Memoirs on Differential Equations and Mathematical Physics

Volume 18, 1999, 51–159

Valeri G. Sushko

ASYMPTOTIC REPRESENTATIONS FOR SOLUTIONS OF BISINGULAR PROBLEMS

Dedicated to the memory of my parents

Abstract. Boundary value problems for partial differential equations of elliptic, parabolic and mixed types with small parameters by higher order derivatives are considered. It is assumed that the solution of the corresponding degenerate equation has singular points and curves where this solution is non-smooth. Asymptotic representations of solutions of non-degenerate problems with respect to small parameters are constructed.

1991 Mathematics Subject Classification. 35J70, 35K65, 35M10.

Key words and Phrases. Partial differential equation, differential equation of elliptic type, differential equation of parabolic type, differential equation of mixed type, singular perturbation, bisingular boundary value problem, asymptotic representation.

reziume. ganxilulia sasazGvro amocanebi elifsuri, paraboluri da Sereuli tipis kerZoCarmoebulebiani diferencialuri gantolebisaTvis mcire parametrebiT maGali rigis CarmoebulebTan. daSvebulia, rom Sesabamisi gadagvarebuli gantolebis amonaxsns aqvs gansakuTrebuli Certilebi da Cirebi, sadac es amonaxsni ar aris gluvi. agebulia gadaugvarebel amocanaTa amonaxsnebis asimptoturi Carmodgenebi mcire parametrebis mimarT.

Introduction

Many real processes connected with non-uniform transitions are described by means of differential equations involving large or small parameters which quantitatively characterize the influence on the process run of that factor which comes into account by the corresponding term of the differential equation. If, for example, one or another parameter is small, then we can naturally take it equal to zero and obtain thus a more simple problem. In that case solutions of the original problem with sufficiently close to zero values of the parameter can be expected to be close to a solution of the new problem, corresponding to the zero value of the parameter.

Let us consider on a set Ω_{⃗t,⃗ϵ} = T ×E, where T is the domain of variation of independent variables and E is the set of values of one or several parameters, Problem A_ϵ, i.e., the problem of solving the differential equation L_{⃗ϵ}u_{⃗ϵ} ≡ ( L_{1,⃗ϵ} + L_0 ) u_{⃗ϵ} = h_{⃗ϵ}(⃗t) (0.1) under the additional (boundary, initial, etc.) conditions

B_{⃗ϵ}u_{⃗ϵ} = 0. (0.2)

The point ⃗ϵ = ⃗0 is assumed to be limiting for the set E, ⃗0 ∉ E. Suppose that we have to investigate properties of the solution of Problem A_ϵ as ⃗ϵ → ⃗0.

Suppose that we are able to construct a formal asymptotic expansion of the solution in the form of the series u(⃗t,⃗ϵ) ∼ ∞∑ i=0 u_i(⃗t)ϕ_i(⃗ϵ), (0.3) where ϕ_i(⃗ϵ) are the elements of a chosen by us asymptotic sequence {ϕ_s(⃗ϵ)}, s = 0, 1, . . ., and u_i(⃗t) are the expansion coefficients; in other words, we can determine the functions u_i(⃗t) in such a way that for every partial sum U_N (⃗t,⃗ϵ) = ∑_N i=0 u_i(⃗t)ϕ_i(⃗ϵ) the inequalities ‖L_{⃗ϵ}U_N (⃗t,⃗ϵ) − h_{⃗ϵ}(⃗t)‖ = o(ϕ̃_N (⃗ϵ)) hold, where({ϕ̃_i(⃗ϵ)} is an asymptotic sequence, not necessarily coinciding with the sequence {ϕ_i(⃗ϵ)}). Suppose also that similar inequalities are fulfilled for the additional conditions.

Assume that for ⃗ϵ = ⃗0 Problem A_{⃗ϵ} turns into Problem A_0, i.e., into the problem of solving the degenerate equation

L_0u_0 = h_0(t) (0.4)

under certain conditions B_0u_0 = 0 (0.5) (which, as a rule, are a part of the conditions B_{⃗ϵ} = B_1 + B_0 of Problem A_{⃗ϵ}). The problem A_{⃗ϵ} will be called non-degenerate and Problem A_0 will be said to be the degenerate problem corresponding to Problem A_{⃗ϵ}.

If the series (0.1) represents an asymptotic expansion of the solution of Problem A_{⃗ϵ} uniformly with respect to ⃗t ∈ T , then they say that the solution depends regularly on the parameters. If, however, the asymptotic expansion (0.1) is valid not everywhere in T = T ∪ ∂T , then such problems are called singularly perturbed problems. Not always one can by the type of an equation and additional conditions make a conclusion whether the perturbation is regular or singular.

Thus, the closeness of a small parameter to zero in singularly perturbed problems does not imply uniform closeness (in a norm) of solutions of the degenerate and non-degenerate problems in the whole domain of variation of independent variables. A formal criterion that the problem under consideration belongs to the class of singularly perturbed problems is, for example, the presence of small multipliers by higher derivatives of the equation; although the occurrence of such multipliers is not always an evidence of non-uniform transition from the solution of the non-degenerate problem to the solution of the degenerate problem as a small parameter tends to zero.

In constructing asymptotic expansions of solutions of singularly perturbed problems, the coefficients u_i(⃗t) of the formal asymptotic expansion (0.1) frequently happen to have themselves singularities at the points of the set Γ ⊂ T ∪ ∂T (quite often of lesser dimension than that of the set T ), and the order of singularity increases with the growth of the index i. In such singularly perturbed problems the solution, being a function of the parameter ⃗ϵ, has singularity at some point ⃗ϵ_0 of the set E. At the same time, in the vicinity of the points of the set Γ ⊂ T ∪ ∂T the given solution, being a function of independent variables, possesses a specific behaviour which differs from the character of variation of that function at other points of the set T . In this case the problem will be called bisingular or bisingularly perturbed problem; this term introduced by A.M. Il’in (see [31]) has proved to be highly suitable for characterization of situations arising in asymptotic analysis of solutions of differential equations.

In the sequel, partial sums u(⃗t,⃗ϵ) = ∑_N i=0 u_i(⃗t)ϕ_i(⃗ϵ) of asymptotic expansions will be called asymptotic representations of order N of the function u(⃗t,⃗ϵ), and partial sums of formal asymptotic expansions will be called formal asymptotic representations.

In the study of properties of solutions of singularly perturbed problems the most important are the following questions: finding of conditions B_0 for the degenerate problem; investigation of the conditions under which the solution of the non-degenerate problem tends (as the parameter ⃗ϵ tends to zero) to the solution of the corresponding degenerate problem; possibilities of constructing an asymptotic (with respect to the parameter) expansion or asymptotic representation of a solution of the non-degenerate problem by elements of the chosen asymptotic sequence; error estimation of asymptotic representations of order N in a corresponding norm. In particular, one of the basic problems arising in the investigation of the character of variation of the solution of Problem A_ϵ (as the small parameter tends to zero) is to find conditions under which the solvability of Problem A_0 (in a space of functions) implies that of Problem A_ϵ (in a naturally corresponding space of functions; in [86], in the case of boundary value problems for ordinary differential equations such conditions are called conditions of regular degeneration of Problem A_ϵ into Problem A_0), to obtain a priori estimates for the solutions of Problems A_0 and A_ϵ and also the estimate for the closeness of solutions of the degenerate and non-degenerate problems.

The development of the asymptotic analysis of singularly perturbed differential equations and associated with them solutions of initial and boundary value problems is, of course, of great importance for more profound investigation of qualitative and quantitative characteristics of those processes and phenomena for which regularly and singularly perturbed differential equations turn out to be mathematical models, for constructing effective and stable numerical algorithms for solving the above-mentioned problem. It is, for example, known that the non-uniformities appearing in the problems of nonlinear optics [83] form a boundary layer zone. Non-uniform transitions take place in problems dealing with laminated media and composite materials (discontinuous and sharply varying coefficients, see [7], [44]), in nonlinear problems (interior transitions, see [4], [15], [84]), in problems for domains with non-smooth boundaries (see [31]), etc. The study of processes of heat transfer between a moving liquid and a heated rigid body placed in it, the description of the movement of a conductive liquid in an electromagnetic field and many other problems require the consideration of singularly perturbed equations of mixed type. Differential equations with small multipliers by derivatives, as mathematical models of the objects, processes and phenomena, arise naturally in automatic control, nonlinear oscillations, gas and magnetohydrodynamics, when describing processes taking place in physics, chemistry, biology, ecology and in some other sciences; similar equations appear in the analysis of difference schemes, upon construction of convergent numerical algorithms for solving stiff problems, and in many other problems of theoretical and applied character. Statements of various mathematical problems requiring investigation of the character of dependence on a parameter of solutions of differential equations with small maltipliers by higher derivatives can be found in [4], [6], [15], [16], [18], [19], [23]–[25], [27], [29]–[32], [35], [43], [44], [46], [51], [53], [80], [83], [84], etc. Therefore the theory of asymptotic analysis is, undoubtedly, of great significance both for the development of fundamental investigations and for the solution of concrete practical problems.

Systematic investigation of the asymptotic theory of singularly perturbed differential equations goes back to the works of A. N. Tikhonov [78]–[80]. After them we can mention the works due to M. I. Vishik and L. A. Lyusternik [86], A. B. Vasil’eva [81], A. B. Vasil’eva and V. F. Butuzov [82], S. A. Lomov [45], E. F. Mishchenko and N. Kh. Rozov [47], A. M. Il’in [31], [32] and also the works of their pupils and successors. Among the works of foreign scholars the most known are those of N. Levinson [43], P. Fife [23], [25], Fife and V. Greenly [24], S. Chang and F. Howes [16]; a more detailed bibliography can be found in [5], [7], [13], [14], [17], [21], [22], [28], [34]–[39], [43], [49], [50]–[52], [54], [55]. Different ways have been being elaborated for constructing asymptotic expansions, and in this connection there appear new terms such as “the method of boundary layer functions” (or the M. I. Vishik and L. A. Lyusternik method, or the A. B. Vasil’eva and V. F. Butuzov method), “the method of matching of asymptotic expansions” (more frequently connected with the name of A. M. Il’in when dealing with differential equations), “the regularization method” (or S. A. Lomov’s method), “the method of a canonical operator” (or V. P. Maslov’s method), “the averaging method”, etc. However, even at present one cannot say that the general theory of constructing asymptotic expansions of singularly perturbed differential equations is completely developed. Many questions arising upon study of asymptotic behaviour of solutions of some concrete problems of applied character have neither theoretical ground nor even algorithms for investigation of properties of solutions as the parameters tend to their limiting (critical) values.

The construction of the theory of asymptotic expansions for solving singularly perturbed partial differential equations takes its origin in the works by M. I. Vishik and L.A. Lyusternik devoted to linear equations, when the coefficients of formal asymptotic expansions have no singularities (see, e.g., [86] and bibliography therein). Their method of constructing asymptotic expansions of solutions of singularly perturbed equations of boundary layer character of variation was subsequently used by many researchers and extended to nonlinear equations and to many problems for whose solutions the coefficients of formal asymptotic representations have singularities growing with the growth of the representation order. In particular, V. F. Butuzov has introduced angular boundary functions (see, e.g., [13]) and elaborated by the aid of those functions the techniques allowing one to construct asymptotic expansions for different types of singularly perturbed problems; for some bisingular problems (with angular characteristics) he suggested the method of smoothing for constructing asymptotic representations to within some order [14]. It should be noted that in many cases the error estimate of asymptotic representations of solutions of initial boundary value problems for singularly perturbed partial differential equations is performed with the help of “corrections” constructed to partial sums of formal asymptotic expansions.

The method of M. I. Vishik and L. A. Lyusternik of constructing asymptotic expansions is based on the assumption that a part of functions describing the behaviour of a solution in the neighbourhood of the set Γ and determining the character of variation of the solution in that neighbourhood, tends exponentially to zero as the small parameter tends to zero. However, this assumption in many bisingular problems is either invalid, or the behaviour of the solution in the neighbourhood of the set Γ is so complicated that it seems impossible to determine exponentially decreasing components of asymptotic expansion as solutions of sufficiently simple auxiliary problems. In such problems the most effective is the method of matching of asymptotic expansions. A valuable contribution to the development of the method has been made by A.M. Il’in [31] who, together with his pupils, justified the applicability of the method to many classes of problems connected with linear and quasi-linear ordinary and partial differential equations.

Describe briefly the sequence of operations we undertake in constructing asymptotic expansions to solve differential equations. Note that in specific problems the coefficients u_i(⃗t) may likewise depend on small parameters ϵ. To simplify the description, the problem will be assumed to involve one small positive parameter ϵ, and the solution of the problem under consideration to depend on two independent variables t_1 and t_2.

Let it be required to construct an asymptotic expansion (or an asymptotic representation) of the solution of the problem (0.1), (0.2). Along with this problem let us consider the corresponding degenerate problem (0.4), (0.5) (as is mentioned above, the correct statement of the degenerate problem requires additional, not always evident, investigations).

1. For constructing asymptotic expansions with respect to the small parameter one needs more exact a priori estimates of the solution, depending on the parameters of the equation. This need is connected firstly with the necessity to study the character of influence of each parameter involved in the initial equation and to determine the structure of the solution. Secondly, the coefficients of the resulting asymptotic expansions quite often have isolated singularities (points or lines) at which the continuity or differentiability of functions is violated, so to obtain error estimates one should know the character of violation for these functions as they approach the above-mentioned points or lines; in particular, the question how the solution behaves as the point approaches the plane of definition of initial data always arises in equations of parabolic type. Thirdly, when constructing asymptotic approximations, we always have, as a rule, to consider solutions of one or another equation in an unbounded domain. Therefore the character of variation of those estimates for infinitely increasing or decreasing arguments should be taken into account. Note that the ability of getting a priori estimates of a solution of the problem is a decisive factor in deducing error estimates of asymptotic expansions.

2. First of all we must determine an asymptotic sequence {ϕ_i(ϵ)} which will be used in constructing the asymptotic expansion. Obviously, this sequence cannot be arbitrary. Indeed, the solution of the problem (0.1), (0.2) has a quite definite structure which depends on: (i) the kind of equation and additional (initial and boundary) conditions; (ii) the character of dependence of the operator on the small parameter; (iii) the type of the domain in which we seek for the solution; (iv) properties of the solution of the degenerate problem (0.4), (0.5). According to what has been said, partial sums of an asymptotic series must likewise possess an analogous structure. Thus, for example, if the solution of Problem A_ϵ is given in the form

u_ϵ(t_1, t_2, ϵ) = v(t_1, t_2, t_2/ϵ, 1/ ln ϵ),

where v(t_1, t_2, τ, λ) is an infinitely differentiable function of its arguments, then for the solution of Problem A_ϵ we can obtain the asymptotic expansion

u_ϵ(t_1, t_2, ϵ) ∼ ∞∑ n=0 u_n(t_1, t_2, t_2/ϵ)(ln ϵ)^{−n} (0.6)

as ϵ → 0.

Generally speaking, in constructing an asymptotic expansion of the function u_ϵ(t_1, t_2, ϵ) one cannot take as asymptotic sequence the power sequence {ϵ^n} because the power series fails to describe the behavior of the function 1/ ln ϵ as ϵ → 0.

3. Our next step is to determine the character of dependence on a small parameter and to investigate other properties of coefficients of the asymptotic expansion (for example, the small parameter involved in the coefficients of the expansion (0.6) is given by the combination t_2/ϵ). The properties of the coefficients, the character of their dependence on the small parameter as well as the type of the asymptotic sequence {ϕ_i(ϵ)} can be “guessed” upon investigation of properties and specific features of the problem (0.1), (0.2), in deriving a priori estimates for the solution, by comparing the solutions of the problems (0.1), (0.2) and (0.4), (0.5), as well as from the well-known peculiarities of the physical process described by the mathematical model (0.1), (0.2). The necessary information can also be obtained upon considering more simple variants of the problem (0.1), (0.2).

4. Suppose that two foregoing steps are realized, i.e., the type of the asymptotic sequence {ϕ_i(ϵ)} is determined and natural assumptions on the characteristic properties of the coefficients of the expansion are made. Substituting (0.3) in (0.1) and (0.2) and performing with regard for supposed properties of the coefficients u_i(t_1, t_2, ϵ) the needed transformations (such as the change of the coefficients, the initial and boundary functions by their Taylor expansions, introduction of new independent variables, and so on), the problem (0.1), (0.2) reduces to the form ∞∑ i=0 [ L_iu_i(t_1, t_2, ϵ) ]~ ϕ_i(ϵ) ∼ 0, ∞∑ i=0 B_iu_i(t_1, t_2, ϵ)ϕ̃_i(ϵ) ∼ 0, (0.7)

where ϕ̃_i(ϵ) is, generally speaking, a new asymptotic sequence and L_i are some operators. As far as the initial data of the problem (the coefficients, the boundary and initial functions) may possibly be non-smooth, and the problem may have some other singularities (caused, for instance, by the nonlinearity of the problem), it is found possible to construct an asymptotic representation of some order rather than a complete asymptotic expansion of the solution; in other words, the equalities (0.7) in that case are replaced by the asymptotic equations N∑ i=0 [ L_iu_i(t_1, t_2, ϵ) ]~ ϕ_i(ϵ) = o (~ ϕ_N (ϵ) ) , N∑ i=0 [ B_iu_i(t_1, t_2, ϵ) ]~ ϕ_i(ϵ) = o (~ ϕ_N (ϵ) ) . Since the relations (0.7) must be fulfilled for all sufficiently small values of the parameter, the equations (0.7) are equivalent to the family of equations

L_iu_i(t_1, t_2, ϵ) = 0, B_iu_i(t_1, t_2, ϵ) = 0, i = 0, 1, . . . . (0.8)

These equations represent mathematical writing of problems for determining of the asymptotic expansion coefficients u_i(t_1, t_2, ϵ).

It should be noted that in many cases the solution of the initial problem has essentially different asymptotic representations in different parts of its domain of definition, and therefore the above-mentioned procedure must necessarily be performed for each part separately.

5. The next step in constructing an asymptotic expansion of the solution of the problem (0.1), (0.2) is to solve the series of the problems (0.8).

If the sequence {ϕ_i(ϵ)} and the basic properties of coefficients are defined correctly, then the problems (0.8), starting at least with some number, are, as a rule, of the same type and differ from each other only by the right-hand sides of the equations and by the boundary and initial functions.

Failure to carry out this criterion shows that there is an error in our previous constructions. Of course, every problem (0.8) must have more simple solution than the initial problem (0.1), (0.2), otherwise all our constructions will become senseless. Solutions of those problems must exist and be unique. Indeed, the coefficients of asymptotic expansion in the chosen asymptotic sequence {ϕ_i(ϵ)} must, as is said above, be defined uniquely. Hence if a solution of at least one of the problems (0.8) is not unique, this means that we did not possibly take into consideration additional restrictions allowing one to distinguish a unique solution, or our hypotheses on the possible structure of the solution and based on these hypotheses constructions were erroneous from the very beginning.

Having found the solution of each problem (0.8), we must verify that the functions u_i(t_1, t_2, ϵ) constructed by us really possess the properties we have supposed at the second stage. Otherwise, substituting the approximate solution (0.3) with the coefficients found from (0.8) into the equations (0.1), (0.2), we will fail in getting the equations (0.7) (and hence the series of the problems (0.8) by means of which we have defined those coefficients), since in the absence of the above-mentioned properties of the functions u_i(t_1, t_2, ϵ) it will be impossible to carry out the needed transformations resulting in the asymptotic relations (0.7).

6. Thus as a result of our previous steps we have constructed either the formal asymptotic series (0.3) or the corresponding finite sum, the formal asymptotic representation. It is necessary now to see that this series is really an asymptotic expansion of an unknown solution of the problem (0.1), (0.2). In other words, we have to prove that everywhere in the domain of variation of the independent variables the relation

u_ϵ(t_1, t_2, ϵ) − n∑ i=0 u_i(t_1, t_2, ϵ)ϕ_i(ϵ) = o ( ϕ_n(ϵ) ) (0.9)

is fulfilled, where n ≤ N if we seek for an asymptotic representation of the solution, and n = 0, 1, . . . if we seek for its full asymptotic expansion.

After proving that the above relation is valid, the process of constructing the asymptotic expansion may be considered as completed.

The emphasis should be placed on the fact that the best error estimate of an asymptotic approximation is the estimate in a norm of that functional space in which the problem under consideration is well-posed. In most of the works dealing with the construction of asymptotic expansions of solutions of the problems for singularly perturbed differential equations, the estimation of closeness of an asymptotic representation to the solution of the problem is carried out either in the norm of the space C(T ), or in integral norms. At the same time, the construction of numerical algorithms of the solution takes always into account the properties of the solution as an element of one or another functional space. Therefore the employment of asymptotic expansions in developing the above-mentioned algorithms should not take one out of the scope of the space under consideration.

In practice, however, it is too difficult to prove this, and to justify the validity of the constructed expansion, very often one takes the relations (0.8) as fulfilled to within o ( ϕ_N (ϵ) ) when substituting that expansion into them.

In this case they say that the formal expansion is a residual expansion for the unknown solution (of the equation or of boundary conditions).

One should bear in mind that the residual expansion of the solution is, in fact, far from being an asymptotic expansion. To illustrate this statement, let us consider the following example:

consider the boundary value problem ϵy^{′′} + yy^′ = 0, −1 < t < 1, y(−1) = −1, y(1) = 1. Choose as asymptotic the sequence {ϵ^i}. Evidently, the function y_c(t, ϵ) = th[(t + c)/(2ϵ)] satisfies the equation for any value of the constant c. If the constant c does not vary as ϵ changes, |c| < 1, then the function y_c(t, ϵ) as ϵ → 0 satisfies both boundary conditions to within o(ϵ^n), where n is a positive integer. Thus, for the chosen asymptotic sequence the function y_c(t, ϵ) for any |c| < 1 will be the residual expansion of the solution both of the equation and of boundary conditions. At the same time, the function y_0(t, ϵ) is an asymptotic approximation of the solution with respect to the chosen asymptotic sequence.

Surely, if the proof of the validity of the relations (0.9) causes insuperable difficulties (and this may happen due to the objective complexity of the problem or erroneous hypotheses on the supposed structure of asymptotic expansions), then such an approach to the proof of the validity of the obtained expansion as an approximate solution will be justified. However, as the above example shows, the residual expansion of the equation and of the additional conditions is, in fact, far from being an asymptotic expansion of the solution.

In the present work we consider the methods of constructing asymptotic (as small parameters tend to zero) expansions of solutions of initial and boundary value problems for quasi-linear (Chapter I) and linear (Chapter II) singularly perturbed partial differential equations of elliptic, parabolic and mixed types, when the solutions of the corresponding degenerate problems have singularities of any kind; in other words, we consider bisingular boundary value and initial boundary value problems for equations of the above-mentioned types. Moreover, it should be noted that we consider only those problems whose asymptotic expansions of solutions possess boundary and/or interior layers of exponential type. Asymptotic expansion can, certainly, be constructed by the method of matching asymptotic expansions, however the method we present in this work for the solution of the problems is proved to be more effective, as far as it gives a more clear presentation of the solution structure.

The results stated here were obtained partially in the author’s earlier works cited in references. In the present work we do not consider boundary value problems for ordinary differential equations (for the corresponding results, see [1], [59], [60], [62]–[64], [71], [73], [74], [85], etc.).

CHAPTER I QUASI-LINEAR PARABOLIC EQUATIONS

This chapter is concerned with the study of singularly perturbed quasilinear equations of parabolic type; special attention will be paid to the so-called model equation of gas dynamics [57] L_ϵu ≡ ϵ^2 ∂^2u ∂x^2 − ϕ^′_u(u) ∂u ∂x − ∂u ∂t = 0.

A great many works have been devoted to the investigation of properties of solutions of the above equation, depending on the properties of initial and boundary functions (among recent works we may mention the works of N. S. Bakhvalov [4], T. D. Ventzel [84], A. M. Il’in [31], O. A. Ladyzhenskaya [39], O. A. Oleĭnik and T. D. Ventzel [54], O. A. Oleĭnik and S. N. Kruzhkov [53], V. I. Pryazhinskiĭ [56], V. I. Pryazhinskiĭ and V. G. Sushko [58], etc.). Asymptotic (with respect to the parameter) expansions of solutions of the above-given equation under different assumptions on properties of solutions of the corresponding degenerate problem have been constructed by the method of matching (see, for example, A. M. Il’in [32], V. I. Pryazhinskiĭ and V. G. Sushko [59]). The particular interest in the given equation is due to the fact that properties of its solutions are characteristic of properties of solutions of quasi-linear equations and their systems; in particular, singularities of analogous type can be observed in the solutions of a system of equations of gas dynamics.

In the first two sections we make a priori estimates of solutions and their derivatives for an n-dimensional quasi-linear parabolic equation (whose each second order derivative has its “own” small parameter as a multiplier) and for a system of quasi-linear equations of parabolic type. These estimates are necessary for justification of asymptotic representations of solutions and will be used in the subsequent sections.

In the third section we construct asymptotic expansions of solutions when the solution of the corresponding degenerate problem has for t ≥ 0 a line of discontinuity (shock type wave). Boundary layer asymptotic expansion is constructed for a shock wave, and the error estimation is performed in the norm of the space C^1.

The case where the solution of the degenerate equation is continuous for t > 0 but has “fracture” lines on which its the derivatives are discontinuous, is considered in the fourth section. Similar situations may happen when the initial function is continuous but non-differentiable at some point (a weak discontinuity of the solution of the degenerate equation), or when the initial function is discontinuous and its limiting values from the left and from the right of the point of discontinuity are connected by certain relations (rarefaction wave). In the former case we construct a complete asymptotic expansion of the solution in powers of a small parameter, while in the latter case we give an approximation for the solution of the nondegenerate equation which is more exact than the one constructed earlier.

1.1. A Priori Estimates of Solutions of the Cauchy Problem for a Quasi-Linear Parabolic Equation

A priori estimates are of great importance for getting error estimates of formal asymptotic expansions A priori estimates for partial differential equations have been made by various authors. Complete enough results obtained in this direction can be found in the list of references (for example, [3], [16], [20], [39]–[42], [53], [57], [58], etc.).

In [4], [5], [31], [33], [52], [54], a priori estimates were obtained for solutions of the Cauchy problem for one-dimensional (in spatial variable) quasilinear parabolic equation under various properties of the initial function.

In this section, under various assumptions on the modulus of continuity we investigate properties and deduce interior a priori estimates of solutions of a multi-dimensional singularly perturbed parabolic equation with several small parameters.

1. Consider the Cauchy problem Lu ≡ ϵ_i ∂^2u ∂x^2_i − d dx_i ϕ_i(t, x, u) − ψ(t, x, u) − ∂u ∂t = 0, (1) u | |_{t=0} = u_0(x). (2)

Here x = (x_1, x_2, . . . , x_n) is a point of the space R^n, ∏ T = (0, T ] × R^n, the functions ϕ_i(t, x, u) and ψ(t, x, u) are defined and continuous for all (t, x, u) ∈ ∏ T × R^1 along with their partial derivatives in the variables x_k and u up to some order , ϵ_i ∈ (0, 1], u_0(x) is some bounded measurable function, d dx_i ϕ_i(t, x, u) ≡ n∑ i=1 [∂ϕ_i(t, x, u) ∂x_i + ∂ϕ_i(t, x, u) ∂u ∂u ∂x_i ] . In the equation (1) and everywhere below if either term has two or more same indices, then this means summation over all these indices from 1 to n.

