_n) ψ(φ) = ∑ n e^{inφ} √ 2π ψ_n, ψ_n = ∫ dφ e^{−inφ} √ 2π ψ(φ), where ψ_n are the coefficients of the expansion for the state |ψ⟩ ∈ L_2 in the basis |n⟩ |ψ⟩ = ∑ n ψ_n|n⟩.

Quantization on a torus In the case of a torus (see Examples C and d in Chapter 1), there are two one-parameter unitary transformations U_1(η_2) and U_2(η_1), which are both periodic with periods a_2 and a_1, respectively

U_1(η_2 + a_2) = U_1(η_2), U_2(η_1 + a_1) = U_2(η_1). (3.22)

We postulate the non-commutativity rule

U_2(η_1) U_1(η_2) = exp ( i ℏ η_1η_2)U_1(η_2)U_2(η_1) (3.23)

and from (3.22)-(3.23) obtain that both parameters η_1 and η_2 are quantized

η_1 = 2πℏn a_2 η_2 = 2πℏm a_1

, (3.24)

where m and n are arbitrary integers. Using again the periodicity conditions (3.22), we find

a_1a_2 = 2πℏN (3.25) with some fixed positive integer N . Therefore, the group of quantum transformations contains a finite number of elements. We also conclude that the consistent quantum theory on the torus requires quantization of the phase space volume by the condition (3.25). Since the parameters η_1 and η_2 are discrete and periodic, we can denote the quantum translations (3.22) by U_1(m) and U_2(n) (m, n = 0, . . ., N − 1). Note that the condition (3.25) is equivalent to the Bohr-Sommerfeld quantization rule.

Now, similarly to the previous case, one can construct two N dimensional ‘ξ^1’ and ‘ξ^2’ representations:

i^′). The ortho-normal basis of the first representation is formed by the vectors |n⟩_1 (n = 0, . . . , N − 1), and we define

U_1(m)|n⟩_1 = e^{− 2πinmN} |n⟩_1, U_2(m)|n⟩_1 = |[n + m]_N ⟩_1, (3.26)

where [n + m]_N is the sum of numbers n and m with the module N .

ii^{′′}). The vectors |n⟩_2 with (n = 0, . . . , N −1) form the basis of the second representation and

U_1(m)|n⟩_2 = |[n + m]_N ⟩_2, U_2(m)|n⟩_2 = e^{2πinmN} |n⟩_2. (3.27)

These representations are unitary equivalent and the corresponding ‘transition matrix’ has the form 2⟨n|m⟩_1 = e^{2πimnN} √ N .

Quantization of the reduced SL(2, R) system We are now going to discuss the quantization of the system considered in Section 2.2. It was a relativistic particle moving on SL(2, R) group manifold. However, having seen that the reduced phase space consists of the two coadjoint orbits (2.44), the problem actually reduces to the quantization of the system of coadjoint orbits. In other words, the quantization amounts to finding unitary, irreducible representations of the algebra sl(2, R) formed by the chiral currents on the coadjoint orbits, O_K and O_{−K} . On account of the constraint (2.26) which requires the Casimir Q = 1/4TrL^2 to be the positive constant m^2/4, the irreducible representations [86] (see also, [87]) relevant for our purpose are the discrete series D^±_j with 2j = 3, 4, . . ., for which q = j(j − 1) > 0. Further, the conditions (2.53) require that the representations for the left sector should be given by D^+_j while those for the right sector are D^−_j . A simple realization for these representations can be provided by the Holstein-Primakoff method, in which one uses creation/annihilation operators [a , a^†] = 1 as a basic building block. For instance, for the left sector we have [53]

L_− := L_1 + iL_2 = 2 √ a^†a + 2j · a, L_+ := L_1 − iL_2 = 2a^† · √ a^†a + 2j, L_0 := 2(a^†a + j).

(3.28)

It is straightforward to check that the left current given in (3.29) satisfies the constraint (2.26) as well as the (quantum) commutation relations

[L_m , L_n] = 2i ϵ^l_{mn} L_l. (3.29)

In the familiar Fock space consisting of the states |n_L⟩ for n_L = 0, 1, 2, . . . with a|n_L⟩ = √ n_L |n_L − 1⟩, a^†|n_L⟩ = √ n_L + 1 |n_L + 1⟩, (3.30)

we find

L_− |n_L⟩ = 2 √ (n_L − 1 + 2j)n_L |n_L − 1⟩,

L_+ |n_L⟩ = 2 √ (n_L + 2j)(n_L + 1) |n_L + 1⟩, L_0 |n_L⟩ = 2(n_L + j) |n_L⟩.

(3.31)

Analogously, one can construct representations for the right sector using another pair of creation/annihilation operators for the right current. Actually, this is equivalent to the formal replacement {L_+, L_−, L_0} → {−R_−, −R_+, −R_0} in the above construction, which leads to the Fock space consisting of |n_R⟩ for n_R = 0, 1, 2, . . . , for which R_− |n_R⟩ = −2 √ (n_R + 2j)(n_R + 1) |n_R + 1⟩,

R_+ |n_R⟩ = −2 √ (n_R − 1 + 2j)n_R |n_R − 1⟩, R_0 |n_R⟩ = −2(n_R + j) |n_R⟩. (3.32)

The full Hilbert space is spanned by the states given by the direct product of the two representations, D^+_j and D^−_j , sharing the same value for the Casimir. The states are thus labeled by the two integers, |n_L , n_R⟩ = |n_L⟩ ⊗ |n_R⟩, on which the energy V_0 in (2.32) and the angular momentum A_0 in (2.33) act as

V_0 |n_L , n_R⟩ = (n_L + n_R + 2j) |n_L , n_R⟩, A_0 |n_L , n_R⟩ = (n_L − n_R) |n_L , n_R⟩. (3.33)

The above result shows that the energy levels are positive definite and spaced integrally, which is in fact expected because of our identification of x^0 ∈ S^1 being ‘time’, while the angular momentum takes integer values only. The allowed mass of the particle at the quantum level is

m = 2 √ j(j − 1) with 2j = 3, 4, . . . . (3.34)

As we have seen in Section 2.2, the basic ingredient underlying the simplicity of the quantization is the chiral split of the reduced system, that is, the split into two coadjoint orbits. In this respect, it is worth mentioning that essentially the same split was discussed (for compact groups) in [88] for the system of the cotangent bundle. This suggests that the Hamiltonian reduction and the subsequent quantization considered for SL(2, R) may be generalized to any higher rank group G with the simplicity intact, by specifying all the Casimir elements of the group in the form of constraints. Whether this yields a physically interesting model or not is however unclear except for G = SL(2, R).

3.3. Roots of the phase operators. The problem of polar-decomposition of the creation and annihilation operators (â^+, â) of a harmonic oscillator goes back to Dirac [89]. First we consider some aspects of this problem (for more details see 72).

Let H be the oscillator hamiltonian H = 1 2 (p^2 + q^2), (3.35)

where p and q are the canonical coordinates ({p, q} = 1) on R^2.

The polar angle φ is introduced by p = − √ 2H sin φ, q = √ 2H cos φ (3.36)

and the complex variables a and a^∗ a = q + ip √ 2 , a^∗ = q − ip √ 2 (3.37)

take the form a = √ He^{−iφ}, a^∗ = √ He^{iφ}. (3.38)

Note that the complex variables a^∗, a are the classical functions for the creation and annihilation operators â^+, â.

The variable φ is not an observable (it is only a local coordinate), but formally, the Hamiltonian H and the polar angle φ are canonical coordinates since from (3.36) we have ω = dp ∧ dq = dH ∧ dφ. (3.39) The functions e^{±iφ} are correctly defined on the whole phase space R^2, except the origin, and for the Poisson brackets with the Hamiltonian (3.35) we have {H, e^{±iφ}} = ±ie^{±iφ}. (3.40) In the quantum case we choose the normal ordering of the Hamilton operator and define it by

Ĥ_0 = â^+â ≡ p̂^2 + q̂^2 2 − Î 2 , (3.41)

where Î is the unit operator and, for convenience, we choose the units with ℏ = 1.

It is well known that the eigenvalues of Ĥ_0 are nonnegative integers. The corresponding eigenvectors |n⟩ (n = 0, 1, 2, . . .) Ĥ|n⟩ = n|n⟩ (3.42) form the basis of the Hilbert space and satisfy (3.30). For further convenience, this Hilbert space we denote by H_B (the bosonic space), and we consider the operator Ĥ_0 as the particles (bosonic) number operator:

Let us introduce the operators Ê_−|n⟩ = { |n − 1⟩, n > 0 0, n = 0

Ê_+|n⟩ = |n + 1⟩. (3.43)

Then, from (3.30) and (3.42) we get

Ê_− = 1√ Ĥ_0 + Î â Ê_+ = â^∗ 1 √ Ĥ_0 + Î

, (3.44)

where the operator function √ Ĥ_0 + Î acts on the basis vectors (3.42) as a diagonal operator 1 √ Ĥ_0 + Î |n⟩ = 1 √ n + 1 |n⟩. Comparing (3.43) and (3.38), we can assert that e^{±iφ} are the classical function of the operators Ê_±. We call these operators the phase operators.

Note also that the definition (3.43) gives

[Ĥ_0, Ê_±] = ±Ê_±

and these commutation relations are equivalent to the corresponding classical ones (see (3.40)).

From the definition (3.43), it is clear that the phase operators are mutually conjugate, and they satisfy only the one-side unitary relations

Ê_+Ê_− = Î − |0⟩⟨0| Ê_−Ê_+ = Î, (3.45)

where |0⟩⟨0| is the projection operator on the vacuum state.

Now we consider the square root of the phase operators Ê^{1/2}_± . The corresponding classical functions exp (±iφ/2) are singular and multi-valued, but formally, from (3.39) we have {H, e^{±iφ/2}} = ±(i/2)e^{±iφ/2}, which in the quantum case should take the form

[Ĥ_0, Ê^{1/2}_± ] = ±(1/2)Ê^{1/2}_± . (3.46)

Then, the operators Ê^{1/2}_± must decrease (or increase) by 1/2 the levels of the oscillator Hamiltonian. However, since such states are absent in the spectrum, relations (3.46) cannot be realized on the Hilbert space H_B .

It is well-known that Dirac’s equation describes fermions and Dirac’s operator iγ^μ∂_μ is connected with the square root of ∂ ’Alamber’s operator ∂^2 [3]. Similarly we can try to connect the square root of the phase operators Ê^{1/2}_± with the fermionic operators.

For this purpose we introduce the fermionic operators f̂ and f̂^+ with the anticommutation relations f̂^2 = f̂^{+ 2} = 0 f̂ f̂^+ + f̂^+f̂ = Î. (3.47) These relations can be irreducibly represented in the two-dimensional space H_F with the basis vectors |n⟩_F (n = 0, 1)

f̂|0⟩_F = 0 f̂ |1⟩_F = |0⟩_F f̂^+|0⟩_F = |1⟩_F f̂^+ |1⟩_F = 0. For the fermionic number operator N̂_F = f̂^+f̂ satisfies [N̂_F , f̂] = −f̂ , [N̂_F , f̂^+] = f̂^+, N̂_F |n⟩_F = n|n⟩_F .

Now we consider the exterior product of the spaces H_B and H_F : H_{BF} := H_B ⊗ H_F and introduce the new Hamiltonian Ĥ Ĥ = Ĥ_0 ⊗ Î_F + (1/2)Î_B ⊗ N̂_F , (3.48)

where Î_B and Î_F are the identity operators in the corresponding Hilbert spaces H_B and H_F .

To simplify the notation we replace the operators Ĥ_0 ⊗ Î_F and Î_B ⊗ N̂_F respectively by Ĥ_0 and N̂_F , i.e., Ĥ = Ĥ_0 + (1/2)N̂_F . (3.49)

The eigenstates of the new Hamiltonian Ĥ are characterized by two numbers |n_B, n_F ⟩, Ĥ|n_B, n_F ⟩ = (n_B + 1 2 n_F )|n_B, n_F ⟩, with n_B = 0, 1, 2, . . .; n_F = 0, 1.

Let us introduce the operators Â_± Â_+ = f̂^+ + Ê_+f̂ Â_− = f̂ + Ê_−f̂^+. (3.50)

Obviously the operator Â_+ increases by 1/2 and the operator Â_− decreases by 1/2 every eigenvalue level of the operator Ĥ (except the vacuum state which is canceled by Â_− ). Thus, the following relations are satisfied [Ĥ, Â_±] = ±(1/2)Â_±. (3.51) Considering quadratic combinations of the operators Â_±, we obtain (Â_+)^2 = Ê_−, (Â_−)^2 = Ê_+, Â_+Â_− = Î − |0, 0⟩⟨0, 0|, Â_−Â_+ = Î.

(3.52)

Then from (3.50)-(3.52) we conclude that the operators Â^± can be considered as a definition of the operators Ê^{1/2}_± Ê^{1/2}_± := Â_±.

The described scheme can be generalized for arbitrary integer k (k > 2) considering the k-th root of the phase operators Ê^{1/k}_± . We introduce the k-dimensional unitary space H_k with the orthonormal basis |0⟩_k, |1⟩_k, |2⟩_k, . . . , |k − 1⟩_k (3.53) and define the operators f̂_k, f̂^+_k by f̂_k|n⟩_k = { |n − 1⟩_k, n ≥ 1 0, n = 0 , f̂^+_k |n⟩_k = { |n + 1⟩_k, n ≤ k − 2 0, n = k − 1. In the basis (3.53), the operators f̂_k and f̂^+_k have the representation

f_k =

0 1 0 ... 0 0 0 0 1 ... 0 0 . . . ... . . 0 0 0 ... 0 1 0 0 0 ... 0 0

, f^+_k =

0 0 0 ... 0 0 1 0 0 ... 0 0 0 1 0 ... 0 0 . . . ... . . 0 0 0 ... 1 0 .

It is obvious that

(f̂_k)^k = (f̂^+_k )^k = 0, (3.54)

and one can verify that the k^2 ‘normally ordered’ monomes (f̂^+_k )^j (f̂_k)^m, where 0 ≤ j, m ≤ k − 1, give k^2 linearly independent matrices. Then, the corresponding operators form the basis in the space of linear operators on H_k, and any monome can be written as a linear combination of normally ordered ones. For example, f̂_kf̂^+_k takes the form

f̂_kf̂^+_k = Î − (f̂^+_k )^{k−1}(f̂_k)^{k−1} (3.55)

which, together with (3.54) is a generalization of the commutation relations (3.47). One can obtain some other useful relations as well: k−1∑ j=0 (f̂ )^j (f̂^+)^{k−1}(f̂ )^{k−j−1} = Î; (f̂ )^j (f̂^+ )^m = 0, if j − m ≥ k. (3.56)

We introduce the particle number operator N̂_k by N̂_k|n⟩_k = n|n⟩_k. It satisfies the relations

[N̂_k, f̂_k] = −f̂_k [N̂_k, f̂^+_k ] = f̂^+_k and can be written in the normal form N̂_k = f̂^+_k f̂_k + (f̂^+_k )^2(f̂_k)^2 + · · · + (f̂^+_k )^{k−1}(f̂_k)^{k−1}.

Now let us consider the exterior product of the spaces H_B and H_k H_k = H_B ⊗ H_k, and define the Hamiltonian on H_k Ĥ = Ĥ_0 + 1 k N̂_k where we use the above mentioned abbreviation (see (3.48)-(3.49).

The eigenvectors of the new Hamiltonian Ĥ can be characterized by two quantum numbers |n_B, n_k⟩, where n_B = 0, 1, 2, . . .; η_k = 0, 1, 2, . . ., k − 1 and we have Ĥ|n_B, n_k⟩ = (n_B + 1 k n_k)|n_B, n_k⟩. (3.57) The energy levels are non-degenerated and equidistant with the interval 1/k. Here, similarly to (3.50), we introduce the operators Â_{±,k}: Â_{+,k} = f̂^+_k + Ê_+(f̂_k)^{k−1}, Â_{−,k} = f̂_k + Ê_−(f̂^+_k )^{k−1},

(3.58)

This operators shift the energy levels by 1/k (Â_{+,k} increases and Â_{−,k} decreases) except the vacuum state, which is canceled by the operator Â_{−,k}. The operators Â_{±,k} satisfy the commutation relations [Ĥ, Â_{±,k}] = ± 1 k Â_{±,k}. Now, using (3.54)-(3.56), we obtain that (Â_{+,k})^k = Ê_+ (Â_{−,k})^k = Ê_− and also Â_{−,k}Â_{+,k} = Î Â_{+,k}Â_{−,k} = Î − |0, 0⟩⟨0, 0|. Summarizing our results, we can formulate.

Theorem. k-th roots of the phase operators Ê^{1/k}_± are defined on the Hilbert space H_B ⊗ H_k and have the form Ê^{1/k}_± := Â_{±,k}.

The described scheme has some interesting physical interpretation connected with the geometry of the k-sheet surface. If we consider the map of the complex plane (z) to a k-sheet surface

a = z^k √ k(z^∗z)^{k−1} a^∗ = z^{∗k} √ k(z^∗z)^{k−1} then the functions e^{±iφ/k} (where φ is the polar angle for the variables a, a^∗) are ‘correctly’ defined (see remark after the equation (3.39)).

