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ON THE SOLVABILITY OF THE WEIGHTED INITIAL VALUE

PROBLEM FOR HIGH ORDER EVOLUTION SINGULAR

FUNCTIONAL DIFFERENTIAL EQUATIONS

(Reported on April 20, 1998)

In the present paper on the basis of the results obtained in [1, 2℄ optimal, in a ertain

sense, suÆient onditions for solvability of the weighted initial value problem

u

(n)

(t) = f(u)(t); (1)

lim

t!a

u

(k)

(t)

h

(k)

(t)

= 0 (k = 0; : : : ; n� 1) (2)

are established, where f 2 C

n�1

([a; b℄;R

m

) ! L

lo

(℄a; b℄;R

m

) is a ontinuous Volterra

operator and h : [a; b℄! [0;+1[ is an (n� 1)-times ontinuously di�erentiable funtion

suh that

h

(k)

(a) = 0 (k = 0; : : : ; n� 2); h

(n�1)

(t) > 0 for a < t � b: (3)

The problem (1), (2) for the ase n = 1 has been investigated in [1, 2℄. Therefore

below we will assume that n � 2.

Throughout the paper the use will be made of the following notation.

R

m

is the spae of m-dimensional olumn vetors x = (x

i

)

m

i=1

with real omponents

x

i

(i = 1; : : : ;m) and the norm kxk =

m

P

i=1

jx

i

j.

R

m

�

= fx 2 R

n

: kxk � �g.

If x = (x

i

)

m

i=1

2 R

m

, then sgn(x) = (sgn x

i

)

m

i=1

.

x � y is the salar produt of the vetors x and y 2 R

m

.

C

n�1

([a; b℄;R

m

) is the spae of (n� 1)-times ontinuously di�erentiable vetor fun-

tions x : [a; b℄! R

m

with the norm

kxk

C

n�1

= max

n

n�1

X

k=1

kx

(k�1)

(t)k : a � t � b

o

:

C

n�1

h

([a; b℄;R

m

) is the set of u 2 C

n�1

([a; b℄;R

m

) suh that

sup

n

ku

(k)

(t)k

h

(k)

(t)

: a < t � b

o

< +1 (k = 0; : : : ; n� 1):

C

n�1

h;�

([a; b℄;R

m

) is the set of u 2 C

n�1

([a; b℄;R

m

) satisfying the inequalities

ju

(k)

(t)j � �h

(k)

(t) for a < t � b (k = 0; : : : ; n� 1):
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If x : ℄a; b℄ ! R

m

is a bounded funtion and a � s < t � b, then

�(x)(s; t) = sup

�

kx(�)k : s < � < t

	

:

L

lo

(℄a; b℄;R

m

) is the spae of vetor funtions x : ℄a; b℄ ! R

m

whih are summable on

eah segment from ℄a; b℄ with the topology of onvergene in the mean on eah segment

from ℄a; b℄.

De�nition 1. f : C

n�1

([a; b℄;R

m

)! L

lo

(℄a; b℄;R

m

) is alled a Volterra operator if

the equality f(x)(t) = f(y)(t) holds almost everywhere on ℄a; t

0

[ for any t

0

2℄a; b℄ and

any vetor funtions x and y 2 C

n�1

([a; b℄;R

m

) satisfying the ondition x(t) = y(t) for

a � t � t

0

.

De�nition 2. We will say that the operator f : C

n�1

([a; b℄;R

m

)!L

lo

(℄a; b℄;R

m

)

satis�es the loal Carath�eodory onditions if it is ontinuous and there exists a nonde-

reasing with respet to the seond argument funtion  : ℄a; b℄� [0;+1[! [0;+1[ suh

that (�; �) 2 L

lo

(℄a; b℄;R) for any � 2 ℄0;+1[ , and the inequality

kf(x)(t)k � (t; kxk

C

n�1

)

is ful�lled for any x 2 C

n�1

([a; b℄;R

m

) almost everywhere on ℄a; b[ .