Introduce the following notation: (x, t) are points of the space R^n; |x| = √ x^2_1 + x^2 + · · · + x^2_n; x_{(c,i)} = (x_1, . . . , x_{i−1}, c_i, x_{i+1}, . . . , x_n); g_{(c,i)}(t, x) = g(t, x_{(c,i)}); ∫_b a g(t, x)dx = ∫_{b1} a_1 b_2∫

a_2 . . . ∫_{bn} a_n g(t, x_1, x_2, . . . , x_n)dx_1dx_2 . . . dx_n; ∫_b a g(t, x)dx_{(c,i)} = (b_i − a_i)^{−1} b∫ a g_{(c,i)}(t, x)dx;

ϵ is a vector with the coordinates (ϵ_1, ϵ_2, . . . , ϵ_n), ϵ_0 = min_{1≤i≤n} ϵ_i; ϵ^γ =

ϵ^γ_1 ϵ^γ_2 · · · ϵ^γ_n. By M , M_k, k = 1, 2, . . . we denote independent of ϵ constants, if the value of these constants is unessential for our further reasoning.

In deducing estimates for the solution of the problem (1), (2), the solution will be assumed to be bounded everywhere in ∏ T by a constant m_0.

Moreover, we will assume if needed that for (t, x) ∈ ∏ T and |v(t, x)| ≤ m_0 the following estimates are valid: |ϕ_i(t, x, v)| ≤ m_i; |ϕ^′_{iv}(t, x, v)| ≤ m_{i,v}; |ϕ^{′′}_{ivv}(t, x, v)| ≤ m_{i,vv}; |ϕ^′_{ixk} (t, x, v)| ≤ p_{i,k}; |ϕ^{′′}_{ixkxs} (t, x, v)| ≤ p_{i,k,s}; |ϕ^{′′}_{ivxk} (t, x, v)| ≤ p_{i,k,v}; |ψ(t, x, v)| ≤ r; |ψ^′_v(t, x, v)| ≤ r_v; |ψ^′_{xk} (t, x, v)| ≤ r_k. Let f_a(z) be an infinitely differentiable function of one variable, defined for z ∈ (−∞, ∞) and satisfying f_a(z) ≡ 1 for |z − a| ≤ 1, f_a(z) ≡ 0 for |z − a| ≥ 2, 0 ≤ f_a(z) ≤ 1. Consider the function f(x) = f_{b1} (ϵ^{−1}_1 x_1)f_{b2} (ϵ^{−1}_2 x_2) · · · f_{bn} (ϵ^{−1}_n x_n), where b is a point of R^n. The function v(t, x) = u(t, x)f(x) satisfies the equation L_1v ≡ ϵ_i ∂^2v ∂x^2_i − ∂v ∂t = −2ϵ_i ∂u ∂x_i ∂f ∂x_i −ϵ_iu ∂^2f ∂x^2_i +f d dx_i ϕ_i(t, x, u)+fψ(t, x, u) (3) and the initial condition

v(0, x) = v_0(x) = f(x)u_0(x). (4)

2. Consider the modulus of continuity of u(t, x) with respect to the spatial variables. To this end it suffices to estimate the difference u(t, x)−u(t, x_{(y,j)}) which will be done in two steps. First we will obtain a preliminary estimate (see the inequality (5)) and then, using this estimate as auxiliary, we will get the final estimate.

In obtaining the auxiliary estimate, the points x, y will be assumed to belong to the cube b_i − ϵ_i ≤ x_i, y_i ≤ b_i + ϵ_i, i = 1, 2, · · · , n. In this case v(t, x) = u(t, x), v(t, y) = u(t, y), and therefore

u(t, x) − u(t, x_{(y,j)}) = b+2ϵ∫

b−2ϵ [G(t, x, z, 0) − G(t, x_{(y,j)}, z, 0)]v_0(z)dz +

+ t∫ 0 b+2ϵ∫

b−2ϵ [G(t, x, z, τ ) − G(t, x_{(y,j)}, z, τ )] [ ϕ_i ∂f ∂z_i + ϵ_iu ∂^2f ∂z^2_i − fψ ] dzdτ +

+ t∫ 0 dτ b+2ϵ∫

b−2ϵ { ∂ ∂z_i [G(t, x, z, τ )−G(t, x_{(y,j)}, z, τ )] } (1−δ_{i,j} ) [ ϕ_if +2uϵ_i ∂f ∂z_i ] dz+

+ t∫ 0 b+2ϵ∫

b−2ϵ { ∂ ∂z_j [G(t, x, z, τ ) − G(t, x_{(y,j)}, z, τ )] }[ ϕ_if + 2uϵ_i ∂f ∂z_i ] dzdτ = = A_1 + A_2 + A_3 + A_4, where G(t, x, z, τ ) = ϵ^{−1/2}[4π(t − τ )]^{−n/2} exp{−(x_i − z_i)^2/4[ϵ_i(t − τ )]} is the fundamental solution of the heat conductivity equation, δ_{i,j} is the Kronecker symbol: δ_{i,j} = 0 for i ≠ j, δ_{i,i} = 1.

The integrals A_1 and A_2 are estimated directly: |A_1| ≤ m_0 | | | | x_j∫

y_j dξ b+2ϵ∫

b−2ϵ | | | ∂ ∂z_j G(t, x_{(ξ,j)}, z, 0) | | |dz | | | | ≤ M^1m^0ϵ^{−1/2}j t^{−1/2}|x^j − y^j |;

|A_2| ≤ M_2(ϵ^{−1}_0 m_0 + ϵ^{−1}_0 m_0 + r)ϵ^{−1/2}_j t^{1/2}|x_j − y_j |,

where m_0 = max_{1≤i≤n} m_i. When estimating the integral A_3 we first assume

that the inequality y_j ≤ x_j is fulfilled and then represent it as a sum A_3 = A_{3,1} + A_{3,2} + A_{3,3} + A_{3,4} + A_{3,5} + A_{3,5} in such a way that the interval (b_j −2ϵ_j, b_j +ϵ_j ) of integration with respect to the variable x_j be partitioned by the points 2y_j − x_j; y_j; 2^{−1}(x_j + y_j ); x_j; 2x_j − y_j into 6 segments. Since for b_j − 2ϵ_j ≤ z_j ≤ 2y_j − x_j the inequalities 0 ≤ x_j − y_j ≤ y_j − z_j are fulfilled, the estimate for the integral A_{3,1} can be obtained in the form

|A_{3,1}| ≤ M_4(m_0 +m_0)|x_j −y_j |^γ ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ G(t, x, z, τ ) |x_i − z_i| ϵ_iϵ_j (t−τ )^2 dz_{(x,j)} × × ∫_{bj +2ϵj} b_j −2ϵ_j (y_j − z_j )^{2−γ} exp [ − (y_j − z_j )^2 4ϵ_j(t − τ ) ] dz_j ≤ ≤ M_5(1 − γ)^{−1}(m_0 + m_0)ϵ^{−1/2}_0 t^{(1−γ)/2}|x_j − y_j |^γ ,

0 < γ < 1. The integral A_{3,6} is estimated analogously.

The variable z_j in the integral A_{3,2} satisfies the inequalities 2y_j − x_j ≤ z_j ≤ y_j from which we obtain 0 ≤ y_j − z_j ≤ x_j − y_j. Hence

exp{−(x_j − y_j)^2/[4ϵ_j(t − τ )]} ≤ exp{−(y_j − z_j )^2/[4ϵ_j(t − τ )]},

and therefore

|A_{3,2}| ≤ M_6(m_0 + m_0) ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ G(t, x, z, τ )dz_{(x,j)} ∫_1 0 |x_j − y_j | × × { ∫_{yj} 2y_j −x_j { y_j − z_j 2ϵ_j(t − τ ) exp [ − (y_j − z_j )^2 4ϵ_j (t − τ ) ] exp [ − θ^2(x_j − y_j )^2 4ϵ_j(t − τ ) ] + + ∫_{yj} 2y_j −x_j θ(x_j − z_j ) 2ϵ_j(t − τ ) exp [ − (y_j − z_j )^2 4ϵ_j(t − τ ) ] exp [ − θ^2(x_j − y_j)^2 4ϵ_j(t − τ ) ]} dz_j } dθ. From the equality x_j − y_j = (x_j − y_j)^γ θ^{γ−1}[θ(x_j − y_j)]^{1−γ} we have

|A_{3,2}| ≤ M_6(m_0 + m_0)|x_j − y_j |^γ ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ G(t, x, z, τ )dz_{(x,j)} ∫_1 0 θ^{γ−1} × × { ∫_{yj} 2y_j −x_j y_j − z_j 2ϵ_j(t−τ ) [θ(x_j −y_j )]^{1−γ} exp [ − (y_j − z_j)^2 4ϵ_j(t − τ ) − θ^2(x_j −y_j )^2 4ϵ_j(t − τ ) ] dz_j +

+ ∫_{yj} 2y_j −x_j [θ(x_j −y_j )]^{2−γ} 2ϵ_j(t − τ ) exp [ − (y_j − z_j )^2 4ϵ_j(t − τ ) ] dz_j exp [ − θ^2(x_j −y_j )^2 4ϵ_j(t − τ ) ]} dθ ≤ ≤ M_7(m_0 + m_0)[γ(1 − γ)]^{−1}ϵ^{−γ/2}_j ϵ^{−1/2}_0 t^{(1−γ)/2}|x_j − y_j |^γ .

The estimate for the integral A_{3,5} is analogous to that of the integral A_{3,2}.

From y_j ≤ z_j ≤ (x_j + y_j )/2 there follow the inequalities 0 ≤ z_j − y_j ≤ (x_j − y_j)/2 ≤ x_j − z_j and from (x_j + y_j )/2 ≤ z_j ≤ x_j the inequalities 0 ≤ x_j − z_j ≤ (x_j − y_j)/2 ≤ z_j − y_j . By virtue of these relations, the integrals A_{3,3} and A_{3,4} are estimated just in the same way as the integrals A_{3,2} and A_{3,5}.

As for the integral A_4, we partition it into 6 summands A_{4,k}, 1 ≤ k ≤ 6 and estimate each summand by using the same techniques as for the corresponding part of the integral A_3. Thus we can consider that the intermediate estimate for the modulus of continuity of the function u(t, x) is obtained: |u(t, x) − u(t, x_{(y,j)})| ≤ ≤ M [m_0ϵ^{−1/2}_j t^{−1/2}|x_j − y_j | + (ϵ^{−1}_0 m_0 + ϵ^{−1}_0 m_0 + r_0)ϵ^{−1/2}_j t^{1/2}|x_j − y_j | +

+(1 − γ)^{−1}γ^{−1}(m_0 + m_0)ϵ^{−γ/2}_j ϵ^{−1/2}_0 t^{(1−γ)/2}|x_j − y_j |^γ ]. (5)

We use the estimate (5) for the determination of the estimate of the difference u(t, x) − u(t, x_{(y,j)}). The points x, y will now be assumed to belong to the cube b_i − 2^{−1}ϵ_i ≤ x_i, y_i ≤ b_i + 2^{−1}ϵ_i, 1 ≤ i ≤ n. It can be easily seen that the estimates for the integrals A_1, A_2 can remain unchanged. We rewrite the sum A_3 + A_4 as ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ { ∂ ∂z_i [Gt, x, z, τ ) − G(t, x_{(y,j)}, z, τ )] }( ϕ_if + 2uϵ_i ∂f ∂z_i ) dz = = ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj −ϵj} b_j −2ϵ_j (· · · )dz_j + ∫_t 0 ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +2ϵj} b_j +ϵ_j (· · · )dz_j + + ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +ϵj} b_j −ϵ_j (· · · )dz_j = B_1 + B_2 + B_3.

In the integral B_1, the inequalities n∑ i=1 (x_i − z_i)^2 4ϵ_i(t − τ ) ≥ ϵ_j 16(t − τ ) , (y_j − z_j)^2 4ϵ_j(t − τ ) + ∑ i≠j (x_i − z_i)^2 4ϵ_i(t − τ ) ≥ ϵ_j 16(t − τ )

are fulfilled, and therefore

|B_1| ≤ M_9(m_0 +m_0)|x_j −y_j | ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj −ϵj} b_j −2ϵ_j G(t, x, z_{(x+ϵ/2,j)}, τ )× × [ |x_i − z_i||x_j − z_j| 4ϵ_iϵ_j(t − τ )^2 + δ_{i,j} 2ϵ_j(t − τ ) ] dz_j ≤ M_{10}(m_0 + m_0)|x_j − y_j | ×

×(ϵ^{−1/2}_j t^{−1/2} + ϵ^{−3/2}_j t^{1/2} + ϵ^{−1/2}_j ϵ^{−1/2}_0 ) exp{−ϵ_j/(16t)}.

It is obvious that the same estimate is valid for the integral B_2 as well.

Let us now pass to the estimation of the integral B_3. We write it as

B_3 = ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +ϵj} b_j −ϵ_j { ∂ ∂z_i [Gt, x, z, τ ) − G(t, x_{(y,j)}, z, τ )] } × × ( ϕ_if + 2uϵ_i ∂f ∂z_i ) dz_j = = ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +ϵj} b_j −ϵ_j { ∂ ∂z_i [Gt, x, z, τ ) − G(t, x_{(y,j)}, z, τ )] } ϕ_idz_j + + ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +ϵj} b_j −ϵ_j { ∂ ∂z_i [Gt, x, z, τ ) − G(t, x_{(y,j)}, z, τ )] } × ×2uϵ_i ∂f ∂z_i dz_j = B_{3,1} + B_{3,2}.

Since ϕ_i(τ, z, u(τ, z)) = ϕ_i(τ, z_{(ξ,j)}, u(τ, z_{(ξ,j)})) + [ϕ_i(τ, z, u(τ, z_{(ξ,j)})) − −ϕ_i(τ, z_{(ξ,j)}, u(τ, z_{(ξ,j)}))] + [ϕ_i(τ, z, u(τ, z)) − ϕ_i(τ, z, u(τ, z_{(ξ,j)}))], the integral B_{3,1} can be represented in the form of three summands denoted by B_{3,1,1}, B_{3,1,2}, and B_{3,1,3}, respectively. For the inequality b_j −2^{−1}ϵ_j ≤ x_j , y_j ≤ b_j + 2^{−1}ϵ_j , the integral B_{3,1,1} is estimated directly: | | | | ∫_t 0 dτ ∫_{xj} y_j dξ_j ∫_{b+2ϵ} b−2ϵ [ ϕ_i(τ, z_{(ξ,j)}, u(τ, z_{(ξ,j)}))f(z) + 2ϵ_juf^′_{xi} ] dz_{(ξ,j)} × × ∫_{bj +ϵj} b_j −ϵ_j ∂^2 ∂z_i∂z_j G(t, x_{(ξ,j)}, z, τ )dz_j | | | | ≤ ≤ M_{11}m_0|x_j − y_j |ϵ^{−1/2}_0 ϵ^{−1/2}_j t^{1/2} exp{−ϵ_j/(16t)}.

Using the inequality |ϕ_i(τ, z, u(τ, z_{(ξ,j)})) − ϕ_i(τ, z_{(ξ,j)}, u(τ, z_{(ξ,j)}))| ≤ p_{i,j}|ξ_j − z_j |, for the summand B_{3,1,2}, we have |B_{3,1,2}| ≤ M_{14}p_{0,j} ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +ϵj} b_j −ϵ_j dz_j ∫_{xj} y_j G(t, x_{(ξ,j)}z, τ ) × × [ |ξ_j − z_j| ϵ_j (t − τ ) δ_{i,j} + |ξ_j − z_j|^2|x_i − z_i + δ_{i,j} (ξ_j − x_j )| ϵ_iϵ_j(t − τ )^2 ] dξ_j ≤ ≤ M_{15}p_{0,j}ϵ^{−1/2}_0 t^{1/2}|x_j − y_j |, where p_{0,k} = max_{1≤i≤n} p_{i,k}. To the integral B_{3,1,3} we apply the intermediate estimate (5). Since |ϕ_i(τ, z, u(τ, z)) − ϕ_i(τ, z, u(τ, z_{(ξ,j)}))| ≤

≤ M_{16}m_{i,u} { [m_0ϵ^{−1/2}_j t^{−1/2} + (m_0 + m_0 + r)ϵ^{−1/2}_j ϵ^{−1}_0 t^{1/2}] ×

×|ξ_j − z_j| + γ^{−1}(1 − γ)^{−1}(m_0 + m_0)ϵ^{−γ/2}_j ϵ^{−1/2}_0 t^{(1−γ)/2}|ξ_j − z_j |^γ } , the integral B_{3,1,3} is estimated as |B_{3,1,3}| ≤ M_{17}m_{0,u} n∑ i=1 ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{b+ϵj} b_j −ϵ_j dz_j | | | | ∫_{xj} y_j { [m_0ϵ^{−1/2}_j τ^{−1/2}+

+(ϵ^{−1}_0 m_0 + ϵ^{−1}_0 m_0 + r)ϵ^{−1/2}_j t^{1/2}|ξ_j − z_j |] + γ^{−1}(1 − γ)^{−1} ×

×(m_0 + m_0)ϵ^{−γ/2}_j ϵ^{−1/2}_0 τ^{(1−γ)/2}|ξ_j − z_j|^γ } G^{′′}_{zizj} (t, x_{(ξ,j)}, z, τ )dξ_j | | |, where m_{0,u} = max_{1≤i≤n} m_{i,u}. Evidently, without any difficulties we can obtain ∫_t 0 τ^αdτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +ϵj} b_j −ϵ_j |ξ_j − z_j | | | | ∂^2 ∂z_iz_j G(t, x_{(ξ,j)}, z, τ ) | | |dzj ≤ ≤ ∫_t 0 τ^αdτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +ϵj} b_j −ϵ_j G(t, x_{(ξ,j)}, z, τ ) × × [ |x_i − z_i||ξ_j − z_j |2 ϵ_iϵ_j(t − τ )^2 + δ_{i,j}|ξ_j − z_j | ϵ_j(t − τ ) ] dz_j ≤ M_{20}ϵ^{−1/2}_0 t^{1/2+α}, ∫_t 0 τ^αdτ ∫_{b+2ϵ} b−2ϵ dz_{(z,j)} ∫_{bj +ϵj} b_j −ϵ_j G(t, x_{(ξ,j)}, z, τ ) [|x_i − z_i||ξ_j − z_j|1+γ ϵ_iϵ_j(t − τ )^2 + + δ_{i,j} |ξ_j − z_j |^γ ϵ_j (t − τ ) ] dz_j ≤ M_{21}ϵ^{−1/2}_0 ϵ^{(γ−1)/2}_j t^{α+γ/2}.

Consequently, for the integral B_{3,1,3} we have the estimate |B_{3,1,3}| ≤ M m_{0u} [ m_0ϵ^{−1/2}_0 ϵ^{−1/2}_j +

+(m_0 + m_0)ϵ^{−1}_0 ϵ^{−1/2}_j t^{1/2} + (m_0 + m_0 + r)ϵ^{−3/2}_0 ϵ^{−1/2}_j t ] |x_j − y_j |. The integral B_{3,2} can be estimated in the same manner as the integral B_{3,1,3}. Combining all the obtained inequalities, we can write out the estimate for the modulus of continuity of the function u(t, x) with respect to the variable x_j: |u(t, x) − u(t, x_{(y,j)}| ≤ M { m_0ϵ^{−1/2}_j t^{−1/2} + m_0ϵ^{−1/2}_0 ϵ^{−1/2}_j + + [ m_{0u}(m_0 + m_0)ϵ^{−1}_0 ϵ^{−1/2}_j + (ϵ^{−1}_0 m_0 + ϵ^{−1}_0 m_0 + r)ϵ^{−1/2}_j +

+p_{0,0}ϵ^{−1/2}_0 ] t^{1/2} + m_{0u}(ϵ^{−1}_0 m_0 + ϵ^{−1}_0 m_0 + r)ϵ^{−1/2}_0 ϵ^{−1/2}_j t } |x_j − y_j|. From the last inequality, in particular, it follows that one can weaken the requirements imposed on the initial data of the problem as follows: |ϕ_{ixk,}(t, x, v)| ≤ p_{0,k} ≤ ϵ^{−1}_k p_{0,k}, |ψ(t, x, v)| ≤ r ≤ ϵ^{−1}_0 r.

Then the latter inequality can be written as |u(t, x) − u(t, x_{(y,j)})| ≤ M { m_0(ϵ^{−1/2}_j t^{−1/2} + ϵ^{−1/2}_0 ϵ^{−1/2}_j ) + + [ m_{0u}(m_0 + m_0)ϵ^{−1/2}_j + (m_0 + m_0 + r)ϵ^{−1/2}_j + p_{0,j}ϵ^{−1/2}_j ] ϵ^{−1}_0 t^{1/2} +

+m_{0u}(m_0 + m_0 + r)ϵ^{−3/2}_0 ϵ^{−1/2}_j t } |x_j − y_j |. (6) Thus we have proved the following assertion.

Theorem 1. Let u_0(x) be a bounded measurable function. If the functions ϕ_i(t, x, u) are bounded for all (t, x) ∈ ∏ T , |u(t, x)| ≤ m_0, ϵ_0|ψ(t, x, u)| ≤ r, ϵ_j|ϕ^′_{ixj} (t, x, u)| ≤ p_{0,j}, |ϕ_{iu}(t, x, u)| ≤ m_{0u}, where the constants r, p_{0,j}, m_{0u} are independent of ϵ, then for the modulus of continuity of the function u(t, x) with respect to the variable x_j the estimate (6) is fulfilled. If t ∈ [0, T ], then this estimate can be written in the form |u(t, x)−u(t, x_{(y,j)}| ≤ M ϵ^{−1/2}_j (t^{−1/2}+ϵ^{−1/2}_0 +ϵ^{−1}_0 t^{1/2} +ϵ^{−3/2}_0 t)|x_j −y_j |, (7) while if t ∈ (0, ϵ_0], then |u(t, x) − u(t, x_{(y,j)}| ≤ M ϵ^{−1/2}_j (t^{−1/2} + ϵ^{−1/2}_0 )|x_j − y_j |. (8) The constants M depend only on the upper bounds of the functions |u(t, x)|, |ϕ_i(t, x, u)|, ϵ_0|ψ(t, x, u)|, ϵ_j |ϕ^′_{ixj} (t, x, u)|, |ϕ_{iu}(t, x, u)| in the cylinder N_b = {(t, x)|0 < t ≤ T , b_i − 2ϵ_i ≤ x_i ≤ b_i + 2ϵ_i}. Remark 1. Theorem 1 remains valid if instead of the differentiability of the functions ϕ_i(t, x, u) with respect to the variables x_j we require the fulfillment of the Lipschitz condition with respect to those variables. Moreover, our reasoning is also true if the functions ϕ_i(t, x, u) satisfy the Hölder condition with respect to the variables x_j, u, respectively with the exponents λ_1, λ_2, 0 < λ_1, λ_2 < 1; note that naturally the right-hand sides of the inequalities (7) and (8) will somehow change.

3. In the previous subsection we have required that the functions ϕ_i(t, x, u) possess the bounded first order derivatives with respect to the variables x_j, u. If, however, these functions and the function ψ(t, x, u) are more smooth with respect to the above-mentioned variables, then the estimate (7) may be essentially improved.

Theorem 2. Let the conditions of Theorem 1 be fulfilled. Let, moreover, the functions ϕ_i(t, x, u) have the second derivatives with respect to the variables x_j, u, and the function ψ(t, x, u) has the first derivatives with respect to the same variables. If everywhere in the strip {(t, x)|ϵ_0 ≤ t ≤ T, −∞ ≤ x_i ≤ ∞} these derivatives satisfy the conditions |ϕ^{′′}_{ixjxk} (t, x, u)| ≤ ϵ^{−1}_j ϵ^{−1}_k p_{0,j,k}, |ϕ^{′′}_{ixju}(t, x, u)| ≤ ϵ^{−1}_j q_{0,j}, |ϕ^{′′}_{iuu}(t, x, u)| ≤ m_{0uu}, |ψ^′_{xj} (t, x, u)| ≤ ϵ^{−1}_j ϵ^{−1}_0 r_0, |ψ^′_u(t, x, u)| ≤ ϵ^{−1}_0 r_u where the constants p_{0,j,k}, q_{0,j}, m_{0uu}, r_0, r_u remain unchanged when ϵ changes, then everywhere in the strip ∏ T the estimate (8) is valid for the function u(t, x), and the constant M does not depend on the values of the functions u(t, x), ϕ_i(t, x, u), and ψ(t, x, u) outside the cylinder N_b.

Proof. Let the function f_a(z), defined by us in the first section, satisfy the condition [f^′_a(z)]^2[f_a(z)]^{−1} ≤ M for all a − 2 ≤ z ≤ a + 2; obviously, such functions do exist. Consider the function v_1(t, x) = f(x)[u^2(t, x) + β_j u^′_{xj} (t, x)], where the constant β_j is chosen from the condition β_j = min {√ϵ_j ϵ_0; ϵ_jm^{−1}_{0uu}}. Let the function v_1(t, x) at some point P_0(t_0, x_0) of the strip ϵ_0 ≤ t ≤ T reach the greatest positive value. If t_0 = ϵ_0, then the assertion of Theorem 2 follows from Theorem 1. Suppose t_0 > ϵ_0. For t = t_0, x = x_0 the equality f(u^2 + β_j u^′_{xj} )^′_{xk} = −f^′_{xk} (u^2 + β_j u^′_{xj} ) is fulfilled, and therefore at the above-mentioned point we have the relation f [ ϵ_i ∂^2v_1 ∂x^2_i − ϕ^′_{iu} ∂v_1 ∂x_i − ∂v_1 ∂t ] = 2ϵ_if^2 ( ∂u ∂x_i )_2

+ f^2 ∂u ∂x_i [ϕ^{′′}_{iuxj} β_j − u^2ϕ^{′′}_{iuu}] + +v_1 [ fϕ^{′′}_{iuu} ∂u ∂x_i − ϕ^′_{iu} ∂f ∂x_i + ϵ_i ∂^2f ∂x^2_i + fψ^′_u + fϕ^{′′}_{iuxi} − 2ϵ_i 1 f ( ∂f ∂x_i )_2] + +f^2[2uψ + 2uϕ^′_{ixi} + β_j ψ^′_{xj} + β_j ϕ^{′′}_{ixixj} − u^2ψ^′_u − u^2ϕ^{′′}_{iuxi} ]. (9) Since the function v_1(t, x) reaches at the point P_0 its greatest value, the right-hand side of the latter inequality is non-negative at that point. Hence

2ϵ_jf^2 ( ∂u ∂x_j )_2 + ∑ i≠j { f^2 ∂u ∂x_i [ 2ϵ_i ∂u ∂x_i + ϕ^{′′}_{iuxj} β_j − u^2ϕ^{′′}_{iuu} ]} +

+f^2 ∂u ∂x_j (ϕ^{′′}_{juxj} β_j −u^2ϕ^{′′}_{juu})+v_1 n∑ i=1 { fϕ^{′′}_{iuu} ∂u ∂x_i +h_i } + n∑ i=1 g_i ≤ 0, (10)

where by h_i, g_i are denoted the corresponding summands from the righthand side of equation (9). Consider each summand of the last inequality written in the form f^2u^′_{xi} [2ϵ_iu^′_{xi} + ϕ^{′′}_{iuxj} β_j − u^2ϕ^{′′}_{iuu}], i ≠ j. If that summand is positive, then neglecting it we will only strengthen inequality (10). If, however this summand is non-positive, then at the point P_0 one group of inequalities, either 0 ≤ 2ϵ_iu^′_{xi} ≤ u^2ϕ^{′′}_{iuu} − ϕ^{′′}_{iuxj} β_j or u^2ϕ^{′′}_{iuu} − ϕ^{′′}_{iuxj} β_j ≤ 2ϵ_iu^′_{xi} ≤ 0, is fulfilled. In each case the derivative u^′_{xi} for i ≠ j at the point P_0 satisfies the inequality |u^′_{xi} | ≤ M ϵ^{−1}_i . Therefore inequality (10) can be written in the form

v^2_1 + v_1 { ϕ^{′′}_{juu}β_j (2ϵ_j )^{−1} + (2ϵ_j)^{−1}β^2_j n∑ i=1 h_i } + v_1 { (2ϵ_j)^{−1}β^2_j ϕ^{′′}_{juxj} −

−β^2_j (2ϵ_jϵ_0)^{−1}M_{22} − 2fu^2 − (2ϵ_j )^{−1}β_j fu^2ϕ^{′′}_{juu} } + { (2ϵ^{−1}_j β_j f^2u^4ϕ^{′′}_{juu} +

+f^2u^4 − (2ϵ_j )^{−1}β^2_j f^2u^2ϕ^{′′}_{juxj} + (2ϵ_j )^{−1}β^2_j n∑ i=1 g_i − M_{23}(2ϵ_jϵ_0)^{−1}β^2_j } ≤ 0.