We can consider the standard symplectic form on the plane z, z^∗ ω = dp ∧ dq = −idz^∗ ∧ dz, and the Hamiltonian h = 1 k z^∗z. (3.59)

A spectrum for the corresponding quantum operator is non-degenerated and equidistant with the interval 1/k.

The Hamiltonian (3.59) in (a, a^∗) variables takes the form (3.35) h(z^∗, z) = H(a^∗, a) = a^∗a. Then, comparing the spectra of the Hamiltonians (3.57) and (3.59), we can conclude that the above described quantization with ‘k-statistics particles’ 4 can be interpreted as the quantization on the k-sheet surface.

The case k = 2 is considered in [48] and [49], where the corresponding quantum system is used for the description of the internal degrees of freedom for a relativistic particle. The case of arbitrary k can be related to the anyon physics and fractional statistics.

4. E-Quantization Scheme

In this chapter we consider the general quantization scheme based on a extension of the phase space with further application of the constrained quantization technique. In our approach the problem of scalar product arises and we investigate this problem in Section 4.4. In the last section we use our quantization method for the realization of classical symmetries on the quantum level. This chapter is based mainly on the papers [51-53] and [57].

4In the case k = 2 we have the Fermi statistics.

4.1. Quantization on a cotangent bundle. As it was pointed out, the standard canonical quantization can be used only for the systems with the phase space having the cotangent bundle structure. We start with an arbitrary symplectic manifold M. Only, for simplicity, we assume that the symplectic form ω is exact: ω = dθ (1.11).

To generalize the canonical method, we introduce some auxiliary Hamiltonian system with the phase space T^∗M, where T^∗M is the cotangent bundle over the symplectic manifold M. The new system has 4N dimensions, and we choose the 1-form Θ = P_kdξ^k, where (P_k, ξ^k) are the standard coordinates on the cotangent bundle T^∗M: P_k = P (∂_ξk ). So, the coordinates P_k play the role of ‘momenta’, while the ξ^k are ‘coordinates’. The corresponding symplectic form is canonical: dΘ = dP_k ∧ dξ^k, and for the Poisson brackets of the new system we have (compare with (1.12))

{ξ^k, ξ^l}_∗ = 0 = {P_k, P_l}_∗ {P_k, ξ^l}_∗ = δ^l_k. (4.1)

The index ∗ is used to make difference between the Poisson brackets (1.2) and (4.1). Below we denote the initial system by M , and the extended new system by T^∗M .

Let us introduce the vector field Φ (Φ ∈ V (M)) as the solution of the equation

ω(Φ, · ) = (θ − P ) (·), (4.2)

where ω(Φ, · ) denotes the contraction of ω with Φ: ω(Φ, · )_l = Φ^kω_{kl}. Since the symplectic form ω is non-degenerated, the equation (4.2) defines the vector field Φ uniquely, and the components of this field are given by

Φ^k = ω^{kl}(P_l − θ_l). (4.3)

Respectively, we get the map (T^∗M → V (M)) of the cotangent bundle T^∗M to the space of vector fields on M. Using this vector field Φ and some observable f(ξ) ∈ O(M), we can construct the function Φ_f on T^∗M

Φ_f ≡ Φ(f) = Φ^k∂_kf, (4.4)

and from (4.3) we have

Φ_f = θ(V_f ) − P (V_f ), (4.5)

where V_f is the Hamiltonian vector field (1.5).

The definition of the functions Φ_f by (4.4), at the same time, gives the map O(M) → O(T^∗M) of observables of the system M to a certain class of functions on T^∗M. Then, from (4.1)-(4.5) we obtain {Φ_f , Φ_g}_∗ = −{f, g} − Φ_{{f,g}} {Φ_f , g}_∗ = −{f, g}. (4.6)

Note, that these commutation relations are written for the system T^∗M , and here for the functions {f, g} and g we use the same notation as for the corresponding observables on M. Strictly, of course, we should distinguish between these functions. However, it is generally simpler not to do this except in case of possible confusion.

Now, let us introduce a new map from O(M) to O(T^∗M)

f → R_f ≡ f − Φ_f (4.7)

which in local coordinates (P_k, ξ^k) takes the form

R_f = f(ξ) + ∂_kf(ξ)ω^{kl} (ξ)(P_l − θ_l(ξ)). (4.8)

For further construction, the key step is the following

Lemma. The map (4.7) preserves the Poisson brackets {R_f , R_g}_∗ = R_{{f,g}}. (4.9) This lemma can be checked by the direct calculation, using the Poisson brackets (4.6).

Note that the change of the 1-form θ by an exact form dF : θ_k(ξ) −→ θ_k(ξ) + ∂_kF (ξ) corresponds to the trivial canonical quantization of the system T^∗M

P_k −→ P_k − ∂_kF (ξ) (4.10)

generated by the function F (ξ).

We choose the Hamiltonian of the extended system T^∗M to be equal to R_H , where H = H(ξ) is the initial Hamiltonian. Respectively, for the system T^∗M the action (1.10) takes the form

S_T ∗_M = ∫ [P_k(ξ)ξ̇^k − R_H (P, ξ)]dt. (4.11)

The system T^∗M can be quantized by the scheme of canonical quantization. This means that the Hilbert space ~H is the space of square integrable functions Ψ(ξ) on M: ~H = L_2(M). It is convenient to introduce the invariant measure (1.43), and we define the scalar product by (3.3).

For any function f(ξ), according to the scheme of canonical quantization, we have the corresponding operator f̂ which acts on a wave function Ψ(ξ) as the multiplication by f(ξ). Taking into account the remarks mentioned above (see after (4.6)), we use the same notation f(ξ) for this operator f̂ as well: f̂ ≡ f(ξ).

Further, the rule (3.6) defines the Hermitian operators P̂_k P̂_k = −iℏ∂_k − iℏ ∂^kω(ξ) 4ω(ξ) , (4.12) where the additional term, proportional to ∂_kω, arises from the measure (1.43) in (3.3).

Construction of Hermitian operators, in general, has an ambiguity connected with the ordering of coordinate and momentum operators in the functions of corresponding observables. In our case, the ordering problem is only for the term ∂_kfω^{kl}P_l (see (4.8)). When the momentum operator is in the first degree, we can use the lemma mentioned in Section 3.1 (see (3.8)-(3.9)), and choose the following symmetric ordering ∂_kfω^{kl}P_l −→ 1 2 (∂_kfω^{kl}P̂_l + P̂_l∂_kfω^{kl}). (4.13)

Using the Jacobi identity (1.1), one can prove that ∂_k (√ ω(ξ) ω^{kl}(ξ) ) = 0. (4.14)

Then, from (4.12)-(4.14), we obtain R̂_f = f(ξ) − θ_kω^{kl}∂_lf − iℏω^{lk} ∂_lf∂_k. (4.15) Since the operator ordering (4.13) avoids anomalies in the quantum commutation relations, from (4.9) we get [R̂_f , R̂_g] = −iℏR̂_{{f,g}} (4.16) and this is the most interesting point of the described quantization scheme on the cotangent bundle of a symplectic manifold.

Comparing (4.15) with (3.5), we find that the constructed operators (4.15) (which naturally arise in our scheme) are pre-quantization operators, and the relation (4.16) is a well known fact from the method of geometric quantization [20].

Note that any change of the 1-form θ by an exact form dF corresponds to the unitary transformation of the operators R̂_f (see (4.10))

R̂_f −→ e^{− i}ℏ^{F (ξ)}R̂_f e^iℏ^{F (ξ)}.

After canonical quantization on the cotangent bundle T^∗M, our goal is to use this quantum theory for the quantization of the initial system M , and in the next section we consider the connection between these two systems.

4.2. Constraints on a cotangent bundle. Geometrically there is a standard projection (π : T^∗M → M) of the cotangent bundle T^∗M to the initial phase space M. To find the dynamical relation between these two systems, we introduce a constraint surface on the cotangent bundle T^∗M, and define it as the kernel of the mapping T^∗M → V (M) given by (4.2) and (4.3). It means that on the constraint surface the vector field Φ vanishes (Φ = 0), and if we use the functions Φ_f (P, ξ) (see (4.4)), this surface can be written as Φ_f = 0, ∀ f(ξ) ∈ O(M). (4.17)

From (4.6) and (4.7) we have

{R_f , Φ_g}_∗ = Φ_{{f,g}} (4.18)

and we see, that (4.17), i.e., the constraint surface, is invariant under the canonical transformations generated by the functions R_f . In particular, it is invariant in dynamics generated by the Hamiltonian R_H .

In local coordinates the surface (4.17) can be written as

P_k − θ_k(ξ) = 0. (4.19)

(see (4.3)-(4.5)), and respectively, the momenta P_k are defined uniquely. Hence, the coordinates ξ^k(k = 1, . . . , 2N ) can be used for the parametrization of the constraint surface, and this surface is diffeomorphic to the manifold M. Then, the reduction procedure gives (see (4.19) and (4.8))

P_kdξ^k|_{Φ=0} = θ_k(ξ)dξ^k R_H |_{Φ=0} = H(ξ),

and the action (4.11) of the system T^∗M is reduced to (1.10). Thus, we conclude that the classical system T^∗M restricted on the constraint surface Φ_f = 0 is equivalent to the initial one.

To find the connection on the quantum level too, we have to quantize the system T^∗M taking into account the constraints (4.17).

Before beginning the quantum part of the reduction scheme, let us note that the constraints (4.17) are written for an arbitrary observable f(ξ), and since the constraint surface Φ = 0 is 2N -dimensional, only the finite number of those constraints are independent.

To select the independent constraints, we introduce the complete set of observables on M. The set of observables {f_n(ξ) ∈ O(M); (n = 1, . . ., K)} is called complete, if any observable f(ξ) ∈ O(M). can be expressed as a function of this set

f = F(f_1, . . . , f_K ) (4.20)

It is clear that K ≥ 2N , and we can choose the set with K = 2N only for the manifolds with global coordinates. For K > 2N there are some functional relations for the set f_1, . . . , f_K , and locally only 2N of these functions are independent. Then, from (4.4) and (4.20) we have

Φ_f = ∂F ∂f_n Φ_{fn} , (4.21)

and the constraints (4.17) for arbitrary f are equivalent to the K constraints

Φ_{fn} = 0 (n = 1, . . . , K). (4.22)

In particular, in the case of global coordinates we can introduce only the 2N constraints Φ_{fn} , (n = 1, . . . , 2N ). If it is not specified, below we are assuming that the manifold M has global coordinates and a set of functions f_1, . . . , f_{2N} is complete. Note that the constraint surface and the reduced classical system are independent on the choice of such complete set. Using (4.6), we see that on the constraint surface (4.17), the rank of the matrix {Φ_{fn} , Φ_{fm} }_∗ is equal to 2N . Therefore these constraints, in Dirac’s classification, are the second class constraints.

For constrained dynamical systems there are, actually, two schemes of quantization (see introduction):

A. “First reduce and then quantize”. B. “First quantize and then reduce”.

By the scheme A we are returning to the initial problem of quantization on the manifold M. Therefore, it is natural to use the scheme B, especially as the first step of this scheme we have already accomplished.

To justify our strategy, it is necessary to show that the schemes A and B give equivalent quantum theories, when the system M is quantizable by the canonical method, and also it is worthwhile to have a certain general receipt for accounting for the constraints (4.22) on the quantum level.

According to the scheme B, the next step is the construction of Hermitian constraint operators. From (4.5) and (4.13), the operators

Φ̂_f = iℏV_f + θ(V_f ) (4.23)

are Hermitian, and by direct calculation we obtain

[Φ̂_f , Φ̂_g] = iℏ({f, g} + Φ̂_{{f,g}}), (4.24)

[R̂_f , Φ̂_g] = −iℏΦ̂_{{f,g}} . (4.25)

These commutators are quantum versions of the relations (4.6) and (4.18). As it was expected, there are no anomalies for them (see (4.16)).

Now we should make the reduction of the Hilbert space L_2(M) using the constraint operators (4.23) for some complete set of functions f_1, . . . , f_{2N} . The reduced Hilbert space for the constrained systems is called the physical Hilbert space as well, and we denote it by H_{ph}.

For systems with 2N second class constraints there is the following reduction procedure: one has to select a subset of N constraints Φ̂_1, . . . , Φ̂_N , which can be treated as the first class constraints (independently from others), and then construct the physical Hilbert space H_{ph} from the states which satisfy the Dirac conditions Φ̂_a|Ψ_{ph}⟩ = 0, a = 1, . . . , N . Note that we cannot put all constraints equal to zero in strong sense (Φ̂_k|Ψ⟩ = 0, k = 1, . . ., 2N ), since it is in contradiction with commutation relations of the second class constraints.

It is easy to see that, in our case, the first class constraints will be commuting (see (4.6)). Then, the described procedure implies the selection of N commuting observables f_a, a = 1, . . . , N ; {f_a, f_b} = 0, and further, solution of the differential equations

Φ̂_{fa} Ψ_{ph}(ξ) = 0 (a = 1, . . . , N ). (4.26)

Construction of physical states by selection of N commuting observables is quite natural from the point of view of standard quantum mechanics, and we shall return to this point later.

The equations (4.26) are first order linear differential equations and, in principle, they can be explicitly integrated to describe the corresponding wave functions. But, usually, two significant problems arise at this stage of quantization: the first is connected with a scalar product for the physical states [14], and the second, with definition of the observable operators on these states.

For the first problem, the point is that the Dirac’s conditions Φ̂_a|Ψ_{ph}⟩ = 0, in general, have no solutions in the Hilbert space where the first stage of quantization was accomplished.

In our case, the solutions of (4.26), as a rule, are not square integrable on M (usually they are generalized functions), and the scalar product (3.3) needs modification. On the other hand, a certain measure in scalar product defines the class of functions square integrable by this measure. Thus, a measure for the new scalar product and the class of solutions of (4.26) should be adjusted.

A possible solution of this problem is based on the introduction of complex constraints [91]. Note that classical observables f(ξ) are assumed to be real functions on a phase space, but it is clear that the whole considered construction (except for the self-adjointness) can be naturally extended for complex-valued functions (f(ξ) = f_1(ξ) + if_2(ξ)) as well.

Using the remaining part of the constraints Φ_{fN+1} , . . . , Φ_{f2N} , one can introduce constraints for the complex functions Z_a = f_a +iϵf_{N+a} and consider the equations

Φ̂_{Za} |Ψ_ϵ⟩ = (Φ̂_{fa} + iϵΦ̂_{fN+a} )|Ψ_ϵ⟩ = 0 (a = 1, . . . , N ). (4.27)

Here, 1 ≤ a ≤ N, {f_a, f_{N+a}} ≠ 0 and ϵ is some real parameter. Sometimes we omit the index ‘ph’ for the physical vectors and the physical Hilbert space, and use the index ϵ only.

The condition (4.27) looks like Gupta-Bleuler quantization [92]-[93], and for normalizable solutions |Ψ_ϵ⟩ the mean values of corresponding constraints vanish ⟨Ψ_ϵ|Φ̂_{fa} |Ψ_ϵ⟩ = 0 ⟨Ψ_ϵ|Φ̂_{fN+a} |Ψ_ϵ⟩ = 0.

It turns out that solutions of (4.27) could be square integrable indeed, and then, they form some subspace of the Hilbert space L_2(M) (see the examples below). We denote the corresponding reduced physical Hilbert space by H_ϵ. We have Ψ_ϵ(ξ) ∈ H_ϵ ⊂ L_2(M) ⊂ L^∗_2(M), where L^∗_2(M) is the space dual to the Hilbert space L_2(M). If we consider the physical states |Ψ_ϵ⟩ as the vectors of the dual space L^∗_2(M), then the suitable choice of the norms ||Ψ_ϵ||, and some smooth dependence on the parameter ϵ can provide the existence of the limit

lim_{ϵ→0} |Ψ_ϵ⟩ = |Ψ_{ph}⟩, where |Ψ_{ph}⟩ ∈ H_{ph} ⊂ L^∗_2(M). The obtained physical states |Ψ_{ph}⟩ specify the class of solutions of (4.26), and the scalar product for them is defined by ⟨Ψ_{2ph}|Ψ_{1ph}⟩ = lim_{ϵ→0}

⟨Ψ_{2ϵ}|Ψ_{1ϵ}⟩ ||Ψ_{2ϵ}|| ||Ψ_{1ϵ}|| , (4.28)

where |Ψ_{1ph}⟩ and |Ψ_{2ph}⟩ are the limits of |Ψ_{1ϵ}⟩ and |Ψ_{2ϵ}⟩, respectively. More detailed consideration of this problem will be done in Section 4.4.

It should be noted that the choice of physical states by the conditions (4.26) is equivalent to the choice of real polarizations of geometric quantization, while the choice (4.27) gives the complex polarization [20].

The second above mentioned problem arises when the reduced Hilbert space is non-invariant under the action of some pre-quantization operator R̂_g. From (4.26), the invariance condition has the form

[R̂_g, Φ̂_{fa} ] = N∑ b=1 d^b_aΦ̂_{fb} (1 ≤ a ≤ N ) (4.29)

and, using (4.25) we see that this condition is not fulfilled for arbitrary g(ξ). Moreover, even if a pre-quantization operator acts invariantly on H_{ph}, this operator can be non-Hermitian on H_{ph}, when the latter is not a subspace of L_2(M) and the Hilbert structure is introduced additionally.