De�nition 3. If f : C

n�1

([a; b℄;R

m

) ! L

lo

(℄a; b℄;R

m

) is a Volterra operator and

b

0

2 ℄a; b℄, then:

(i) for any u 2 C

n�1

([a; b

0

℄;R

m

) by f(u) is understood the vetor funtion given by

the equality f(u)(t) = f(u)(t) for a � t � b

0

, where

u(t) =

8

>

<

>

:

u(t) for a � t � b

0

;

n

X

k=1

(t � b

0

)

k�1

(k � 1)!

u

(k�1)

(b

0

) for b

0

< t � b;

(ii) a funtion u 2 C

n�1

([a; b

0

℄;R

m

) is alled a solution of the equation (1) on the

segment [a; b

0

℄ if u

(n�1)

is absolutely ontinuous on eah segment ontained in ℄a; b

0

℄ and

u

(n)

(t) = f(u)(t) almost everywhere on ℄a; b

0

[ ;

(iii) a solution u of the equation (1) on the segment [a; b

0

℄, satisfying the initial

onditions (2) is alled a solution of the problem (1), (2) on the segment [a; b

0

℄.

De�nition 4. The problem (1), (2) is said to be loally solvable (globally solvable) if

it has at least one solution on a segment [a; b

0

℄ � [a; b[ (on the segment [a; b℄).

In what follows, we will assume that f : C

n�1

([a; b℄;R

m

) ! L

lo

(℄a; b℄;R

m

) is a

ontinuous Volterra operator satisfying the loal Carath�eodory onditions.

Theorem 1. Let there exist a positive number � and summable funtions p

k

: [a; b℄!

[0;+1[ (k = 0; : : : ; n� 1) and q : [a; b℄! [0;+1[ suh that

limsup

t!a

�

1

h

(n�1)

(t)

n�1

X

k=0

Z

t

a

p

k

(s) ds

�

< 1; lim

t!a

�

1

h

(n�1)

(t)

Z

t

a

q(s) ds

�

= 0 (4)

and for any u 2 C

n�1

h;�

([a; b℄;R

m

) the inequality

f(u)(t) � sgn(u

(n�1)

(t)) �

n�1

X

k=0

p

k

(t)�

�

u

(k)

h

(k)

�

(a; t) + q(t) (5)

is ful�lled almost everywhere on ℄a; b[ . Then the problem (1), (2) is loally solvable.

Proof. For any x 2 C([a; b℄;R

m

) assume

w(x)(t) =

1

(n� 2)!

Z

t

a

(t� s)

n�2

x(s) ds;

e

f(x)(t) = f(w(x))(t): (6)
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Then by (3)

h(t) = w(h

(n�1)

)(t) =

1

(n� 2)!

Z

t

a

(t � s)

n�2

h

(n�1)

(s) ds: (7)

Obviously,

e

f : C([a; b℄;R

m

)! L

lo

(℄a; b℄;R

m

) is a ontinuous Volterra operator satis-

fying the loal Carath�eodory onditions.

Assume now that y 2 C([a; b℄;R

m

), kyk

C

� � and

u(t) = w(h

(h�1)

y)(t): (8)

Then by virtue of (6) and (7)

ku

(k)

(t)k =

1

(n� 2� k)!







Z

t

a

(t � s)

n�2�k

h

(n�1)

(s)y(s) ds







�

�

1

(n� 2� k)!