Since |ϕ^{′′}_{iuu}|β_j ϵ^{−1}_j ≤ M , the last inequality implies the upper bound of the function v_1(t, x) at P_0. Hence, under our assumptions, the estimate u^′_{xj} (t, x) ≤ M β^{−1}_j is fulfilled everywhere in the strip ϵ_0 ≤ t ≤ T . To obtain the lower bound, it suffices to consider the function v_2(t, x) = f(t, x)[β_ju^′_{xj} − u^2]. Thus, under our assumptions regarding the functions ϕ_i(t, x, u), ψ(t, x, u), everywhere in the strip ϵ_0 ≤ t ≤ T the estimate (8) is valid.

4. Pass to the estimation of the modulus of continuity of the derivatives of the function u(t, x). All the assumptions on the smoothness and boundedness of the functions u_0(x), ϕ(t, x, u), ψ(t, x, u) we made in proving in Theorem 1 and Theorem 2, will be assumed to be fulfilled. With the help of the function f_a(z) we can write the difference u^′_{xj} (t, x) − u^′_{xj} (t, x_{(y,s)} in the form u^′_{xj} (t, x)−u^′_{xj} (t, x_{(y,s)}) = − b+2ϵ∫

b−2ϵ v_0(z) ∂ ∂z_j [G(t, x, z, 0)−G(t, x_{(y,s)}, z, 0)]dz+

+ t∫ 0 dτ b+2ϵ∫

b−2ϵ ( fψ + f ∂ϕ_i ∂z_i + ϵ_iu ∂f ∂z_i ) ∂ ∂z_j [G(t, x, z, τ ) − G(t, x_{(y,s)}, z, τ )dz +

+ t∫ 0 b+2ϵ∫

b−2ϵ ( fϕ^′_{iu} ∂u ∂z_i + 2ϵ_iu ∂f ∂z_i ∂u ∂z_i ) ∂ ∂z_j [G(t, x, z, τ ) − G(t, x_{(y,s)}, z, τ )dz = = C_1 + C_2 + C_3.

First we will obtain a preliminary estimate. The integral C_1 is estimated directly: |C_1| ≤ M ϵ^{−1/2}_j ϵ^{−1/2}_s t^{−1}|x_s − y_s|. The integral C_2 is estimated analogously to the integrals A_{3,1,i} if j ≠ s and A_4 if j = s. Therefore

|C_2| ≤ M γ^{−1}(1 − γ)^{−1}((m_0 + r + p_{0,0})ϵ^{−1/2}_j ϵ^{−γ/2}_s ϵ^{−1}_0 t^{(1−γ)/2}|x_s − y_s|^γ ,

0 < γ < 1, p_{0,0} = max_{1≤i≤n} p_{0,i}.

For estimation of the integral C_3 we will make use of the estimate of the first derivatives of the function u(t, x) from Theorem 2. If the conditions of Theorem 2 are fulfilled, then the inequality

|C_3| ≤ M γ^{−1}(1 − γ)^{−1}(m_0 + m_{0u})ϵ^{−1/2}_j ϵ^{−γ/2}_s ϵ^{−1/2}_0 (t^{−γ/2} +

+ϵ^{−1/2}_0 t^{(1−γ)/2})|x_s − y_s|^γ.

holds. Thus the preliminary estimate for the modulus of continuity of derivatives of the function u(t, x) is true. Using the auxiliary function w = t^μv_1(t, x), μ > 1/2, we obtain the inequality | | | | ∂w(t, x) ∂x_j − ∂w(t, x_{(y,s)}) ∂x_j | | | | ≤ ≤ | | | | ∫_t 0 ∫_{xs} y_s dξ_s ∫_{b+2ϵ} b−2ϵ ( 2ϵ_iτ^μ ∂f ∂z_i ∂u ∂z_i + τ^μ dϕ_i dz_i + τ^μfψ − μτ^{μ−1}uf+

+ .ϵ_iτ^μu ∂^2f ∂z^2_i ) dz_{(ξ,s)} ∫_{bs+2ϵs} b_s−2ϵ_s ∂^2 ∂z_j z_s G(t, x_{(ξ,s)}, z, τ )dz_s | | | | +

+ | | | | ∫_t 0 dτ ∫_{b+2ϵ} b−2ϵ ( 2ϵ_iτ^μ ∂f ∂z_i ∂u ∂z_i + τ^μf dϕ_i dz_i + τ^μfψ − μτ^{μ−1}uf+

+ϵ_iτ^μu ∂^2f ∂z^2_i )| | | z

z_{(ξ,s)} ∂^2 ∂z_i∂z_s G(t, x_{(ξ,s)}, z, τ )dz | | | | = D^1 + D^2,

where ( g((τ, z) )|_z z_{(ξ,s)} = g(τ, z) − g ( τ, z_{(ξ,s)} ) . Using the estimate of the modulus of continuity of the function u(t, x) and the preliminary estimate of the modulus of continuity of its derivatives, we obtain

|D_1| ≤ M ϵ^{−1/2}_j ϵ^{−1/2}_s ϵ^{−1}_0 t^μ(1 + ϵ^{−1/2}_0 t^{1/2} + ϵ^{−1}_0 t)|x_s − y_s|,

|D_2| ≤ M ϵ^{−1/2}_j ϵ^{−1/2}_s t^μ(t^{−1} + ϵ^{−1/2}_0 t^{−1/2} + ϵ^{−1}_0 + ϵ^{−3/2}_0 t^{1/2} + ϵ^{−2}_0 t)|x_s − y_s|.

Therefore the following Theorem is true.

Theorem 3. If the conditions of Theorem 2 are fulfilled, then everywhere in the strip ∏ T the estimate |u^′_{xj} (t, x) − u^′_{xj} (t, x_{(y,s)})| ≤ M ϵ^{−1/2}_j ϵ^{−1/2}_s (t^{−1} + ϵ^{−2}_0 t)|x_s −y_s| is valid, where the value of the constant M does not depend on the values of the functions u_0(x), ϕ_i(t, x, u), ψ(t, x, u) outside the cylinder N_b = {(t, x)|0 < t < T, |b_i − x_i| ≤ 2ϵ_i}. The following theorem is valid.

Theorem 4. Let in the strip ∏ T the conditions of Theorem 2 be fulfilled, for ϵ_0 ≤ t ≤ T the functions ϕ_i(t, x, u) have the third derivatives with respect to the variables u, x_k, k = 1, 2, . . . , n, and the function ψ(t, x, u) have the second derivatives with respect to the same variables. Supppose that every differentiation of these functions with respect to the variable x_k introduce the multiplier ϵ^{−1}_k in the estimate of their modules, while the differentiation with respect to the variable u leave the order of their smallness unchanged as ϵ_0 → 0. Then everywhere in the strip ∏ T the estimate |u^′_{xj} (t, x) − u^′_{xj} (t, x_{(y,s)})| ≤ M ϵ^{−1/2}_j ϵ^{−1/2}_s (t^{−1} +ϵ^{−1}_0 )|x_s −y_s| is valid, where the constant

M remains unchanged as the functions ϕ_i(t, x, u), ψ(t, x, u) change outside the cylinder N_b.

To prove the theorem it suffices to consider the functions

v^±_2 = f(x) { ϵ^{−1}_0 ϵ^{−1/2}_s ϵ^{−1/2}_j u^{′′}_{xj xs} ± [( ϵ^{−1/2}_s ϵ^{−1/2}_0 u^′_{xs}

)_2 + ( ϵ^{−1/2}_j ϵ^{−1/2}_0 u^′_{xj} )_2]} for ϵ_0 ≤ t ≤ T and to use arguments like those done in proving Theorem 2.

Analogously to Theorems 3 and 4 we prove the following

Theorem 5. Let s = (s_1, s_2, . . . , s_n) be a multi-index, where s_i are nonnegative integers, |s| = ∑_n i=1 s_i, the functions ϕ_i(t, x, u) have the derivatives of order |s| + 2 with respect to the variables u, x_k, i, k = 1, 2, . . ., n, the function ψ(t, x, u) has the derivatives of order |s| + 1 with respect to the same variables, and |ϕ_i(t, x, u)| ≤ m_i, |ψ(t, x, u)| ≤ ϵ^{−1}_0 r_0. Suppose also that every differentiation of these functions with respect to the variables x_k introduces the multiplier ϵ^{−1}_k in the estimate of their modules and the differentiation with respect to u leaves the order of smallness of these derivatives unchanged as ϵ → 0, then in the strip ∏ T the estimate | | | ∂^{|s|}u(t, x) ∂x^{s1}_1 ∂x^{s2}_2 . . . ∂x^{sn}n − ∂^{|s|}u(t, x_{(y,j)}) ∂x^{s1}_1 ∂x^{s2}_2 . . . ∂x^{sn}n | | | ≤ ≤ M ϵ^{−s/2}ϵ^{−1/2}_j ( t^{−(1+|s|)/2} + ϵ^{−(1+|s|)/2} 0 ) |x_j − y_j | (11)

is valid, where ϵ^{−s/2} ≡ ϵ^{−s1/2}_1 ϵ^{−s2/2}_2 · · · ϵ^{−sn/2}_n , and the constant M does not depend on the values of the functions u, ϕ_i(t, x, u), ψ(t, x, u) outside the cylinder N_b.

Using the estimate (11) and the equation (1), we can formulate a similar assertion for the function ∂^{|s|+k}u(t, x)/∂x^{s1}_1 ∂x^{s2}_2 · · · ∂x^{sn}_n ∂t^k as well.

5. Consider now the case where the initial function u_0(x) is bounded, measurable and satisfying the Hölder condition with the exponent ν: |u_0(x)− u_0(y)| ≤ H(|x_1 − y_1|^ν + |x_2 − y_2|^ν + · · · + |x_n − y_n|^ν). We use this inequality for the estimate of the modulus of continuity of the function u(t, x). For the estimate of the integral A_1 we have |A_1| ≤ | | | | ∫_{b+2ϵ} b−2ϵ dz_{(ξ,j)} ∫_{xj} y_j v_0(z_{(ξ,j)}) ∂ ∂z_j G(t, x_{(ξ,j)}, z, 0)dξ_j | | | | + +2H | | | | ∫_{b+2ϵ} b_2ϵ dz_{(ξ,j)} ∫_{xj} y_j G(t, x_{(ξ,j)}, z, 0)|ξ_j − z_j |^{1+ν}ϵ^{−1}_j t^{−1}dξ_j | | | | ≤ ≤ M ( m_0 + Hϵ^{(ν−1)/2} j t^{(ν−1)/2} ) |x_j − y_j | for b_j − ϵ_j ≤ x_j and y_j ≤ b_j + ϵ_j. Not changing the estimates of the integrals A_2, A_3, A_4, we obtain that under the conditions of Theorem 2 for the modulus of continuity of the function u(t, x) the estimate |u(t, x) − u(t, x_{(y,j)}| ≤ M ( ϵ^{(ν−1)/2} j t^{(ν−1)/2} + ϵ^{−1/2}_j ϵ^{−1/2}_0 ) |x_j − y_j| (12)

holds.

When we estimate the modulus of continuity of the function u^′_{xj} (t, x), the estimation of the integral D_1 is made as above by using the inequality (12). For estimation of the integral D_2 let us consider the summand which contains the multiplier τ^{μ−1}. Estimating this summand by means of the inequality (12), we will obtain the following assertion.

Theorem 6. If the function u_0(x) satisfies the Hölder condition with the exponent ν and the functions ϕ_i(t, x, u) and ψ(t, x, u) satisfy the conditions formulated in Theorem 2, then the estimate (12) is valid for the function u(t, x). If, however, the functions ϕ_i(t, x, u) and ψ(t, x, u) satisfy the conditions of Theorem 4, then everywhere in the strip ∏ T the estimate | |u^′_{xj} (t, x)−u^′_{xj} (t, x_{(y,s)}) | |≤ M ϵ^{−1/2}_j ϵ^{−1/2}_s (ϵ^{ν/2}_0 t^{−1+ν/2} +ϵ^{−1}_0 )|x_s−y_s| (13)

is valid. The constants M in the inequalities (12) and (13) do not depend on the values of the functions ϕ_i(t, x, u) and ψ(t, x, u) outside the cylinder N_b.

Analogous statements can be formulated for derivatives of any, more higher, order of the function u(t, x), as it has been done in Theorem 5.

Remark 2. It should be especially noted that the estimates (12) and (13) remain valid if the initial function satisfies the Hölder condition only with respect to the variable x_j (with respect to the variables x_j, x_s, respectively). If the initial function u_0(x) satisfies the Lipschitz condition, then we can put ν = 1 in the estimates (12) and (13). If the initial function is differentiable and its derivative satisfies the Hölder condition with the exponent λ, then under the corresponding conditions on the functions ϕ_i(t, x, u), ψ(t, x, u), in the estimates (12) and (13) one can take ν = λ + 1.

6. All the aforementioned arguments were concerned with the case where the initial function is characterized by its belonging to one or another functional space for all x ∈ R^n. Of special interest, however, may be the cases where the function u_0(x) belongs to one Hölder space on some set Ω ⊂ R^n and belongs to the other space for x ∈ R^n \ Ω . There naturally arises the question on the behavior of the modulus of continuity of the function u(t, x) as t → 0 in the neighborhood of a boundary point of the set Ω. Obviously, the corresponding estimate of the modulus of continuity of the function u(t, x) must involve on the one hand the terms determined by the smoothness of the function u_0(x) at the points of the set Ω, and on the other hand the terms determined by its smoothness on the set R^n \ Ω. Depending on the curve along which we reach the point, the degree of influence of the above-mentioned terms of both groups increases or decreases. The appropriate investigation has been carried out in [68]; here we restrict ourselves to the formulation of the corresponding term only.

Condition A. We will say that the point z = (z_1, z_2, . . . , z_n) of the set Ω satisfies Condition A, if there exists a hyperplane P containing this point and such that for some neighborhood S of the point z all the points of the set Ω ⋂ S lie only on one side of that hyperplane. Moreover, the neighborhood S is assumed to be such that sup_{x∈S} |x_k − z_k| ≥ β_kϵ_k, where β_k is a constant

not depending on ϵ.

Theorem 7. Let the initial function u_0(x) be bounded, measurable everywhere in R^n and satisfy the Hölder condition with respect to the variable x_k with the exponent α_1 everywhere in R^n. Let the function u_0(x) satisfy the Hölder condition with the exponent α_2 > α_1 with respect to the variable x_k everywhere in R^n \ Ω, where Ω is a set of points. Let the point z = 0 belong to the set Ω and satisfy Condition A, the hyperplane P coincide with the hyperplane x_1 = 0 and all the points of the set S ⋂ Ω lie in the half-space x_1 ≤ 0. Let, finally, θ(t, x_1) be a continuous, twice continuously differentiable for t > 0 function such that the following relations hold:

θ(t, x_1) = 0, x_1 ≤ −λ_1t^{α1/2}; θ(t, x_1) = ϵ^{−2}_1 (x_1 + λ_1t^{α1/2})^2, −λ_1t^{α1/2} ≤ x_1 ≤ ϵ_1/3 − λ_1t^{α1/2}; θ(t, x_1) = 1−ϵ^{−2}_1 (x_1 −ϵ_1 +λ_1t^{α1/2})^2, 2ϵ_1/3−λ_1t^{α2/2} ≤ x_1 ≤ ϵ_1 −λ_2t^{α2/2}; θ(t, x_1) = 1, x_1 > ϵ_1 − λ_2t^{α2/2}; 0 ≤ θ(t, x_1) ≤ 1, ϵ^m_1 |∂^mθ(t, x_1)/∂x^m_1 |≤ M, |∂θ(t, x_1)/∂t|≤ M λ_1ϵ^{−1}_1 t^{α1/2−1}, λ_1 = ϵ_0ϵ^{α1/2}_k , λ_2 = ϵ_0ϵ^{α2/2}_k . Then for all t > 0 the estimate |u(t, x) − u(t, x_{(y,k)})| ≤ M { ϵ^{−1/2}_k ϵ^{−1/2}_0 + ϵ^{(α2−1)/2} k t^{(α2−1)/2}θ(t, x_1) + +ϵ^{(α1−1)/2} k t^{(α1−1)/2}[1 − θ(t, x_1)] } |x_k − y_k| (14)

is true.

The estimate (14) shows the character of the continuous passage from the estimate defined by the Hölder exponent α_1 to the estimate defined by the Hölder exponent α_2.

Corollary 1. If the function u_0(x) satisfies the condition |u_0(x) − u_0(x_{(y,k)})| ≤ H|x_k − y_k|^α everywhere in the plane t = 0, with the exception of the point z = 0, and the condition x_k, y_k is fulfilled for the variables x_ky_k > 0, then the estimate |u(t, x) − u(t, x_{(y,k)}| ≤ M ϵ^{−1/2}_k [(λϵ^{−1}_0 + ϵ^{α/2}_k )t^{(α−1)/2} + ϵ^{−1/2}_0 ]|x_k − y_k| is valid everywhere outside the set {(t, x)|0 ≤ t ≤ ϵ_0, −ϵ_s + λt^{α/2} ≤ x_s ≤ ϵ_s − λt^{α/2}}. In particular, for n = 1 the estimate |u(t, x) − u(t, y)| ≤ M ϵ^{−1/2}[(λϵ^{−1} + ϵ^{α/2})t^{(α−1)/2} + ϵ^{−1/2}]|x − y| is valid for all points (t, x), (t, y) lying outside the curvilinear trapezoid which is formed by the lines t = 0; t = ϵ_0; x = −ϵ + λt^{α/2}; x = ϵ − λt^{α/2}; λ = ϵ^{1+α/2}.

7. We can show that the estimates obtained in Theorems 1–6 are exact with respect to the order of smallness of the variables t, ϵ_k, ϵ_0 which are contained in the right-hand sides of those estimates. Indeed, let first t < ϵ_0. In this case for the solution of the Cauchy problem

ϵu^{′′}_{xx} − u^′_t = 0, u|_{t=0} = u_0(x),

where u_0(x) = 0 for x ≤ 0 and u_0(x) = 1 for x > 0, we have u^′_x(t, 0) = (4πϵt)^{−1/2}, and therefore for x = 0 the estimate of Theorem 1 is nonimprovable. If as the initial we take the function u_0(x) = 0 for x < 0 and u_0(x) = x^α for 0 ≤ x < 1, 0 < α < 1, where the function u_0(x) and its derivative of the first order is bounded and continuous for all x > 0, then for sufficiently small values ϵ the inequality u^′_x(t, 0) > π^{−1/2}(4tϵ)^{(α−1)/2}e^{−1} will be fulfilled. Thus the estimate of Theorem 6 cannot be improved with respect to the order of smallness of the variables t, ϵ for t < ϵ.

Let now t ≫ ϵ. Consider the problem ϵ ∂^2u ∂z^2 − u ∂u ∂z − ∂u ∂t = 0, (15)

u|_{t=0} = u_0(z) = 1 for z ≤ 0, u_0(z) = −1 for z > 0. (16)

Using Hopf’s construction [30], we can write out the expression for the spatial derivative of the function u(t, z). Using then an asymptotic representation for the probability integral for large values of z we have that for t = O(1), z = O(ϵ), ϵ ≪ 1 the relation

u^′_z(t, z) = t^{−1} − (2ϵ)^{−1} ch^{−2} ( z/(2ϵ) ) + O(ϵ^{1/2}) (17)

is valid, and therefore the above-obtained estimates are exact for t > ϵ.

Consider finally the equation ϵ_1v^{′′}_{xx} + v^{′′}_{yy} − vv^′_x − vv_y − v_t = 0, where ϵ_1 is the root of the equation 2ϵ_1(1 + √ ϵ_1)^{−2} = ϵ, 0 < ϵ ≪ 1.

Consider the solution of that equation, satisfying for t = 0 the condition v|_{t=0} = v_0(x, y) = 1, if x + y √ ϵ_1 ≤ 0, v_0(x, y) = −1, if x + y √ ϵ_1 > 0.

Obviously, the solution of that problem is the function v(t, x, y) = u(t, (x + y √ ϵ_1)/(1 + √ ϵ_1) ) , where u(t, z) is the solution of the problem (15), (16).

Therefore it follows from (17) that the theorems proven above provide us with the estimates which are exact with respect to the order of smallness of the parameters ϵ_k, ϵ_0 for t > ϵ.

Remark 3. Let us consider the spaces of functions L_{p,x}(a, b) and L_p(a, b), where p ≥ 1, a < b, ‖v‖_{Lp,x(a,b)} = sup_{0<t≤T} ( ∫_b a |v|^pdx )_{1/p} , ||v||_{Lp(a,b)} = ( ∫_T 0 ∫_b a |v|^pdxdt )_{1/p}

for any finite a, b, p. It follows from the relation (17) that in the spaces L_{p,x}(a, b) L_p(a, b), for the derivatives with respect to the spatial variables of the solution of the problem (1), (2) for the bounded initial function u_0(x), the best estimates in the sense of the order of the parameter ϵ_0 take place for p = 1; the derivatives in a general case have in the norms L_{1,x}, L_1 the zero order of smallness with respect to the parameter ϵ_0, even if b − a = O(ϵ_0).

8. In conclusion, we present some estimates of solutions of the Cauchy problem for the initial equation in the case of one spatial variable; those estimates make the constants appearing in the above-proven inequalities more precise and will be used later on. For all 0 ≤ t ≤ T , −∞ < x < ∞, |u(t, x)| < ∞, the functions ϕ(t, x, u), ψ(t, x, u) will be assumed to have uniformly bounded derivatives of the first and second order, ϕ^{′′}_{uu}(t, x, u) ≥ ϕ_0 > 0.

Theorem 8. Everywhere in the strip ∏ T , the estimates inf −∞<x<∞ [ϵu^′_0(x) − ϕ(0, x, u_0(x))] ≤ ϵu^′_x(t, x) − ϕ(t, x, u) ≤ ≤ sup −∞<x<∞ [ϵu^′_0(x) − ϕ(0, x, u_0(x))]

hold.

Proof. Function v_1(t, x) = [ϵu^′_x − ϕ(t, x, u)]e^{−α0t} satisfies the equation

ϵ2v^{′′}_{1xx}−ϕ^′_u(u)v^′_{1x} −v^′_{1t} −[α_0 +ψ^′_u]v_1 = e^{−α0t}[ϵψ^′_x+ϕψ^′_u −ψϕ^′_u +ϕ^′_t] ≡ F_1(t, x)

and also the initial condition v_1(0, x) = ϵu^′_0(x) − ϕ(0, x, u_0(x)). Consider an auxiliary function z(t, x) = α_1(x^2 + 1)^{α2} , where α_1, α_2 are some constants and α_2 < 1/2. If we assume α_0 = 1 − inf∏ T ψ^′_u + α_2[2ϵ + sup∏ T |ϕ^′_u|], α_1 = max {sup∏ T |F_1(t, x)|, sup_x |u_0(x)|} then for any 0 < α_2 < 1/2 everywhere

in the strip ∏ T the inequalities Lz < −z < 0, L(z ±v_1) < 0, (z ±v_1)|_{t=0} ≥ 0 are fulfilled. Choose a number N so large that the functions z ±v_1 on lateral sides of the rectangle D{0 ≤ t ≤ T, |x| ≤ N } would take non-negative values. According to the maximum principle, these functions are non-negative everywhere in ∏ T , and therefore |ϵu^′_x − ϕ(t, x, u)| ≤ α_1e^{α0 t}(x^2 + 1)^{α2} . Obviously, the last inequality is valid at any point of the strip ∏ T . Passing to the limit as α_2 → 0, we arrive at the assertion of the theorem.

Corollary 2. If ϕ(t, x, u) ≡ ϕ(u), ψ(t, x, u) ≡ 0, then the inequalities inf −∞<x<∞ [ϵu^′_0(x)−ϕ(u_0(x))] ≤ ϵu^′_x(t, x) − ϕ^′(u) ≤ sup_{−∞<x<∞}[ϵu^′_0(x)−ϕ(u_0(x))] are fulfilled.

Theorem 9. If ϵ|u^′_0(x)| + ϵ^2|u^{′′}_0 (x)| ≤ M , then everywhere in ∏ T the estimates |ϵ^2u^{′′}_{x,x}(t, x)| ≤ M, |ϵu^′_t(t, x)| ≤ M are true.

Proof. Let N > 0 be any positive number and G_N (x) be a twice continuously differentiable function, G_N (x) ≡ 1 for |x| ≤ N , G_N (x) ≡ 0, for |x| ≥ N + 1, 0 ≤ G_N (x) ≤ 1, [G^′_N (x)]^2/G_N (x) ≤ M . Let v_2(t, x) = G_N (x)[ϵv^′_{1x} + v^2_1], where the function v_1(t, x) has been defined in Theorem 8. The function v_2(t, x) on the lateral sides of the rectangle D{(t, x)|0 ≤ t ≤ T, |x| ≤ N + 1} vanishes. If the function v_2(t, x) reaches its greatest (for the rectangle D) positive value for t = 0, then for x ≤ N there takes place the relation

ϵ^2

∂^2u ∂x^2 ≤ sup_D { ϵ ∂ϕ(t, x, u) ∂x −v^2_0(t, x)+ϵ^2u^{′′}_0 (x)+ϵ dϕ(0, x, u_0(x)) dx +v^2_0 (0, x) } , from which, with regard for Theorem 8, we obtain the upper bound for the function ∂^2u/∂x^2. However, if the largest (for the rectangle D) positive value is attained at the point P_0(t_0, x_0) lying in the rectangle D or on its upper side, then at that point we have the relation

G_N (x) [ ϵ ∂^2v_2 ∂x^2 − ϕ^′_u ∂v_2 ∂x − ∂v_2 ∂t − (ψ^′_u + ϕ^{′′}_{ux})v_2 ] − −G^2_N (x) [ 2ϵ ∂^2v_1 ∂x^2 + 2ϵϕ^{′′}_{uu} ∂u ∂x ∂v_1 ∂x + F_2(t, x) + F_3(t, x) ] − −v_2(t, x)[ϵG^{′′}_N − ϕ^′_uG^′_N − 2ϵ(G^′_N )^2/G_N ] = 0, (18)

where the functions F_2(t, x) = ϵψ^{′′}_{uu}u^′_xv_1 + ϵψ^{′′}_{ux}v_1 + ϵF^′_{1x}, F_3(t, x) = 2v_0F_1(t, x) + [ψ^′_u − ϕ^{′′}_{ux}]v^2_1 are bounded in the rectangle D uniformly with respect to ϵ. As it follows from equation (18), at the point P_0 the inequality

G^2_N (x) [ 2ϵ ( ∂v_1 ∂x )_2 + ϵϕ^{′′}_{uu} ∂u ∂x ∂v_0 ∂x + F_2(t, x) + F_3(t, x) ] + +G_N (x)[ψ^′_u + ϕ^{′′}_{ux}]v_2 + v_2[ϵG^{′′}_N (x) − ϕ^′_uG^′_N (x) − 2ϵ(G^′_N (x))^2/G_N (x)] ≤ 0

is valid, or what comes to the same thing, v^2 (x) + A_ϵ(t, x)v_2 + B_ϵ(t, x) ≤ 0, where A_ϵ(t, x), B_ϵ(t, x) are some functions, bounded in ∏ T uniformly with respect to ϵ. But the last inequality can be satisfied only for v_2 ≤ M , which ensures the upper bound for the function ϵ∂^2u/∂x^2 for all |x| ≤ N . Passing to the limit as N → ∞, we obtain the required upper bound for the whole strip ∏ T .