For the definition of the corresponding observable operator on the physical Hilbert space, one can deform the pre-quantization operator adding quadratic and higher powers of constraint operators (see Appendix C). Then, using the commutation relations (4.25) and (4.25), one can construct a new Hermitian operator which is invariant on the reduced Hilbert space. Of course, there are different possible deformations, and in general, they define different operators on the physical Hilbert space. In terms of usual canonical quantization, different deformations correspond to different operator ordering. This is the standard ambiguity of quantum theories which vanishes in the classical limit ℏ → 0. Note that the corresponding deformed classical functions are indistinguishable on the constraint surface Φ_f = 0.

We call the described quantization scheme E-quantization scheme. In the next section we consider the application of this scheme to two simple examples considered in Chapter 1. We use these examples also as a test for our approach as well.

4.3. Examples of E-quantization scheme. Example 1. Let M be a plane M ≡ R^2 with the standard coordinates ξ^1 ≡ p, ξ^2 ≡ q and the symplectic form ω = dp ∧ dq. The coordinates p and q are global and from (4.5) we get

Φ_p = 1 2 p − P_q, Φ_q = 1 2 q + P_p, where, for convenience, we choose the 1-form θ =^1_2 pdq −^1_2 qdp. The corresponding constraint operators are

Φ̂_p = 1 2 p + iℏ∂_q , Φ̂_q = 1 2 q − iℏ∂_p (4.30)

and, according to (4.27), for the physical vectors |Ψ_ϵ⟩ we can write the equation ( Φ̂_q − iϵΦ̂_p ) |Ψ_ϵ⟩ = 0. (4.31)

The solution of (4.31) is

Ψ_ϵ(p, q) = exp (− ϵp^2 2ℏ ) exp (− ipq 2ℏ )ψ(q − iϵp), (4.32) with an arbitrary function ψ. For the square integrability of these solutions the parameter ϵ should be positive (ϵ > 0) and we can specify the class of functions ψ, for example, by

ψ(ξ) = exp (− γξ^2 2 )P (ξ), (ξ ≡ q − iϵp), (4.33) where γ is some fixed positive parameter (γ > 0), and P (ξ) is any polynomial. Then, for sufficiently small ϵ the functions (4.32) will be square integrable on the plane and they form the physical subspace H_ϵ, (H_ϵ ∈ L_2(R^2)).

To investigate the case ϵ = 0, we consider the limit as ϵ → 0 in (4.32), and get

Ψ_{ph}(p, q) = exp (− ipq 2ℏ ) ψ(q). (4.34)

It is clear that these functions are not square integrable on the plane, but they are well-defined elements of the dual space Ψ_{ph}(p, q) ∈ L^∗_2(R^2). The functions (4.34) form the physical Hilbert space H_{ph}, and they are solutions of (4.31) with ϵ = 0 (see in the next section as well). Using the rule (4.28), we obtain ⟨Ψ_{2ph}|Ψ_{1ph}⟩ = 1 N_1N_2 ∫ ψ^∗_2(q)ψ_1(q) dq, (4.35)

where N^2_i = ∫ |ψ_i(q)|^2 dq, (i = 1, 2; N_i > 0).

The action of the pre-quantization operators

R̂_p = 1 2 p − iℏ∂_q , R̂_q = 1 2 q + iℏ∂_p (4.36)

on the physical states (4.34) gives

R̂_pΨ_ϵ(p, q) = exp (− ipq 2ℏ ) (−iℏ)ψ^′ (q), R̂_qΨ_ϵ(p, q) = exp (− ipq 2ℏ ) qψ(q). (4.37)

Thus, from (4.35)-(4.37) we have the standard coordinate representation of quantum mechanics. Similarly, one can obtain the momentum representation in the limit as ϵ → ∞ with corresponding choice of a class of the solutions (4.33).

Let us consider the problem of observable operators on the physical Hilbert space H_{ph} with the vectors (4.34). It is easy to check that this space is invariant under the action of the pre-quantization operators R̂_f , where f(p, q) = pA(q) + U (q), with arbitrary A(q) and U (q). But it turns out that these operators R̂_f are Hermitian (with respect to the scalar product (4.35)) only for the constant function A(q) (A(q) = c). Similarly, there is a problem of definition of kinetic energy operator, since the chosen H_{ph} is not invariant under the action of the corresponding pre-quantization operator^5. These are the problems mentioned at the end of the previous section, and for the definition of the corresponding observable operators we can make appropriate deformations (see Appendix C). For example, the deformation of the pre-quantization operator of kinetic energy E = p^2/2m by the quadratic term

R̂_{p2/2m} → R̂_{p2/2m} + 1 2m Φ̂^2_p ≡ Ê

gives that the corresponding operator Ê is well defined on H_{ph}, and effectively it acts as the standard kinetic energy operator Ê : ψ(q) → − ℏ^2 2m ψ^{′′}(q). Now we return to the physical subspace H_ϵ with some fixed positive ϵ.

In the complex coordinates z = q + iϵp √ 2ϵℏ , z^∗ = q − iϵp √ 2ϵℏ (4.38)

the equation (4.31) takes the form ( ∂_z + z^∗ 2 ) Ψ_ϵ(z, z^∗) = 0, (4.39)

and we obtain the solutions

Ψ_ϵ = exp (− 1 2 |z|^2)F (z^∗), (4.40)

where F (z^∗) is any holomorphic function of z^∗. Comparing (4.40) and (4.32), we have F (z^∗) = exp (1/2 z^{∗2}) ψ( √ 2ϵℏ z^∗). The complex coordinates z and z^∗ (see (4.38)) are the classical functions of annihilation

5For this H_{ph} such problem have functions f (p, q) containing the momentum p in second and higher degrees

and creation operators, respectively (see (3.37). The corresponding prequantization operators

R̂_z = z 2 + ∂^∗_z R̂_z∗ = z^∗ 2 − ∂_z act invariantly on the physical Hilbert space H_ϵ, and we have

R̂_zΨ_ϵ = exp (− 1 2 |z|^2)F^′(z^∗) R̂_{z∗}Ψ_ϵ = exp (− 1 2 |z|^2)z^∗F (z^∗). Thus, the reduction on H_ϵ gives the holomorphic representation of quantum mechanics [94], and we see again that the quantum theory of E-quantization scheme is equivalent to the ordinary canonical one. The physical Hilbert spaces H_ϵ for different ϵ are different subspaces of L_2(R^2), but, due to the Stone - von-Neumann theorem [84]-[85], the corresponding representations of canonical commutation relations are unitary equivalent to each other.

Further, we have the standard quantum mechanical relation ⟨p, q; ϵ|Ψ⟩ = ∫ dx ⟨p, q; ϵ|x⟩ψ(x), (4.41) where ψ(x) ≡ ⟨x|Ψ⟩ is a wave function of the coordinate representation and |p, q; ϵ⟩ is a coherent state [95] â|p, q; ϵ⟩ = q + iϵp √ 2ϵℏ |p, q; ϵ⟩. (4.42) The ‘matrix element’ ⟨p, q; ϵ|x⟩ is given by ⟨p, q; ϵ|x⟩ = ( 1 πϵℏ )_{1/4} exp ( i 2ℏ pq) exp (− i ℏ px) exp (−

(x − q)^2 2ϵℏ ), (4.43)

and from (4.41) and (4.43), we obtain lim_{ϵ→0} ⟨p, q; ϵ|Ψ⟩ ( 1 4πϵℏ )_{1/4} = exp (− ipq 2ℏ ) ψ(q). (4.44)

It is well known that the matrix element ⟨p, q; ϵ|Ψ⟩ is connected with the wave function of holomorphic representation (see [94-95]) ⟨p, q; ϵ|Ψ⟩ = exp (− 1 2 |z|^2)F (z^∗), (4.45)

where the variables p, q and z, z^∗ are related by (4.38). On the other hand, from the equivalence of the holomorphic representation and E-quantization scheme, the wave function ~Ψ_ϵ(p, q) ≡ ⟨p, q; ϵ|Ψ⟩ in (4.45) can be considered as a vector of the physical Hilbert space H_ϵ (compare (4.40) and (4.45)). Then, (4.41) and (4.44) will be similar to (4.32) and (4.34), respectively. Only it should be noted that the two physical states Ψ_ϵ(p, q) and ~Ψ_ϵ(p, q), constructed by the same function ψ(q) ∈ L_2(R^1), are different (Ψ_ϵ(p, q) ≠ ~Ψ_ϵ(p, q)) (see (4.32) and (4.41)), and they coincide only in the limit ϵ →

0. This short remark indicates different possibilities of described limiting procedure (for more details see the next section).

Example 2. Let M be a cylinder M ≡ R^1 × S^1 with the coordinates ξ^1 ≡ S ∈ R^1, ξ^2 ≡ φ ∈ S^1 and the symplectic form ω = dS ∧ dφ (see Examples B and c in Chapter 1).

Since the cylinder is a cotangent bundle over the circle, the canonical quantization for this model is realized on the space of square integrable functions ψ(φ) on the circle (ψ(φ) ∈ L_2(S^1)). The quantization rule (3.6) gives Ŝ ψ(φ) = −iℏ∂_φψ(φ), ĉos φ ψ(φ) = cos φ ψ(φ), ŝin φ ψ(φ) = sin φ ψ(φ), (4.46)

and the operator Ŝ has the discrete spectrum S_n = nℏ, (n ∈ Z), with the eigenfunctions ψ_n(φ) = 1/ √ 2π exp (inφ) (see also (3.21)).

The coordinate φ is not global, and for the 1-form we choose θ = Sdφ. The set of functions

f_1 = S, f_2 = cos φ, f_3 = sin φ

is complete (with the relation f^2_2 + f^2_3 = 1), and for the corresponding constraint operators we get

Φ̂_S = S + iℏ∂_φ, Φ̂_{cos φ} = iℏ sin φ∂_S , Φ̂_{sin φ} = −iℏ cos φ∂_S . (4.47)

Note that there is a possibility to have a complete set of observables with only two functions. For example,

~f_1 = e^{S/λ} cos φ, ~f_2 = e^{S/λ} sin φ, (4.48)

where λ is some constant parameter (with dimension of angular momentum). These functions are global coordinates on the cylinder and they map the cylinder to the plane without the origin: ( ~f_1, ~f_2) ∈ R^2 − {0}.

Using (4.47), we see that the wave functions ψ(φ) of ‘φ- representation’ can be obtained in E-quantization scheme by

Φ̂_{cos φ} Ψ_{ph}(S, φ) = 0 and (or) Φ̂_{sin φ} Ψ_{ph}(S, φ) = 0. (4.49)

But it is clear that these functions are not normalizable on the cylinder. The case of the condition

Φ̂_S Ψ_{ph}(S, φ) = 0, (4.50)

is more complicated, since this equation has no global regular solutions. In the class of generalized functions, one can find solutions of the type Ψ_{ph,n} = δ(S − nℏ) exp (inφ), (n ∈ Z) (4.51) which obviously are not square integrable. To investigate these classes, we need a limiting procedure similar to Example 1. We consider such a procedure in the next section and also in Chapter 5, where some motivation and generalization of the condition (4.27) will be done. Here, in the remaining part of this section, we construct the example of the physical Hilbert spaces as subspaces of L_2(R^1 × S^1).

We introduce the complex coordinates related to (4.48)

z = ~f_1 − i ~f_2 = exp (S/λ − iφ), z^∗ = ~f_1 + i ~f_2 = exp (S/λ + iφ) (4.52)

and impose the condition (4.27) for ϵ = 1: Φ̂_z∗ |Ψ_{ph}⟩ = 0. The corresponding equation ( ∂_z + λ 2ℏ log |z| z ) Ψ_{ph}(z, z^∗) = 0, (4.53)

has the solutions

Ψ_{ph}(z, z^∗) = exp ( − λ 2ℏ (log |z|)^2 ) ψ(z^∗). (4.54)

where ψ(z^∗) is any holomorphic function (∂_zψ = 0) on the plane without origin, and it has the expansion

ψ(z^∗) = ∞∑ n=−∞ d_nz^{∗n}

Respectively, in (S, φ) coordinates, the solution (4.54) takes the form

Ψ_{ph}(S, φ) = ∞∑ n=−∞ c_n exp ( − (S − nℏ)^2 2λℏ ) exp (inφ) (4.55)

with c_n = d_n exp (ℏn^2/2λ), and the square integrability gives ∞∑ n=−∞ |c_n|^2 < ∞. (4.56)

We have the pre-quantization operator of angular momentum R̂_S = −iℏ∂_φ. It is a well-defined operator on the physical subspace (4.55), and has the same non-degenerated spectrum as the operator Ŝ of the canonical quantization. Thus, we see the unitary equivalence of these two quantizations.

4.4. The problem of scalar product for the constrained systems. Let f, g be two non-commuting observables and Φ̂_f , Φ̂_g the corresponding constraint operators (4.23). As it was mentioned, these operators are Hermitian on the Hilbert space H ≡ L_2(M). Suppose that the equation (see (4.27))

(Φ̂_f + iϵΦ̂_g)|Ψ_ϵ⟩ = 0 (4.57)

has normalizable solutions for any ϵ ∈ (0, δ), where δ is a positive number. The solutions with fixed ϵ form a subspace H_ϵ of the Hilbert space H. We assume that each subspace can be represented as H_ϵ = F_ϵH_0, where H_0 is a linear space, and F_ϵ is a linear invertible map

F_ϵ : H_0 → H_ϵ, F^{−1}_ϵ : H_ϵ → H_0. (4.58)

In practical applications the linear space H_0 automatically arises from the form of the general solution of (4.57); only it should be specified from the condition of square integrability of the corresponding functions Ψ_ϵ = F_ϵψ, where ψ ∈ H_0. For example, in the case of the equation (4.31), the general solution (4.32) and (4.33) is described by the space of polynomials P (ξ), and it can be interpreted as H_0. The representation (4.41) and (4.45) of the same solutions is different, and in that case, the space H_0 is obviously L_2(R^1). As for the general solution (4.54) and (4.55), the space H_0 is a space of Fourier modes c_n, n ∈ Z, with ∑ |c_n|^2 < ∞ (see (4.56)).

The space of linear functionals on the Hilbert space H is called the dual (to H) space, and we denote it by H^∗. From our definitions we have Ψ_ϵ = F_ϵψ ∈ H_ϵ ⊂ H ⊂ H^∗. Suppose that the set of the vectors F_ϵψ with any fixed ψ ∈ H_0 has the limit (ϵ → 0) in the dual space H^∗, and this limit defines the vector ψ_∗ ∈ H^∗

lim_{ϵ→0} F_ϵψ = ψ_∗. (4.59)

Such linear functional ψ_∗ usually is unbounded, and the limit in (4.59) means that for any Ψ ∈ H we have

lim_{ϵ→0}⟨F_ϵψ|Ψ⟩ = ψ_∗(Ψ), (4.60)

where ψ_∗(Ψ) denotes the value of the functional ψ^∗ on the corresponding vector Ψ ∈ H. If we change the map F_ϵ by F_ϵ → ~F_ϵ = a(ϵ)F_ϵ, where a(ϵ) is some ‘scalar’ function of the parameter ϵ, then the new map ~F_ϵ provides a representation of the subspace H_ϵ in the same form: H_ϵ = ~F_ϵH_0. It is obvious that the existence of the limit in (4.59) essentially depends on the suitable choice of the normalizable function a(ϵ).

The action of some operator Ô on the functional ψ_∗ can be defined by

Ôψ_∗(Ψ) ≡ ψ_∗(Ô^+Ψ), (4.61) where Ô^+ is the Hermitian conjugated to Ô.

The norm ||Ψ_ϵ|| of the vectors Ψ_ϵ = F_ϵψ, with fixed ψ, usually diverges when ϵ → 0, but if we assume that ϵ||F_ϵψ|| → 0, (4.62) then we can prove that ψ_∗ satisfies the equation Φ̂_f ψ_∗ = 0. Indeed, from (4.59)-(4.62) we have

Φ̂_f ψ_∗(Ψ) = ψ_∗(Φ̂_f Ψ) = lim_{ϵ→0}⟨F_ϵψ|Φ̂_f Ψ⟩ =

= lim_{ϵ→0}⟨Ψ_ϵ|Φ̂_f Ψ⟩ = lim_{ϵ→0} iϵ⟨Ψ_ϵ|Φ̂_gΨ⟩ = 0,

where we take into account that the function Ψ_ϵ = F_ϵψ satisfies (4.57). Thus, (4.59) defines the map F_∗ : H_0 → H^∗, and the corresponding functionals ψ_∗ = F_∗ψ satisfy the condition (4.26).

Further, let us assume that F_∗ψ ≠ 0, whenever ψ ≠ 0. Then, the space H_{ph} ≡ F_∗H_0, as a linear space, will be isomorphic to H_0, and, respectively, isomorphic to each H_ϵ as well (see (4.58)).

