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1. Short Survey of Known Results

Consider the equations

u

(n)

(t) + p(t)u(�(t)) = 0; (1.1)

v

(n)

(t) + q(t)v(�(t)) = 0; (1.2)

where p; q 2 L

lo


(R

+

;R

+

) and �; � 2 C(R

+

;R+), lim

t!+1

�(t) = lim

t!+1

�(t) = +1

and �; � are nonde
reasing.

Comparison theorems play an important role in studying os
illatory properties of

di�erential equations. Sturm [1℄ was the �rst who proved a 
omparison theorem on

distribution of zeros for se
ond order linear ordinary di�erential equations. On the basis

of this theorem Kneser [2℄ obtained e�e
tive and somehow optimal 
riteria for os
illation

of all solutions.

For higher order equations, 
omparison theorems are formulated in terms of the so


alled Properties A and B, analogues of os
illation of all solutions. In the present note

we deal with the 
ase of Property A. Analogous results for Property B will be reported

in the nearest future.

De�nition 1.1. We say that the equation (1.1) has Property A if any of its proper

solutions is os
illatory when n is even and either is os
illatory or satis�es ju

(i)

(t)j # 0 as

t " +1 (i = 1; : : : ; n� 1), when n is odd.

In [3℄ V. Kondrat'ev �rst proved a 
omparison theorem for Property A.

Theorem 1.1 (V. Kondrat'ev). Let �(t) � �(t) � t for t 2 R

+

, p(t) � q(t) for

t 2 R

+

and (1:2) have Property A. Then (1:1) also has Property A.

Basing on this theorem, he obtained an e�e
tive 
ondition for (1.1) to have Property A.

Theorem 1.2 (V. Kondrat'ev). Let �(t) � t for t 2 R

+

, p(t) �

M

n

+"

t

n

for t � 1,

where " > 0 and M

n

= max

�

� x(x� 1) � � � (x� n+ 1) : x 2 [n� 2; n� 1℄

	

. Then (1:1)

has Property A.

In this theorem one 
an not take " = 0, so it is optimal in a sense.

Generalizing Kondrat'ev's results, T. Chanturia [4℄ obtained integral 
onditions.

Theorem 1.3 (T. Chanturia). Let �(t) � �(t) � t,

Z

+1

t

s

n�2

p(s) ds �

Z

+1

t

s

n�2

q(s) ds for t 2 R

+

;
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and (1:2) have Property A. Then (1:1) also has Property A.

Theorem 1.4 (T. Chanturia). Let �(t) � t and

lim inf

t!+1

t

Z

+1

t

s

n�2

p(s) ds > M

n

;

with M

n

de�ned in Theorem 1.2. Then (1:1) has Property A.

2. Comparison Theorems

Below we give integral 
omparison theorems of two types for (1.1) and (1.2). Theorems

of the �rst type (Theorems 2.1 and 2.2) generalize T. Chanturia's Theorem 1.3 to deviated

di�erential equations. As to theorems of the se
ond type (Theorems 2.3 and 2.4), as far

as we know, they have not been 
onsidered earlier even in the 
ase of ordinary di�erential

equations. All the four theorems of this se
tion generalize Kondrat'ev's Theorem 1.1.

Theorem 2.1. Let �(t) � �(t) � t, for suÆ
iently large t

0

Z

+1

t

�

n�2

(s)p(s) ds �

Z

+1

t

�

n�2

(s)q(s) ds for t � t

0

; (2.1)

and (1:2) have Property A. Then (1:1) also has Property A.

Theorem 2.2. Let �(t) � maxft; �(t)g for t 2 R

+

. Let for suÆ
iently large t

0

Z

+1

t

s

n�2

p(s) ds �

Z

+1

t

s

n�2

q(s) ds for t � t

0

;

be satis�ed if n is even, and (2:1),

Z

+1

t

s

n�3

�(s)p(s) ds �

Z

+1

t

s

n�3

�(s)q(s) ds for t � t

0

:

and

Z

+1

0

s

n�1

p(s) ds = +1: (2.2)

be satis�ed if n is odd. Let, moreover, (1:2) have Property A. Then (1:1) also has

Property A.

Theorem 2.3. Let �(t) � maxft; �(t)g for t 2 R

+

and for suÆ
iently large t

0

there

exist t

1

= t

1

(t

0

) � t

0

su
h that

Z

t

t

0

s�

n�1

(s)p(s) ds �

Z

t

t

0

s�

n�1

(s)q(s) ds for t � t

1

: (2.3)

Let, moreover, (1:2) have Property A. Then (1:1) also has Property A.