To obtain the lower bound it suffices to consider the auxiliary function v_3(t, x) = G_N (x)[ϵv_{1x} − v^2_1 ] and to repeat our reasoning. The estimate for the derivative with respect to the variable t follows from equation (1).

Using the obtained estimates, we can prove the following assertions ([66]).

Theorem 10. Let ‖ϕ^{′′}_{xx} + ψ^′_x‖_{L1(}∏_{T )} ≤ M . If ‖u^′_0(x)‖_{L1(}∏_{T )} ≤ M , then u^′_t, u^′_x, u^{′′}_{xx}, are bounded uniformly with respect to ϵ in the norm of the space L_1( ∏ T ).

Theorem 11. If ‖ψ + ϕ^′_x‖_{L1(}∏_{T )} ≤ M , ‖u^′_x‖_{L1(}∏_{T )} + ‖ϵu^{′′}_{xx}‖_{L1(}∏_{T )} ≤ M , then for all t ∈ [0, T ] the inequality ∫_∞ −∞ |u(t, x) − u_0(x)|dx ≤ M is valid. Moreover, if there exist lim_{x→−∞} u_0(x) = u^−, lim_{x→∞} u_0(x) = u^+ and the integrals

I_1 =

∫_0 −∞ |u_0(x) − u^−|dx, I_2 = ∫_∞ 0 |u_0(x) − u^+|dx converge, then the integrals

Ĩ_1 =

∫_0 −∞ |u(t, x) − u^−|dx, Ĩ_2 = ∫_∞ 0 |u(t, x) − u^+|dx also converge simultaneously, and lim_{x→−∞} u(t, x) = u^− and lim_{x→∞} u(t, x) = u^+.

1.2. Some a Priori Estimates for a System of Quasi-Linear Equations In this section we deduce some integral and uniform estimates for solutions of the Cauchy problem associated with a quasi-linear system of singularly perturbed equations of parabolic type. In particular, these estimates characterize the behavior of a solution and its derivatives as a small parameter tends to zero and the time derivative increases infinitely. They are proved to be useful in investigating the properties of solutions of model problems of gas dynamics.

1. In the strip Π_T = {(t, x)|0 < t ≤ T , −∞ < x < ∞}, let us consider the Cauchy problem ϵ ∂^2u ∂x^2 − ∂u ∂t = d dx ϕ(t, x, v), (1) ϵ ∂^2v ∂x^2 − ∂v ∂t = − ∂u ∂x , (2) u|_{t=0} = u_0(x), v|_{t=0} = v_0(x), (3) where ϵ is a non-negative constant, and u_0(x) and v_0(x) are continuous bounded functions possessing bounded derivatives of the first and second order. We will assume that v_0(x) ≥ m_0 > 0, where m_0 is a constant not depending on the parameter ϵ. Suppose that the function ϕ(t, x, v) is continuous and bounded in each of the domains D_a = Π_∞ × {a ≤ v ≤ ∞}, where a is an arbitrary positive constant, and possesses in D_a the continuous uniformly bounded derivatives up to the fourth order, inclusive, with respect to either variable, ϕ^′_v(t, x, v) < 0 and ϕ^{′′}_{vv}(t, x, v) ≥ 0, and the function F (t, x, v) = − v∫ m_0 √ −ϕ^′_s(t, x, s)ds increases infinitely as v → +0. For ϕ(t, x, v) ≡ ( √ 2v)^{−2}, ϵ = 0 the problem (1)–(3) describes motion of shallow water and isentropic gas motion in terms of the Lagrange coordinates in the case c_p/c_v = 2.

In [84], for the case ϕ(t, x, v) ≡ ϕ(v), T.D. Ventzel by means of the change of variables f^± = −F (t, x, v) ± u(t, x) has shown that in the strip Π_T the inequalities |u(t, x)| ≤ M , v(t, x) ≥ m > 0 hold, where the constants M , m do not depend on ϵ. In the same work it has been proved that under the above formulated conditions for the function u_0(x), v_0(x), ϕ(v) the solution of the problem exists everywhere in Π_T .

Making the change of variables τ = t/ϵ, ξ = x/ϵ and denoting again the independent variables by t, x, we obtain the problem

∂^2u_1 ∂x^2 − ∂u_1 ∂t = dϕ(t, x, v_1) dx , (4)

∂^2v_1 ∂x^2 − ∂v_1 ∂t = − ∂u_1 ∂x , (5)

u_1|_{t=0} = ũ_1(x), v_1|_{t=0} = ṽ_1(x), (6)

where ũ_1(x), ṽ_1(x) are given functions. In what follows, the index in notation of the solution of the problem (4)–(6) will be omitted and for the solution of the equations (4), (5) the use will be made of the conventional notation, i.e., u(t, x) and v(t, x). The solution of the problem (4)–(6) will be assumed to exist everywhere in Π_∞ and the inequalities v(t, x) ≥ m > 0, |u(t, x)| ≤ M for that solution to be fulfilled everywhere in Π_∞.

2. If G(t, x, ξ, τ ) = [4π(t − τ )]^{−1/2} exp {−(x − ξ)^2/[4(t − τ )]}, then the problem (4)–(6) can be written in the form u(t, x) = ∫_∞ −∞ G(t, x, ξ, 0)u_0(ξ)dξ + + 1 2 ∫_t 0 dτ ∫_∞ −∞ ϕ(τ, ξ, v)(t − τ )^{−1}(x − ξ)G(t, x, ξ, τ )dξ, (7) v(t, x) = ∫_∞ −∞ G(t, x, ξ, 0)v_0(ξ)dξ − − 1 2 ∫_t 0 dτ ∫_∞ −∞ (t−τ )^{−1}(x−ξ)G(t, x, ξ, τ )u(τ, ξ)dξ. (8) The estimate v(t, x) ≤ M √ t + 1 (9) can be immediately obtained from (8). Substituting (7) in (8) and changing the order of integration, after elementary transformations we obtain v(t, x) = ∫_∞ −∞ G(t, x, ξ, 0)v_0(ξ)dξ − 1 2 ∫_∞ −∞ (x − ξ)G(t, x, ξ, 0)u_0(ξ)dξ + + 1 2 ∫_t 0 dτ ∫_∞ −∞ ϕ(τ, ξ, v) [ 1− (x − ξ)^2 2(t−τ ) ] G(t, x, ξ, τ )dξ = I_1− 1 2 I_2 + 1 2 I_3. (10)

From (10) we readily obtain the estimate for the derivative of the function v(t, x) with respect to the variable x: |v^′_x(t, x)| ≤ M √ t + 1. (11)

Theorem 1. Let the functions u_0(x), v_0(x) have the limits u^−, v^−, respectively, as x → −∞ and the limits u^+, v^+ as x → +∞ , and the functions ϕ(t, −x, u^−), ϕ(t, x, u^+) have as x → ∓∞ the limits ϕ^−, ϕ^+. Then for every fixed value t = t_0 the functions u(t, x), v(t, x) have the same limits at infinity as they have for t = 0.

Proof. Consider first the function v(t, x) defined by equation (10). For the definiteness, let x → +∞. Obviously,

I_1 = ∫_{x/2} −∞ v_0(ξ)G(t, x, ξ, 0)dξ + ∫_∞ x/2 [v_0(ξ) − v^+]G(t, x, ξ, 0)dξ + +v^+ ∫_∞ x/2 G(t, x, ξ, 0)dξ = I_{1,1} + I_{1,2} + I_{1,3}.

For x → ∞, we shall estimate each summand on the right-hand side of the last equation. For values x, such that x/(2t) ≫ 1, we have .|I_{1,1}| ≤ M ∫_{x/2} −∞ G(t, x, ξ, 0)dξ ≤ M ∫_∞ x/(4 √ t) exp (−z^2)dz.

Using Millse’s relation ([48]), we obtain the inequality

|I_{1,1}| ≤ M exp [−x^2/(4t^2)][x/(4 √ t) + √ ω + x^2/(16t)]^{−1}, where 4/π ≤ ω ≤ 2. It is not difficult to see that I_{1,3} → v^+ as x → ∞, where

|I_{1,3} − v^+| = |v^+| exp[−x^2/(4t^2)] {√ π[x/(4 √ t) + √ ω + x^2/(16t)] }_{−1} . For the integral I_{1,2} we can easily obtain the inequality |I_{1,2}| ≤ sup ξ≥x/2 |v_0(ξ) − v^+|. Further,

I_2 = ∫_{x/2} −∞ G(t, x, ξ, 0)(x − ξ)[u_0(ξ) − u^+]dξ + + ∫_∞ x/2 G(t, x, ξ, 0)(x − ξ)[u_0(ξ)−u^+]dξ +

+ √ t/π(u^− − u^+) exp [ −x^2/(16t) ] = I_{2,1} + I_{2,2} + I_{2,3}.

For the integral I_{2,1} the estimate |I_{2,1}| ≤ M √ t exp [ −x^2/(16t) ] is valid.

Passing to the estimation of the summand I_{2,2}, we get

I_{2,2} = 2 √ t/π ∫_{−x/(8}^√_{t)} −x/(4 √ t) [ u_0(x + 2z √ t) − u^+ ] z exp (−z^2)dz − −2 √ t/π ∫_∞ −x/(8 √ t) [ u_0(x + 2z √ t) − u^+ ] z exp (−z^2)dz − − ∫_∞ −x/(8 √ t) [ u_0(x + 2z √ t) − u^+ ] z exp (−z^2)dz. Obviously, for x/(4 √ t) ≫ 1 the following inequalities hold: | | | | ∫_{−x/(8}^√_{t)} −x/(4 √ t) [ u_0(x + 2z √ t) − u^+ ] z exp (−z^2)dz | | | | ≤ M exp ( − x^2 64t ) , | | | | ∫_∞ −x/(8 √ t) [ u_0(x + 2z √ t) − u^+ ] z exp (−z^2)dz | | | | ≤ M sup_{ξ≥3x/4} |u^0(ξ) − u^+|. Finally we pass to the limit I_3. Partition it in three summands

I_3 = ∫_t 0 dτ ∫_{x−α(x)} −∞ ϕ(τ, ξ, v) [ 1 − (x − ξ)^2 2(t − τ ) ] G(t, x, ξ, τ )dξ + + ∫_t 0 dτ ∫_∞ x+α(x) ϕ(τ, ξ, v) [ 1 − (x − ξ)^2 2(t − τ ) ] G(t, x.ξ, τ )dξ + + ∫_t 0 dτ ∫_{x+α(x)} x−α(x) ϕ(τ, ξ, v) [ 1 − (x − ξ)^2 2(t − τ ) ] G(t, x.ξ, τ )dξ = I_{3,1} + I_{3,2} + I_{3,3}, where α(x) a monotonically increasing function, α(x) < x/2 for x > 0

and lim_{x→∞} α(x) = ∞. By simple calculations, for x/ √ t ≫ 1 we obtain the

estimate |I_{3,1}| ≤ 4M α(x) √ t exp { − [α(x)]^2 16t } √16tω + [α(x)]_2 − α(x) √ 16tω + [α(x)]^2 + α(x) , 4 π ≤ ω ≤ 2. Hence |I_{3,1}| ≤ M t^{3/2}[α(x)]^{−1} exp{−[α(x)]^2/(16t)}. An analogous estimate can be obtained for the integral I_{3,2}. Thus, using the above-obtained esti-

mates, we can write equality (10) as follows: z(t, x) ≡ v(t, x) − v^+ = g(t, x) + +2^{−1} ∫_t 0 dτ ∫_{x+α(x)} x−α(x) [ϕ(τ, ξ, v)−ϕ(τ, ξ, v_+)] [ 1− (x−ξ)^2 2(t− τ ) ] G(t, x, ξ, τ )dξ; (12) here g(t, x) is the function, tending to zero as x → +∞. On considering

equality (12) as the integral equation with regard to the function z(t, x), we solve it by the method of successive approximations; note that as the initial approximation z_0(t, x) we shall take the function g(t, x).

Let inequality x ≥ 2N hold, where the number N is chosen in such a way that for x ≥ N the relation |g(t, x)| ≤ μ is fulfilled. Supposing x − 2α(x) ≥ N , we shall have |z_1(t, x) − z_0(t, x)| ≤ 2^{−1} ∫_t 0 dτ ∫_{x+α(x)} x−α(x) ∫_1 0 | | | ∂ϕ(τ, ξ, v^+ + θz_0(τ, ξ)) ∂v | | |dθ × ×|v_0(τ, ξ) − v^+| | | |1 − (x − ξ)^2 2(t − τ ) | | |G(t, x, ξ, τ )dξeMvtμ/2, M_v = sup (t,x)∈Π_t,m≤v≤M √ t+1 |ϕ^′_v(t, x, v)|, and this inequality is valid for all x ≥ N . The inequality |v_2(t, x)−v_1(t, x)| ≤ (M_vt/2)^2μ can be obtained analogously. If M_vt/2 < 1, then the sequence {z_n(t, x)} converges, and the terms of that sequence are uniformly bounded by some constant like M μ. Hence, for the function v(t, x) for t < M^{−1}_v and x ≥ 2N the relation |v(t, x)−v^+| ≤ M μ is fulfilled. Repeating our reasoning successively for kM^{−1}_v ≤ t ≤ (k + 1)M^{−1}_v , we shall get the validity of the assertion of the theorem with respect to the function v(t, x) for all t > 0.

Estimate now the difference u(t, x) − u^+. It can be easily seen that the first summand in the expression (7) is investigated exactly in the same manner as the first one in the expression (10). Let us consider the second summand for x ≥ 2N :

2^{−1} 1∫ 0 dτ ∞∫ −∞ ϕ(τ, ξ, v)(t − τ )^{−1}(x − ξ)G(t, x, ξ, τ )dξ = −Ĩ_1 − Ĩ_2 =

= − t∫ 0 dτ −α(x)/(2 √ t−τ) ∫ −∞ ϕ(τ, x + 2z √ t − τ , v)(t − τ )^{−1/2}zG(z, 4^{−1}, 0, 0)dz−

− t∫ 0 dτ ∞∫ −α(x)/(2 √ t−τ) ϕ(τ, x + 2z √ t − τ , v)(t − τ )^{−1/2}zG(z, 4^{−1}, 0, 0)dz.

It is not difficult to see that for for sufficiently large values of N the inequality |Ĩ_1| ≤ M ∫_t 0 (t − τ )^{−1/2} exp [ − x^2 16(t − τ ) ] dτ ≤ M √ t exp [−x^2/(16t)]

is valid. The integral Ĩ_2 in the following way: t∫ 0 (t−τ )^{−1/2}dτ ∞∫ −α(x)/(2 √ t) [ϕ(τ, x+2z √ t−τ , v^+)−ϕ^+]zG(z, 4^{−1}, 0, 0, )dz+

+ϕ^+ t∫ 0 G(x, t, x−α(x), τ )dτ + t∫ 0 (t−τ )^{−1/2}dτ ∞∫ −α(x)/(2 √ t) [ϕ(τ, x+2z √ t−τ , v)−

−ϕ(τ, x + 2z √ t − τ , v^+)]zG(z, 4^{−1}, 0, 0)dz = Ĩ_{2,1} + Ĩ_{2,2} + Ĩ_{2,3}.

Using the estimates for the function v(t, x) − v^+, we obtain for x ≥ 2N :

|Ĩ_{2,1}| ≤ sup ξ≥N,0≤τ≤t |ϕ(τ, ξ, v^+) − ϕ^+|,

|Ĩ_{2,2}| ≤ M √ t exp { − [α(x)]^2 4t } , |Ĩ_{2,3}| ≤ sup ξ≥N,0≤τ≤t |v(τ, ξ) − v^+|. From these inequalities follows the relation lim_{x→∞} |u(t, x) − u^+| = 0. Obviously, the case x → −∞ is considered analogously.

Remark 1. From the above estimates follow the estimates for the rate of convergence of the functions u(t, x), v(t, x) to the corresponding limiting values as |x| → ∞. This rate depends on t and on the rate of convergence of the functions u_0(x), v_0(x), ϕ(t, x, v_−), ϕ(t, x, v^+) to their limiting values.

Remark 2. It follows from the above reasoning that the behavior of the function v(t, x) as x → +∞ does not depend on the character of variation of the function u_0(x) as |x| → ∞ and of the function v_0(x) as x → −∞.

The proof of the theorem below is the same as that of Theorem 1.

Theorem 2. If lim_{|x|→∞}(|u^′_0(x)| + |v^′_0(x)|) = 0, lim_{|x|→∞}(|ϕ^′(t, −x, v^−)| + |ϕ^′(t, x, v^+)|) = 0, then lim_{|x|→∞}(|u^′_x(t, x)| + |v^′_x(t, x)|) = 0. Theorem 3. If the conditions of Theorems 1 and 2 are fulfilled and, moreover, if the integrals

I_1(t, x) = ∫_x −∞ [v(t, ξ) − v^−]dξ, I_2(t, x) = ∫_∞ x [v(t, ξ) − v^+]dξ, I_3(t, x) = ∫_x −∞ [u(t, ξ) − u^−]dξ, I_4(t, x) = ∫_∞ x [u(t, ξ) − u^+]dξ exist for t = 0, then they do exist for any t > 0 and the following equalities hold: { I_1(t, 0) + I_2(t, 0) = I_1(0, 0) + I_2(0, 0) + (u^+ − u^−)t, I_3(t, 0) + I_4(t, 0) = I_3(0, 0) + I_4(0, 0) + (ϕ^+ − ϕ^−)t.

(13)

Theorem 4 is proved in the same way as Lemma 4 in [34].

Corollary 1. If v^− ≠ v^+ , then

I_{1,a}(t, 0) + I_{2,a}(t, 0) =

∫_0 −∞ [v(t, x − at) − v^−]dx + + ∫_∞ 0 [v(t, x − at) − v^+]dx = I_{1,a}(0, 0) + I_{2,a}(0, 0), where a = (u^+ − u^−)(v^+ − v^−)^{−1}; if u^− ≠ u^+, then I_{3,b}(t, 0) + I_{4,b}(t, 0) =

∫_0 −∞ [u(t, x − bt) − u^−]dx + + ∫_∞ 0 [u(t, x − bt) − u^+]dx = I_{3,b}(0, 0) + I_{4,b}(0, 0), where b = (ϕ^− − ϕ^+)(u^+ − u^−)^{−1}.

Theorem 4. Let the function ϕ(t, x, v^−) − ϕ^− be absolutely integrable with respect to the variable x for x ∈ (−∞, 0], and the function ϕ(t, x, v^+) − ϕ^+ be absolutely integrable for x ∈ [0, ∞). Let, moreover, the integrals I_1(t) =

∫_0 −∞ |v(t, x) − v^−|dx, I_2(t) = ∫_∞ 0 |v(t, x) − v^+|dx, 3(t) =

∫_0 −∞ |u(t, x) − u^−|dx, 4(t) = ∫_∞ 0 |u(t, x) − u^+|dx converge for t = 0. Then these integrals converge for any t > 0 and the inequalities

I_1(t) + I_2(t) ≤ M e^t(1 + t^{3/2}), I_3(t) + I_4(t) ≤ M e^t(1 + t^{3/2}) (14) hold.

Proof. Consider first the integral I_1(t). Denote the function [1 − 2^{−1}(x − ξ)^2/(t − τ )]G(t, x, ξ, τ ) by Q(t, x, ξ, τ ). We have v(t, x) − v^− = ∫_∞ −∞ [v_0(ξ) − v^−]G(t, x, ξ, 0)dξ − −2^{−1} ∫_∞ −∞ u_0(ξ)(x − ξ)G(t, x, ξ, 0)dξ + +2^{−1} ∫_t 0 dτ ∫_∞ −∞ ϕ(τ, ξ, v)Q(t, x, ξ, τ )dξ = P_1 − 2^{−1}P_2 + 2^{−1}P_3. Obviously, P_1 =

∫_0 −∞ [v_0(ξ) − v^−]Gt, x, ξ, 0)dξ + + ∫_∞ 0 [v_0(ξ) − v^−]G(t, x, ξ, 0)dξ = P_{1,1}(t, x) + P_{1,2}(t, x), whence ∫_0 −∞ |P_{1,1}(t, x)|dx ≤ ∫_0 −∞ |v_0(ξ) − v^−| {∫_0 −∞ G(t, x, ξ, 0)dx } dξ ≤ I_1(0), ∫_0 −∞ |P_{1,2}(t, x)|dx ≤ M ∫_∞ 0 {∫_0 −∞ G(t, x, ξ, 0)dx } dξ ≤ M √ t. Pass now to the estimate of the integral P_2. Let us write it in the form ∫_0 −∞ [u_0(ξ)−u^−](x−ξ)G(t, x, ξ, 0)dξ+ ∫_∞ 0 [u_0(ξ)−u^+ ](x−ξ)G(t, x, ξ, 0)dξ+ +(u^+ − u^−) √ t π exp [ − x^2 4t ] = P_{2,1}(t, x) + P_{2,2}(t, x) + P_{2,3}(t, x),

and hence ∫_0 −∞ |P_{2,1}(t, x)|dx ≤ M √ t I_3(0), ∫_0 −∞ |P_{2,2}(t, x)|dx ≤ M √ tI_4(0),

∫_0 −∞ |P_{2,3}(t, x)|dx = |u^+ − u^−|t. Finally, let us estimate the integral

∫_0 −∞ |P_3(t, x)|dx. We represent the function P_3(t, x) as

P_3(t, x) = ∫_t 0 dτ ∫_0 −∞ [ϕ(τ, ξ, v) − ϕ(τ, ξ, v^−)]Q(t, x, ξ, τ )dξ + + ∫_t 0 dτ ∫_∞ 0 [ϕ(τ, ξ, v) − ϕ(τ, ξ, v^+)]Q(t, x, ξ, τ )dξ + + { ∫_t 0 dτ ∫_0 −∞ ϕ(τ, ξ, v^−)Q(t, x, ξ, τ )dξ + + ∫_t 0 dτ ∫_∞ 0 ϕ(τ, ξ, v^+)Q(t, x, ξ, τ )dξ } = = P_{3,1}(t, x) + P_{3,2}(t, x) + P_{3,3}(t, x) + P_{3,4}(t, x).

For the function P_{3,1}(t, x) we shall have ∫_0 −∞ |P_{3,1}|dx ≤ ≤ ∫_t 0 dτ ∫_0 −∞ |ϕ(τ, ξ, v)−ϕ(τ, ξ, v^−)| ∫_{−∞} ξ− √_{2(t−τ)} Q(t, x, ξ, τ )dxdξ+

+ ∫_t 0 dτ ∫_0 −∞ |ϕ(τ, ξ, v) − ϕ(τ, ξ, v^−)| ∫_{ξ+}√_{2(t−τ)} 0 Q(t, x, ξ, τ )dxdξ +

+ ∫_t 0 dτ ∫_0 −∞ |ϕ(τ, ξ, v) − ϕ(τ, ξ, v^−)| ∫_{ξ+}√_{2(t−τ)} ξ− √_{2(t−τ)} Q(t, x, ξ, τ )dxdξ = = P_{3,1,1} + P_{3,1,2} + P_{3,1,3}.

Calculating the integral of the function Q(t, x, ξ, τ ), we obtain P_{3,1,1} ≤ M ∫_t 0 dτ ∫_0 −∞ |v(τ, x)−v^−|dx, P_{3,1,2} ≤ M ∫_t 0 dτ ∫_0 −∞ |v(τ, ξ)−v^− |dξ. For the integral P_{3,1,3} we can easily get the inequality

P_{3,1,3} = { 1 2 √ π ∫_{1/}^√_2 −1/ √ 2 e^{−s2} ds + 1 √ 2π e^{−1/2} } ×

× ∫_t 0 dτ ∫_0 −∞ |ϕ(τ, ξ, v) − ϕ(τ, ξ, v^−)|dξ ≤ ≤ M ∫_t 0 dτ ∫_0 −∞ |v(τ, x) − v^−)|dξ. The integral of the function P_{3,2}(t, x) is estimated analogously: ∫_0 −∞ |P_{3,2}(t, x)|dx ≤ M ∫_t 0 dτ ∫_∞ 0 |v(τ, x) − v^+ |dx. Let us now pass to the integral P_{3,3}:

P_{3,3} = ∫_t 0 dτ ∫_0 −∞ [ϕ(τ, ξ, v^−) − ϕ^−]Q(t, x, ξ, τ )dξ + +ϕ^− ∫_t 0 dτ ∫_∞ 0 t, x, ξ, τ )dξ = P_{3,3,1}(t, x) + P_{3,3,2}(t, x). Obviously,

∫_0 −∞ |P_{3,3,1}(t, x)|dx ≤ M ∫_t 0 dτ ∫_0 −∞ |ϕ(τ, x, v^−) − ϕ^−|dx, ∫_0 −∞ |P_{3,3,2}(t, x)|dx = 2 3 √ π t^{3/2}ϕ^−. We can easily see that the integral of the function P_{3,4} is calculated exactly in the same manner.

Thus ∫_0 −∞ |v(t, x) − v^−|dx ≤ M (1 + √ t) + +M { ∫_t 0 dτ ∫_0 −∞ |ϕ(τ, ξ, v^−) − ϕ^−|dξ + ∫_t 0 dτ ∫_∞ 0 |ϕ(τ, ξ, v^+) − ϕ^+|dξ } +

+M ∫_t 0 dτ ∫_0 −∞ |v(t, x) − v^−|dx +^+ −u^−|t + (9π)^{−1/2}|ϕ^+ − ϕ^−|t^{3/2}. Similarly, ∫_∞ 0 |v(t, x) − v^+|dx ≤ M (1 + √ t) + +M { ∫_t 0 dτ ∫_0 −∞ |ϕ(τ, ξ, v^−)ϕ^−|dξ + ∫_t 0 dτ ∫_∞ 0 ϕ(τ, ξ, v^+) − ϕ^+|dξ } + +M ∫_t 0 dτ ∫_∞ 0 |v(t, x) − v^+|dx + |u^+ − u^−|t + (9π)^{−1/2}|ϕ^+ − ϕ^−|t^{3/2}. Adding term by term the last two inequalities and using the Gronwall- Bellman’s lemma, we obtain the first inequality (14). The second one is proved in a similar manner.

The following assertion is proved without any changes. Theorem 5. If v_0(x) − v^−, u_0(x) − u^−, ϕ(t, x, v) − ϕ^− ∈ L_{p,x}(−∞, 0) v_0(x)−v^+ , u_0(x)−u^+, ϕ(t, x, v^+)−ϕ^+ ∈ L_{p,x}(0, ∞), p ≥ 1, then v(t, x)−v^−, u(t, x) − u^− ∈ L_{p,x}(−∞, 0), v(t, x) − v^+, u(t, x) − u^+ ∈ L_{p,x}(0, ∞). Under appropriate assumptions on the initial data of the problem we can formulate analogous statements for the derivatives of the functions u(t, x), v(t, x). Let us pass now to the estimates of the functions under consideration in the uniform norm.