If for ∀ ϵ_1, ϵ_2 ∈ (0, δ) the map

F_{ϵ2} F^{−1}_{ϵ1} : H_{ϵ1} → H_{ϵ2} (4.63)

is a unitary transformation, then one can introduce the Hilbert structure on H_0 and H_{ph} by definition of the scalar product

⟨ψ_2|ψ_1⟩ ≡ ⟨F_∗ψ_2|F_∗ψ_1⟩ ≡ ⟨F_ϵψ_2|F_ϵψ_1⟩ (4.64)

It is obvious that in the case of unitarity of transformations (4.63), the scalar product (4.64) is independent on the choice of the parameter ϵ, and the corresponding Hilbert structure is a natural one. But, in general, the transformation (4.63) is not unitary, and there is no special Hilbert structure on H_0. Respectively, we have the problem for the scalar product on the space H_{ph}, especially that corresponding functionals are unbounded and have the ‘infinite norm’ in the Hilbert space H.

Note that for the general solutions (4.32) and (4.33), the corresponding transformation (4.63) is not the unitary one, while the general solution (4.40)-(4.41), (4.45) provides unitarity explicitly

~Ψ_{ϵ2} (p, q) = ∫ dpdq 2πℏ ⟨p, q; ϵ_2|p^′, q^′; ϵ_1⟩ ~Ψ_{ϵ1} (p^′, q^′).

Below we describe some procedure for the solution of the scalar product problem in that general case too.

In ordinary quantum mechanics, a physical state is represented by a ray in a Hilbert space and all vectors on the same ray are physically indistinguishable. So, if we suppose that the vector |ψ_∗⟩ has some norm ||ψ_∗||, then the normalized vector |ψ_∗⟩⟩ ≡ |ψ_∗⟩ ||ψ_∗|| (4.65)

describes the same physical state. It is just the scalar product of such normalized vectors that has the physical meaning. Up to the phase factor, this scalar product describes the ‘angle’ between the rays, and defines the probability amplitude.

We introduce the scalar product of such normalized vectors by ⟨⟨ψ_{2∗}|ψ_{1∗}⟩⟩ ≡ lim_{ϵ→0} ⟨Ψ_{2ϵ}|Ψ_{1ϵ}⟩ ||Ψ_{2ϵ}|| ||Ψ_{1ϵ}|| , (4.66)

where the limits of |Ψ_{1ϵ}⟩ and |Ψ_{2ϵ}⟩, respectively, are the functionals |ψ_{1∗}⟩ and |ψ_{2∗}⟩ (see (4.59)), and the latter are related to |ψ_{1∗}⟩⟩ and |ψ_{2∗}⟩⟩ by (4.65). When the limit (4.66) exists, it should define the scalar product of the normalized physical states. Then the scalar product for arbitrary vectors can be obtained uniquely up to a rescaling.

It is obvious that in the case of unitarity of transformations (4.63), the definitions of scalar product (4.64) and (4.66) are equivalent.

Note that the described scheme for the definition of the scalar product of physical states (4.26) can be generalized for other constrained systems as well.

4.5. Symmetry groups in E-quantization scheme. The commutation relations (1.22) and (1.24) define a symmetry for the classical system. The Dirac correspondence principle P2 (see (3.1)) is responsible for the representation of this symmetry on the quantum level. But, as it was mentioned in Chapter 3, in general, there are some problems for the realization of the correspondence principle P2. These problems are of both the technical and principal character [79]-[80].

Realization of the classical commutation relations in the scheme of canonical quantization essentially depends on the choice of operator ordering. For some simple examples one can achieve the non-anomalous quantization by a suitable choice of the ordering. For example, the lemma of Section 3.1 (see (3.8)-(3.9), provides such a choice for the wide class of observables h_α(p, q) which are linear in the momenta h_α(p, q) = A^a_α(q)p_a + B_α(q), (a = 1, . . . , N ; α = 1, . . ., M ). Another example is the Weyl ordering for the quadratic generators

h_α(p, q) = A^{ab}_α p_ap_b + B^{ab}_α p_aq_b + C^{ab}_α q_aq_b

(see Example b in Section 1.2). The absence of anomalies in the corresponding commutation relations can be easily checked by the direct calculation.^6

6Note that in the infinite-dimensional case the Weyl ordering of some quadratic observables is not a well defined one, and we usually use the normal ordering. The latter,

However, in more general cases there are no any special ordering rules for the preservation of the classical commutation relations, and sometimes anomalies are even unavoidable [79]-[80].

In this section we describe a practical scheme for the realization of the correspondence principle P2, using E-quantization scheme.

Let h_α(ξ) (α = 1, . . ., M ) be a set of functions with the commutation relations (1.22), where C^γ_{αβ} are the structure constants of some Lie algebra. According to (4.16), the corresponding pre-quantization operators R̂_α := R̂_{hα} gives the representation of this algebra on the space L_2(M) [R̂_α, R̂_β] = −iℏC^γ_{αβ}R̂_γ . But the Hilbert space L_2(M) is too large and we need a representation on the physical Hilbert space H_{ph}. The latter is defined by the conditions (4.26) (or (4.27)) where the functions f_a(ξ) should be commuting {f_a(ξ), f_b(ξ)} = 0, (a, b = 1, . . . , N ). (4.67) Obviously we get the non-anomalous quantization if the following two conditions are fulfilled:

a) The physical Hilbert space H_{ph} is invariant under the action of the prequantization operators R̂_α.

b) The physical Hilbert space H_{ph} is a subspace of L_2(M) (see the previous section).

The invariance condition a) is given by (4.29). Then, using (4.25) and (4.21), we obtain {h_α, f_a} = F_{α,a}(f_1, . . . , f_N ), (α = 1, . . ., M ; a = 1, . . . , N ) and since the functions f_a(ξ) satisfy (4.67), we get {{h_α, f_a}, f_b} = 0, (α = 1, . . ., M ; a, b = 1, . . ., N ). (4.68) Thus, a given set of generators h_α(ξ) (α = 1, . . ., M ) defines the system of differential equations (4.67)-(4.68) for the functions f_a(ξ) (a = 1, . . ., N ). If this system has a solution, one has to investigate the corresponding conditions (4.26) to obtain the physical Hilbert space H_{ph}. When H_{ph} is a subspace of L_2(M), we automatically arrive at the non-anomalous quantization. But if H_{ph} is not a subspace of L_2(M), then the further investigation is needed to check the Hermiticity of the pre-quantization operators R̂_α with respect to the new scalar product on H_{ph}.

For illustration we consider the rotation group on the sphere (see Examples D and e in Chapter 1). Poisson bracket (1.15) is equivalent to the

in general, possesses anomalies. For example, the conformal group generators give the Virasoro central extension for the corresponding algebra.

symplectic form (A.6), which is closed, but not exact. The corresponding 1-form exists only locally and in the cylindrical coordinates one can choose

θ = (s − r)dφ (4.69)

(see (A.5)). The functions (2.10) are generators of the rotation group and they satisfy the commutation relations (1.38).

Then, from the system (4.67)-(4.68) we get three equations for the one function f_1(s, φ). The corresponding solution has the form

f_1(s, φ) = ( r − s r + s )_{1/2} e^{−iφ}, (4.70)

and for the additional observable f_2, we have

f_2(s, φ) = ( r − s r + s )_{1/2} e^{iφ}. (4.71)

Note that f_1 and f_2 are the complex coordinates on the plane obtained by the stereographic projection from the lower pole.

In standard notations f_1 := z^∗ and f_2 := z, we get the following components of the 1-form

θ_z = i rz^∗ 1 + zz^∗ , θ_z∗ = −i rz 1 + zz^∗ (4.72)

and, respectively, ω_z∗_z = −ω_{zz}∗ = 2ir (1 + zz^∗)^2 , √ ω = 2r (1 + zz^∗)^2

. (4.73)

Then, the equation (4.26) for physical wave functions is

(ℏ∂_z + rz^∗ 1 + zz^∗ )Ψ_{ph}(z, z^∗) = 0, (4.74)

and we obtain the solutions

Ψ_{ph} = (1 + zz^∗)^{−r/ℏ}ψ(z^∗) (4.75)

with an arbitrary holomorphic function ψ(z^∗). Using (4.73) and (1.43), we get the scalar product of the physical wave functions ⟨Ψ_{ph,2}|Ψ_{ph,2}⟩ = ∫ dz^∗dz (1 + zz^∗)^{2+2r/ℏ} ψ^∗_2(z^∗)ψ_1(z^∗). (4.76)

For the finiteness of the norm we get that the maximum degree K of the polynomial for the holomorphic function ψ(z^∗)

ψ(z^∗) = K∑ n=0 c_nz^{∗n} (4.77) is restricted by

K < 1 + 2r ℏ . Further, we have the following pre-quantization operators for the rotation generators (2.10)

R̂_+ := R̂_1 + iR̂_2 = rz + ℏ(∂_{z∗} + z^2∂_z),

R̂_− := R̂_1 − iR̂_2 = rz^∗ − ℏ(∂_z + z^{∗2}∂_{z∗} ), R̂_3 = r + ℏ(z∂_z − z^∗∂_{z∗} ),

and effectively their action on the holomorphic function ψ(z^∗) is given by

R̂_+ : ψ(z^∗) → ℏz^∗ψ^′(z^∗), R̂_− : ψ(z^∗) → 2rz^∗ψ(z^∗) − ℏz^{∗2}ψ^′(z^∗),

R̂_3 : ψ(z^∗) → rψ(z^∗) − ℏz^∗ψ^′(z^∗), (4.78)

We see that the action of the operator R̂_− increases the degree of the polynomial in (4.77), and since the maximum degree is restricted by the number K, we should have R̂_− : z^{∗K} → 0. Moreover, from (4.78) we find r = Kℏ 2 . (4.79)

Summarizing, we conclude that a consistent quantum theory on the sphere arises only for the discrete values (4.79) of the radius r of the sphere. The corresponding physical Hilbert space is K + 1 dimensional and in the basis z^{∗n} (n = 0, . . ., K) we obtain the standard irreducible representation of the rotation group.

Note that the considered system on the sphere can be obtained by the reduction of the constrained system given in Appendix A. The corresponding generalization in the Minkowski space gives (see the end of Appendix A): a) When c > 0 and I_0 := s > O,

θ = (s − c)dφ I_0 = s, I_± = I_1 ± iI_2 = √ s^2 − r^2e^{±iφ} (4.80)

b) When c > 0 and I_0 := s < O,

θ = (s + c)dφ I_0 = s, I_± = I_1 ± iI_2 = √ s^2 − r^2e^{±iφ}. c) When c < 0 and I_0 := s,

θ = sdφ I_0 = s, I_± = I_1 ± iI_2 = √ s^2 + r^2e^{±iφ}.

For all these examples, the symplectic form ω have the same form (A.5) in the cylindrical coordinates. Only the domain of the variable s is different. One can repeat the described scheme for the cases a) and b) and respectively obtain the holomorphic representations of SL(2, R) which are unitary equivalent to the discrete series D^±_c [54], [87].

Note that for all three cases a)-c) the reduced phase space has the cotangent bundle structure with the canonical 1-form and the canonical quantization is applicable. For example, in the case a) (see (4.80)) we can fined the ‘canonical’ 1-form on the plane θ = (s − c)dφ = Hdφ = 1/2(pdq − qdp), where H := s−c ≥ 0, and the coordinates (H, φ) and (p, q) are connected by (3.36). Using the new ‘flat’ coordinates (p, q), one can check that the generators (4.80) take the form (1.40). When the dependence on the canonical variables (p, q) is such non-polynomial, it is difficult to choose the suitable ordering, but, in this case, one can guess the answer, using the form of the representation D^+_c

Î_0 = â^+â + c, Î_+ = â^+ √ â^+â + 2c, Î_− = √ â^+â + 2c â,

where â and â^+ are the creation and annihilation operators (3.30). In this way we can obtain the Holstein-Primakof representation [67] (see (3.28), (3.31)).

5. Quantum Fluctuations and Uncertainties

This chapter is based on the recent paper [57]. Here we generalize a condition for the selection of admissible physical states. Then we find connection of E-quantization with the Berezin quantization and using the general coherent states. In the last section, we introduce the quantum distribution function and discuss its physical interpretation.

5.1. Minimal fluctuations of quantum constraints. In the case of Example 1 (see Section 4.3), the constraint operators Φ̂_p and Φ̂_q have the canonical commutation relations (see (4.30))

[Φ̂_p, Φ̂_q] = iℏ. (5.1)

Recall that due to quantum uncertainties, we cannot put Φ̂_p|Ψ⟩ = 0 and Φ̂_q|Ψ⟩ = 0 simultaneously. The condition (4.31) is equivalent to the choice of the physical states |Ψ_ϵ⟩ as the ‘vacuum’ states in Φ_p, Φ_q variables. Then the mean values of constraints are equal to zero:

⟨Ψ_ϵ|Φ̂_p|Ψ_ϵ⟩ = 0, ⟨Ψ_ϵ|Φ̂_q|Ψ_ϵ⟩ = 0,

and the product of quadratic fluctuations is minimal:

⟨Ψ_ϵ|Φ̂^2_p|Ψ_ϵ⟩⟨Ψ_ϵ|Φ̂^2_q|Ψ_ϵ⟩ = ℏ^2/4.

Thus, for this simple example, the meaning of the condition (4.27) (or (4.57)) is that the obtained physical states |Ψ_ϵ⟩ provide the best realization of the classical constraints Φ_p = 0, Φ_q = 0 on the quantum level.

Let us consider the condition (4.57) in the general case. Note that if two functions f and g are canonically conjugated: {f, g} = 1, then the corresponding constraint operators have canonical commutation relations (see (4.25)). Therefore, for the construction of the physical states by (4.57), it is natural to choose the function g as canonically conjugated to f, and repeat the calculations of Example 1 in f, g variables. Unfortunately this simple procedure, in general, fails. The reason is that the canonically conjugated variable g usually exists only locally and the corresponding constraint Φ_g is not well defined both on classical and quantum levels. For example, canonically conjugated variable to the harmonic oscillator Hamiltonian H = 1/2(p^2 + q^2) is the polar angle φ (see (3.36), (3.39)). Choosing the 1-form θ = 1/2(pdq − qdp) = Hdφ, we get

Φ̂_H = H + iℏ∂_φ,

and for the operator Φ̂_φ one can formally write Φ̂_φ = −iℏ∂_H , but this operator is not self-adjoint . Then, though the equation

(Φ̂_H + iϵΦ̂_φ)|Ψ⟩ = 0, (5.2)

has integrable solutions (for example, Ψ(p, q) = exp (−H^2/2ϵℏ)), nevertheless they are not acceptable for the physical states, since the mean values of the constraint operators Φ̂_H and Φ̂_φ do not vanish, and the minimization of quadratic fluctuations is not achieved as well.

For ϵ = 0 one can write the formal solution of (5.2) (like (4.51)): Ψ = δ(H − ℏn) exp (inφ), and since H ≥ 0, such ‘solutions’ exist only for n ≥ 0. Then, the pre-quantization operator R̂_H = −iℏ∂_φ has the spectrum H_n = ℏn, n ≥ 0. The situation is similar for any completely integrable system [71]. In action-angle variables I_a, φ_a (a = 1, . . . , N ) we have the 1-form θ = I_adφ_a and the Hamiltonian H = H(I_1, . . . , I_N ). Then, the constraint and pre-quantization operators take the form

Φ̂_{Ia} = I_a + iℏ∂_{φa} , R̂_{Ia} = −iℏ∂_{φa} , R̂_H = H − ∂H ∂I_a Φ̂_{Ia} . (5.3)

If φ_a are the cyclic variables (φ_a ∈ S^1), then by described formal operations we obtain the ‘physical states’ Ψ_{ph}(I, φ) = N∏ a=1 δ(I_a − ℏn_a) exp (in_aφ_a), (5.4)

as the ‘solutions’ of the equations

Φ̂_{Ia} Ψ_{ph}(I, φ) = 0.

The spectra of pre-quantization operators (5.3) on these ‘physical states’ are (I_a)_{na} = ℏn_a and H_{n1,...,nN} = H(ℏn_1, . . . , ℏn_N ), where n_a are integer numbers, and the corresponding admissible values are chosen according to the possible classical values of the variables I_a (as, for example, n ≥ 0 for the harmonic oscillator). It is remarkable that these formal results correspond to the quantization rule

I_aΔφ_a = ∮ p_adq_a = 2πℏn_a which is almost the semi-classical one. From these formal operations it seems that the quantum problem is solvable for any completely integrable system; but of course, these expressions have only symbolic meaning, and (5.4) needs further specification, taking account of N other constraints and limiting procedure as well.

After these remarks, let us consider the case where the observables f and g in (4.57) are not canonically conjugated to each other.

It turns out that in general, the equation (4.57) has no normalizable solutions at all, and the choice of sign (or value) of ϵ does not help. If we intend to deal with arbitrary observables and symplectic manifolds, we have to generalize condition (4.27). For this purpose, we introduce the minimization principle for quadratic fluctuations of quantum constraints.

Quadratic fluctuations of two Hermitian operators Φ̂_f and Φ̂_g can be characterized by the functional U (Ψ)

U (Ψ) ≡ ⟨Ψ|Φ̂^2_f |Ψ⟩⟨Ψ|Φ̂^2_g|Ψ⟩, (5.5)

where |Ψ⟩ is a vector with the unit norm ⟨Ψ|Ψ⟩ = 1.