�

Z

t

a

(t� s)

n�2�k

h

(n�1)

(s) ds

�

�(y)(a; t) =

= h

(k)

(t)�(y)(a; t) for a < t � b (k = 0; : : : ; n� 2);

and

u

(n�1)

(t) = h

(n�1)

(t)y(t); ku

(n�1)

(t)k � h

(n�1)

(t)�(y)(a; t) for a < t � b:

Therefore

u 2 C

n�1

h;�

([a; b℄); sgn(u

(n�1)

(t)) = sgn(y(t)); (9)

�

�

u

(k)

h

(k)

�

(a; t) � �(y)(a; t) for a < t � b (k = 0; : : : ; n� 1): (10)

On the basis of the onditions (5), (6) and (8){(10), almost everywhere on ℄a; b[ the

inequality

e

f(h

(n�1)

y)(t) � sgn(y(t)) = f(u)(t) � sgn(u

(n�1)

(t)) �

�

n�1

X

k=0

p

k

(t)�

�

u

(k)

h

(k)

�

(a; t) + q(t) �

n�1

X

k=0

p

k

(t)�(y)(a; t) + q(t);

is ful�lled, that is,

e

f(h

(n�1)

y)(t) sgn(y(t)) � p(t)�(y)(a; t) + q(t); where p(t) =

n�1

X

k=0

p

k

(t):

On the other hand, as it follows from (4),

limsup

t!a

�

1

h

(n�1)

(t)

Z

t

a

p(s) ds

�

< 1:

Hene all the onditions of Theorem 2.1 from [1℄ are ful�lled for the problem

dx(t)

dt

=

e

f(x)(t); lim

t!a

x(t)

h

(n�1)

(t)

= 0: (11)

Therefore this problem is loally solvable.

Let x be a solution of the problem (11) on a segment [a; b

0

℄, and u(t) = w(x)(t).

Then, owing to (6), the funtion u is a solution of the problem (1), (2) on [a; b

0

℄.

Applying Corollary 1 of [2℄ and repeating the arguments used in proving Theorem 1,

we onvine ourselves that the following theorem is valid.
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Theorem 2. Let for any u 2 C

n�1

h

([a; b℄;R

n

) the inequality

f(u)(t) � sgn(u

(n�1)

(t)) �

n�1

X

k=0

p

k

(t; �

0

(u)(t))�

�

u

(k)

h

(k)

�

(a; t) + q(t; �

0

(u)(t))

be ful�lled almost everywhere on ℄a; b[ , where

�

0

(u)(t) =

n�1

X

j=0

�

�

u

(j)

h

(j)

�

(a; �(t));

� : [a; b℄! [a; b℄ is a ontinuous funtion, p

k

(k = 0; : : : ; n� 1) and q : [a; b℄� [0+1[!

[0;+1[ are summable with respet to the �rst argument and ontinuous and nonde-

reasing with respet to the seond argument. Let furthermore �(t) < t for a < t � b

and

limsup

t!a

�

1

h

(n�1)

(t)

n�1

X

k=0

Z

t

a

p

k

(s; �) ds

�

< 1; lim

t!a

�

1

h

(n�1)

(t)

Z

t

a

q(s; �) ds

�

= 0

for some positive onstant �. Then the problem (1), (2) is globally solvable.

A partiular ase of the equation (1) is the vetor di�erential equation with delay

u

(n)

(t) = f

0

�

t; u(�

10

(t)); :::; u

(n�1)

(�

1 n�1

(t)); :::; u(�

l0

(t)); :::; u

(n�1)

(�

l n�1

(t))

�

; (12)

where f

0

: ℄a; b℄ � R

lmn

! R

m

satis�es the loal Carath�eodory onditions, and

�

ik

: [a; b℄! [a; b℄ are measurable funtions suh that �

ik

(t) � t for a � t � b (i = 1; : : : ; l;

k = 0; : : : ; n� 1).