Theorem 6. Everywhere in the half-plane t > 0 the estimates |u^′_x(t, x)| + |u^′_t(t, x)| + |v^′_x(t, x)| + |v^′_t(t, x)| + |u^{′′}_{xx}(t, x)| ≤ M ln (e + t), |v^{′′}_{xx}(t, x)| ≤ M √ ln (e + t) are valid.

Proof. As follows from equality (8), ∂^2v ∂x^2 = −(2t)^{−1} ∫_∞ −∞ v_0(ξ)Q(t, x, ξ, 0)dξ + +(4t)^{−1} ∫_∞ −∞ u_0(ξ)[3(x − ξ) − t^{−1}(x − ξ)^3]G(t, x, ξ, 0)dξ − −4^{−1} ∫_t 0 dτ ∫_∞ −∞ (t − τ )^{−1}ϕ(τ, ξ, v)[3 − 3(t − τ )^{−1}(x − ξ)^2 + +4^{−1}(t − τ )^{−2}(x − ξ)^4]G(t, x, ξ, τ )dξ = −2^{−1}(K_1 − K_2 + K_3).

In proving the theorem we may assume t ≫ 1, since for bounded values of the variable t the estimates of derivatives of functions can be obtained by the methods we have used in §1. Evidently, |K_1| ≤ M t^{−1}, |K_2| ≤ M t^{−1/2}, and hence to estimate the second derivative of the function v(t, x) with respect to the variable x it sufficiently to estimate the integral K_3: 1 2 ∫_t 0 dτ ∫_∞ −∞ τ^{−1}ϕ(t−τ, x + ξ, v(t − τ, x + ξ)) × ×[3 − 3τ^{−1}ξ^2 + 4^{−1}τ^{−2}ξ^4]G(τ, ξ, 0, 0)dξ =

= 2^{−1} ∫_δ 0 dτ ∫_∞ −∞ {· · · }dξ + 2^{−1} ∫_t δ dτ ∫_∞ −∞ {· · · }dξ = K_{3,1} + K_{3,2}, where δ is some positive value which will be defined below. Since |v^′_x(t, x)| ≤ M √ t + 1, we can easily obtain the estimate |K_{3,1}| ≤ M √ δ(t + 1). In the integral K_{3,2}, making the change of the variable ξ = 2z √ τ , we get |K_{3,2}| ≤ M | ln t − ln δ|. Choosing δ = t^{−1}, we obtain the intermediate estimate |v^{′′}_{xx}(t, x)| ≤ M ln (e + t). The estimates |u^′_x(t, x)| ≤ M ln (e + t), |v^′_x(t, x)| ≤ M ln (e + t) can be found analogously from formulas (7) and (8).

Estimate now the function u^{′′}_{xx}(t, x). From (7) we have

u^{′′}_{xx}(t, x) = L_1(t, x) + L_2(t, x) = −(2t)^{−1} ∫_∞ −∞ u_0(ξ)Q(t, x, ξ)dξ + +4^{−1} ∫_t 0 dτ ∫_∞ −∞ ϕ(τ, ξ, v)(t−τ )^{−2}[2^{−1}(t−τ )^{−1}(x−ξ)^3 −3(x−ξ)]G(t, x, ξ, τ )dξ. Obviously, |L_1(t, x)| ≤ M t^{−1}. The integral L_2(t, x) can be represented in terms of

L_2(t, x) = ∫_{t−δ} 0 dτ ∫_∞ −∞ {. . . }dξ+ ∫_t t−δ dτ ∫_∞ −∞ {. . . }dξ = L_{2,1}(t, x)+L_{22}(t, x). Integrating once by parts and using the obtained estimates for the derivatives of the function v(t, x), we readily obtain the inequality |L_{2,2}(t, x)| ≤ M √ δ{1 + [ln (t + 1)]^2}. It is easily seen that the inequality |L_{2,1}(t, x)| ≤ M δ^{−1/2} holds. Choosing δ from the equality δ = [ln (t + e)]^2, we find the estimate |u^{′′}_{xx}(t, x)| ≤ M ln (t + e). Estimates for the derivatives of the functions under consideration with respect to the variable t follows from equations (4) and (5). Getting back to the estimate of the function v^{′′}_{xx}(t, x), we are able, with regard for inequality (14), to find from (10) the required estimate for that derivative.

In conclusion, we can formulate an analogue of Theorem 6 in the form applicable to the problem (1)–(3).

Theorem 7. Everywhere in the half-plane t > 0, for the solution of the problem (1)–(3) the estimates |ϵu^′_x(t, x)|+|ϵu^′_t(t, x)|+|ϵv^′_x(t, x)|+|ϵv^′_t(t, x)|+|ϵ^2u^{′′}_{xx}(t, x)| ≤ M ln (e+t/ϵ), |ϵ^2v^{′′}_{xx}(t, x)| ≤ M √ ln (e + t/ϵ) are valid.

It should be noted that the results of the above theorem improve the results obtained in [84] for the cases ϵ → 0 and t → ∞.

1.3. Quasi-Linear Parabolic Equation with a Discontinuous Initial Function

In this section we construct asymptotic representations for a solution of quasi-linear parabolic equation, when the solution of the corresponding degenerate problem is a discontinuous function.

1. In the strip ∏ T {(t, x)|0 < t ≤ T, −∞ < x < ∞} let us consider the problem L_ϵu ≡ ϵ^2 ∂^2u ∂x^2 − ϕ^′_u(u) ∂u ∂x − ∂u ∂t = 0, u(0, x) = f(x). (1)

The function ϕ will be assumed to be infinitely differentiable, uniformly bounded for bounded values of the argument, ϕ(0) = ϕ^′(0) = 0, ϕ^{′′}(0) = 1, and ϕ^{′′}(u) ≥ ϕ_0 > 0 for any u. Let the function f(x) be continuous and uniformly bounded for x ≠ 0 and possess uniformly bounded derivatives of any order for x ≠ 0, which have finite limiting values as x → 0 and x → +0.

Along with Problems A_ϵ, we consider in the strip ∏ T Problem A_0, ∂u ∂t + ϕ^′_u(u) ∂u ∂x = 0, u(0, x) = f(x). (2)

As is known, Problem A_0 may have no solution in the class of differentiable functions even for an arbitrarily smooth initial function. In order for the problem (2) to be solvable for a continuous or piecewise continuous initial function, it is necessary to seek its solution in the class of discontinuous functions.

As it follows from O. A. Oleĭnik’s work [51], for an arbitrary bounded measurable initial function f(x) a solution of Problem A_ϵ is infinitely differentiable for t > 0. At the same time, a solution of Problem A_0 may appear to be a discontinuous function even for an infinitely smooth initial function, and for a discontinuous initial function a solution of the problem may be continuous for t > 0. In connection with these specific peculiarities, an asymptotic, as ϵ → 0, representation of a solution of Problem A_ϵ may or may not possess terms of boundary layer character; moreover, boundary layer terms of expansion can describe both the ordinary differential equations and equations of parabolic type.

Hence, the structure of an asymptotic, as ϵ → 0, representation of a solution of Problem A_ϵ depends essentially on the properties of the solution of Problem A_0. It is not difficult to prove the following

Theorem 1. If f(x) is a function, infinitely differentiable and bounded along with its derivatives of any order, and a solution of Problem A_0 is infinitely differentiable in the strip ∏ T , then for the solution of Problem A_ϵ we can construct a uniform, asymptotic as ϵ → 0 expansion of the type U (t, x, ϵ) ∼ ∞∑ k=0 ϵ^{2k}u_{2k}(t, x), and for that expansion in the strip ∏ T the estimate ‖ ‖ ‖u(t, x) − N∑ k=0 ϵ^{2k}u_k(t, x) ‖ ‖ ‖_{C2} ≤ Cϵ^{2N+2} is valid.

Thus the occurrence of terms of boundary layer character in an asymptotic expansion of the solution of Problem A_ϵ is due to the occurrence of singularities in the solution of Problem A_0. In the present section we describe an asymptotic representation of the solution of Problem A_ϵ in the case, where a solution of Problem A_0 is a discontinuous function for 0 ≤ t ≤ T .

Thus let the initial function satisfy the above-formulated conditions, provided f(−0) > f(+0). Let the solution of the problem (3), (4) be an infinitely differentiable function everywhere in ∏ T , except for an infinitely smooth line x = x_p(t), x_p(0) = 0 at the points of which the solution of Problem A_0 and any its derivatives have finite limiting values as x → x_p(t) − 0 and x → x_p(t) + 0. As is known (see, e.g., [51]), on the line x = x_p(t) the relation

x^′_p(t) = ϕ(u_0(t, x_p(t) + 0)) − ϕ(u_0(t, x_p(t) − 0)) u_0(t, x_p(t) + 0) − u_0(t, x_p(t) − 0) (3) is fulfilled, where u_0(t, x) is a solution of Problem A_0.

In what follows, for the sake of simplicity we will assume that the identity x_p(t) ≡ 0 holds; the consideration of the general case somewhat complicates technical details of the construction and is not a matter of principle.

2. An asymptotic expansion of the solution of Problem A_ϵ will be sought in the form U (t, x, ϵ) ∼ ∞∑ k=0 ϵ^{2k}u_{2k}(t, x) + ∞∑ k=0 ϵ^{2k}v_k(t, x/ϵ^2). (4)

The function u_0(t, x) is assumed to be known, and the functions u_{2k}(t, x) for k ≥ 1, v_k(t, ξ) are to be defined.

The functions u_{2k}(t, x) must ensure the closeness of the asymptotic expansion and the solution of Problem A_ϵ everywhere outside the neighborhood of the line of discontinuity of the solution of Problem A_0.

The functions v_k(t, ξ) will be constructed under the assumption that they are of boundary layer character of variation as |ξ| → ∞ and guarantee along with their derivatives of the first order the continuity of the asymptotic expansion (4).

A solution of Problem A_0 under the condition (3) is defined uniquely. Characteristics of the equation (2) are straight lines intersecting on the line x = 0. The function u_0(t, x) is a solution of the functional equation

u_0 = f(x − ϕ^′(u_0)t), (5)

which shows that the derivative of the function u_0(t, x) with respect to the variable x for x ≠ 0 can be found by the formula u^′_{0x}(t, x) = f^′(x − ϕ^′(u_0)t) 1 + tϕ^{′′}(u_0)f^′(x − tϕ^′(u_0)) = f^′(x^0) 1 + tϕ^{′′}(f(x^0))f^′(x^0) . In particular, from the condition of solvability of the equation (5) it follows that in case the initial function is smooth, the smoothness of the solution of Problem A_0 cannot be violated for t ∈ [0, T_0), where

T_0 = min −∞<x<∞ [ − ϕ^{′′}(f(x))f^′ (x) ]_{−1} . Using the standard techniques, we can see that the functions u_{2k}(t, x) for k ≥ 1 are defined as solutions of the equations

L_0u_{2k} ≡ ∂u_{2k} ∂t + ∂ ∂x [ϕ^′(u_0)u_{2k}] = = ∂^2u_{2k−2} ∂x^2 − 2k∑ s=0 ϕ^{(s+1)}(u_0) s! ∑ |α|+β=2k u_{α1} u_{α2} . . . u_{αs} ∂u_β ∂x ≡ F_{2k}(t, x), (6) satisfying the zero initial condition. Here, each of the indices β, α_1,α_2,. . . ,α_s may be any even integer from 0 to 2k − 2, |α| = α_1 + α_2 + · · · + α_s. It can be easily seen that solutions of the equations (6) are, generally speaking, discontinuous for x = 0.

Let us now pass to the construction of the functions v_{2k}(t, ξ) which are defined separately for ξ < 0 and ξ > 0. Using again the well-known procedure of constructing the asymptotic expansions, we find that the functions v_{2k}(t, ξ) are obtained as solutions of the following differential equations:

∂^2v_0 ∂ξ^2 − ϕ^′(u^±_0 + v_0) ∂v_0 ∂ξ = 0, (7)

L_1v_{2k} ≡

∂^2v_{2k} ∂ξ^2 − ∂ ∂ξ [ϕ^′(u^±_0 +v_0)v_{2k}] = u^±_{2k}ϕ^{′′}(u^±_i +v_0) ∂v_0 ∂ξ +Φ_{2k}(t, ξ); (8) here u^−_{2k} = lim_{x→−0} u_{2k}(t, x), u^+_{2k} = lim_{x→+0} u_{2k}(t, x), u^±_{2k} = u^−_{2k} for ξ < 0,

u^±_{2k} = u^+_{2k} for ξ > 0, and the function Φ_{2k}(t, ξ) is represented as a sum of a finite number of summands, each containing as a multiplier at least one of the functions v_{2i}(t, ξ) or v^′_{2iξ}(t, ξ) for i < k. The equations (7) and (8) are solved separately for ξ < 0 and ξ > 0; for ξ = 0 we impose the following conditions of continuity of:

– the asymptotic expansion

u_{2k}(t, −0) + v_{2k}(t, −0) = u_{2k}(t, +0) + v_{2k}(t, +0); (9)

– the first derivatives of the asymptotic representations:

[v_0(t, −0)]^′_ξ − [v_0(t, +0)]^′_ξ = 0, [v_{2k}(t, −0)]^′_ξ − [v_0(t, +0)]^′_ξ = = [u_{2k−2}(t, +0)]^′_x − [u_{2k−2}(t, +0)]^′_x, k ≥ 1. (10)

Lemma 1. The equation (7) possesses a solution of boundary layer type, which satisfies the conditions (9), (10) and tends exponentially to zero as |ξ| → 0. Proof. In equation (7), for ξ < 0 and ξ > 0 we change the unknown functions z^− = u^−_0 + v_0, and z^+ = u^+_0 + v_0, respectively. It is readily seen that both equations take the same form, and their coefficients coincide for ξ = 0 by virtue of the condition (9).

For ∞ < ξ < ∞, let us consider the equation

z^{′′}_{ξξ} − ϕ^′(z)z^′_ξ = 0 (11)

and show that it has a solution, tending to u^− as ξ → −∞ and to u^+ as ξ → ∞. Bearing this in mind, we integrate both parts of equation (11) with respect to the variable ξ and obtain z^′_ξ − ϕ(z) + C(t) = 0. Then we choose a constant C(t) of integration in such a way that the derivative of the function z(t, ξ) would tend to zero as z → u^−_0 : C(t) = ϕ(u^−_0 ). By virtue of the condition (3), ∂z/∂ξ → 0 as z → u^+_0 . Thus the function z(t, ξ) satisfies the equation z^′_ξ = ϕ(z) − ϕ(u^−_0 ) = ϕ(z) − ϕ(u^+_0 ). The function ψ(z) = ϕ(z) − ϕ(u^+_0 ) is convex and vanishing for z = u^−_0 and z = u^+_0 . Every solution of the equation under consideration satisfies the equality ξ = ∫_{z(t,ξ)} z(t,0) dω ψ(ω) = ∫_{z(t,ξ)} z(t,0) dω ϕ(ω) − ϕ(u^−_0 ) . The values z = u^−_0 and z = u^+_0 are first order zeros of the function ψ(z). Hence the integral on the right-hand side of the last equality diverges as z → u^−_0 and z → u^+_0 , that is, the function z(t, ξ) takes the values u^−_0 and u^+_0 for none of the finite value ξ, if z(t, 0) ≠ u^±_0 . This means that a solution of equation (11) having the above-mentioned limiting values as ξ → ±∞ exists for ξ ∈ (−∞, ∞) and is defined uniquely by its valuation for ξ = 0. Because function ψ(z) for u^+_0 < z < u^−_0 is of constant sign, every such solution is given in terms of the monotonically decreasing function of the variable ξ; note that ∂z/∂ξ vanishes for none of the value ξ. Since z^{′′}_{ξξ} = ϕ^′(z)ψ(z), ϕ^′(u^−_0 ) > 0, ϕ^′(u^+_0 ) < 0, the function z(t, ξ) has only one point of inflection ξ = c_0(t), and therefore ϕ^′(z(t, c_0(t))) = 0. We fix the integral curve with inflection for ξ = 0, and let z = z̃(t, ξ) be the equation of that curve. Then the function z = z̃(t, ξ − C_0(t)), where C_0(t) is an arbitrary smooth function, defined for all t ∈ [0, T ], satisfies equation (11) and has an inflection for ξ = C_0(t). Therefore C_0(t) can be interpreted as the constant of integration distinguishing a unique solution of equation (7):

v_0(t, ξ) = { z̃(t, ξ − C_0(t)) − u^−_0 , ξ < 0, z̃(t, ξ − C_0(t)) − u^+_0 , ξ > 0.

(12)

Obviously, the condition (10) is fulfilled for any choice of the function C_0(t); thus, in constructing a zero approximate asymptotic expansion u^{(0)} = u_0(t, x) + v_0(t, x/ϵ) one constant of integration (being a function of the parameter t) remains still undetermined. The proof presents no difficulties when solutions of equation (7), satisfying the conditions 0 < v_0(t, 0) < u^−_0 − u^+_0 , tend exponentially to zero.

Lemma 2. Solutions of the boundary layer type equation (8) exponentially tending to zero as |ξ| → ∞ and satisfying the conditions (9), (10) exist. For every fixed k the set of functions {v_s(t, ξ)}, s = 0, 1, . . ., k is defined to within one integration constant C_k(t) which is a function of the parameter t; moreover, each of the integration constants C_s(t), s = 0, 1, . . ., k is defined as a solution of some linear, for s ≥ 1, first order ordinary differential equation. The initial value C_s(0) for the solution of each of these equations is arbitrary.

Proof. The existence and exponential tending to zero as |ξ| → ∞ of solutions of equations (7) is obvious. By virtue of the above-described properties of the function v_0(t, ξ) = ṽ_0(t, ξ − C_0(t)), the solution of either equation (8) which tends to zero as |ξ| → ∞, exists and depends on the two constants of integration being the functions of the variable t. Let us consider equation (8) for k = 1. Obviously, we shall have ∂v_2 ∂ξ − ϕ^′(u^±_0 + v_0)v_2 = Φ^±_2 (t, ξ), (13)

Φ^±_2 (t, ξ) = ∫_ξ ±∞ { ∂v_0 ∂t + [ϕ^′(u^±_0 + v_0) − ϕ^′(u^±_0 )] ( ∂u_0 ∂x )_± + +ϕ^{′′}(u^±_0 + v_0) [ u^±_2 + η ( ∂u_0 ∂x )_±]∂v_0 ∂η } dη, where the indices “−” and “+” are chosen for ξ < 0 and ξ > 0, respectively. A solution of equation (13) is defined by means of two constants of integration. Condition (9) can be satisfied by choosing only one of the constants. As is follows from (13), no choice of the second constant of integration can satisfy that condition for the function v_2(t, ξ); only the remaining, for the time being unknown constant of integration C_0(t) can satisfy the condition (9). From equation (13) and condition (10) we have

∂u_0(t, +0) ∂x − ∂u_0(t, −0) ∂x = ∫_0 −∞ ∂v_0 ∂t dξ + ∫_∞ 0 ∂v_0 ∂t dξ + Φ̃_2(t), (14)

where the function Φ̃_2(t) is defined by means of limiting, as x → ±0, values of the function u_0(t, x) and its derivative with respect to the variable x. Using the representation (12) for the function v_0(t, ξ), form the last equation it is not difficult to get for the function C_0(t) the differential equation C^′_0(t) = q_0(t, C_0), whose right-hand side is the continuous function and satisfies the Lipschitz condition in the second argument for all t ∈ [0, T ]. It follows from the relations (8) and (13) that the conditions (9) and (10) will be fulfilled for any choice of the initial condition for ξ = 0 for the solution of equation (13). The lemma is proved for the case k = 1.

To prove the lemma for the general case k ≥ 2, we write the relation for the jump of first derivatives of the function v_{2k}(t, ξ) with respect to the variable ξ for ξ = 0 in the form ∂v_{2k}(t, −0) ∂ξ − ∂v_{2k}(t, +0) ∂ξ = ∫_∞ −∞ ∂v_{2k−2} ∂t dξ + g_k(t), (15)

where g_k(t) is the given function. Using the general type of the solution of equation (8) for k ≥ 2 and performing integration with respect to the variable ξ, we can get a differential equation for the integration constant C_{2k−2}(t):

a(t)C^′_{2k−2} = p_k(t)C_{2k−2} + q_k(t), (16)

where a(t) = ∫_∞ −∞ exp [ ∫_ξ 0 ϕ^′(u^±_0 + v_0)dη ] dξ ≥ a_0 > 0, p_k(t), q_k(t) are the known smooth functions.

Note that the conditions (9) and (10) are fulfilled for any choice of the initial value for the solution of equation (16). Moreover, in the approximation u^{(2k)}(t, x, ϵ), the integration constant C_{2k}(t) and all the initial values C_{2s}(0), s ≤ k − 1, remain still undetermined.

Remark 1. Note that we have completely constructed a formal asymptotic expansion of the solution which, in fact, is the asymptotic residual expansion of the equation. By no choice of values of the constants C_{2s}(0) can one achieve that the given expansion would satisfy the initial condition uniformly for all |x| < ∞. At the same time, it is obvious that in order that the constructed by us formal expansion approximate the exact solution for t > 0, it is necessary to determine these constants uniquely, as long as the choice of constants enables us to determine the structure of the solution in the neighborhood of the line of discontinuity of the solution of the degenerate problem.

The following assertion is a consequence of the theorems proved in the first section.

Lemma 3. The values of C_{2s}(0) can be chosen in such a way that for t = 0 the equality ∫_∞ −∞ v_{2s}(0, ξ)dξ = 0

would be fulfilled.

Proof. Here we shall prove only the case s = 0, since the validity of assertions of the lemma for s > 0 can be easily proved by means of the explicit representation of the solution. We have ∫_∞ −∞ v_0(0, ξ)dξ =

∫_0 −∞ [ z̃(0, ξ−c_0)−u^−_0 ] dξ+ ∫_∞ 0 [ z̃(0, ξ−c_0)−u^+_0 ) ] dξ = J_0(c_0),

where c_0 = C_0(0). Since the function z̃(0, ξ − c_0) is continuously differentiable for ξ ∈ (−∞, ∞) and the integrals of that derivative converge uniformly as c_0 varies on any finite interval, we can write the equality

dJ_0(c_0) dc_0 = ∫_∞ −∞ ∂z̃(0, ξ−c_0) ∂c_0 dξ = − ∫_∞ −∞ ∂v_0(0, ξ) ∂ξ dξ = u^−_0 −u^+_0 = const > 0.

Thus the value J_0(c_0) is the linear function of the variable c_0. Hence there exists a finite value c_0 such that the equality J_0(c_0) = 0 holds.

3. Let us pass to the error estimate of the constructed asymptotic expansion. We will use some a priori estimates of the solution of the problem (1), cited in the foregoing sections.

Under our assumptions, the initial function f(x) satisfies the inequality sup_{x1≠x2} [f(x_1) − f(x_2)][x_1 − x_2]^{−1} ≤ K_1, and for the solution of Problem

A_ϵ the estimate u^′_x(t, x) ≤ K_1 is valid. As it follows from the construction of asymptotic representation, the similar estimate is also valid for the derivative with respect to the spatial variable of the function u^{(N)}(t, x). Moreover, from the results of the first section the lower estimate u^′_x(t, x) ≥ −M ϵ^{−1}(t^{−1/2} + ϵ^{−1}) follows . We will also use the known estimates ∫_b a | | | ∂u(t, x) ∂x | | |dx ≤ M, ∫_b a |u(t, x) − u_0(x)|dx ≤ M ϵ, which in the case under consideration are valid for all t ∈ [0, T ] and any finite a, b, a < b.

Let the constant α be such that 1/3 < α ≤ 1/2, δ = M ϵ^{1−2α}. First we obtain the error estimate outside the δ – neighborhood of the straight line x = 0 which is the line of discontinuity of the solution of the degenerate equation. Using the auxiliary functions

z_{1,2}(t, x, ϵ) = 2M_0 exp [ ϵ^{−1}(M_1t − |x| + M_1T + δ) ] +

+ϵ^{2n+2}M_2(t + 1) ± e^{−α1t} [ u(t, x) − u^{(N)}(t, x) ] , where the constants M_0, M_1, M_2, α_1 not depending on ϵ are such that for |x| ≥ M_1T + δ the inequalities

a_1(t, x, ϵ) = α_1 + ∂u^{(N)}(t, x) ∂x ∫_1 0 ϕ^{′′}(u(t, x)θ + u^{(N)}(t, x)(1 − θ))dθ ≥ 1, | |L_ϵu^{(N)}(t, x) | | ≤ M ϵ^{2N+2} are fulfilled.

By means of the maximum principle we can easily prove that for |x| ≥ 2M_1T + 1 + δ the estimate |u(t, xϵ) − u^{(N)}(t, x, ϵ)| ≤ M ϵ^{2N+2} is fulfilled.

Lemma 4. Let α = const, 0 < α < 1/2. For |x| ≥ δ_0 = ϵ^{1−2α} the inequality |u(t, x) − u^{(N)}(t, x)| ≤ M ϵ^α holds.

Proof. By virtue of the properties of the function u^{(N)}(t, x) for |x| ≥ δ_0 there takes place the inequality [ u(t, x) − u^{(N)}(t, x) ]_′ x ≤ K_2, where K_2 is some constant, not depending on ϵ. Moreover, for any a, b, a ≤ b the relation ∫_b a |u(t, x) − u^{(N)}(t, x)|dx ≤ K_3ϵ is valid, and therefore on the segment [δ_0/2, δ_0] of the straight line t = t_1, t_1 ∈ [0, T ] there is at least one point x = x_1 such that the function z(t, x, ϵ) = u(t, x) − u^{(N)}(t, x) satisfies at the point (t_1, x_1) the inequality δ_0z(t_1, x_1, ϵ)/2 = δ_0 min_{δ0 /2≤x≤δ0} z(t_1, x, ϵ)/2 ≤ ∫_{δ0} δ_0 /2 z(t, x, ϵ)dx ≤ K3ϵ. Suppose that at the point (t1, x2), δ0 < x2 <

2M_1T + 2 the inequality z(t, x, ϵ) > C_0ϵ^α is fulfilled, where C_0 = 2 √ K_1K_2.

Let (t_1, x_3) be a point of the segment [x_1, x_2] of the straight line t = t_1 at which z(t, x, ϵ) = 2^{−1}C_0ϵ^α, and for x ∈ (x_3, x_2] the inequality z(t_1, x, ϵ) > 2^{−1}C_0ϵ^α is fulfilled; such a point exists because the function z(t_1, x, ϵ) is continuous for x > δ_0/2. Hence, C_0ϵ^α/2 < z(t_1, x_2, ϵ) − z(t_1, x_3, ϵ) = z^′_x(t_1, x_3θ+x_2(1−θ), ϵ)(x_2 −x_3) ≤ K_2(x_2 −x_3), 0 < θ < 1, whence x_2 −x_3 ≥ (2K_2)^{−1}C_0ϵ^α. Using this inequality, we get K_3ϵ ≥ ∫_{x2} x_3 z(t1, x, ϵ)dx > (4K_2)^{−1}C^2_0 ϵ^{2α} = K_3ϵ^{2α}, which contradicts the condition α < 1/2.

Analogously, the upper bounds for the integral of the function z(t, x, ϵ) can be obtained in a half-strip x ≤ −δ_0, 0 ≤ t ≤ T and the lower bounds in half-strips |x| ≥ δ_0, 0 ≤ t ≤ T .