Then, one can postulate the principle that the physical states provide minimization of this functional (5.5). For two arbitrary Hermitian operators, the minimization problem of uncertainties was studied in [96] and [72]. In those papers, the minimization problem was considered for another functional U_1(Ψ)

U_1(Ψ) ≡

⟨Ψ|Φ̂^2_f |Ψ⟩⟨Ψ|Φ̂^2_g|Ψ⟩ ⟨Ψ|Â|Ψ⟩^2 (5.6)

as well, where the operator Â is the commutator Â = − i ℏ [Φ̂_f , Φ̂_g]. (5.7)

In this section we consider only the functional U (Ψ).

Using the results of [96] and [72] and taking variation of the functional (5.5), we get the equation for the physical wave functions |Ψ_{ph}⟩ (see Appendix D) 1 2a^2

Φ̂^2_f |Ψ_{ph}⟩ + 1 2b^2

Φ̂^2_g|Ψ_{ph}⟩ = |Ψ_{ph}⟩ (5.8) with the subsidiary conditions

a^2 = ⟨Ψ_{ph}|Φ̂^2_f |Ψ_{ph}⟩, b^2 = ⟨Ψ_{ph}|Φ̂^2_g|Ψ_{ph}⟩, (5.9)

where a and b are some fixed parameters. Possible values of these parameters are defined from the following procedure. At first we have to solve the equation (5.8) with free parameters a, b and select the solutions with unit norm which satisfy (5.9). Usually after this we still have a freedom in a and b. Then we must choose one of those pairs with minimal product of ab (we assume both a and b to be nonnegative). The fixed values of the parameters a and b provide that the solutions of (5.8) form the linear space as the subspace of L_2(M). This subspace should define the physical Hilbert space H_{ph} ≡ H_{(a,b)} of the system.

Thus, instead of the first order differential equation (4.57) with one parameter ϵ, we get the second order equation (5.8) with two parameters a,b and subsidiary conditions (5.9). Note that a possible limiting procedure in (5.8) for a → 0 (or b → 0) can specify the physical states |Ψ_{ph}⟩ with Φ̂_f |Ψ_{ph}⟩ = 0 (or Φ̂_g|Ψ_{ph}⟩ = 0).

For the test of the formulated principle, at first we consider again Example 1. In this case the constraint operators Φ̂_f ≡ Φ̂_p and Φ̂_g ≡ Φ̂_q have the canonical commutation relations (5.1). Then (5.8) looks like the harmonic oscillator eigenvalue problem with the frequency ω = 1/ab and the eigenvalue E = 1. Respectively, we get ℏ(n + 1/2) = ab. One can check that all the oscillator’s eigenstates |n⟩ satisfy the conditions (5.9) and therefore the minimal ab (ab = ℏ/2) corresponds to the vacuum state (n = 0) given by (aΦ̂_q − ibΦ̂_p)|Ψ_{ph}⟩ = 0. Thus, for the physical states we arrive again at (4.31) with ϵ = b/a, and the limiting procedure as a → 0 (or b → 0 ) can be accomplished in a similar way.

Now, let us consider Example 2 with the constraint operators (4.47). For convenience we can construct the operator Ô ≡ Φ̂^2_{sin φ} +Φ̂^2_{cos φ} and minimize the product ⟨Ψ|Φ̂^2_S |Ψ⟩⟨Ψ|Ô|Ψ⟩. From (4.47) we have Ô = −ℏ^2∂^2_S , and we see that this operator is the square of the Hermitian operator Φ̂_φ ≡ −iℏ∂_S (Ô = Φ̂^2_φ). Then, from the variation principle we get the equation (5.8) with Φ̂_f = S + iℏ∂_φ and Φ̂_g = −iℏ∂_S . Since these two Hermitian operators have the canonical commutation relations, we arrive again at the oscillator problem. Only, now the ‘ground’ state should be obtained from the equation (S + iℏ∂_φ + a b ℏ∂_S )|Ψ_{ph}⟩ = 0. (5.10)

Hence, for this example, using the minimization principle, we arrive at the equation (5.10). It is interesting to note that the equations (5.10) and (4.53) are equivalent, and the functions (4.55) with λ = a/b are the solutions of (5.10) as well.

In (5.10) we can accomplish the limiting procedure to the equations (4.50) (or (4.49)), taking the corresponding limits a/b ≡ λ → 0 (or λ → ∞).

From (4.55) we see that the functions Ψ_{λ,n}(S, φ) = ( ℏ πλ )_{1/4} exp ( − (S − nℏ)^2 2λℏ ) exp (inφ) (5.11)

form the ortho-normal basis for the physical states (5.10). The behavior of these basis functions is singular when λ → 0 (or λ → ∞). But, with some suitable renormalization, the corresponding limits exist in the dual space L^∗_2(R^1 × S^1) (see Section 4.5). Indeed, the limit λ → 0 of the function ~Ψ_{λ,n}(S, φ) = 1√ 2ℏ ( 1 πλ )_{1/4} Ψ_{λ,n}(S, φ) is the generalized function (4.51), while the limit λ → ∞ of the functions ~Ψ_{λ,n}(S, φ) = 1√ 2 ( λ πℏ )_{1/4} Ψ_{λ,n}(S, φ) gives the standard basis for ‘φ representation’ (see (4.46) and (4.49)).

According to the rule (4.28), the obtained physical states (4.51) (similarly, the states ψ_n(φ) = 1/ √ 2π exp (inφ)) form an ortho-normal basis of the corresponding reduced Hilbert space.

Any physical state (5.10) with the unit norm can expanded in the basis (5.11):

Ψ_λ(S, φ) = ∞∑ n=−∞ a_nΨ_{λ,n}(S, φ) with ∞∑ n=−∞ |a_n|^2 = 1.

Here the numbers a_n can be interpreted as the probability amplitudes for the angular momentum, and it is clear that the functions Ψ_λ(S, φ) describe the same quantum physical state for all λ. Using the form of the basis functions (5.11), we get

lim_{λ→0} |Ψ_λ(S, φ)|^2 = 2πℏ ∞∑ n=−∞ |a_n|^2δ(S − nℏ), (5.12) where we take into account that lim_{λ→0} Ψ^∗_{λ,n}(S, φ)Ψ_{λ,m}(S, φ) = 0, when m ≠ n. We see that the right-hand side of (5.12) describes the angular-momentum distribution function for the corresponding physical state.

We use this property in Section 5.3 for the physical interpretation of wave functions Ψ_{ph}(ξ), and now, in the next section, we return to the condition (4.57) for further investigation.

5.2. Minimal uncertainties and coherent states. The minimization principle for quadratic fluctuations applied for the functional (5.6) U_1(Ψ) gives (see Appendix D) 1 2a^2

Φ̂^2_f |Ψ_{ph}⟩ + 1 2b^2

Φ̂^2_g|Ψ_{ph}⟩ − Â A |Ψ_{ph}⟩ = 0, (5.13)

where Â is commutator (5.7), A is a parameter, and the solutions |Ψ_{ph}⟩ should satisfy both (5.9) and the condition ⟨Ψ_{ph}|Â|Ψ_{ph}⟩ = A.

There is some relation between the minimization of the functional U_1(Ψ) and the condition (4.57). The condition (4.57) is the first order differential equation for the wave function Ψ_ϵ(ξ). Of course, it is much easier to analyze solutions of (4.57) than to investigate (5.8) (or (5.13)), which are the second order equations with two (or three) free parameters and the subsidiary conditions (5.9). But, to be acceptable for the physical states, the corresponding the solutions of (4.57) should belong to the domain of definition of self-adjoint operators Φ̂_f and Φ̂_g. Except the finiteness of the norm of |Ψ_ϵ⟩, this means that the operators Φ̂_f and Φ̂_g must be Hermitian on these functions. As it was pointed out, in general, these conditions are not fulfilled, and in that case we have to use the minimization principle for quadratic fluctuations of quantum constraints. But, if for some real ϵ, the solutions of (4.57) satisfy the two conditions mentioned above, then one can derive that (see Appendix D)

⟨Ψ_ϵ|Φ̂^2_f |Ψ_ϵ⟩ = ℏϵA 2 ⟨Ψ_ϵ|Φ̂^2_g|Ψ_ϵ⟩ = ℏA 2ϵ , where ⟨Ψ_ϵ|Â|Ψ_ϵ⟩ = A,

and the corresponding physical states |Ψ_ϵ⟩ provide the minimization of the functional U_1(Ψ): U_1(Ψ_ϵ) = ℏ^2/4. Note (and it is natural) that such functions |Ψ_ϵ⟩ satisfy (5.13) (|Ψ_{ph}⟩ = |Ψ_ϵ⟩) with a^2 = ℏϵA/2, b^2 = ℏA/2ϵ, and A = ⟨Ψ_ϵ|Â|Ψ_ϵ⟩. To be convinced, it is sufficient to act on (4.57) by the operator Φ̂_f − iϵΦ̂_g .

When the commutator Â in (5.13) is a c-number, the equations (5.13) and (5.8) are equivalent and they define the same physical Hilbert spaces as the subspaces of L_2(M). But, in general, these subspaces are different, and for their physical interpretation further investigation is required.

Let us return again to the choice of physical states by the condition (4.57). For simplicity we consider the two-dimensional case with the coordinates ξ ≡ (ξ^1, ξ^2), and the observables f and g can play the role of these coordinates as well.

Suppose that for some real ϵ, the solutions of (4.57) satisfy the required conditions, and hence, they are acceptable for the physical states. In complex variables z = f(ξ) − iϵg(ξ), z^∗ = f(ξ) + iϵg(ξ), (5.14) the condition (4.57) can be written as Φ̂_z∗ |Ψ_{ph}⟩ = 0. The corresponding differential equation has the form (see (4.39), (4.53) and (4.74)) ( ∂_z − i ℏ θ_z ) Ψ_{ph} = 0, (5.15)

where θ_z is the component of the 1-form θ = θ_zdz + θ_z∗ dz^∗. The solutions of (5.15) are

Ψ_{ph}(ξ) = exp (− 1 2ℏ S(ξ))ψ(z^∗), (5.16)

where ∂_zS = −2iθ_z , the coordinates z and ξ are related through (5.14), and ψ(z^∗) is almost arbitrary. Only this holomorphic function ψ(z^∗) should provide a finite norm of physical states Ψ_{ph}(ξ).

The pre-quantization operator R̂_z∗ = z^∗ − Φ̂_z∗ acts invariantly on the physical states (5.16), and this action is given as a multiplication of corresponding wave functions ψ(z^∗) by z^∗

R̂_{z∗} Ψ_{ph}(ξ) = z^∗(ξ)Ψ_{ph}(ξ). (5.17)

From (4.25) and (4.21) we have [R̂_z, Φ̂_z∗ ] = −iℏΦ̂_{{z,z}∗_} = 2ϵℏ∂_z({f, g})Φ̂_z + 2ϵℏ∂_z∗ ({f, g})Φ̂_z∗ , and if the Poisson bracket {f, g} is not a constant, then the physical Hilbert space (5.16) is not invariant under the action of pre-quantization operator R̂_z. In this case, the deformation procedure is rather problematic, and to define the operator ẑ, we use the relation between z, z^∗ variables. Since the operator ẑ^+ ≡ R̂_z∗ is well defined on the physical states (5.16), it is natural to introduce the operator ẑ as Hermitian conjugated to R̂_z∗ : ẑ ≡ (R̂_z∗ )^+. Respectively, the operators f̂ and ĝ will be

f̂ = 1 2 (ẑ + ẑ^+), ĝ = i 2ϵ (ẑ − ẑ^+). (5.18)

If Ψ_{ph,n}(ξ) is some ortho-normal basis of the physical Hilbert space (5.16), then the action of the operator ẑ on any state Ψ_{ph}(ξ) can be written as

ẑΨ_{ph}(ξ) = ∑ n Ψ_{ph,n}(ξ)⟨Ψ_{ph,n}|ẑ|Ψ_{ph}⟩ = ∑ n Ψ_{ph,n}(ξ)⟨ẑ^+Ψ_{ph,n}|Ψ_{ph}⟩ = = ∑ n Ψ_{ph,n}(ξ) ∫ dμ(ξ^′) Ψ^∗_{ph,n}(ξ^′)z(ξ^′)Ψ_{ph}(ξ^′), (5.19)

where dμ(ξ^′) is the standard measure (1.43).

Let us introduce the wave function χ_ζ (ξ): χ_ζ (ξ) ≡ ∑ n Ψ^∗_{ph,n}(ζ)Ψ_{ph,n}(ξ), (5.20) where the parameters ζ ≡ (ζ^1, ζ^2) take the same values as the coordinates (ξ^1, ξ^2). So, (5.20) is an expansion of the wave function χ_ζ (ξ) in the basis Ψ_{ph,n}(ξ) with the coefficients Ψ^∗_{ph,n}(ζ).

With some assumptions about the analytical structure on M, one can prove (see [82] and [27]) that the function χ_ζ (ξ) is well-defined on L_2(M) and the corresponding norm ∫ dμ(ξ) |χ_ζ (ξ)|^2 = ∑ n Ψ^∗_{ph,n}(ζ)Ψ_{ph,n}(ζ) = χ_ζ (ζ) (5.21)

does not depend on the choice of the basis Ψ_{ph,n}(ξ).

Then for an arbitrary physical state |Ψ_{ph}⟩, (5.20) yields ⟨χ_ζ |Ψ_{ph}⟩ = ∫ dμ(ξ) χ^∗_ζ (ξ)Ψ_{ph}(ξ) = Ψ_{ph}(ζ). (5.22)

If we act with the operator ẑ on the state χ_ζ (ξ), and use (5.17), (5.19), and (5.22), we obtain

ẑχ_ζ (ξ) = ⟨χ_ξ|ẑ|χ_ζ ⟩ = ⟨χ_ζ |ẑ^+|χ_ξ⟩^∗ = (ẑ^+χ_ξ(ζ))^∗ = (z^∗(ζ)χ_ξ (ζ))^∗ = z(ζ) χ_ζ (ξ), (5.23)

where the complex valued functions z(ζ) and z^∗(ζ) are given by (5.14), and we take into account that χ^∗_ξ (ζ) = χ_ζ (ξ)

which is apparent from the definition (5.20).

Thus, we see that the function χ_ξ(ξ^′) is the eigenstate of the operator ẑ with the eigenvalue z = z(ξ). This state is uniquely characterized by the complex parameter z, and we denote the corresponding ‘bra’ and ‘ket’ vectors by ⟨z| and |z⟩, respectively. We also use the notation |z⟩ ≡ |f̄, ḡ; ϵ⟩, where f̄ = f(ξ) and ḡ = g(ξ) are the real and the imaginary parts of the complex number ξ.

From the definition (5.20) the set of vectors |z⟩ is a complete one on the physical Hilbert space H_{ph} ∫ dμ(ξ) |z(ξ)⟩⟨z(ξ)| = Î. It is remarkable that this condition of completeness allows us to introduce the covariant and the contravariant symbols of Berezin quantization [27].

Further, for the Hermitian operators (5.18) the relation (5.23) takes the form (f̂ − iϵĝ)|f̄ , ḡ; ϵ⟩ = (f̄ − iϵḡ)|f̄ , ḡ; ϵ⟩, (5.24) which gives ⟨f̄ , ḡ; ϵ|f̂|f̄, ḡ; ϵ⟩ = f̄ , ⟨f̄ , ḡ; ϵ|ĝ|f̄, ḡ; ϵ⟩ = ḡ.

Then, using the method described in [96]-[72], we obtain ⟨f̄ , ḡ; ϵ|(f̂ − f̄ )^2|f̄, ḡ; ϵ⟩⟨f̄, ḡ; ϵ|(ĝ − ḡ)^2|f̄, ḡ; ϵ⟩ ⟨f̄ , ḡ; ϵ|Ĉ|f̄, ḡ; ϵ⟩^2 = ℏ^2 4 , (5.25)

where Ĉ is the commutator Ĉ = i/ℏ [f̂, ĝ]. (5.26) One can show (see [96]) that the number ℏ^2/4 is the minimal value for the corresponding quadratic fluctuations. Therefore, the quantum state |f̄, ḡ; ϵ⟩ minimizes the quadratic fluctuations of the observables f and g around the values f̄ and ḡ. In this respect, they are very similar to the standard coherent states of quantum mechanics |p, q, ϵ⟩ (see (4.42)), which minimize the coordinate-momentum uncertainty.

Note that the operators f̂ and ĝ generally are not the pre-quantization ones, and respectively, the operator Ĉ has not the form (4.16).

For the considered examples (see Section 4.3) many technical calculations with coherent states can be accomplished explicitly. In the case of a plane, the ortho-normal basis for the physical states (4.40) can be chosen as Ψ_{ph,n}(p, q) = exp (− 1 2 |z|^2) z^{∗n} √ n! . Then, from (5.20) and (5.22 )we get

χ_{p1,q1} (p, q) = exp (− 1 2 |z|^2) exp (− 1 2 |z_1|^2) exp (z^∗_1 z) = ⟨z_1|z⟩,

and these states have the unit norm for arbitrary z_1 (see (5.21)). Comparing (5.22) and (5.24) to (4.45) and (4.42), we see that the states |z⟩ are just the usual coherent states |p, q, ϵ⟩ mentioned above.