Theorem 2.4. Let t � �(t) � �(t) for t 2 R

+

and for suÆ
iently large t

0

there

exists t

1

= t

1

(t

0

) su
h that

Z

t

t

0

s

n�1

�(s)p(s) ds �

Z

t

t

0

s

n�1

�(s)q(s) ds for t � t

1

;

if n is even, and (2:2), (2:3) and

Z

t

t

0

s

n�2

�

2

(s)p(s) ds �

Z

t

t

0

s

n�2

�

2

(s)q(s) ds for t � t

1

;
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be ful�lled if n is odd. Let, moreover, (1:2) have Property A. Then (1:1) also has

Property A.

3. Effe
tive Criteria for Property A

Using the above 
omparison theorems and some results of [5℄ (see se
tion 7 of Chapter

2), we 
an obtain new e�e
tive 
riteria for (1.1) to have Property A.

Let l 2 f1; : : : ; n� 1g, � 2℄0;+1[. Denote

M

l

(�) = max

�

� �

�x

x(x� 1) � � � (x� n+ 1) : l � 1 � x � l

	

:

Theorem 3.1. Let � 2℄0; 1℄, �t � �(t) � t for t 2 R

+

and

lim inf

t!+1

t

Z

+1

t

�

n�2

(s)p(s) ds > �

n�2

M

n�1

(�):

Then (1:1) has Property A.

Theorem 3.2. Let � 2 [1;+1[, �(t) � �t for t 2 R

+

. Let

lim inf

t!+1

t

Z

+1

t

s

n�2

p(s) ds > M

1

(�)

be ful�lled if n is even, and (2:2) and

lim inf

t!+1

t

Z

+1

t

s

n�3

�(s)p(s) ds > �M

2

(�);

lim inf

t!+1

t

Z

+1

t

�

n�2

(s)p(s) ds > �

n�2

M

n�1

(�)

be ful�lled if n is odd. Then (1:1) has Property A.

Theorem 3.3. let � 2℄0; 1℄, �(t) � �t for t 2 R

+

and

lim inf

t!+1

t

�1

Z

t

0

s�

n�2

(s)p(s) ds > �

n�1

M

n�1

(�):

Then (1:1) has Property A.

Theorem 3.4. Let � 2 [1 +1[, t � �(t) � �t. Let

lim inf

t!+1

t

�1

Z

t

0

s

n�1

�(s)p(s) ds > �M

1

(�)

be ful�lled if n is even, and

lim inf

t!+1

t

�1

Z

t

0

s�

n�1

(s)p(s) ds > �

n�1

M

n�1

(�);

lim inf

t!+1

t

�1

Z

t

0

s

n�2

�

2

(s)p(s) ds > �

2

M

2

(�)

be ful�lled. Then (1:1) has Property A.

Remark. In Theorems 3.1.{3.4 stri
t inequalities 
annot be repla
ed by nonstri
t ones.

Moreover, none of the hypotheses of Theorems 3.2{3.4 
an be omited without a�e
ting

their validity.

Now we 
onsider the 
ase where the 
ondition �(t) � �t (�(t) � �t) is violated.
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Theorem 3.5. Let �(t)��(t)�t for t2R

+

,

�(t)

t

#0 as t"+1, and the 
onditions (2:2),

Z

+1

dt

t�(t)

< +1; lim inf

t!+1

'(t)

Z

+1

t

�

n�2

(s)p(s) ds > 0

be ful�lled, where '(t) =

� R

+1

t

ds

s�(s)

�

�1

. Then (1:1) has Property A.

Corollary 3.1. Let � 2℄0; 1[, t

�

� �(t) � t for t 2 R

+

and

lim inf

t!+1

t

�

Z

+1

t

�

n�2

(s)p(s) ds > 0:

Then (1:1) has Property A.

Theorem 3.6. Let t � �(t) � �(t) for t 2 R

+

,

�(t)

t

" +1 as t " +1, and (2:2) and

lim inf

t!+1

'(t)

Z

t

0

s

n�1

�(s)p(s) ds > 0

be ful�lled, where '(t) =

� R

t

1

�(s)ds

s

�

�1

. Then (1:1) has Property A.

Corollary 3.2. Let � 2℄1;+1[, t � �(t) � t

�

for t 2 R

+

and

lim inf

t!+1

t

��

Z

t

0

s

n�1

�(s)p(s) ds > 0:

Then (1:1) has Property A.
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