Lemma 5. For |x| ≥ M δ_0 the estimate |u(t, x) − u^{(N)}(t, x)| ≤ M ϵ^{2N+2} is valid.

Proof. Let ρ > 0 be some number. Let us construct a function f_1(t, x) possessing the following properties: f_1(t, −ρ) = f_1(t, ρ) = 0; f_1(t, x) ≥ 1 for |x| ≥ m_1ρ, m_1 = const, | | |ρ^s ∂^lf_1 ∂x^s∂t^{l−s} | | | ≤ M ; ∂f_1 ∂t + ϕ^′(u^{(N)}) ∂f_1 ∂x = g_1(t, x) ≤ 0 for |x| > ρ.

It is not difficult to see that if ρ ≫ −ϵ ln ϵ, then the function exists. Consider an auxiliary function z_1(t, x, ϵ) = e^{−α2t}f_1(t, x)z(t, x, ϵ) which for x > ρ satisfies the equation

L_1z_1 ≡ ϵ^2

∂^2z_1 ∂x^2 − ϕ^′(u) ∂z_1 ∂x − ∂z_1 ∂t − a_2(t, x, ϵ)z_1 = Φ_1(t, x, ϵ), where a_2(t, x, ϵ) ≥ 1 for |x| ≥ ρ, and the function Φ_1(t, x, ϵ) is written in an obvious manner. Note that by virtue of the properties of coefficients of the asymptotic expansion the constant α_2 can be chosen independent of ϵ. For t = 0, |x| ≥ ρ the condition |z_1(0, x, ϵ)| ≤ M ϵ^{2N+2} is fulfilled for the function z_1(t, x, ϵ).

Suppose that the function z_1(t, x, ϵ) at some point P_1(t_1, x_1) of the halfstrip x ≥ ρ, 0 < t ≤ T reaches its largest (for that half-strip) positive value. Since the equality zf^′_{1x} + f_1z^′_x = 0 is fulfilled at the point P_1, that is f^′_{1x}z^′_x = −z ( f^′_{1x} )_2

/f_1, the function z̃_1 = z_1 − β_0, where β_0 is some constant, satisfies at that point P_1 the relation

L_1z̃_1 ≡ ϵ^2

∂^2z̃_1 ∂x^2 − ϕ^′(u) ∂z̃_1 ∂x − a_2z̃_1 − ∂z̃_1 ∂t = = β_0a_2(t, x, ϵ) + e^{−α2t}z [ ϵ^2_{1x} − g_1(t, x, ϵ) ] − 2ϵ^2e^{−α2t} (f^′_{1x})^2 /f_1 − e^{−α2t}f_1F_N (t, x, ϵ) − e^{−α2t}z^2_{1x} ∫_1 0 ϕ^{′′}(uθ + u^{(N)}(1 − θ))θ. (17)

Consider the value of the right-hand side of (17) at the point P_1. Denote

8e^{−α2t1} [ρf^′_{1x}] = d_1, 4e^{−α2t1} ρf^′_{1x}

∫_1 0 ϕ^{′′}(uθ + u^{(N)}(1 − θ))dθ = d_2,

4e^{−α2t1} ρ^2f^{′′}_{1xx} = d_3, 4e^{−α2t1} ϵ^{−(2N+2)}f_1F_N = d_4

and choose a constant β_0 as follows:

β_0 = max { ϵ^2ρ^{−2}d_1f^{−1}_1 z; ρ^{−1}d_2z^2; ϵ^2ρ^{−2}d_3z; ϵ^{2N+2}d_4 } . For such a choice of the constant β_0, the expression L_1z̃_1 is nonnegative at the point P_1, since a_2(P_1) ≥ 1, g_1(P_1, ϵ) ≤ 0. As it follows from equation (17), the largest value the function z_1(t, x, ϵ) reaches at the point P_1 is nonnegative, i.e.,

f_1(P_1)z(P_1, ϵ) ≤ e^{−α2t1} β_0. (18)

Suppose first that β_0 = ϵ^2ρ^{−2}d_1f^{−1}_1 (P_1)z(P_1, ϵ). Then inequality (18) implies f^2_1 (P_1) ≤ ϵ^2ρ^{−2}d_1e^{−α2t1} . Therefore, by virtue of Lemma 4, f_1(P_1)z × (P_1, ϵ) ≤ M ϵ^{1+α}ρ^{−1}.

If β_0 = ρ^{−1}d_2z^2(P_1, ϵ), then f_1(P_1)z(P_1, ϵ) ≤ M ϵ^{2α}ρ^{−1}. However, if β_0 = ϵ^2ρ^{−2}d_3z(P_1, ϵ), then f_1(P_1)z(P_1, ϵ) ≤ M ϵ^{2+α}ρ^{−2}.

Finally, for β_0 = ϵ^{2N+2}d_4 we obtain the inequality f_1(P_1)z(P_1, ϵ) ≤ M ϵ^{2N+2}. Comparing these estimates and supposing α = (m_0 + 3)/(3m_0), m_0 ≥ 6, ρ = δ_0, we can state that the estimate z(t, x, ϵ) ≤ M ϵ^{4α−1} = M ϵ^{α+3/m0} holds for all x ≥ m_1ρ, 0 ≤ t ≤ T .

Let now z_2(t, x, ϵ) = f_2(t, x)z(t, x, ϵ), where the function f_2(t, x) is constructed in the half-strip x ≥ m_1ρ, 0 ≤ t ≤ T just in the same way as the function f_1(t, x) in the half-strip x ≥ ρ, 0 ≤ t ≤ T . Repeating for the function z_2(t, x, ϵ) the same arguments as for the function z_1(t, x, ϵ), we shall arrive at the conclusion that for x ≥ 2m_1ρ, 0 ≤ t ≤ T , when the function z_2(t, x, ϵ) reaches at the the point P_2 its positive maximum, we have the estimate u(P_2) − u^{(N)}(P_2) ≤ M ϵ^{α+9/m0} .

Repeating our reasoning successively in the half-strips x ≥ 3m_1ρ, x ≥ 4m_1ρ and so on, we shall step by step raise the exactness of the estimate until we obtain the inequality z(P_r , ϵ) ≤ M ϵ^{2N+2}. It is easily seen that a number of steps r, which we have to do for getting a final estimate, does not exceed the value [(2N + 2)m_1] /3 + 1.

The lower bound for the asymptotic expansion error can be found analogously.

Lemma 6. For |x| ≥ M δ_0, δ_0 = ϵ^{1/3−2/m0} , m_0 ≥ 6 the estimate |z_x(t, x, ϵ)| ≡ | |[u(t, x) − u^{(N)}(t, x)]_x | | ≤ M ϵ^{2N+2} (19)

is valid.

Proof. First let us prove the unique boundedness of the function ∂u/∂x in the domain under consideration. Towards this end we consider in the half-strip x ≥ M δ_0 = M ϵ^{1/3−2/m0} , 0 ≤ t ≤ T the function z(t, x, ϵ) = [ϵ^2u^′_x − ϕ(u) + ϕ(u^{(N)})]. As is easily seen, the function z(t, x, ϵ) in that strip is uniformly bounded with respect to ϵ and satisfies both the equation

L_1z = ϵ^2ϕ^{′′}(u^{(N)}) [ ∂u(N) ∂x ]_2 −(u−u^{(N)}) ∂ϕ(u^{(N)}) ∂x ∫_1 0 ϕ^{′′}(uθ+u^{(N)} (1−θ))dθ+ +ϕ^′(u^{(N)})F_N (t, x, ϵ) = ϵ^2Φ_1(t, x, ϵ), |Φ_1(t, x, ϵ)| ≤ M, and the initial condition z(0, x, ϵ) = ϵ^2f^′(x) − [ϕ(u) − ϕ(u^{(N)})] | |_{t=0}. In the half-strip x ≥ sM_1ρ, let us consider now the function f_s(t, x) which has been used in proving the above lemma. Let P_1(t_1, x_1) be the point of the abovementioned half-strip in which the function z_2(t, x, ϵ) = e^{−t}f_s(t, x)z(t, x, ϵ) reaches its smallest negative value. If the constant β_0 is chosen from the condition

β_0 = 4e^{−t1} max { − 2ϵ^2f_s(P_1)z(P_1, ϵ)[f^′_{sx}(P_1)]^2, ϵ^2z(P_1, ϵ)f^{′′}_{sxx}(P_1),

ϵ^2f_s(P_s, ϵ)Φ_1(P_1, ϵ), z(P_1, ϵ)[ϕ^′(u(P_1)) − ϕ^′(u^{(N)}(P_1))]f^′_{sx}(P_1) } , then at the point P_1 for the function z_3(t, x, ϵ) = z_2(t, x, ϵ) + β_0 the relation

ϵ^2

∂^2z_3 ∂x^2 − ϕ^′(u) ∂z_3 ∂x − z_3 − ∂z_3 ∂t = −β_0 + e^{−t}z [ ϵ^2

∂^2f_s ∂x^2 − g_s(t, x, ϵ) ] −

−2ϵ^2e^{−t}f^{−1}_s z [∂f_s ∂x ]_2

− e^{−t}z[ϕ^′(u) − ϕ^′(u^{(N)})] ∂f_s ∂x + ϵ^2e^{−t}f_sΦ_1 ≤ 0

is fulfilled. It follows from this inequality that the minimum, the function z_3(t, x, ϵ) reaches at the point P_1, is nonnegative, i.e., at that point there takes place the inequality e^{−t}f_s(t, x)z(t, x, ϵ) ≥ −β_0. Consequently, at the point P_1 the relations f_s(t, x)z(t, x, ϵ) ≥ −ϵρ^{−1}z(t, x, ϵ) ≥ −Kϵ^{2/3+2/m0} are valid, and therefore the inequality z(t, x, ϵ) ≥ −M ϵ^{2/3+2/m0} is fulfilled for x ≥ m_2ρ. Just as in the previous lemma, through a finite number of steps we shall obtain that for x ≥ M ρ the estimate z(t, x, ϵ) ≥ −M ϵ^2 is fulfilled, whence for x ≥ M ρ, 0 ≤ t ≤ T there follows the estimate |u_x(t, x)| ≤ M . To complete the proof of the lemma, it suffices to consider the function z_4(t, x, ϵ) = z_x(t, x, ϵ) which satisfies for x ≥ M ρ the condition

L_2z_4 ≡ ϵ^2

∂^2z_4 ∂x^2 − ϕ^′u ∂z_4 ∂x − ϕ^{′′}(u) [ u(t, x) − u^{(N)}(t, x) ] z_4 − ∂z_4 ∂t = = [ ϕ^′(u)−ϕ^′(u^{(N)})

] ∂^2u^{(N)} ∂x^2 − ∂F_N (t, x, ϵ) ∂x + [ ϕ^{′′}(u)−ϕ^{′′}(u^{(N)}) ][∂u^{(N)}(t, x) ∂x ]_2 . Taking into account the uniform (with respect to the parameter ϵ) boundedness of the function (u − u^{(N)})^′_x for x ≥ M ρ and repeating the proof of the previous lemma, we can prove the assertions of Lemma 6.

Analogously is proved the following

Lemma 7. For |x| ≥ M ϵ^{1/3+2/m0} , the inequality |z_t(t, x, ϵ)| ≤ M ϵ^{2N+2} is valid.

Proof. Let R be an arbitrary number, not depending on ϵ. Denote by D a set of points of the rectangle {(t, x)|, 0 ≤ t ≤ T , |x| < R} and consider in the rectangle D the potential w_N (t, x, ϵ) of the difference −z = u^{(N)}(t, x) − u(t, x): w_N (t, x, ϵ) = − ∫ Γ zdx + [ z_x − ϕ^′_u · z − h^{(N)} ] dt, where Γ = Γ(t, x) is a piecewise smooth curve connecting the point (0, −R) with an arbitrary point (t, x) of the rectangle D,

ϕ^′_u(u) =

∫_1 0 ϕ^′(uθ + u^{(N)}(1 − θ))dθ, h^{(N)} = ∫_x −R F_N (t, y, ϵ)dy. Obviously, the function w_N (t, x, ϵ) for x ≠ 0 satisfies both the equation

L_2w_N ≡ ϵ^2

∂^2w_N ∂x^2 − ϕ^′_u ∂w_N ∂x − ∂w_N ∂t = h^{(N)}(t, x, ϵ) (20)

and the conditions on the boundary of the rectangle w_N (0, x, ϵ) = ∫_x −R N∑ i=0 ϵ^{2i}v_{2i} ( 0, y/ϵ^2 ) dy, w_N (t, −R, ϵ) = − ∫_t 0 [ ϵ^2z_x − ϕ^′_u · z + h^{(N)} ]| |_{x=−R} dτ + O(ϵ^{2N+2}), w_N (t, R, ϵ) = − ∫_t 0 [ ϵ^2z_x − ϕ^′_u · z + h^{(N)} ]| |_{x=R} dτ + O(ϵ^{2N+2}). It is readily seen that if for the boundary layer functions v_{2s}(t, ξ), 0 ≤ s ≤ N the estimate |v_{2s}(t, ξ)| ≤ M e^{−m|ξ|} holds, then for t = 0 the function w_N (t, x, ϵ) satisfies the condition |w_N (0, x, ϵ)| ≤ ϵ^2M exp [ −m|x|/ϵ^2 ] + M ϵ^{2N+2}.

The function w_N (t, x, ϵ) is continuous together with its derivatives everywhere in the rectangle D for x ≠ 0. For x = 0, t > 0 the function w_N (t, x, ϵ) is discontinuous, and w_N (t, +0, ϵ) − w_N (t, −0, ϵ) = ϵ^2 ∫_t 0 [ ∂u(N)(s, +0) ∂x − ∂u^{(N)}(s, −0) ∂x ] ds = = g_N (t, ϵ), ∂w_N (t, +0, ϵ) ∂t − ∂w_N (t, −0, ϵ) ∂t = g^′_N (t, ϵ), ∂w_N (t, +0, ϵ) ∂x − ∂w_N (t, −0, ϵ) ∂x = 0.

Moreover, the relations |g_N (t, ϵ)| ≤ M ϵ^{2N+2}, |g^′_N (t)| ≤ M ϵ^{2N+2} are valid. Therefore, applying the generalization of the maximum principle to piecewise continuous functions (see, e.g., [67]) it is not difficult to get the estimate |w_N (t, x, ϵ)| ≤ M ϵ^2. From this inequality it, in particular, follows that for any finite a, b, a < b, t_1 ∈ [0, T ] there holds the relation | | ∫_b a [ u(t_1, x) − u^{(N)}(t_1, x) ] dx | | ≤ M ϵ^2. Using this relation and arguing simply, we can show that the coefficient ϕ^′_u in equation (20) satisfies the inequalities ϕ^′_u > ϕ_0 > 0 for −R ≤ x ≤ −m_1ϵ^2, ϕ^′_u < −ϕ_0 < 0 for m_1ϵ^2 ≤ x ≤ R, ϕ^′_u(u^{(N)}) ≥ −m_2ϵ^2 for −m_1ϵ^2 ≤ x ≤ −ϵ^2C_0(t), and ϕ^′_u(u^{(N)}) ≤ m_2ϵ^2 for ϵ^2C_0(t) ≤ x ≤ m_1ϵ^2, where C_0(t) is the function defined by us upon constructing the function v_0(t, ξ).

Lemma 8. In the rectangle D, the estimate |w_N (t, x, ϵ)| ≤ M ϵ^{2N+2}+M ϵ^2 exp { −γ_0t/[ϵ^2 ln ϵ^{−1}]−γ_0x^2/[ϵ^4 ln ϵ^{−1}] } (21)

is valid, where γ_0 is a constant not depending on ϵ.

Proof. Consider auxiliary functions

z_{1,2}(t, x, ϵ) = ϵ^{2N+2}K_1(t + 1) +

+ϵ^2K_2 exp { −γϵ^{−4}[x^2 − ϵ^2C_0(t)]^2 − λϵ^{−2}t } + ψ_{1,2}(t, x, ϵ) ∓ w_N (t, x, ϵ), where K_1, K_2 are some positive constants, not depending on ϵ, and ψ_{1,2}(t, x, ϵ) = δ_1e^{−|x|} ± 2^{−1}g_N (t, ϵ) sign x, γ, λ, δ_1 are positive numbers, δ_1 ≤ ϵ^{2N+2}. The functions z_{1,2}(t, x, ϵ) for a sufficiently large value of K_1 are positive on the lateral faces of the rectangle D, since |ψ_{1,2}(t, x, ϵ)| ≤ M ϵ^{2N+2}. For t = 0 there holds the inequality |w_N (0, x, ϵ)| ≤ ϵ^{2N+2}M + ϵ^2M exp ( −m|x|/ϵ^2 ) , and hence

z_{1,2}(0, x, ϵ) ≥ K_1ϵ^{2N+2} − |ψ_{1,2}(t, x, ϵ)| − M ϵ^{2N+2} +

+K_2ϵ^2 exp[−γϵ^{−4}(x−ϵ^2c_0)^2]{1−m_3K^{−1}_2 exp[γϵ^{−4}(x−ϵ^2c_0)^2 −m|x|ϵ^{−2}]},

c_0 = C_0(0). Choose a constant γ in such a way that the expression in braces would be positive for |x| ≤ [2(N + 1)ϵ^2 ln ϵ^{−1}]/m. To this end, it is sufficient that for K_2 ≥ m_3 the index of the exponent would take negative values at the ends of the segment [−2(N + 1)ϵ^2 ln (ϵ^{−1})/m, 2(N + 1)ϵ^2 ln (ϵ^{−1})/m]. Obviously, for this in its turn it suffices to satisfy the inequality γ ≤ m^2/ [ 2(N + 1) ln ϵ^{−1} ] . The fact that the function z_{1,2}(t, x, ϵ) is positive for |x| > [2(N + 1)ϵ^2 ln ϵ^{−1}]/m is obvious.

Let the functions z_{1,2}(t, x, ϵ) take in the rectangle D negative values. Since the functions under consideration are continuous, there exist points at which either of the functions reaches its negative minimum. For example, let P_1(t_1, x_1) be a point of negative minimum of the function z_1(t, x, ϵ). Since z^′_{1x}(t, +0, ϵ)−z^′_{1x}(t, −0, ϵ) = −2δ_1 < 0, x_1 ≠ 0. Hence the function z_1(t, x, ϵ) at the point P_1 has continuous derivatives up to the second order inclusive. With regards to the estimates for the functions g_N (t, ϵ), h^{(N)}(t, x, ϵ) and value δ we shall have

L_2z_1 = −ϵ^{2N+2}K_1 + K_2 exp [ − γϵ^{−4}(x_1 − ϵ^2C_0(t_1))^2 − ϵ^{−2}λt_1 ] × × [ − 2γ + 4γ^2ϵ^{−4}(x_1 − ϵ^2C_0(t_1))^2 + 2γϵ^{−2}(x_1 − ϵ^{−2}C_0(t_1))ϕ^′_u +

+λ−2γ(x_1 −ϵ^2C_0(t_1))C^′_0(t_1) ] +δ_1e^{−|x1|}(x_1+ϕ^′_u sign x_1)−2^{−1}g^′_N (t_1, ϵ)×

×sign x_1 −h^{(N)}(t_1, x_1, ϵ) ≤ − 1 2 ϵ^{2N+2}K_1 +K_2 exp [ − γϵ^{−4}(x_1 −ϵ^2C_0(t_1))^2 − −ϵ^{−2}λt_1 ][ − 2γ + 4γ^2ϵ^{−4}(x_1 − ϵ^2C_0(t_1))^2 +

+2γϵ^{−2}(x_1 − ϵ^2C_0(t_1))ϕ^′_u + λ − 2γ(x_1 − ϵ^2C_0(t_1))C^′_0(t_1) ] . First, let |x_1 − ϵ^2C_0(t_1)| ≤ m_1ϵ^2. In that case 4ϵ^{−4}γ^2[x_1 − ϵ^2C_0(t_1)]^2 ≤ M [ln ϵ^{−1}]^{−2}, 2γϵ^{−2}[x_1 − ϵ^2C_0(t_1)]ϕ^′_u ≤ M ϵ^2[ln ϵ^{−1}]^{−1}, −2γ[x_1 − ϵ^2C_0(t_1)] × C^′_0(t_1) ≤ M ϵ^2[ln ϵ^{−1}]^{−1}, and therefore L_2z_1 < 0 if we choose λ = γ. If m_1ϵ^2 < |x_1 − ϵ^2C_0(t_1)| ≤ m_4ϵ^2 ln ϵ^{−1}, then we obtain 4γ^2ϵ^{−4}[x_1 − ϵ^2C_0(t_1)]^2 ≤ 4m^2_4[ln ϵ^{−1}]^2γ^2, 2γϵ^{−2}[x_1 − ϵ^2C_0(t_1)]ϕ^′_u ≤ −2m_4γϕ_0 ln ϵ^{−1}, −2γ[x_1 − ϵ^2C_0(t_1)]C^′_0(t_1) ≤ M ϵ^2. Let it be required that in the case under consideration the inequality 4γ^2ϵ^{−4}[x_1−ϵ^2C_0(t_1)]^2−γϵ^{−2}|x_1−ϵ^2C_0(t_1)|ϕ_0 ≤ 0 be fulfilled. For this to be so it is sufficient that the constant γ to satisfy the inequality γ ≤ ϕ_0[4m_4 ln ϵ^{−1}]^{−1}. Obviously, under such a condition the inequality L_2z_1(t_1, x_1, ϵ) < 0 will be fulfilled on the interval mϵ^2 ≤ |x_1 − ϵ^2C_0(t_1)| ≤ m_4ϵ^2 ln ϵ^{−1} at the point P_1.

Let, finally, |x_1−ϵ^2C_0(t_1)| ≥ m_4ϵ^2 ln ϵ^{−1}. If the constant m_4 is sufficiently large, then the validity of the inequality L_2z_1(t_1, x_1, ϵ) < 0 is evident. Thus at the extremum point of the function z_1(t_1, x_1, ϵ) the inequality L_2z_1 < 0 is fulfilled, and therefore this point cannot be the point of negative minimum. Consequently, the function z_1(t, x, ϵ) everywhere in the rectangle D is nonnegative. Carrying out analogous investigation with respect to the function z_2(t, x, ϵ), we finally have

|w_N (t, x, ϵ)| ≤ M ϵ^{2N+2} + M ϵ^2 exp { −γ[x − ϵ^2C_0(t)]^2/ϵ^4 − γt/ϵ^2 } , where γ = min { ϕ_0/[4m_4 ln ϵ^{−1}]^{−1}, 2(N + 1)[m ln ϵ^{−1}]^{−1} } . From the above inequality we immediately obtain the assertion of the lemma.

Theorem 2. Outside of the neighborhood Ω = {(t, x) | 0 ≤ t ≤ M ϵ^2 ln ϵ^{−1}, |x| ≤ M ϵ^2 √ ln ϵ^{−1}} of the point where the line of discontinuity of the solution of the degenerate equation and the initial straight line meet, the inequality |u(t, x, ϵ) − u^{(N)}(t, x, ϵ)| ≤ M ϵ^{2N+2} is valid. Proof. Let t_1 ≥ M ϵ^2 ln ϵ^{−1}. It follows from (21) that for any a, b, a < b the inequality | | | | ∫_b a [u(t_1, x) − u^{(2N+3)}(t_1, x)]dx | | | | ≤ M ϵ^{4N+6} is fulfilled. Let x_1 be a point of the line t = t_1 at which the difference u(t_1, x) − u^{(2N+3)}(t_1, x) reaches its largest positive value m_0. Let a, b be chosen in such a way that b = x_1, and on the interval [a, b] the function z(t_1, x, ϵ) = u(t_1, x) − u^{(2N+3)}(t_1, x) is nonnegative. Since ∂z/∂x ≤ m_1ϵ^{−2} in the strip ∏ T , the length of the interval [a, b] is not less than m_0ϵ^2/m_1.

Therefore m^2_0ϵ^2 2m_1 ≤ ∫_b a z(t_1, x, ϵ)dx ≤ M ϵ^{4N+6}, whence m_0 ≤ M ϵ^{2N+2}. Analogously one can prove the assertions of the lemma in the case of negative minimum of the function z(t, x, ϵ) for an arbitrary point lying outside the neighborhood of Ω.

Theorem 3. Everywhere in the strip ∏ T , with the exception of the neighborhood Ω{(t, x) | t ≤ M ϵ^2 ln ϵ^{−1}, |x| ≤ ϵ^2 ln ϵ^{−1}} of the origin, the estimate |z^′_x(t, x, ϵ)| ≤ M ϵ^{2N+2} is valid.

Proof. As is shown in the first paragraph, in the case under consideration there takes place the inequality |u^{′′}_{xt}(t, x)| ≤ M ϵ^{−1}(ϵ^{−3} + t^{−3/2}). Moreover, from the construction of the asymptotic expansion it follows that for an approximate solution u^{(N)}(t, x) the estimate | |[u^{(N)}(t, x)]^{′′}_{xt} | | ≤ M ϵ^{−4}, x ≠ 0 is valid. Thus for t > M ϵ^2 ln ϵ^{−1}, x ≠ 0, we have the estimate for the function z̃_N (t, x, ϵ) = u(t, x) − u^{(N)}(t, x): | | | ∂^2z̃_N (t, x, ϵ) ∂x∂t | | |eM ϵ^{−4}. (22)

It follows from Lemma 8 and estimate (21) that everywhere in the strip ∏ T for any finite a, b, a < b, the inequality | | | | ∫_b a ϵ^2 ∂z̃_N (τ, x, ϵ) ∂x dτ | | | | ≤ M ϵ^{2N+2} is valid. Using the estimate (22) for the function z̃_{2N+5}(t, x, ϵ), we can to receive, just as in Theorem 2, the validity of the assertion of Theorem 3. Let V (t, x, ϵ) = { ϵ^2u^′_x − ϕ(u) } − { ϵ^2[u^{(N)}]^′_x − ϕ(u^{(N)}) } . On writing for that function the corresponding potential we can prove the assertions similar to those of Lemmas 6 and 7 and then to prove for the function z(t, x, ϵ) the analog of Theorem 3, i.e., to get an estimate for the function ∂^2/∂x^2[u(t, x)− u^{(N)}(t, x)]. Thus we can obtain an estimate for the derivative with respect to the variable t. Hence we have the following assertion.

Theorem 4. If the solution of the problem (3), (4) is a function which is bounded, infinitely differentiable in the closure of the half-strips {0 ≤ t ≤ T, −∞ < x ≤ −0} and {0 ≤ t ≤ T , 0 ≤ x < ∞}, then for the asymptotic expansion of the solution of the problem (1), (2) everywhere in the strip ∏ T with the exception of the neighborhood of the origin of radius M ϵ^2 ln ϵ^{−1} the estimate ‖ ‖ ‖ ‖u(t, x, ϵ) − N∑ k=0 ϵ^{2k} [ u_k(t, x) + v_k(t, x/ϵ^2) ] ‖ ‖ ‖ ‖_{C1} ≤ M ϵ^{2N+2}

is valid.

Remark 2. Obviously, the asymptotic expansion of a solution of the initial problem has similar structure even in the cases, where Problem A_0 has several isolated lines of discontinuity defined for 0 ≤ t ≤ T . Moreover, the obtained estimates enable one to consider ”composite” approximate solutions which are represented on one part of the strip by means of the asymptotic expansion and by some other means on the other part of the strip (for example, by numerical methods).

1.4. Expansion in the Case of Weak Discontinuity of the Solution of the Degenerate Problem

In this section we consider a quasi-linear parabolic equation under the assumption that a solution of the corresponding degenerate problem has for t > 0 one or several lines of discontinuity of derivatives. In case of one line of discontinuity of derivatives generated by a “breaking” of thecontinuous initial function (weak discontinuity of a solution), we construct a complete asymptotic expansion of the solution of the nondegenerate problem. In case of two intersecting lines of discontinuity of derivatives generated by a discontinuous initial function (rarefaction wave), we construct two terms of asymptotic expansion of a solution which specify earlier known representations.