In the case of a cylinder, we have f = e^{S/λ} cos φ, g = e^{S/λ} sin φ, ϵ = 1 and the corresponding complex variables (4.52). The physical Hilbert space is defined by (4.54) or (4.55), and it has the ortho-normal basis (5.11). Here, we omit the index ‘ph’, the arguments of the functions, and denote the corresponding basis by |Ψ_n⟩. The states |Ψ_n⟩ are the eigenstates of the operator Ŝ ≡ R̂_S = −iℏ∂_φ with the eigenvalues nℏ. Then, from (5.20) and (5.11), we get |z⟩ = ( ℏ πλ )_{1/4 ∞}∑ n=−∞ exp ( − (S − nℏ)^2 2λℏ ) exp (inφ) ‖Ψ_n⟩. (5.27)

This state has the finite norm ⟨z|z⟩ = ( ℏ πλ )_{1/2 ∞}∑ n=−∞ exp ( − (S − nℏ)^2 λℏ ) , and in the limit as λ → 0 we obtain ⟨z|z⟩ → ∞∑ n=−∞ δ(S/ℏ − n). (5.28) Since the operator ẑ^+ acts as the multiplication by z^∗ (see (4.52)), for the basis vectors (5.11) we get

ẑ^+|Ψ_n⟩ = exp ( ℏn λ + ℏ 2λ ) |Ψ_{n+1}⟩. Respectively, the Hermitian conjugated operator ẑ is

ẑ|Ψ_n⟩ = exp ( ℏn λ − ℏ 2λ ) |Ψ_{n−1}⟩, (5.29)

and we obtain the commutator

[ẑ, ẑ^+] = 2 exp (2Ŝ/λ) sinh (ℏ/λ).

Note that the operator ẑ is not the pre-quantization one, and the corresponding classical commutation relation is {ẑ, ẑ^+} = 2i λ exp (2S/λ). Now, from (5.29) and (5.27), we can check that the states |z⟩ are the eigenstates of the operator ẑ with the eigenvalues z = exp (S/λ − iφ).

The states |z⟩ in (5.27) are defined for arbitrary values of the variable S. At the same time, the states with fixed value of the angular momentum (ΔS = 0), exist only for the discrete values of S (S_n = ℏn). Of course, the states |z⟩ are not the eigenstates of the operator Ŝ, but, from (5.25), it is expected that ΔS → 0 when λ → 0. Therefore, it is interesting to investigate the behavior of the states |z⟩ when λ → 0.

Note that the expansion (5.27) can be considered as the definition of the states |z⟩ for a quantum theory of a rotator in abstract Hilbert space; only the basis vectors |Ψ_n⟩ should be the eigenstates of the angular momentum operator Ŝ with the eigenvalues S_n = ℏn. With this remark we can neglect the dependence on the parameter λ in the basis vectors Ψ_n, and consider the behavior (when λ → 0) of the corresponding coefficients only. If we introduce the vector |S, φ; λ⟩ with the unit norm |S, φ; λ⟩ ≡ |z⟩ ⟨z|z⟩^{1/2} , then from (5.27) we get |S, φ; λ⟩ = ∞∑ n=−∞ d_n(S, λ) d(S, λ) exp (inφ) |Ψ_n⟩, where

d_n(S, λ) = exp ( − (S − nℏ)^2 2λℏ ) , d^2(S, λ) = ∞∑ n=−∞ d^2_n, (d > 0).

In the limit as λ → 0, d_n(S, λ)/d(S, λ) → c_n(S), and for the coefficients c_n(S) we get:

a. c_n(S) = 0, if S < ℏ(n − 1/2), or S > ℏ(n + 1/2); b. c_n(S) = 1/ √ 2, if S = ℏ(n − 1/2) or S = ℏ(n + 1/2);

c. c_n(S) = 1, if ℏ(n − 1/2) < S < ℏ(n + 1/2).

We see that |S, φ; λ⟩ → exp (inφ) |Ψ_n⟩, where n is the nearest integer number to S/ℏ. But if S/ℏ is exactly in the middle of two integers: S/ℏ = n + 1/2, then |S, φ; λ⟩ → 1/ √ 2 (exp (inφ)|Ψ_n⟩ + exp (i(n + 1)φ)|Ψ_{n+1}⟩).

So, when λ → 0, all states |S, φ; λ⟩ with ℏ(n − 1/2) < S < ℏ(n + 1/2) ‘collapse’ to the state |Ψ_n⟩.

From (5.22) and (5.28) we see that the obtained behavior of the states |S, φ; λ⟩ for small λ is in accordance with the corresponding behavior of the wave functions of E-quantization scheme given by (5.12).

5.3. Quantum distribution functions. For the physical interpretation of the wave functions Ψ_{ph}(ξ), we refer to the equation (4.57), where the functions f(ξ) and g(ξ) are two non-commuting observables ({f, g} ≠ 0) on the two dimensional phase space M. We assume that the solutions of (4.57) Ψ_ϵ ≡ Ψ_{ph}(ξ) define the physical Hilbert space as the subspace of L_2(M). To emphasize the dependence on the observables f, g and on the parameter ϵ, we denote this physical Hilbert space here by H_ϵ(f, g).

On H_ϵ(f, g) the operators f̂ and ĝ have the form (5.18), where the operator ẑ^+ acts on wave functions Ψ_{ph}(ξ) as the multiplication by z^∗(ξ) = f(ξ) + iϵg(ξ), and the operator ẑ is its Hermitian conjugated. Then, for mean values of these operators we get ⟨Ψ_{ph}|f̂ |Ψ_{ph}⟩ = ∫ dμ(ξ) |Ψ_{ph}(ξ)|^2f(ξ), ⟨Ψ_{ph}|ĝ|Ψ_{ph}⟩ = ∫ dμ(ξ) |Ψ_{ph}(ξ)|^2g(ξ). (5.30)

We see that |Ψ_{ph}(ξ)|^2 can be interpreted as some ‘distribution function’ on the phase space M.

For further investigation, we introduce the modulus and phase of wave functions Ψ_{ph}(ξ) Ψ_{ph}(ξ) = e^{iα(ξ)} √ ρ(ξ). (5.31)

From (4.57) and (5.31), we have two real equations

V_f α + ϵ 2 V_g(log ρ) = 1 ℏ θ(V_f ), V_gα − 1 2ϵ V_f (log ρ) = 1 ℏ θ(V_g ), (5.32)

where V_f and V_g are the corresponding Hamiltonian vector fields (see (1.5)).

One can check the validity of the following relations [V_f , V_g] = V_{{f,g}} = {{f, g}, g} {f, g} V_f − {{f, g}, f} {f, g} V_g and V_f θ(V_g ) − V_gθ(V_f ) = {f, g} + θ(V_{{f,g}}). Using these relations, we can exclude the function α(ξ) from (5.32), and obtain the equation only for ρ(ξ) [ ℏ 2ϵ ( 1 {f, g} V_f )_2 + ℏϵ 2 ( 1 {f, g} V_g )_2] log ρ = − 1 {f, g} . (5.33)

Note that in variables f, g this equation takes the form ℏ 2 ( 1 ϵ ∂^2_g + ϵ∂^2_f ) log ρ = − 1 {f, g} , (5.34)

where the Poisson bracket {f, g} can be considered as a function of f and g. Any solution of (5.33) ρ(ξ) defines the corresponding phase α(ξ) up to the integration constant (see (5.32)). This constant phase factor is unessential for physical states (5.31) and, respectively, there is one-to-one correspondence between the ‘distribution functions’ ρ(ξ) = |Ψ_{ph}(ξ)|^2 and the pure states described by a projection operator P̂_{Ψph} ≡ |Ψ_{ph}⟩⟨Ψ_{ph}|

ρ(ξ) ←→ P̂_{Ψph} . (5.35)

With this remark we can use the index ρ for corresponding pure states as well: P̂_{Ψph} ≡ P̂_ρ.

From (5.31) and (5.22), we have ρ(ξ) = |Ψ(ξ)|^2 = ⟨z(ξ)|Ψ_{ph}⟩⟨Ψ_{ph}|z(ξ)⟩ = ⟨z(ξ)|P̂_ρ|z(ξ)⟩, (5.36) where |z⟩ is a coherent state related to the observables f and g (see (5.20) and (5.24)). If one introduces the covariant symbol P_ρ(ξ) of the projection operator P̂_ρ P_ρ(ξ) ≡ ⟨z(ξ)|Ψ_{ph}⟩⟨Ψ_{ph}|z(ξ)⟩ ⟨z(ξ)|z(ξ)⟩ , then from (5.36) we have ρ(ξ) = P_ρ(ξ)⟨z(ξ)|z(ξ)⟩, and the correspondence (5.35) describes the well known connection between operators and their covariant symbols (see [27]).

Let F (ξ) be any observable on M and F̂ be the corresponding operator on the physical Hilbert space H_ϵ(f, g). Standard quantum mechanical mean values are calculated by ⟨Ψ_{ph}|F̂ |Ψ_{ph}⟩ = T r(F̂ P̂_ρ) ≡ ⟨F̂ ⟩_ρ. (5.37)

We introduce the new mean values F̄_ρ: F̄_ρ ≡ ∫ dμ(ξ) F (ξ)ρ(ξ). (5.38) In general, ⟨F̂ ⟩_ρ ≠ F̄_ρ, but for F = f and F = g these mean values are the same for an arbitrary state ρ (see (5.30))

f̄_ρ = ⟨f̂ ⟩_ρ, ḡ_ρ = ⟨ĝ⟩_ρ. (5.39)

Using (5.17) and (5.18), for the operators f̂^2 and ĝ^2 we obtain

f̄ 2_ρ = ⟨f̂ 2⟩_ρ + ϵℏ 2 ⟨Ĉ⟩_ρ, ḡ^2_ρ = ⟨ĝ^2⟩_ρ + ℏ 2ϵ ⟨Ĉ⟩_ρ, (5.40)

where the operator Ĉ is the commutator (5.26).

The quadratic fluctuations calculated for the mean values (5.37) and (5.38), respectively, are

(ΔF̂ )^2_ρ = ⟨F̂^2⟩_ρ − ⟨F̂ ⟩^2_ρ, (ΔF )^2_ρ = F̄^2_ρ − (F̄_ρ)^2. (5.41)

Then, from (5.39) and (5.40) we have

(Δf)^2 = (Δf̂)^2 + ϵℏ 2 ⟨Ĉ⟩, (Δg)^2 = (Δĝ)^2 + ℏ 2ϵ ⟨Ĉ⟩. (5.42) The introduced ‘distribution functions’ can be generalized for mixed states as well. Any mixed state is described by a density matrix operator ρ̂ [97], which is Hermitian (ρ̂ = ρ̂^+), semi-positive (⟨ψ|ρ̂|ψ⟩ ≥ 0, for any state |ψ⟩), and it has the unit trace (Trρ̂ = 1). Respectively, any density matrix operator has the spectral expansion

ρ̂ = ∑ n c_n|ψ_n⟩⟨ψ_n|, (5.43) where |ψ_n⟩ are the ortho-normal eigenvectors of ρ̂, c_n are the corresponding positive (c_n > 0) eigenvalues, and ∑ n c_n = 1.

Similarly to (5.36), we define the ‘distribution function’ ρ(ξ) connected with the covariant symbol of ρ̂ ρ(ξ) ≡ ⟨z(ξ)|ρ̂|z(ξ)⟩. (5.44) Using the spectral expansion (5.43) we get that a ‘distribution function’ of a mixed state can be expressed as a convex combination of ‘distribution functions’ of pure ones ρ(ξ) = ∑ n c_nρ_n(ξ), (0 < c_n < 1). (5.45)

One can easily check that the relations (5.39)-(5.42) are valid for the mixed states as well.

From (5.44)-(5.45) we see that, in general, a ‘distribution function’ ρ(ξ) is a non-negative function on the phase space M, and it satisfies the standard condition of classical distributions ∫ dμ(ξ) ρ(ξ) = 1. (5.46)

Thus, for a given f(ξ), g(ξ) and ϵ we have ‘distribution functions’ ρ(ξ) which look like classical ones, and at the same time they describe all possible quantum states uniquely. We call these functions the quantum distribution functions. Sometimes it is convenient to indicate the dependence on the observables f, g and the parameter ϵ explicitly: ρ(ξ) ≡ ρ(ξ|f, g; ϵ).

We can compare the quantum distribution function ρ(ξ|f, g; ϵ) to the Wigner function ρ_w (ξ), which is the Weyl symbol of a density matrix operator [98]. For any Wigner function ρ_w(ξ) we have the ‘classical’ formula for quantum mechanical mean values (see (1.46), ⟨F̂ ⟩_ρ = ∫ dμ(ξ) F (ξ)ρ_w(ξ). (5.47)

Though this formula is valid for an arbitrary observable F (ξ), nevertheless Wigner functions cannot be interpreted as functions of probability density. Due to the uncertainty principle, there is no such function on the phase space of a quantum system. In general, the Wigner function is even negative in some domain of a phase space. It should also be noted that the Wigner function is defined only for a ‘flat’ phase space (M = R^{2N} ) and the Cartesian coordinates.

A quantum distribution function ρ(ξ|f, g; ϵ) can be considered for almost arbitrary ‘coordinates’ f, g. It is always positive, but the ‘classical’ formula (5.47) (with substitution ρ_w by ρ) is valid only for the functions F = f, or F = g (and their linear combination).

The evolution equation for the Wigner function has the Liouville like form (1.48), where one has to change the Poisson bracket on the right-hand side to the Moyal one (see for example in [83]). The Moyal bracket has an expansion in powers of ℏ and the zero term coincides with the Poisson bracket. A similar type equation can be obtained for the normal symbol of the density matrix operator, and such equation can be generalized for other quantum distribution functions as well. It is clear that the corrections (in powers of ℏ) to the Poisson bracket essentially depend on the choice of observables f and g and the parameter ϵ. If we take f = H, where H(ξ) is the Hamilton function and take the limit as ϵ → 0, one can expect that all corrections vanish, and the corresponding distribution function satisfies the Liouville equation.

For the physical interpretation of quantum distribution functions ρ(ξ|f, g; ϵ) we consider again Example 1 (see Section 4.3) with M = R^2, f ≡ q, g ≡ −p. In this case (5.42) takes the form

(Δq)^2 = (Δq̂)^2 + ϵℏ 2 (Δp)^2 = (Δp̂)^2 + ℏ 2ϵ , (5.48)

where (Δq̂)^2 and (Δp̂)^2 are usual quantum mechanical quadratic fluctuations of coordinate and momentum, and they satisfy the Heisenberg uncertainty relation

(Δp̂)^2(Δq̂)^2 ≥ ℏ^2 4 . (5.49)

Suppose that a quantum particle is described by a wave function ψ(q). The function |ψ(q)|^2 is a probability density of coordinate distribution, and the quadratic fluctuation (Δq̂)^2 is calculated by the classical formula

(Δq̂)^2 = ∫ dq q^2|ψ(q)|^2 − (∫ dq q|ψ(q)|^2 )_2 . The distribution function |ψ(q)|^2, in principle, can be measured. We denote the corresponding experiment by E_q. Theoretically it is assumed that in the experiment E_q the coordinate can be measured with an absolute precision, and the quantum system can be prepared in a given state ψ(q) as many times as it is necessary for a good approximation of the function |ψ(q)|^2. A statistical distribution of the coordinate, obtained in such experiment, is the intrinsic property of the quantum system in the given state. In general, in a pure state a definite value has some other observable (for example, energy), but not the coordinate.

Similarly, the momentum distribution for the same state is described by the function | ~ψ(p)|^2, and for a good approximation of the function | ~ψ(p)|^2 we need the experiment E_p with the precise measurement of the momentum. Note that the function ~ψ(p) is the Fourier transformation of ψ(q).

One possible method for measuring of the coordinate and the momentum of a quantum particle is the scattering of a light on this particle (see [97]). It is well-known that in such an experiment the precise measurement of the coordinate can be achieved by photons with a very short wavelength λ (high energy). On the contrary, photons of low energy are needed for the measurement of the momentum. Thus, E_q and E_p are two essentially different experiments. Theoretically, the experiment E_q is the measurement with photons of ‘zero wavelength’: λ → 0, and the experiment E_p requires photons of ‘zero energy’: λ → ∞.

But real experiments, of course, are with photons of finite and non-zero wavelength λ. we denote the experiment with some fixed wavelength λ by E_λ. In this experiment there are the errors in measuring of both coordinate and momentum. The first one Δ_q is proportional to the photon’s wavelength λ, while the error of momentum Δ_p is proportional to the photon’s momentum (see [97]) p_λ = 2πℏ/λ. Respectively, we can write

Δ_q = αλ, Δ_p = β ℏ λ , (5.50)

where α and β are dimensionless parameters of order 1.