Theorems 1 and 2 result in the following

Corollary 1. Let �

l n�1

(t) � t and there exist a positive number �, summable

funtions p

ik

: [a; b℄ ! [0;+1[ (i = 1; : : : ; l; k = 0; : : : ; n � 1) and q : [a; b℄ ! [0;+1[

suh that

limsup

t!a

�

1

h

(n�1)

(t)

n�1

X

k=0

l

X

i=1

Z

t

a

p

ik

(s) ds

�

< 1; lim

t!a

�

1

h

(n�1)

(t)

Z

t

a

q(s) ds

�

= 0:

Let furthermore the inequality

f

0

�

t; h(�

10

(t))x

10

; : : : ; h

(n�1)

(�

1n

(t))x

1 n�1

; : : : ;

h(�

l0

(t))x

l0

; : : : ; h

(n�1)

(�

l n�1

(t))x

l n�1

�

� sgn(x

l n�1

) �

n�1

X

k=0

l

X

i=1

p

ik

(t)kx

ik

k+ q(t)

be ful�lled on ℄a; b℄� R

lmn

�

. Then problem (12), (2) is loally solvable.

Corollary 2. Let there exist a number l

0

2 f1; : : : ; l� 1g and a ontinuous funtion

� : [a; b℄! [a; b℄ suh that �

l

0

n�1

(t) � t,

�

ik

(t) � �(t) < t for a < t � b (i = l

0

� 1; : : : ; l; k = 0; : : : ; n� 1)

and let the inequality

f

0

�

t; h(�

10

(t))x

10

; : : : ; h

(n�1)

(�

1n

(t))x

1 n�1

; : : : ;

h(�

l0

(t))x

l0

; : : : ; h

(n�1)

(�

l n�1

(t))x

l n�1

�

� sgn(x

l

0

n�1

) �

�

n�1

X

k=0

l

0

X

i=1

p

ik

�

t;

n�1

X

j=0

l

X

i=l

0

+1

kx

ij

k

�

jx

ik

j+ q

�

t;

n�1

X

j=0

l

X

i=l

0

+1

kx

ij

k

�
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be ful�lled on ℄a; b℄ � R

lmn

, where the funtions p

ik

: [a; b℄ � [0;+1[! [0;+1[ (i =

1; : : : ; l

0

; k = 0; : : : ; n � 1), q : [a; b℄ � [0;+1[! [0;+1[ are summable with respet to

the �rst argument and ontinuous and nondereasing with respet to the seond argument.

Let furthermore

limsup

t!a

�

1

h

(n�1)

(t)

n�1

X

k=0

l

0

X

i=1

Z

t

a

p

ik

(s; �) ds

�

< 1; lim

t!a

�

1

h

(n�1)

(t)

Z

t

a

q(s; �) ds

�

= 0

for some positive onstant �. Then problem (12), (2) is globally solvable.

Remark 1. Under the onditions of the above-mentioned propositions the right sides

of di�erential equations may have singularities of arbitrary orders. Indeed, as an example

let us onsider on the interval [a; b℄ the salar di�erential equation

u

(n)

(t) =

n�1

X

k=0

h

�

k

t

(��k)�

k

+n��

u

(k)

(t

�

k

) +

�

k

t

(��k)�

k



k

+n�k

ju

(k)

(t

�

k

)j



k

i

�

�

k

0

X

k=1

g

k

�

t; u(t); : : : ; u

(n�1)

(t)

�

u

(n�1)

(t) + t

�

0

�n

(13)

with the initial onditions

lim

t!a

u

(k)

(t)

t

��k

= 0 (k = 0; : : : ; n� 1) (14)

where b 2 ℄0; 1[ , �

k

and �

k

2 R, �

k

> 1, 

k

> 1,  2 R, �

0

> �, g

k

: ℄0; b℄�R

n

! [0;+1[

are ontinuous funtions. By Corollary 2, for the global solvability of problem (13), (14)

it is suÆient that

n�1

X

k=0

j�

k

j

(�� k) � � � (� � n+ 1)

< 1:

Remark 2. There exists an example whih shows that ondition (4) in Theorem 1 is

optimal and it annot be replaed by the ondition

limsup

t!a

�

1

h

(n�1)

(t)

n�1

X

k=0

Z

t

0

p

k

(s) ds

�

� 1:
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