1. In the strip ∏ T = {(t, x)|0 < t ≤ T , −∞ < x < ∞}, let us consider the Cauchy problem L_ϵu ≡ ϵ^2 ∂^2u ∂x^2 − ϕ^′(u) ∂u ∂x − ∂u ∂t = 0, u |_{t=0}= f(x). (1)

The function f(x) will be assumed to be continuous and bounded for x ∈ (−∞, ∞), possessing for x ≠ 0 bounded continuous derivatives of any order and having finite limiting values as x → −0 and x → +0.

Along with the problem (1) we consider Problem A_0: ∂u ∂t + ϕ^′(u) ∂u ∂x = 0, u |_{t=0}= f(x). (2)

A solution u_0(t, x) of Problem A_0 will be supposed to be a continuous function everywhere in the strip ∏ T , possessing continuous bounded derivatives everywhere in ∏ T , with the exception of the points of the characteristic which passes through the origin; the derivatives of the function u_0(t, x) on that characteristic, generally speaking, are not continuous, although they have limiting values when their arguments tend to the points of the characteristic from the left and from the right. In this case we will say that the function u_0(t, x) has a weak discontinuity at the points of the abovementioned characteristic. Note once more that the characteristics of the problem (3), (4) are straight lines.

Our aim is to construct a uniform asymptotic expansion of the solution of the problem (1), (2). It would be more natural to suppose that the asymptotic expansion of the solution of Problem A_ϵ in the case under consideration could be obtained from the asymptotic expansion constructed by us in the previous section for the discontinuous initial function by the passage to limit as the jumping values of the initial function tend at the point x = 0 to zero. However, the constructions of the present section show that the boundary layer terms of the asymptotic expansion in the case under consideration are determined by means of parabolic equations, and in this connection their character of variation differs in principle from the aboveconsidered case where the boundary layer terms were described in terms of ordinary differential equations.

For the sake of simplicity it will be assumed that a weak discontinuity of the solution of the degenerate problem takes place along the straight line x = 0; bearing this in mind, under the above assumptions on the properties of the function ϕ(u), it is sufficient that the equality f(0) = 0 be fulfilled.

2. An asymptotic expansion of the solution of Problem A_ϵ will be sought in the form u(t, x) ∼ ∞∑ k=0 ϵ^{2k}u_{2k}(t, x) + ∞∑ k=1 ϵ^kv_k (t, x/ϵ) . (3) Here the functions u_{2k}(t, x) are defined just as in the preceding section. It can be easily seen that the function u_0(t, x) is continuous everywhere in the strip ∏ T , and its derivatives with respect to the variable x have the jumps as their arguments pass through the straight line x = 0; note that the jump of the derivative tends to a different from zero constant as t → 0. The functions u_{2k}(t, x), k ≥ 1, being solutions of the equation (6) in the previous section under zero initial conditions, are, generally speaking, discontinuous for x = 0 functions, bounded along with their derivatives of any order for x ≠ 0. Moreover, jumps of the functions u_{2k}(t, x), k ≥ 1, as well as of their derivatives with respect to the variable x have as t → 0 the order O(t).

As usual, it will be assumed that the functions v_k(t, ξ) as functions of the variable ξ are of boundary layer character as |ξ| → ∞. Taking into account the expression written out in the previous section for the derivative of the function u_0(t, x), we can write a recursion system of equations

L_1v_1 ≡

∂^2v_1 ∂ξ^2 − ∂v_1 ∂t − ∂ ∂ξ [ 1 2 v^2_1 + a^±ξ 1 + a^±t v_1 ] = 0, (4)

∂^2v_k ∂ξ^2 − ∂v_k ∂t − ∂ ∂ξ [( v_1 + a^±ξ 1 + a^±t ) v_k ] = ∂ ∂ξ Φ_k(t, ξ), (5)

k ≥ 2. Here a^± = lim_{x→±0} f^′(x), and the functions Φ_k(t, ξ) can be easily defined successively for k = 2, 3, . . . by using the standard algorithms; the functions Φ_k(t, ξ) are represented by a sum whose each summand is a product of a polynomial P_s(t, ξ) of degree s with functions of the variable t as coefficients by one or several functions v_i(t, ξ), s ≤ k, i = 1, 2, . . ., k − 1. Moreover, by virtue of our assumptions on the properties of the solution of the problem (2), the functions 1 + a^+t, 1 + a^−t do not vanish for t ∈ [0, T ].

The equations (4), (5) are solved separately for ξ < 0 and ξ > 0. We will seek for such solutions of the equation (4), (5) which satisfy the conditions

[v_{2i+1}(t, ξ)] = 0, [ (v_{2i+1}(t, ξ))^′_ξ ] = − [ (u_{2i}(t, x))^′_x ] , (6) [v_{2i}(t, ξ)] = −[u_{2i}(t, x)], [ (v_{2i}(t, ξ))^′_ξ ] = 0, (7)

v_k(0, ξ) = 0, (8)

[z(t, y)] ≡ z(t, +0) − z(t, −0), i = 1, 2, . . . . The fulfilment of the conditions (6), (7) implies the continuity (along with the first order derivatives) of the formal asymptotic expansion (3) of the solution of the problem (1).

3. Consider the problem (4), (6), (8) for i = 0. The change of the unknown function w_1(t, ξ) = v_1(t, ξ)+a^±ξ/[1+a^±t] leads us to the equation

w^{′′}_{1ξξ} − w_1w^′_{1ξ} − w^′_{1t} = 0, (9)

whose solution must satisfy the additional conditions w_1(0, ξ) = a^±ξ, w_1(t, +0) = w_1(t, −0), [ w^′_{1ξ}(t, ξ) ] = 0. Thus the solution of the equation (9) must be continuous in the domain t > 0 and possess in that domain the continuous derivative with respect to the variable ξ. Note that the equation

(9), Hopf’s equation [30], and the solution of that equation can be written out explicitly:

w_1(t, ξ) = { (a^+ − a^−) √ t √ (1 + a^−t)(1 + a^+t) exp ( − ξ^2 4t ) + +ξ a^− √ 1 + a^+t 1 + a^−t exp [ − a^−ξ^2 4(1 + a^−t) ] ∫ ∞ σ(t,ξ) e^{−ω2} dω + +ξ a^+ √ 1 + a^−t 1 + a^+t exp [ − a^+ξ^2 4(1 + a^+t) ] ∫ ∞ −σ^+(t,ξ) e^{−ω2} dω } × × {√ 1 + a^+t exp [ − a^−ξ^2 4(1 + a^−t) ] ∫ ∞ σ(t,ξ) e^{−ω2} dω + + √ 1 + a^−t exp [ − a^+ξ^2 4(1 + a^+t) ] ∫ ∞ −σ^+ (t,ξ) e^{−ω2} dω }_{−1} , (10)

where σ^+(t, ξ) = ξ/ ( 2 √ 1 + a^+t ) , σ(t, ξ) = ξ/ ( 2 √ 1 + a^−t ) . The expression (10) implies that the equality v_1(t, 0) = O( √ t) is fulfilled for ξ = 0.

To investigate the behavior of the function w_1(t, ξ) as |ξ| → ∞, we will use the well-known asymptotic formulas for the integrals appearing in (10).

Applying these formulas, for |ξ| ≫ 1 we can get

w_1(t, ξ) = a^±ξ/[1 + a^±t] + 2t^{3/2}(a^+ − a^−)/ (√ πξ^2 ) × × √ (1 + a^−t)(1 + a^+t) exp { −ξ^2/[4t(1 + a^±t)] }( 1 + o(1) ) , where the symbol “±” takes the values “−” for ξ ≪ −1 and “+” for ξ ≫ 1. On the basis of the above-obtained asymptotic representations we can formulate the following

Lemma 1. A solution of the problem (4), (6), (8) exists and exponentially tends to zero as |ξ| → ∞; moreover, for that solution there holds the estimate |v_1(t, ξ)| ≤ M √ t { exp [ − ξ^2 4t(1 + a^±t) ] + exp [ − ξ^2 4t ]} . For our further investigation we have to study the behavior of the derivatives of the function v_1(t, ξ) as |ξ| → ∞ and t → 0.

Lemma 2. For the derivatives of the solution of the problem (4), (6), (8) with respect to the variable ξ the estimates | | | ∂v_1(t, ξ) ∂ξ | | | ≤ M { exp [ − ξ^2 4t(1 + a^±t) ] + exp [ − ξ^2 4t ]} , | | | ∂^2v_1(t, ξ) ∂ξ^2 | | | ≤ M t^{−1/2}(1 + ξ^2/t) { exp [ − ξ^2 4t(1 + a^±t) ] + exp [ − ξ^2 4t ]}

are valid.

We can prove thet lemma by means of an explicit expression for the function v_1(t, ξ). From Lemmas 1 and 2 and the equation (4) it follows the estimate for the function ∂v_1/∂t.

Let us pass to the consideration of the functions v_k(t, ξ), k ≥ 2. Suppose that the estimates | | ∂Φk ∂ξ | | ≤ M (1 + |ξ|_{nk} ){ exp [ − ξ^2 4t(1 + a^±t) ] + exp [ − ξ^2 4t ]} , | | | ∂^2Φ_k ∂ξ^2 | | | ≤ M √ t(1 + |ξ|^{nk+1}) { exp [ − ξ^2 4t(1 + a^±t) ] + exp [ − ξ^2 4t ]}

hold for the right-hand side of the equation (5). Note that by the change of variables y = ξ / [1 + a^±t ] , τ = t/ [ 1 + a^±t ] , ṽ_k = (1 + a^±t)v_k (11)

the equations (4), (5) are reduced to those with bounded coefficients which, generally speaking, are discontinuous for y = 0:

ṽ^{′′}_{1yy} − ṽ_1ṽ^′_{1y} − ṽ^′_{1τ} = 0,

ṽ^{′′}_{kyy} − (ṽ_1ṽ_k)^′_y − ṽ^′_{kτ} = { Φ̃_k(τ, y)/[1 − a^±τ ] }_′ y . The existence of bounded solutions of either equation can be substantiated, for example, by the methods developed in [40]. To do this, it suffices to write the solution separately for y < 0 and y > 0 and then, using Green’s function, to write out an integral equation with respect to the function ṽ_k(τ, 0). From the known estimates for Green’s function (see, e.g., [26]) it follows that the obtained integral equation of Abelian type is uniquely solvable. Thus the consideration of the problem (5), (7), (8) is reduced to two problems in half-strips ξ < 0 and ξ > 0. As is known, owing to the continuity of the boundary (for y = 0) and initial functions, as well as by virtue of the properties of the coefficients and right-hand sides of the equation (5) for different values of the index k, each problem has a unique bounded solution.

Let us show that the functions v_k(t, ξ) and their derivatives are of boundary layer character as |ξ| → ∞.

Lemma 3. Every solution of the problem (5), (7), (8) satisfies the estimates |v_k(t, ξ)| + √ t|v^′_{kξ}(t, ξ)| + t|v^′_{kt}(t, ξ)| + t|v^{′′}_{kξξ}(t, ξ)| ≤ ≤ M t(1 + |ξ|^{nk+2}) { exp [ − ξ^2 4t(1 + a^±t) ] + exp [ − ξ^2 4t ]} . Proof. First we estimate the function v_k(t, ξ). The function w_k(t, ξ) = v_k(t, ξ)e^{−m1 t} satisfies the equation

L_3w_k ≡

∂^2w_k ∂ξ^2 − [ v_1 + a^±ξ 1 + a^±t ]∂w_k ∂ξ − ∂w_k ∂t −

−[v^′_{1ξ} + m_1 + a^±/(1 + a^±t)]w_k = e^{−m1 t}Φ_k(t, ξ), (12)

and also the conditions w_k(0, ξ) = 0, w_k(t, 0) = p_k(t) or w_k(0, ξ) = 0, w^′_{kξ}(t, 0) = q_k(t). Moreover, p_k(t) = O(t), q_k(t) = O(t) as t → 0, k ≥ 2, owing to the above-mentioned character of jumps (as t → 0) of the functions u_{2s}(t, x) and their first order derivatives on the line x = 0. The solution of equation (12) will be considered in the half-strip {0 < t ≤ T , 0 < ξ < ∞}.

Let first a^+ < 0. Consider auxiliary functions z_{1,2}(t, ξ) = m_2(1 + ξ^{nk} )t exp [ −ξ^2/(4t) ] ± w_k(t, ξ), where m_2 is a positive constant and n_k is a positive nonnegative integer. Obviously,

L_3z_{1,2} = (1 + ξ^{nk} )m_2 exp [−ξ^2/(4t)] { − 3 2(1 + ξ^{nk} ) + +t n_k(n_k − 1) 1 + ξ^{nk} − n_kξ^{nk} (1 + ξ^{nk} ) − a^+n_kξ^{nk} (1 + a^+t)(1 + ξ^{nk} ) − −t n_kξ^{nk−1}v_1 1 + ξ^{nk} − a^+ξ^2 2(1 + a^+t) + v_1(t, ξ)ξ 2 − 3ξ^{nk} 2(1 + ξ^{nk} ) − − a^+t 1 + a^+t − t ∂v_1(t, ξ) ∂ξ − m_1t } ± e^{−m1 t} ∂ ∂ξ Φ_k(t, ξ)). (13)

Taking into account the estimates obtained for the function v_1(t, ξ), we can choose a constant m_1 so large that for ξ ≥ 0 the inequality

m_1 + ∂v_1(t, ξ) ∂ξ + a^+ 1 + a^+t + a^+n_kξ^{nk} (1 + a^+t)(1 + ξ^{nk} ) + + n_kξv_1 1 + ξ^{nk} − n_k(n_k − 1)ξ^{nk−2} 1 + ξ^{nk} > 0 be fulfilled. It can be easily shown that if ξ ≥ 0 and a+ < 0 the inequality

ξ|v_1(t, ξ)| ≤ m_0t exp[−ξ^2/(4t) − m̃_0ξ^2/(1 + a^+t)]

where m_0 and m̃_0 are positive constants, is valid for the function v_1(t, ξ). Therefore there exists a constant m_1 > 0, such that the expression appearing in the braces in (13) is less than −1. Taking into consideration the inequalities to which satisfy the function F_k(t, ξ, v_1, . . . , v_{k−1}) and its derivative with respect to the variable ξ, and choosing a constant m_2, we find that the inequality L_3z_{1,2} < 0 is fulfilled for all 0 < t ≤ T, ξ ≥ 0. Using the maximum principle, for the function w_k(t, ξ) we obtain for a^+ < 0 the estimate |w_k(t, ξ)| ≤ M t(1 + ξ^{nk} ) exp [ −ξ^2/(4t) ] . If a^+ > 0, then on considering auxiliary functions

z_{3,4}(t, ξ) = m_2t(1 + ξ^{nk} ) exp { −ξ^2/[4t(1 + a^+t)] } ± w_k(t, ξ), and arguing as above, we can prove that the function z_{3,4}(t, ξ) for 0 ≤ t ≤ T , ξ ≥ 0, are positive. Hence, the second assertion of the lemma is valid for ξ ≥ 0, k ≥ 2. Analogously we can prove the same estimate for the half-strip 0 ≤ t ≤ T, −∞ < ξ ≤ 0.

To estimate a derivative of the function v_k(t, ξ) with respect to the variable ξ, it is sufficient to make in equation (12) the change of variables (11) and then to consider the function v_k(τ, y) ≡ τ ṽ_k(τ, y) which can be written in the form v_k(τ, y) = 2 √ π ∫_∞ γ(τ,y) e^{−z2} ( τ − y^2 z^2 ) p̃_k ( τ − y^2 4z^2 ) dz − − ∫_τ 0 dθ 2 √ π(τ − θ) ∫_∞ 0 exp [ − (y − η)^2 4(τ − η) ] × × { ∂ ∂η [ θ 1 − a^+θ ṽ_1(θ, η)ṽ_k(θ, η) + θ (1 − a^+θ)^2

Φ̃_k(θ, η) ] + + ṽ_k(θ, η) 1 − a^+θ } dη + ∫_τ 0 dθ 2 √ π(τ − θ) ∫_∞ 0 exp [ − (y + η)^2 4(τ − θ) ] × × { ∂ ∂η [ θ 1 − a^+θ ṽ_1(θ, η)ṽ_k(θ, η) + θ (1 − a^+θ)^2

Φ̃_k(θ, η) ] + ṽ_k(θ, η) 1 − a^+θ } dη = = J_1 − J_2 + J_3.

Here γ(τ, y) = y/(2 √ τ ), and the functions ṽ_1(τ, y), Φ̃_k(τ, y), p̃_k(τ ) are obtained by the above-mentioned change of variables of already known functions v_1(t, ξ), Φ_k(t, ξ), p_k(t).

Let us estimate now the derivatives of the function J_1(τ, y). Differentiating this function with respect to the variable y and integrating by parts, we readily get the estimate |J^′_{1y}| ≤ M (√ τ + y + y^2 √ τ + y^3/τ ) exp[−y^2/(4τ )].

In a similar manner we obtain the second derivative of the function J_1(τ, y) with respect to the variable y: |J^{′′}_{1yy}| ≤ M (1 + y √ τ + y^2/τ ) exp[−y^2/(4τ )].

Estimates of derivatives of the functions J_2 and J_3 can be obtained exactly in the same way is done in the first paragraph, provided the initial function is smooth.

Remark. Thus we have constructed the formal asymptotic expansion of the solution of the problem under consideration. Its partial sums are asymptotic residual representations of the equation and boundary conditions. To prove the asymptotic character of the constructed by us formal expansion, it is necessary to obtain the corresponding error estimates.

Theorem 1. For the solution of Problem A_ϵ under the above-mentioned conditions the asymptotic expansion (3) is valid. Moreover, the estimate ‖ ‖u(t, x, ϵ) − u^{(N)}(t, x, ϵ) ‖ ‖_{C1} ≡

≡ ‖ ‖ ‖u(t, x, ϵ) − N∑ k=0 ϵ^{2k}u_{2k}(t, x) − 2N+1∑

k=1 ϵ^kv_k(t, x, ϵ) ‖ ‖ ‖_{C1} ≤ M ϵ^{2N} holds.

Proof. Consider the difference z_N (t, x, ϵ) = u(t, x, ϵ) − u^{(N)}(t, x, ϵ). The function z_N (t, x, ϵ) satisfies the zero initial condition for t = 0 and is twice continuously differentiable for t > 0, x ≠ 0. The function z_N (t, x, ϵ) for x = 0 is continuous and has continuous for t > 0 derivatives of the first order. Everywhere in the strip ∏ T , with the exception of the points of the axis x = 0, the function z_N (t, x, ϵ) satisfies the equation

ϵ^2

∂^2z_N ∂x^2 − ϕ^′(u) ∂z_N ∂x − ϕ^{′′}_u ∂u^{(N)} ∂x z_N − ∂z_N ∂t = −Ψ_N (t, x, ϵ), (14)

where ϕ^{′′}_u = ∫_1 0 ϕ^{′′}(u^{(N)}(1 − θ) + uθ)dθ, |Ψ_N (t, x, ϵ)| ≤ M ϵ^{2N+2}. From the results of the previous paragraphs it follows that the coefficients of equation (14) are continuous for t > 0 bounded functions, and the coefficient ϕ^′(u) is differentiable for t > 0, while the derivative of the function u^{(N)}(t, x, ϵ) with respect to the variable x is uniformly (with respect to t) bounded by a constant of the type M ϵ^{−1}. According to the maximum principle, everywhere in the strip ∏ T the estimate z_N (t, x, ϵ) for the function |z_N (t, x, ϵ)| ≤ M ϵ^{2N+2} is valid.

To estimate the first derivative of the function z_N (t, x, ϵ) with respect to the variable x we consider the function z̃_N (t, x, ϵ) = ϵ^2z^′_{Nx} −[ϕ(u)−ϕ(u^{(N)})]. For t = 0 this function satisfies the zero initial condition. For t > 0, x = 0, the function z̃_N (t, x, ϵ) is continuous and has, generally speaking, a jump of derivatives with respect to x. It is easily seen that standard reasoning allows us to obtain the estimate |z̃_N (t, x, ϵ)| ≤ M ϵ^{2N+2} which leads to the estimate of the derivative of the function z_N (t, x, ϵ) with respect to the variable x.

To estimate the value of the first derivative of the function z_N (t, x, ϵ) with respect to the variable t, we again consider equation (14) and write it in the form

ϵ^2

∂^2z_N ∂x^2 − ∂z_N ∂t = ∂ ∂x [ϕ(u) − ϕ(u^{(N)})] − Ψ_N (t, x, ϵ). As is mentioned above, the function z_N (t, x, ϵ) is continuous everywhere in the strip ∏ T and has the continuous first derivative with respect to the variable x. Hence the derivative of the function z_N (t, x, ϵ) with respect to the variable t is also continuous in the strip ∏ T . Therefore the jump of the second derivative of the function z_N (t, x, ϵ) with respect to the variable x for x = 0 is equal to within the multiplier ϵ^2 to that of the righthand side of that equation. By an algorithm for constructing coefficients of asymptotic expansion a jump of the function Ψ_N (t, x, ϵ) can be written as Ψ_N (t, +0, ϵ) − Ψ_N (t, −0, ϵ) = g_N (t, ϵ), where g_N (t, ϵ) is the continuous function, such that the inequality |g_N (t, ϵ)| ≤ M ϵ^{2N+2} holds. Moreover, the function Ψ̃_N (t, x, ϵ) = Ψ_N (t, x, ϵ) − 2^{−1}g_N (t, ϵ)θ(x), θ(x) = −1 for x < 0, θ(x) = 1 for x ≥ 0, is continuous, and for the modulus of continuity of that function we have the estimate |Ψ̃_N (t, x, ϵ) − Ψ̃_N (t, y, ϵ)| ≤ M ϵ^{2N+1}t^{−1/2}|x−y|. Using this estimate, we can, as when proving Theorems 3 and 4 of the first paragraph, to get the inequality | [z_N (t, x, ϵ)]^′_{xx} | ≤ M ϵ^{2N} (√ t + ϵ^{−2} ) , which provides us with the estimate for the function ∂z_N (t, x, ϵ)/∂t.

4. Let now the initial function f(x) be discontinuous for x = 0, f(x) = 0 for x < 0, f(x) = b > 0 for x > 0. Then the solution of Problem A_0 is continuous and many times differentiable everywhere in the strip ∏ T , with the exception of the points of the straight lines x = 0, x = ϕ^′(b)t. As is known, the solution of Problem A_0 under the above-mentioned assumptions on the function f(x) is termed a rarefaction wave.

The properties of the solution of Problem A_ϵ under the above-indicated assumptions on the function f(x) have been considered in [5], [51], [52], [54], etc. In particular, the estimate ∫_b a |u(t, x, ϵ) − u_0(t, x)|dx ≤ M ϵ^2, where a, b are arbitrary finite numbers, a ≤ b, has been obtained in [5].

In this section we will give an estimate for the above-mentioned difference in the uniform norm

Introduce the new variables τ = t/ϵ^2, y = x/ϵ^2 and consider in the half-plane {0 < τ < ∞, |y| < ∞} the problem

∂^2u ∂y^2 − ϕ^′(u) ∂u ∂y − ∂u ∂τ = 0, u |_{τ=0}= f(x). (15)

The solution of the corresponding degenerate problem can be written in the form

u_0(τ, y) =

0 for y ≤ 0, b for y ≥ ϕ^′(b)τ, q(y/τ ) for 0 < y ≤ ϕ^′(b)τ, where the function q(y/τ ) is defined as the solution of equation ϕ^′(q(r)) = r.

Lemma 4. For y ≤ 0 and ϕ^′(b)τ ≤ y, for the difference z_0(τ, y) = u(τ, y, ϵ)− u_0(τ, y) the inequality

|z_0(τ, y)| ≤ M {exp [−y^2/(4τ )] + exp [−(y − ϕ^′(b)τ )^2/(4τ )]}

is fulfilled.

Proof. Let us consider an auxiliary function ψ(τ, y) = exp [ −y^2/(4τ ) ] for τ > 0, ψ(τ, y) = 0 for τ = 0. Obviously, L_1ψ ≡ ∂^2ψ ∂y^2 − ϕ^′(u) ∂ψ ∂y − ∂ψ ∂τ = ψ(τ, y) 2τ [−1 + yϕ^′(u)], and hence for y < 0 the relation L_1(M ψ ±z_0) = M ψ[−(2τ )^{−1}+ϕ^′(u)y/(2τ )] < 0 holds, since the function ϕ^′(u) for the initial function is nonnegative. Moreover, the function M ψ±z_0 is nonnegative for τ = 0 and for large values of y, if the constant M is sufficiently large. According to the maximum principle, the function M ψ ± z_0 is positive for y ≤ 0, which implies the validity of the assertion of the lemma for y ≤ 0.

Using the function ψ(τ, y) = exp [ − ( y − ϕ^′(b)τ )_2 /(4τ ) ] , we can analogously prove the assertion of the lemma for the case y ≥ ϕ^′(b)τ .

Lemma 5. The function z_0(τ, y) tends to zero as τ → ∞; note that |z_0(τ, y)| ≤ M τ^{−α}, where 0 < α < 1/2 is an arbitrary constant.

Proof. We introduce into consideration an auxiliary function

ψ(τ, y) = exp [−m(y − β √ τ )^2τ^{−1}]/τ^α, −∞ < y ≤ 0, exp (−mβ^2)/τ^α, 0 < y ≤ ϕ^′(b)τ, exp [−m(y − ϕ^′(b)τ + β √ τ )^2τ^{−1}]/τ^α, ϕ^′(b)τ < y < ∞, where α, m, β are some nonnegative constants. For y ≤ 0 we shall have L_2ψ ≡ ∂^2ψ ∂y^2 − ϕ^′(u) ∂ψ ∂y − ∫_1 0 ϕ^{′′}(u_0 + θz_0)dθ ∂u_0 ∂y ψ − ∂ψ ∂τ = = ψ(τ, y) { (α − 2m)/τ + m(4m − 1)(y − β √ τ )^2/τ^2+ +m(y − β √ τ ) [ 2ϕ^′(u) − β/ √ τ /τ ]} . Choose a positive constant m so small that the inequality 4m − 1 < 0 be fulfilled and then define a constant α from the condition α − 2m < 0. If ϕ^′(u) √ τ − β > 0, then for any choice of the constant β > 0 the whole righthand side of the latter equation will be negative for y ≤ 0. If ϕ^′(u) √ τ −β < 0 for sufficiently large values of the variable τ , then the assertion of the lemma in the case under consideration is obvious. For the rest values of τ the negativeness of the expression in braces is equivalent to the fulfilment of the inequality

z^2 − 2z ( ϕ^′(u) √ τ − β ) [ √ τ (1 − 4m)] − (α − 2m) τ m(1 − 4m) > 0. This inequality will be fulfilled in the case if we choose the constant β such that the inequality β < 2 √ (1 − 4m)(2m − α)/m be fulfilled. Hence there exists a constant δ > 0 such that for y ≤ 0 the inequality L_2ψ ≤ −δψτ^{−1} is fulfilled.

Similarly, choosing for y ≥ ϕ^′(b)τ successively the constants m, α, β, we can achieve the validity of the inequality L_2ψ ≤ −δψτ^{−1} for all y ≥ ϕ^′(b)τ .