Thus, in the experiment E_λ we have two different fluctuations: the first one ((Δq̂), (Δp̂)) is the intrinsic property of a quantum system, and the second ((Δ_q), (Δ_p)) is related to the measurement procedure. Then, for the total quadratic fluctuations we can write

(Δ_tq)^2 = (Δq̂)^2 + (Δ_q)^2 = (Δq̂)^2 + α^2λ^2,

(Δ_tp)^2 = (Δp̂)^2 + (Δ_p)^2 = (Δp̂)^2 + β^2ℏ^2 λ^2

. (5.51)

As it was mentioned, the fluctuations (Δq̂) and (Δp̂) satisfy the uncertainty relation (5.49). Assuming that for the ideal experiment αβ = 1/2, from (5.50) we get another uncertainty relation

Δ_qΔ_p = ℏ 2 . (5.52)

With this assumption, from (5.48) and (5.51), we can write

(Δ_tq)^2 = (Δq)^2, (Δ_tp)^2 = (Δp)^2.

Then the parameter ϵ is related to the wavelength λ and at the same time it fixes the ratio of the experimental errors ϵ = Δ_q Δ_p

. (5.53)

Note that for the total fluctuations we get the uncertainty relation (Δp)(Δq) ≥ ℏ. Since the quadratic fluctuations (Δq)^2 and (Δp)^2 are calculated by the mean values of the function ρ_ϵ(p, q), it is natural to suppose that the quantum distribution function ρ_ϵ(p, q) = |Ψ_ϵ(p, q)|^2 is the distribution obtained in the experiment E_λ with simultaneous measurements of the coordinate and the momentum.

This idea can be easily generalized assuming that the quantum distribution function ρ(ξ|f, g : ϵ) is the distribution on the phase space obtained in some ideal experiment with simultaneous measuring of the observables f and g. In such an experiment we have the unavoidable errors Δ_f and Δ_g connected with the measurement procedure with micro-objects. For the corresponding fluctuations there is the additional uncertainty principle (see (5.52)), and the parameter ϵ specifies the experiment by fixing the ratio of the errors ϵ = Δ_f /Δ_g.

If the function ρ(ξ) ≡ ρ(ξ|f, g; ϵ) is really measurable, then in the limit ϵ → 0 this function ρ(ξ) should describe the experimental distribution of the exact measurement of the observable f. It is obvious that for the observable f with discrete spectrum the corresponding function ρ(ξ) should be localized in the points of this spectrum. Thus, by asymptotics of quantum distribution functions one can obtain the spectrum of the physical observables (see (5.12) and the end of Section 5.2).

We see that quantum distribution functions can play some fundamental role for the interpretation of quantum theory. It is natural to try to formulate quantum mechanics in terms of these distribution functions, especially as they describe all possible states of a quantum system uniquely. But for this purpose it is worthwhile to have an independent (without referring to the Hilbert space) description of the set of functions ρ(ξ) ≡ ρ(ξ|f, g; ϵ). The corresponding functions are positive, satisfying (5.46), and at the same time they essentially depend on the choice of observables f and g and of the parameter ϵ. On the other hand, the set of physical states is a convex one, where the boundary points are the pure states. So for the description of our set we need to specify the distribution functions of pure states, but the latter are given as the solutions of (5.33). Thus, in this approach equation (5.33) plays an important role. Actually it describes the set of all physical states and, respectively, it contains the information about quantum uncertainties both the intrinsic and the experimental ones.

Note that on the left-hand side of the corresponding equation there is the Laplace operator (see (5.33) and (5.34)) and we have some metric structure induced on the phase space M. It is remarkable, that this metric structure is related to the experimental errors. Indeed, in the case of Example 1 the errors Δ_p, Δ_q and the parameter ϵ are related by (5.53), and we see that the corresponding equation (5.34) takes the form ( Δ^2_q∂^2_q + Δ^2_p∂^2_p ) log ρ = −1.

Note, that a similar ‘shadow’ metric on a phase space was introduced in [36].

If the equation for the quantum distribution functions of pure states has really the fundamental character, then one might expect that it can be derived from some general principle. A suitable principle could be the minimization of certain functional, and we arrive to the problem of construction of the corresponding functional. Since the minimization should be achieved on pure states, it is natural to interpret such functional as the entropy of a quantum system. Respectively, one candidate for such a functional is the standard quantum mechanical entropy S = −T r(ρ̂ log ρ̂) which can be expressed as a functional of ρ(ξ).

Formulation of quantum mechanics based on the entropy minimization principle for the measurable distribution functions seems quite interesting and it needs further investigation.

Conclusions

In conclusions we present the main results of the work: 1. The practical reduction scheme of gauge invariant theories is constructed. This method is based on the analysis of the restricted 1-forms in gauge-invariant variables, and it is effectively used even if only a part of the gauge invariant variables are known.

2. A complete reduction of the models of Yang-Mills theory is accomplished. A possible mechanism of the confinement is obtained for the finitedimensional model with SU (2) gauge symmetry. In the infinite dimensional case the reduced Hamiltonian system has a non-analytical dependence on the coupling constant and this system is equivalent to Yang-Mills theory with a certain boundary condition.

3. A quantum theory is constructed for the system of a relativistic particle moving freely on the SL(2, R) group manifold. Applied to the cotangent bundle of SL(2, R), the method of Hamiltonian reduction allows us to split the reduced system into two coadjoint orbits of the group. We find that the Hilbert space consists of states given by a discrete series of unitary irreducible representations of SL(2, R), and only some discrete values of the mass parameter are admissible.

4. The k-th root of the bosonic phase operator is constructed. This construction leads to the extension of the Hilbert space. In the case k = 2 the ordinary fermionic extension arises. Particles whose statistics depends on k are introduced for other values of k. We show that the constructed quantum system can be considered as a quantization on k-sheet manifold as well.

5. A general quantization method based on the extension of phase space is constructed. This method (E-quantization) turned out to be very similar to geometric quantization, though it is based on essentially different ideas. A connection of E-quantization with the Berezin quantization is found.

6. The problem of scalar product is investigated for the constrained systems and a possible solution to this problem is given.

7. Generalization of the Gupta-Bleuler like conditions is done by minimization of quadratic fluctuations of quantum constraints.

8. The general coherent states are introduced. They minimize uncertainties for some complete set of observables. The special coherent states on the cylinder are constructed and their behaviour is investigated.

9. The positive defined quantum distribution function is introduced. The special elliptic type equations are obtained for the pure state distributions. A possible experimental measuring of the quantum distribution functions is investigated and the corresponding physical interpretation of these distribution is found.

Acknowledgements

As it was pointed out, the present work is based on [39]-[56]. The author is most grateful to the colleagues for the collaboration in these papers.

During last few years the author’s research was partially supported by the grants from: INTAS, JSPS, RFBR (96-0100344) and Georgian Academy of Sciences.

The author is indebted to: Dublin Institute for Advanced Studies, Max- Planck-Institute fur Physik in Munchen, Zanjan Institute for Advanced Studies and International Center for Theoretical Physics in Trieste, where part of this work has been done.

The author also is grateful to the colleagues from the seminars in Steklov Mathematical Institute and in A. Razmadze Mathematical Institute for many helpful discussions.

Appendix A

Let ⃗J = (J_x, J_y, J_z) be any non-zero vector of 3-dimensional Euclidean space. We associate the following orthonormal frame ⃗e_i( ⃗J) (i = 1, 2, 3) with this vector ⃗J

⃗e_3 = J_z J , ⃗e_i · ⃗e_k = δ_{ik}, ⃗e_i × ⃗e_k = ϵ_{ikl}⃗e_l, (A.1) where J = (J^2_x + J^2_y + J^2_z )^{1/2}.

Of course, there are different possibilities for the choice of the vectors ⃗e_1 and ⃗e_2, but note that the orthonormal frame ⃗e_i( ⃗J) cannot be chosen continuously on the sphere J = r. For example, if we choose

⃗e_1 = 1 J ( J^2_x J + J_z − J, J_xJ_y J + J_z , J_x ) , ⃗e_2 = 1 J ( J_xJ_y J + J_z , J^2_y J + J_z − J, J_y ) , (A.2)

then the continuity is violated at the lower pole J_z = −J.

Suppose that the vector ⃗J is the exterior product of two orthogonal vectors ⃗q and ⃗p: ⃗J = ⃗q × ⃗p (see (2.8)-(2.9)). Using the basis (A.1), we get the decomposition for the vectors ⃗q and ⃗p

⃗q = a_1⃗e_1 + a_2⃗e_2, ⃗p = b_1⃗e_1 + b_2⃗e_2, (A.3)

where the coefficients (a_1, a_2) and (b_1, b_2) satisfy the following conditions

a_1b_1 + a_2b_2 = 0, a_1b_2 − a_2b_1 = r,

and for the two dimensional vectors a = (a_1, a_2) and b = (b_1, b_2) we can choose the parametrization

a = ρ(cos χ, sin χ), b = r ρ (− sin χ, cos χ), (ρ > 0). (A.4)

The initial phase space with the coordinates (⃗p, ⃗q)is 6-dimensional. The 4-dimensional constraint surface ϕ_1 := ⃗p · ⃗q = 0, ϕ_2 = ⃗J^2 − r^2 = 0 can be parametrized by the coordinates (s, φ, ρ, χ) where (s := J_z, φ) are the cylindrical coordinates on the sphere (see (2.10)). Using (A.1)-(A.4), we can calculate the reduction of the 1-form ⃗p· d⃗q on the constraint surface and obtain ⃗p · d⃗q|_{ϕ1,2=0} = rdχ + (s − r)dφ. (A.5) In this calculation we use that ⃗e_1d⃗e_2 = r(r − s)dφ which can be derived using the parametrization (A.2).

The differential of the 1-form (A.5) is a well defined symplectic form on the sphere ω = ds ∧ dφ. (A.6) The described reduction scheme can be generalized for the Minkowski space with the metric tensor g_{μν} (μ, ν = 0, 1, 2). Here the co-vector I_μ is defined by I_μ = ϵ_{μνσ}q^ν p^σ and the constraints have the form ϕ_1 = p_μq^μ = 0, ϕ_2 = I_μI^μ − c = 0. It should be noted that the form of the frame connected with the vector I_μ essentially depends on the sign of the constant c, and respectively, different reductions are possible.

Appendix B

The 2 + 1-dimensional massive photodynamics is described by the Lagrangian (see e.g., [99]) L = − 1 4 F_{μν} F^{μν} − m 4 ϵ^{μνσ}F_{μν} A_σ. (B.1) We choose g_{μν} = diag(+, −, −), ϵ^{012} = 1. Using the first order formalism [18], we obtain S = ∫ dt ∫ R^2

d^2x[(E_i− m 2 ϵ_{ij}A_j )Ȧ_i − 1 2 (E_iE_i +B^2)+A_0(∂_iE_i−mB)], (B.2)

where E_i ≡ F_{0i} ≡ Ȧ_i − ∂_iA_0 B ≡ 1 2 ϵ_{ij}F_{ij} (ϵ_{ij} ≡ ϵ^{0ij}) and we neglect the boundary term ∫ R^2 d

2x∂_i[A_0(^m_2 ϵ_{ij}A_j − E_i)].

If we use ‘1-forms’ instead of time derivatives (see the comment after (2.54)), the action (B.2) takes the form (2.1) with A_0 playing the role of a Lagrange multiplier.

For the reduction, we choose E_1 and E_2 to be the variables ξ^μ, and A_1 to be the additional variable η (see (2.12)). Then ~S = ∫ dt ∫ R^2

d^2x [ 1 m E_2Ė_1 − 1 2 [E_iE_i + 1 m^2

(∂_kE_k)^2] + d dt Θ ] , (B.3)

where Θ = 1 2 [E_1A_1 + E_2K̂(A_1 + 1 m E_2)]

and the operator K̂ ≡ ∂^{−1}_1 ∂_2 is assumed to be symmetrical due to the corresponding boundary conditions.

Neglecting the Θ term as the total derivative, we get the local Hamiltonian theory with the canonical commutation relations

{E_2(x), E_1(y)} = mδ^{(2)}(x − y) (B.4)

and the quadratic Hamiltonian 1 2 ∫ R^2

d^2x[E_iE_i + 1 m^2

(∂_kE_k)^2]. (B.5)

The energy-momentum tensor can also be expressed in terms of E_1 and E_2 alone:

T_{00} = 1 2 [E_iE_i + 1 m^2

(∂_kE_k)^2], T_{0i} = 1 m ϵ_{ij}E_j(∂_kE_k). (B.6)

Let us briefly discuss the boundary conditions. We can assume that the boundary behavior of the physical variables (E_1, E_2) should provide the Poincaré invariance of the reduced system (B.3)-(B.6), while the boundary behavior of the fields of the initial system (B.1) should allow the outlined reduction procedure.

Generators of the Poincaré group (constructed from the energy-mome-ntum tensor (B.6)) generate transformations of E_1 and E_2 according to the Poisson brackets (B.4). The space of functions E_1(x) and E_2(x) should be invariant under these transformations. It is natural to choose the class of smooth functions rapidly vanishing at infinity.

For diagonalization of the Hamiltonian and momentum, let us make the Fourier transformation

E_j(x) = i ∫ d^2p e^{−i(p·x)} 2π ~E_j(p). and introduce the longitudinal and transverse components ~E_j(p) = p^j |p| e_1(p) − ϵ_{jl}p_l |p| e_2(p),

where |p| = √ p^2_1 + p^2.

Then diagonalization of the energy and momentum occurs in the variables a(p) = ω_p m e_1(p) + ie_2(p) √ 2ω_p e^{−iφ(p)} a^∗(p) = ω_p m e_1(−p) − ie_2(−p) √ 2ω_p e^{iφ(p)} with ω_p = √ |p|^2 + m^2 and e^{±iφ(p)} = p_1 ± ip_2 |p| . Note that for the chosen class of E_1(x) and E_2(x), the longitudinal and transverse components of ~E_j(p) have a singularity at the origin (p = 0), and we need to introduce the phase factor e^{iφ(p)} to cancel it. On the other hand, one can easily check that the class of smooth functions a(p), a^∗(p) is Poincaré invariant. This phase factor was introduced in [99] to avoid anomalies in the commutation relations of the Poincar e algebra of quantum operators. As we have seen, this phase factor is connected with the Poincare invariance of the classical system, as well.

After describing the class of physical variables, one can go back and find the class of gauge potentials A_μ. One can show that these classes for massive and ordinary photodynamics in (2+1) dimensions are different.

Appendix C

Let us consider a symplectic manifold M with some global coordinates ξ^k, (k = 1, . . . , 2N ) and constant symplectic matrix: ∂_jω^{kl} = 0 (see (1.12)). The simple example of such M is R^{2N} with canonical coordinates.

For the global coordinates ξ^k we can introduce the corresponding constraint functions Φ_ξk , and from (4.3)-(4.4) we get

Φ_ξk = Φ^k = ω^{kl}(P_l − θ_l). (C.1)

Then, (4.6) takes the form

{Φ^k, Φ^l}_∗ = ω^{kl}, {f, Φ^k}_∗ = −ω^{kl}∂_lf, (C.2)

where f(ξ) is any observable on M, but in (C.2) it is considered as a function on T^∗M with the natural extension (see remarks after the equation (4.6)).

Let us add to the function f(ξ) the term linear in constraints Φ^k

f(ξ) → f^{(1)} = f(ξ) + A^{(1)}_l (ξ)Φ^l (C.3)

and choose the functions A^{(1)}_l (ξ) to satisfy the condition

{f^{(1)}, Φ^k}_∗ = B^{(1)k}_l (ξ)Φ^l. (C.4)

This means that the right-hand side of (C.4) should contain the constraints Φ^k only in the first degree. From this condition the functions A^{(1)}_l (ξ) and B^{(1)k}_l (ξ) are defined uniquely

A^{(1)}_l (ξ) = −∂_lf(ξ), B^{(1)k}_l (ξ) = ω^{kj} ∂^2_{jl}f(ξ). (C.5)

It is obvious, that f^{(1)} = R_f , and (C.4)-(C.5) are equivalent to (4.18) with constant symplectic matrix ω^{kl}. We can continue this ‘deformation’ procedure

f^{(1)} → f^{(2)} = f^{(1)} + 1 2 A^{(2)}_{lj} (ξ)Φ^lΦ^j (C.6) demanding {f^{(2)}, Φ^k}_∗ = B^{(2)k}_{lj} (ξ)Φ^lΦ^j .

Then, for the functions A^{(2)}_{lj} (ξ) and B^{(2)k}_{lj} (ξ) we have

A^{(2)}_{lj} (ξ) = ∂^2_{lj} f(ξ), B^{(2)k}_{lj} (ξ) = − 1 2 ω^{ki}∂^3_{ilj} f(ξ). Generalizing for arbitrary n, we get

f(ξ) → f^{(n)} = f(ξ) + n∑ a=1 1 a! A^{(a)}_{k1...ka} (ξ)Φ^{k1} . . . Φ^{ka} , (C.7)

where A^{(a)}_{k1...ka} (ξ) = (−)^a∂^{(a)}_{k1...ka} f(ξ) (C.8) and {f^{(n)}, Φ^k}_∗ =

(−)^{n+1} n! ω^{kl} ( ∂^{(n+1)} lk_1 ...k_n f(ξ) ) Φ^{k1} . . . Φ^{kn} . (C.9)

Using this procedure for any observable f(ξ), one can construct a new function ~f = lim f^{(n)} (n → ∞), which commutes with all constraints Φ^k (k = 1, . . ., 2N ), and on the constraint surface (Φ^k = 0 (k = 1, . . . , 2N )) it is equal to f(ξ).

A similar procedure can be accomplished on the quantum level as well, taking into account operators ordering and self-adjoint conditions. But, when the symplectic matrix ω^{kl} depends on coordinates ξ^k, the described procedure fails for some observables f(ξ), even on the classical level. For the illustration, let us consider a simple example on a half plane with coordinates (p, q), p > 0, and the canonical 1-form θ = pdq. If we take the coordinates ξ^1 = p^2/2, ξ^2 = q (which are global here), then the corresponding constraints Φ^1 = p^2 − pP_q, Φ^2 = P_p have the commutation relations

{Φ^2, Φ^1} = p + 1 p Φ^1. (C.10)

The first deformation of the function f = q, as usual, gives f^{(1)} = R_q = q − P_p and we get

{f^{(1)}, Φ^1}_∗ = − 1 p Φ^1, {f^{(1)}, Φ^2}_∗ = 0. (C.11)

Considering the second deformation (C.6)

f^{(2)} = f^{(1)} + 1 2 ( A_{11}(ξ)(Φ^1)^2 + 2A_{12}(ξ)Φ^1Φ^2 + A_{22}(ξ)(Φ^2)^2 ) and using commutation relations (C.10)-(C.11), we see that it is impossible to cancel the linear (in the constraints Φ^1 and Φ^2) terms in the Poisson brackets {f^{(2)}, Φ^1}_∗ and {f^{(2)}, Φ^2}_∗ simultaneously.

Appendix D

At first, we consider minimization of the product of quadratic fluctuations (see (5.5)) U (Ψ) ≡ ⟨Ψ|Φ̂^2_f |Ψ⟩⟨Ψ|Φ̂^2_g|Ψ⟩, (D.1) with the vectors |Ψ⟩ of unit norm ⟨Ψ|Ψ⟩ = 1. (D.2) For the minimization of the functional U (Ψ) one can use the variation principle, considering the variation of |Ψ⟩ to be independent of ⟨Ψ|. Since we have the subsidiary condition (D.2), from the variation of (D.1) we obtain b^2Φ̂^2_f |Ψ⟩ + a^2Φ̂^2_g|Ψ⟩ = c|Ψ⟩, (D.3) where a^2 = ⟨Ψ|Φ̂^2_f |Ψ⟩, b^2 = ⟨Ψ|Φ̂^2_g |Ψ⟩. (D.4) Multiplying by ⟨Ψ|, we get c = 2a^2b^2, and the equation (D.3) takes the form 1 2a^2

Φ̂^2_f |Ψ⟩ + 1 2b^2

Φ̂^2_g|Ψ⟩ = |Ψ⟩. (D.5) Thus, the solutions of (D.5) which satisfy the conditions (D.4) can provide minimization of the functional U (Ψ). If there are solutions with different values of the parameters a and b, then we have to choose the solutions with minimal value of the product a^2b^2.

Now we consider minimization of the functional U_1(Ψ) (see (5.6))

U_1(Ψ) ≡

⟨Ψ|Φ̂^2_f |Ψ⟩⟨Ψ|Φ̂^2_g|Ψ⟩ ⟨Ψ|Â|Ψ⟩^2 . (D.6)

For an arbitrary vector |Ψ⟩ and any real parameter ϵ we have ⟨Ψ|(Φ̂_f − iϵΦ̂_g)(Φ̂_f + iϵΦ̂_g )|Ψ⟩ ≥ 0. (D.7) The left-hand side of this inequality is a second order polynomial in ϵ ϵ^2⟨Ψ|Φ̂^2_g|Ψ⟩ − ℏϵ⟨Ψ|Â|Ψ⟩ + ⟨Ψ|Φ̂^2_f |Ψ⟩, and respectively we have

⟨Ψ|Φ̂^2_f |Ψ⟩⟨Ψ|Φ̂^2_g |Ψ⟩ ≥ ℏ^2 4 ⟨Ψ|Â|Ψ⟩^2. (D.8)

Thus, the minimal value of the functional U_1(Ψ) could be ℏ^2/4. If for some ϵ the equation

(Φ̂_f + iϵΦ̂_g)|Ψ⟩ = 0 (D.9)

has a normalizable solution |Ψ⟩ = |Ψ_ϵ⟩, then, for this |Ψ_ϵ⟩ we have an equality in (D.7) and (D.8). Respectively, these states |Ψ_ϵ⟩, provide the minimization of the functional U_1(Ψ). But, as it was indicated in Section 5.1, sometimes equation (D.9) has no normalizable solutions for any real ϵ. In that case, one can consider the minimization problem for the functional U_1(Ψ) by the variation principle, as it was done for the functional U (Ψ) above. Repeating the same procedure, we get the equation 1 2a^2

Φ̂^2_f |Ψ⟩ + 1 2b^2

Φ̂^2_g |Ψ⟩ − Â A |Ψ⟩ = 0, (D.10)

where a, b, A are parameters, and the solution |Ψ⟩ should satisfy (D.4) and the additional condition.

References

1. P. A. M. Dirac, Lectures on quantum mechanics. Yeshive University, New York, 1964.

2. P. A. M. Dirac, Canad. J. Math. 2(1950), 129. 3. L. D. Faddeev, Teor. Mat. Fiz. 1(1969), 3.

4. A. J. Hanson, T. Regge, and C. Teitelboim, Constrained Hamiltonian systems. Accademia Nazionale dei Lincei, Roma, 1975.

5. K. Sundermeyer, Constrained dynamics. Lecture Notes in Physics 169, Springer Verlag, Berlin–Heidelberg–New York, 1982.

6. M. Henneaux and C. Teitelboim, Quantization of gauge systems. Princeton University Press, Princeton, 1992.

7. L. Lusanna, Classical Yang–Mills theory with fermions. I. General properties of systems with constraints; II. Dirac’s observables. Int. J. Mod. Phys. A(1995).

8. K. Kuchar, Phys. Rev. D34(1986), 3031; Phys. Rev. D34(1986), 3044; Phys. Rev. D35(1987), 596.

9. R. Loll, Phys. Rev. D 41(1990), 3785.

10. G. Kunstatter, Dirac’s vs. reduced quantization: a geometrical approach. Preprint LPTHE Orsay, 1991.

11. D. McMullan and I. Tsutsui, BRST instanton and spin from inequivalent quantizations. Preprint DIAS-STP-93-21, Dublin, 1993.

12. D. Z. Freedman, Spatial geometry of Hamiltonian gauge theories, Preprint CERN-TH. 7391/94, 1994.

13. I. L. Bukhbinder and S. L. Lyakhovich, Teor. Mat. Fiz. 82(1989), 193.

14. A. Ashtekar and R. S. Tate, J. Math. Phys. 35(1994), 6434. 15. V. N. Gribov, Nucl. Phys. B 139, (1978), 1.

16. V. P. Pavlov, A. O. Starinetz, Phase space geometry for constrained systems. Talk given at the meeting on “Constrained Dynamics and Quantum Gravity”. Dubna, 1995.

17. S. A. Gogilidze, A. M. Khvedelidze, V. N. Pervushin, On admissible gauges for constrained systems. Preprint JINR, ZU-TH-4/95 (1995).

18. L. Faddeev and R. Jackiw, Phys. Rev. Lett. 60(1988), 1692. 19. R. Jackiw (Constrained) Quantization without tears. Montepulciano, Italy, 1993.

20. N. M. J. Woodhous, Geometric quantization. Clarendon, Oxford, 1992.

21. B. Kostant, Lect. Notes Math. 170(1970), 87.

22. J.-M. Souriau, Structure des systèmes dynamiques. Dunod, Paris, 1970.

23. A. A. Kirilov, Geometric quantization. Contemporary problems of mathematics, Fundamental directions, Moscow, VINITI 4(1985), 141.

24. V. Guillemin and S. Sternberg, Geometric asymptotics. A. M. S. Math. Surv. 14(1977).

25. J. Sniatycki, Geometric quantization and quantum mechanics. Spinger, Berlin, 1980.

26. N. E. Hurt, Geometric quantization in action. Reidel, Dordrecht, 1983.

27. F. A. Berezin, Comm. Math. Phys. 40(1975), 153. 28. G. W. Mackey, Induced Representations of Groups and Quantum Mechanics. Benjamin, New York, 1969.

29. C. J. Isham, Relativity, Groups and Topology II. Proceedings of the Les Houches Summer School, Les Houches, France, 1983.

30. A. Lichnerowich, Deformation theory of algebras and structures. NATO ASI Ser. C 247(1988).

31. E. S. Fradkin, V. Ya. Linetski, Nucl. Phys. B 431(1994), 569. 32. E. S. Fradkin, V. Ya. Linetski, Nucl. Phys. B 444(1995), 577. 33. C. Becchi, A. Rouet, R. Stora, Comm. Math. Phys. 42(1975), 127.

34. I. V. Tyutin, FIAN Preprint 39(1975).

35. Y. Sobouti and S. Nasiri, Int. J. Mod. Phys. B18(1993), 3255. 36. E. Gozzi, Phys. Lett. A202(1995), 330.

37. J. R. Klauder, Geometric quantization from a coherent state viewpoint. Proceedings of the “XIV Workshop on Geometric Methods in Physics,” Bielowieza, Poland, July 9–15, 1995.

38. J. R. Klauder and P. Maraner, Dynamics as shadow of the phase space geometry. Preprint UPRF-96-462, 1996.

39. G. P. Jorjadze, A. K. Pogrebkov, and M. C. Polivanov, Teor. Mat. Fiz. 40(1979), 221.

40. G. P. Jorjadze, Teor. Mat. Fiz. 65(1985), 323.

41. G. P. Jorjadze, A. K. Pogrebkov, M. C. Polivanov and S. V. Talalov, J. Phys. A: Math. Gen. 19(1986), 121.

42. G. P. Jorjadze, A. N. Kvinikhidze, and A. M. Khvedelidze, Teor. Mat. Fiz. 73(1987), 311–315.

43. D. N. Gordeziani, G. P. Jorjadze, and G. G. Tsitsishvili, Finite dimensional approximation of the relativistic string and critical dimensions. Proceedings of the seminar “Quarks-86”, Tbilisi, 15–17 April, 1986, 173, (Moscow, 1987).

44. D. N. Gordeziani, G. P. Jorjadze, and I. T. Sarishvili, On a class of Poincare-covariant finite dimensional systems. Proceedings of the symposium “Modern Problems of the Mathematical Physics”, Tbilisi- 87, 191, (Tbilisi, 1987).

45. D. N. Gordeziani, G. P. Jorjadze, and I. T. Sarishvili, Proc. of X Workshop Problems of High Energy Physics and Field Theory, Protvino-87, 124, (Nauka, Moscow, 1988).

46. D. N. Gordeziani, G. P. Jorjadze, and I. T. Sarishvili, Finitemode Poincaré-covariant systems. Preprint IHEP 88-46, Serpukhov, (1988).

47. D. N. Gordeziani, G. P. Jorjadze, and I. T. Sarishvili, Proc. of XI Workshop Problems of High Energy Physics and Field Theory, Protvino-88, 69, (Nauka, Moscow, 1989).

48. D. N. Gordeziani, G. P. Jorjadze, and I. T. Sarishvili, Bull. Acad. Sci. Georgia 134(1989), 525.

49. D. N. Gordeziani, G. P. Jorjadze, and I. T. Sarishvili, The quantization of one mode string. Proceedings of the International Seminar “Quarks’90”, Telavi–90, 267, (World Scientific, 1991).

50. G. Jorjadze and I. Sarishvili, Phase operator and statistics. Preprint TMI P-02, Tbilisi, 1991.

51. G. Jorjadze, G. Lavrelashvili, and I. Sarishvili, Constrained dynamical systems and geometric quantization. Preprint TMI P-05, Tbilisi, 1991.

52. G. Jorjadze, G. Lavrelashvili, and I. Sarishvili, J. Phys. A: Math. Gen. 26(1993), 751.

53. G. Jorjadze and I. Sarishvili, Teor. Mat. Fys. 93(1993), 1239. 54. G. Jorjadze, L. O’Raifeartaigh, and I. Tsutsui, Phys. Lett.

B 336(1994), 388.

55. G. P. Jorjadze and I. T. Sarishvili, Georgian Math. J. 2(1995), 37. 56. G. Chechelashvili, G. Jorjadze, and N. Kiknadze, Teor. Mat.

Fiz., 109(1996), 90.

57. G. Jorjadze, Constrained quantization on symplectic manifolds and quantum distributio functions, Preprint ICTP, IC/96/102, hep-th /9606162, (to appear in J. Math. Phys., 1997).

58. B. Dubrovin, Fomenko, and S. P. Novikov, Contemporary Geometry. Nauka, Moscow, 1983.

59. V. I. Arnold, Mathematical methods of classical mechanics. Springer, Berlin, 1978.

60. L. Lusanna, Aspects of Galilean and Relativistic Particle Mechanics with Dirac’s Constraints. Talk given at the Conference “Theories of Fundamental Interactions”. Maynooth, Ireland, 1995.

61. A. Bohm, Phys. Rev. D 33(1986), 3358.

62. G. P. Pron’ko and A. V. Razumov, Teor. Mat. Fiz. 53(1983), 192.

63. V. I. Borodulin, O. L. Zorin, G. P. Pron’ko, A. V. Razumov, and L. D. Solov’ev, Teor. Mat. Fiz. 65(1985), 119.

64. M. S. Plyushchay, Nucl. Phys. B 362(1991), 54. 65. Yu. A. Kuznetsov, M. S. Plyushchay, Nucl. Phys., B 389, 181, (1993).

66. G. H. Weiss and A. A. Maradudin, J. Math. Phys. 3(1962), 771.

67. A. O. Barut and R. Raczka, Group representations. PWN, Warsaw, 1980.

68. P. A. M. Dirac, Can. J. Phys. 33(1955), 650. 69. A. Khvedelidaze, V. Pervushin, Helv. Phys. Acta 67(1994). 70. L. Brink, P. Di Vecchia, and P. Howe, Nucl. Phys. B 118(1977), 76.

71. A. M. Perelomov, Integrable systems of classical mechanics and Lie algebras. Birkhauser Verlag, Basel, 1990.

72. P. Carruthers and M. Nieto, Rev. Mod. Phys. 40(68), 411. 73. L. V. Prokhorov, E. CH. A. YA., 25(1994), 559. 74. I. Bars, Phys. Rev. Lett. 40(1978), 688. 75. I. Bars and F. Green, Nucl. Phys. B 445(1978). 76. J. Goldstone and R. Jackiw, Phys. Lett. B74(1978), 81. 77. A. G. Izergin, V. E. Korepin, M. A. Semenov-Tyanshanskiĭ, and L. D. Faddeev, Teor. Mat. Fys. 38(1979), 1.

78. P. A. M. Dirac, Proc. R. Soc. A 109(1925), 642. 79. L. van Hove, Mem. de l’Acad. Roy. de Belgique 26(1951), 61. 80. H. J. Groenwold, Physica 12(1946), 405. 81. I. E. Segal, J. Math. Phys. 1(1960), 468.

82. A. M. Perelomov, Generalized coherent states and their application. Springer-Verlag, Berlin, 1986.

83. E. Gozzi and M. Reuter, Int. J. Mod. Phys. A 9(1994), 5801. 84. M. Stone, Proc. Nat. Acad. Sci. USA 16(1930), 172. 85. J. von-Neumann, Math. Ann. 104(1931), 570. 86. V. Bergmann, Ann. Math. 48(1947), 568.

87. R. Jackiw and V. P. Nair, Phys. Rev. D 43(1991), 1933. 88. Z. Hasiewicz, P. Siemion, and W. Troost, Chiral quantization on a group manifold. Leuven preprint, KUL-TF-93/41 (hep-th/9309099).

89. P. A. M. Dirac, Proc. R. Soc. A 111(1927), 243. 90. D. P. Arovas, R. Schrieffer, F. Wilczek, and A. Zee, Statistical mechanics of anions. Nucl. Phys. B 251(1985), 117.

91. L. D. Faddeev and S. Shatashvili, Phys. Lett. B 167(1986), 225. 92. S, Gupta, Proc. R. Soc., Ser. A 63(1950), 681. 93. K. Bleuler, Helv. Phys. Acta 23(1950), 567.

94. L. D. Faddeev and A. A. Slavnov, Introduction to the quantum theory of Gauge fields. Nauka, Moscow, 1978.

95. L. R. Klauder and B. S. Skagerstam, Coherent states. Appl. Phys. Math. Phys., World Sci. Publ. Co., Singapore, 1985.

96. R. Jackiw, J. Math. Phys. 9(1968), 339.

97. J. von-Neumann, Mathematical foundations of quantum mechanics. Princeton University Press, Princeton, 1955.

98. E. Wigner, Phys. Rev. 40(1932), 740.

99. S. Deser, R. Jackiw, and S. Templeton, Ann. Phys. 140(1982), 372.

(Received 25.03.1997)

Author’s address:

A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, Aleksidze St., Tbilisi 380093 Georgia