For 0 ≤ y ≤ ϕ^′(b)τ , the function z_0(τ, y) satisfies the equation L_2z_0 = −q^{′′}(y/τ )/τ^2. Obviously, the equality L_2ψ = −τ^{−1}ψ[ϕ^{′′}(u_0 + θz_0)q^′(y/τ ) − α] is fulfilled for 0 ≤ y ≤ ϕ^′(b)τ . Let α < min { min 0≤u,u_0≤b ϕ^{′′}(u_0+θz_0)/ϕ^{′′}(u_0),

2^{−1} } . As is easily seen, α ≠ 0. Since q^′(y/τ ) = [ϕ^{′′}(q(y/τ ))]^{−1}, the inequality L_2ψ ≤ −δτ^{−1}ψ is fulfilled for 0 ≤ y ≤ ϕ^′(b)τ .

Consider now auxiliary functions R_{1,2}(τ, y) = M ψ ± z_0(τ, y). For these functions, for y ≠ 0, y ≠ ϕ^′(b)τ the relations L_2R_{1,2} ≤ −δτ^{−1}ψ±L_2u_0(τ, y) = −M δτ^{−1}ψ ∓ q^{′′}(y/τ )/τ^2 are fulfilled. Since the functions R_{1,2}(τ, y) are continuous for all τ > 0, −∞ < y < ∞ and, moreover, the relations

[R_{1,2}]^′_y | |_{y=0,y=ϕ′ (b)τ} = −2M mβτ^{−α−1/2} exp (−mβ^2) + O(τ^{−1}) are fulfilled, the negative minimum of these functions for sufficiently large values of the variable τ cannot be achieved for y = 0 or y = ϕ^′(b)τ . It is easily seen that if the constant T is sufficiently large, then all the above relations will be fulfilled for t > T . We now choose the constant M so large that the functions R_{1,2}(τ, y) for τ = T be positive. Owing to the maximum principle, these functions will be positive for all τ ≥ T , which proves the assertion of the lemma for the above-mentioned choice of the constant α.

Using the obtained estimate for the chosen value of α and repeating, (if necessary) all the above arguments, it is not difficult to see that the constant α can take any positive value, less than 1/2.

We introduce into consideration auxiliary functions w((ϕ^′(b)τ − y)/ √ τ), w(y/ √ τ ) which can be defined by the equality

w(s) = exp [ − s^2 4 ][ ∫ ∞ s/2 e^{−θ2} dθ ]_{−1} . (16)

First we consider an auxiliary solution of the problem (15) written in the form

u_1(τ, y) = w(y/ √ τ )/ √ τ if y ≤ 0, b − w((ϕ^′(b)τ − y)/ √ τ )/ √ τ if 0 < y ≤ ϕ^′(b)τ, q (y/τ ) + ρ_1 (y/τ ) [w(y/ √ τ)/ √ τ − y/τ ] − −1/ϕ^{′′}(b)ρ_2 ((ϕ^′(b)τ − y)/τ ) [w((ϕ^′(b)τ − y)/τ )/ √ τ + +(y − ϕ^′(b))τ )/τ ] if y ≥ ϕ^′(b)τ, (17)

where ρ_1(s) and ρ_2(s) are sufficiently smooth shearing functions, 0 ≤ ρ_i(s) ≤ 1, ρ_i(s) ≡ 1 for s ≤ m_1ϕ^′(b), ρ_i(s) ≡ 0 for s ≥ m_2ϕ^′(b), i = 1, 2, and m_1, m_2 are some positive, sufficiently small constants whose values will be specified below.

It is readily seen that the function u_1(τ, y) − u_0(τ, y) is by itself the “correction” to the solution of the degenerate problem (2) which we have to estimate.

The difference z_1(τ, y) = u(τ, y) − u_1(τ, y) for τ > 0, y ≠ 0, y ≠ ϕ^′(b)τ satisfies the equation

L_3z_1 ≡

∂^2z_1 ∂y^2 − ϕ^′(u) ∂z_1 ∂y − ϕ^{′′}(u_1 + θz_1) ∂u_1 ∂y z_1 − ∂z ∂τ = −Lu_1, where Lu_1 ≡ u^{′′}_{1yy} − ϕ^′(u_1)u^′_{1y} − u^′_{1τ} . It is evident that the relation Lu_1 = −τ^{−1}w^′(s)[ϕ^′(u_1)−u_1], s = y/ √ τ is fulfilled for y < 0. Let us consider the auxiliary function ψ(τ, y) = τ^{−γ} w^′(s)e^{ms2} for y ≤ 0, where γ > 0, m > 0 are some constants. We have L_3ψ = τ^{−γ−1}e^{ms2} w^′ { γ − 1 + ww^{′′} w^′ + w^′[1 − ϕ^{′′}(u_1 + θz_1)] +

+2m + 2ms[2w^{′′} + s(2m + 2^{−1})w^′] − √ τ ϕ^′(u)[w^{′′} + 2msw^′] } . (18)

It offers no difficulty to prove the following

Lemma 6. For y ≤ 0 and sufficiently small values of the constant m the relations 2w^{′′} + s(2m + 2^{−1})w^′ > 0, w^{′′} + 2msw^′ > 0, w^{′′}w/w^′ < 2^{−1} are fulfilled.

The proof can be performed by direct calculations by using the representation (17).

Taking into account the assertion of Lemma 6, from the equation (18) we can get the estimate L_1ψ < τ^{−γ−1}e^{my2 /τ} w^′ { γ + 2m − 1 + w^{′′}w w^′ + w^′[1 − ϕ^{′′}((u_1 + θz_1)] } . For y ≤ 0 and sufficiently large values of τ , by Lemma 5 we can make the summand w^′[1 − ϕ^{′′}(u_1 + θz_1)] arbitrarily small in modulo. Hence for y ≤ 0 and sufficiently large values of τ the relation L_1ψ ≤ −δτ^{−γ−1}w^′ ( y/ √ τ ) exp ( my^2/τ ) = −δτ^{−1}ψ(τ, y) is fulfilled, where δ > 0, γ > 0 are some constants; note that the constant γ can be chosen so that the inequality γ > 1/2 be fulfilled.

Consider now the domain 0 ≤ y ≤ ϕ^′(b)τ and the auxiliary function ψ(τ, y) = τ^{−γ} w^′(0). Obviously, for 0 ≤ y/τ ≤ m_2ϕ^′(b) there takes place the equality

L_1ψ = γτ^{−γ−1}w^′(0) − τ^{−γ−1}w^′(0)ϕ^{′′}(u_1 + θz_1)[q^′(y/τ ) + +ρ^′_1(y/τ )(w/ √ τ − y/τ ) + ρ_1(y/τ )(−y/(2 √ τ )w − 1 + w^2/2)].

By using for the function w(s) Millse’s relation [48], we can get the equality

L_1ψ = τ^{−γ−1}w^′(0) { γ − ϕ^{′′}(u_1 + θz_1) [ q^′(y/τ ) + +ρ^′_1 ( y τ ) ω τ [ √ ω/τ + y^2/(4τ^2) + y/(2τ )]

+ ρ_1 ( y τ )( ω 2 − 1 )]} .

If 0 ≤ y/ √ τ, then by decreasing (if necessary) the constant m_2, we get L_1ψ ≤ 2τ^{−γ−1} {γ − 2/π + O (m_2 + τ^{−α})} /π, where the constant α is chosen in the same way as in Lemma 5. Choosing now γ < 2/π, we obtain for 0 ≤ y/τ ≤ m_2ϕ^′(b) the inequality L_1ψ ≤ −δτ^{−1}ψ(τ, y) [1 + O (m_2 + τ^{−α})]. If, however, m_2ϕ^′(b) < y/τ ≤ (1 − m_2)ϕ^′(b), then we obtain ρ_i(s) = ρ^′_i(s) = 0, i = 1, 2, and hence L_1ψ ≤^2_π τ^{−γ−1} [γ − 1 + O (τ^{−α})]. A similar inequality can be obtained for (1 − m_2)ϕ^′(b) ≤ y/τ ≤ ϕ^′(b). Consequently, in the case under consideration, for sufficiently large values of τ we will have L_1ψ ≤ −δτ^{−1}ψ, if and only if γ < 1, 0 ≤ y/τ ≤ ϕ^′(b).

The construction of the barrier function for y/τ > ϕ^′(b) is carried out by means of the function w((ϕ^′(b)τ − y)/ √ τ ) exactly in the same manner as we did it for y < 0 by means of the function w(y/ √ τ ). The function ψ(τ, y) is continuous in the half-plane τ > 0, and if the variable τ is sufficiently large, for y = 0 and y = ϕ^′(b)τ there takes place a jump of derivatives with respect to the variable y of order O(τ^{−γ−1}). By simple but cumbersome calculations we can show that the relation L_1u_1 = O(τ^{−2}) is fulfilled for sufficiently large values of τ and for all −∞ < y < ∞, y ≠ 0, y ≠ ϕ^′(b)τ . Consider the auxiliary functions R_{1,2}(τ, y) = M ψ(τ, y)±z_1 (τ, y), where M is a large enough constant. It is easily seen that those functions are continuous for all −∞ < y < ∞, and there take place the inequalities [R_{1,2}]^′_y | |_{y=0} < 0,

[R_{1,2}] | |_{y=ϕ′ (b)τ} < 0. Therefore the functions R_{1,2}(τ, y) fail to achieve their

minimal values on the lines y = 0, y = ϕ^′(b)τ . Choosing the constants M and T sufficiently large and using the maximum principle, we can conclude that the inequality |z_1(τ, y)| ≤ M ψ(τ, y) is fulfilled for all τ ≥ T .

Lemma 7. For the function (17), the relation |u(τ, y)−u_1(τ, y)| ≤ M τ^{−γ} , where 1/2 < γ < 1 is a positive constant, is fulfilled for all sufficiently large values of τ .

Using the obtained relations, we can get the main result on the problem (15).

Theorem 2. The function u_1(τ, y) defined by the formula (17) satisfies for τ ≥ T the inequalities |u(τ, y) − u_1(τ, y)| ≤ M τ^{−γ} exp ( −m_3y^2/τ ) if y ≤ 0, |u(τ, y) − u_1(τ, y)| ≤ M τ^{−γ} if 0 ≤ y ≤ ϕ^′(b)τ, |u(τ, y) − u_1(τ, y)| ≤ M τ^{−γ} exp { −m_3[y − ϕ^′(b)τ ]^2/τ } if y ≥ ϕ^′(b)τ. Here M and T are sufficiently large constants, γ is an arbitrary positive constant such that 1/2 < γ < 1, and m_3 is a constant, 0 < m_3 < 1/4.

The proof of Theorem 2 is analogous to that of Lemma 7. Getting back to the variables t and x, we can rephrase the obtained results in terms of the following

Theorem 3. Everywhere outside some neighborhood of the origin the estimate |u(t, x) − u_1 ( t/ϵ^2, y/ϵ^2 ) | ≤

≤ M ϵ^{2γ}t^{−γ} exp ( −m_3x^2/ϵ^2t ) if x ≤ 0, M ϵ^{2γ}t^{−γ} if 0 ≤ x ≤ ϕ^′(b)t, M ϵ^{2γ}t^{−γ} exp {−m_3[x − ϕ^′(b)t]^2/ϵ^2t} if ϕ^′(b)t ≤ x

is valid (m_3 is a positive constant), note that the radius of that neighborhood is of order O(ϵ^2).

Obviously, Theorem 3 may be considered to be valid for all t > 0 if the constant M is sufficiently large; note once more that one can obtain the corresponding estimates for finite values of t by using the same techniques we have used in the first section.

Theorem 3 gives us an idea of the character of variation of the solution of the problem under consideration as t → ∞.

CHAPTER II LINEAR EQUATIONS OF ELLIPTIC AND PARABOLIC TYPES

In this chapter we consider linear, singularly perturbed problems connected with equations of elliptic, parabolic and mixed types.

Many problems of physics, chemistry and engineering lead to mathematical models representing singularly perturbed problems for elliptic and parabolic equations in different parts of a domain. For example, when modeling the descending straight motion of liquids and gases in plates of rectification columns, there arises a boundary value problem for a parabolic equation with discontinuous coefficients [12]. In mathematical description of electromagnetic fields appearing in moving of trains on a magnetic cushion there arises the necessity in studying solutions of singularly perturbed boundary value problems for differential equations which are elliptic in one part D^+ of the domain D and parabolic in the other part D^− = D \ D^+; note that solutions of an elliptic equation depend in D^− on the time variable t as on a parameter [18], [19]. Many problems dealing with foliated and periodic media lead to problems for mixed type differential equations.

When we solve practical problems connected with singularly perturbed differential equations of mixed type or with discontinuous coefficients (the so-called stiff problems), quite often we encounter the problem of choosing a numerical method which would be stable with respect to simple parameter variations. To justify the choice of one or another numerical algorithm, it is necessary to divide the initial problem into several consecutive problems to which standard methods of numerical calculation could be applied. Such a “deparallelization” of the initial problem becomes possible owing to preliminary investigation of the asymptotic character of a solution.

In the first two sections of Chapter II we deal with the boundary value problems for elliptic equations, when coefficients of the equation are either discontinuous or a higher coefficient of the degenerate equation vanishes. If a higher coefficient of the degenerate equation vanishes on some line, then in constructing an asymptotic expansion of a solution there arise problems for parabolic equations with the so-called varying time direction, when the coefficient of the derivative with respect to the “time” variable vanishes. In the second section, for problems of similar type, theorems on the solvability of corresponding problems in unbounded domains are proved; estimates of the behavior of solutions for unboundedly increasing arguments are obtained; asymptotic (in powers of the small parameter) expansion of a solution is constructed.

In the third section we consider an equation of elliptico-parabolic type. Under different additional assumptions, asymptotic expansions of solutions of the problems under consideration are constructed; estimates of closeness of partial sums of asymptotic expansions to exact solutions of the problems are presented.

2.1. Elliptic Equations with Strongly Varying Coefficients

Not infrequently, numerical modeling of processes in science and engineering lead us to the necessity of investigating solutions of elliptic equations with strongly varying coefficients. Problems of similar type are most frequently encountered when studying processes which take place in foliated media and also in media with small-grained or periodic structure. Application of standard numerical algorithms of solvong such equations is ineffective by the following reasons. As a rule, in discretization of the initial problem there appears a system of linear algebraic equations with a symmetric matrix A whose eigenvalues λ have great scattering, for example, max λ_A[min λ_A]^{−1} ∼ max k(x)[min k(x)]^{−1} = Λ ≫ 1 (k(x) is the diffusion coefficient). Application of traditional numerical methods for solving a system of linear algebraic equations with matrices with Λ ≫ 1 requires a significant waste of the processor time (a number of iterations necessary to obtain the solution of a system of linear algebraic equations is at best proportional to √ Λ)).

In their work [7], N.S. Bakhvalov and G.P. Panasenko suggested an iterative method of solving the Dirichlet problem for the elliptic equation with strongly varying diffusion coefficient − div(k(x)∇u) = f(x), x ∈ Ω, u |_{∂Ω}= 0. The rate of convergence of the suggested iterative process does not depend on the value of Λ; in particular, the case is quite possible where the coefficient Ω in the domain k(x) is equal to infinity. Moreover, it was assumed

that Ω =^N∪_{i=1}Ω_i,, where Ω_i are nonintersecting subdomains with piecewise smooth boundaries, and the coefficient k(x) satisfies the conditions:

1^0. k(x) = α_ik_i(x), x ∈ Ω_i, α_i = const ≥ 1, 0 < K_0 ≤ k_i(x) ≤ K_i; 2^0. Ω_1, Ω_2, . . ., Ω_N are topologically separable.

For such a problem we have managed to construct an iteration process with the rate of convergence not depending on the value Λ = max_i α_i for the case where every subdomain Ω_i, i = 1, 2, . . . , N with a large value of α_i is in the vicinity of the subdomain Ω_j with values α_j of order O(1) only.

As it turns out, without knowledge of the character of variation of a solution in different parts of the domain α_i, α_j, α_s and without corresponding a priori estimates we are unable to extend that method to problems in which the orders of Ω_i, Ω_j, Ω_s in the three neighbouring subdomains Ω are different. In this connection, it is of great importance to study asymptotic behavior of a solution for large values of the diffusion coefficient in different parts of the domain Ω.

1. Let us study asymptotic properties of solutions of the model equation − div(k_ϵ(x, y)∇u_ϵ) = f(x, y), (1) whose solution is sought in the rectangle Ω =^5∪_{i=1}Ω_i, Ω_i = [i − 1, i] × [0, b], 1 ≤ i ≤ 5; as for the diffusion coefficient, we assume that it is of the form

k_ϵ(x, y) = k_1(x, y) if (x, y) ∈ Ω_1 = {(x, y) | 0 < x < 1, 0 < y < 1}, ϵ^{−1}k_2(x, y) if (x, y) ∈ Ω_2 = {(x, y) | 1 < x < 2, 0 < y < 1}, ϵ^{−2}k_3(x, y) if (x, y) ∈ Ω_3 = {(x, y) | 2 < x < 3, 0 < y < 1}, ϵ^{−1}k_4(x, y) if (x, y) ∈ Ω_4 = {(x, y) | 3 < x < 4, 0 < y < 1}, k_5(x, y) if (x, y) ∈ Ω_5 = {(x, y) | 4 < x < 5, 0 < y < 1}, 0 ≤ ϵ ≪ 1 is a small parameter.

Let a solution u_ϵ(x, y) of the equation (1) satisfy the boundary conditions u_ϵ(x, y) | x=0 = u_ϵ(x, y) | x=5 = 0, u^′_{ϵy}(x, y) | y=0 = u^′_{ϵy}(x, y) | y=1 = 0. (2)

We impose the following additional conditions on the lines of discontinuity of the coefficients and on the right-hand side of the equation: u_ϵ(i − 0, y) = u_ϵ(i + 0, y), k_ϵ(i − 0, y)∂u_ϵ(i − 0, y)/∂⃗n = k_ϵ(i + 0, y)∂u_ϵ(i + 0, y)/∂⃗n, (3) where ⃗n is a normal to the interface line, 1 ≤ i ≤ 4. Suppose f(x, y), k_i(x, y) ≥ k_0 > 0 are piecewise continuous functions which are uniformly bounded along with all their derivatives in the closure of each subdomain. The solvability of the problem (1)–(3) follows from the work [40].

Let us formulate the problem of constructing an asymptotic, as ϵ → 0, representation of the solution of the problem under consideration. We will naturally assume that the solution of the equation (1) in domains Ω_1 and Ω_5 under the conditions (2) and boundary condition of the first or second kind for x = 1 and x = 4 can be found to any degree of precision by means of some algorithm (e.g., a numerical one). As for the subsequent application of the obtained results, it suffices to prove that the asymptotic representation is close to the exact solution in the integral norm, although by simple calculations we can obtain corresponding estimates in a uniform norm.

Asymptotic representation U^{(N)}(x, y, ϵ) of a solution of the problem (1)– (3) for an arbitrary N is sought in the form U_N (x, y, ϵ) ∼ N∑ m=0 ϵ^mu_m(x, y). (4) The coefficients of the asymptotic representation (4) will be defined for each subdomain of the domain Ω_i, 1 ≤ i ≤ 5. We begin with the domain Ω_3.

To define the functions u_m(x, y) in the domain Ω_3, we have the problem

L_3u_m ≡ − div ( k_3(x, y) grad u_m(x, y) ) = δ_{2,m}f(x, y), (5) −k_3(x, y)u^′_{mx}(x, y) | |_{x=2+0} = k_2(x, y)u^′_{m−1x}(x, y) | |_{x=2−0}, (6) k_3(x, y)u^′_{mx}(x, y) | |_{x=3−0} = −k_4(x, y)u^′_{m−1x}(x, y) | |_{x=3+0}, (7) u^′_{my}(x, y) | |_{y=0} = u^′_{my}(x, y) | |_{y=1} = 0. (8)

In particular, for the function u_0(x, y) we have the homogeneous equation (5) with homogeneous boundary conditions. Consequently, u_0(x, y) ≡ C_0, where C_0 is a constant to be defined below.

In the domain Ω_2, the functions u_m(x, y) are defined in terms of solutions of the problems

L_2u_m ≡ − div(k_2(x, y) grad u_m(x, y)) = δ_{2,m}f(x, y), (9) −k_2(x, y)u^′_{mx}(x, y) | |_{x=1+0} = k_1(x, y)u^′_{m−1x}(x, y) | |_{x=1−0}, (10)

u_m(x, y) |_{x=2−0}= u_m(x, y) |_{x=2+0}, (11) u^′_{my}(x, y) | |_{y=0} = u^′_{my}(x, y) | |_{y=1} = 0. (12)

It follows from the relations (9)–(12) that for (x, y) ∈ Ω_2 the identity u_0(x, y) ≡ C_0 should be fulfilled. Analogously one can determine that the relation u_0(x, y) ≡ C_0 holds for (x, y) ∈ Ω_4. In the domain Ω_1, for the function u_m(x, y) we obtain the problem

L_1u_m ≡ − div ( k_1(x, y) grad u_m(x, y) ) = δ_{0,m}f(x, y), (13) u^′_{my}(x, y) | |_{y=0} = u^′_{my}(x, y) | |_{y=1} = 0, u_m(x, y) | |_{x=0} = 0, u_m(x, y) | |_{x=1−0} = u_m(x, y) | |_{x=1+0}. (14)

Similar problems for the function u_m(x, y) can be written out in the domain Ω_5. The solvability of elliptic equations in a rectangle with mixed boundary conditions can be found in [40]. In particular, for the function u_0(x, y) the corresponding boundary value problem for 0 < x < 1 has the form

L_1u_0(x, y) = f(x, y), (x, y) ∈ Ω_1, u^′_{0y}(x, y) |_{y=0}= u^′_{0y}(x, y) |_{y=1}= 0, u_0(x, y) |_{x=0}= 0, u_0(x, y) |_{x=1−0}= C_0.

(15)

Leaving the constant C_0 for the time being undefined, we pass to constructing the function u_1(x, y). In the domain Ω_3 we have for this purpose the problem (5)–(8). Hence u_1(x, y) ≡ C_1, (x, y) ∈ Ω_3, where C_1 is a constant which, like a constant C_0, will be defined below.

For the function u_1(x, y) in the domain Ω_2 we have the problem

L_2u_1(x, y) = f(x, y), (16) ∂u_1(x, y)/∂y|_{y=0,y=1} = 0, u_1(x, y) |_{x=2−0}= C_1, −k_2(x, y)u^′_{1x}(x, y)|_{x=1+0} = k_1(x, y)u^′_{1x}(x, y)|_{x=1−0} .

(17)

The problem for the function u_1(x, y) in the domain Ω_4 is formulated analogously.

Finally, we define the function u_2(x, y) in the domain Ω_3 in terms of the solution of the problem

L_3u_2(x, y) = f(x, y), (18)

with the boundary conditions u^′_{2y}(x, y) | |_{y=0,y=1} = 0, −k_3(x, y)u^′_{2x}(x, y)|_{x=2+0} = k_2(x, y)u^′_{1x}(x, y)|_{x=2−0} , k_3(x, y)u^′_{2x}(x, y)|_{x=3−0} = −k_4(x, y)u^′_{1x}(x, y)|_{x=3+0} ,

(19)

Choose now a constant C_0 so as to ensure the solvability of the problem (18)–(19). Using Green’s formula, we write the condition for its solvability as follows:

I_{2,3} =

∫_1 0 ∫_3 2 f(x, y)dxdy = ∫ ∂Ω_3 k_3(x, y) ∂u_2(x, y) ∂⃗n ds. (20) Taking into account the condition (19), we can write the relation (20) in the form of the following equality:

I_{2,3} =

∫_0 1 [ k_2(x, y) ∂u_2(x, y) ∂x ]| |_{x=2−0}dy− ∫_1 0 [ k_4(x, y) ∂u_1(x, y) ∂x ]| |_{x=3+0}dy. (21)

For the problem (16)–(17) we write out the relation similar to (19) and define from it the first summand in the right-hand side of (21):

I_{1,2} =

∫_0 1 [ −k_2(x, y) ∂u_1(x, y) ∂x ]| | |_{x=1+0} dy+

∫_{y=1} y=0 [ k_2(x, y) ∂u_1(x, y) ∂x ]| | |_{x=2} dy, ∫_1 0 [ k_2(x, y) ∂u_1(x, y) ∂x ]| | |_{x=2} dy =

∫_0 1 [ k_2(x, y) ∂u_1(x, y) ∂x ]| | |_{x=1−0} dy + +I_{1,2} =

∫_{y=1} y=0 [ k_1(x, y) ∂u_0(x, y) ∂x ]| | |_{x=1−0} dy + I^{1,2}.

Reasoning analogously, we obtain the expression for the second summand appearing in the right-hand side of (21). As a result, this equality will take the form

I_{1,4} =

∫_0 1 [ k_1(x, y) ∂u_0(x, y) ∂x ]| |_{x=1−0}dy− ∫_1 0 [ k_5(x, y) ∂u_0(x, y) ∂x ]| |_{x=4−0}dy. (22) Having written out for problems of the type (15) the relations analogous to the relation (20), we can express the summands in the right-hand side of the equation (22) which will take the form

I_{0,5} =

∫_0 1 [ k_1(x, y) ∂u_0(x, y) ∂x ]| | |_{x=0} dy− ∫_1 0 [ k_5(x, y) ∂u_0(x, y) ∂x ]| | |_{x=5} dy. (23)

Get back to the solution of the problem (15). It can be represented as follows: u_0(x, y) = z_1(x, y) + C_0z_2(x, y), where C_0 is a constant to be defined, and z_j (x, y), j = 1, 2, are solutions of the problems

L_1z_1 = f(x, y), (x, y) ∈ Ω_1, z^′_{1y}|_{y=0, y=1} = 0, z_1|_{x=0, x=1} = 0, L_1z_2 = 0, (x, y) ∈ Ω_1, z^′_{2y}|_{y=0, y=1} = 0, z_2|_{x=0} = 0, z_2|_{x=1} = 1.

(24)

In a similar form we can represent a solution of the problem (8): u_0(x, y) = z_1(x, y) + C_0z_2(x, y), (x, y) ∈ Ω_5. The equation (23) will take the form

I_{0,5} =

∫_0 1 k_1(x, y) ∂z_1 ∂x | | |_{x=0} dy +

∫_0 1 k_5(x, y) ∂z_1 ∂x | | |_{x=5} dy +

+C_0

∫_0 1 k_1(x, y) ∂z_2 ∂x | | | x=0 dy + C_0 ∫_0 1 k_5(x, y) ∂z_2 ∂x | | | x=5 dy. (25) Let us show that the equation (25) is solvable with respect to the constant C_0. Since the problems for the functions z_2(x, y), z_2(x, y) are of the same type, it is sufficient to show that the value, for example K_{0,1} = ∫_{y=0} y=1 k_1(x, y)^{∂z2(x,y)}_{∂x} | |_{x=0}dy, has the property of having a fixed sign. According to the corollary from Hopf’s theorem (see, e.g., [42]), the solution of the problem (24) can have negative (positive) relative minimum at none of the interior points of the domain Ω_1. Suppose that the relation min y=0, y=1 z_2(x, y) = z_2(x_0, y_0) ≤ 0 holds. Then it follows from the Zaremba-

Giraud principle that the inequality z^′_{2y}(x, y) | |_{(x0,y0)} > 0 is fulfilled at the

point (x_0, y_0). However, by the hypothesis from (24) it follows that the derivative with respect to the variable y of the function z_2(x, y) is equal on the horizontal sides of the rectangle Ω to zero, and therefore the function z_2(x, y) reaches its minimum for x = 0. Note that there takes place the inequality ∂z_1(0, y)/∂x > 0 which, as it follows from the relations (24), is fulfilled for an arbitrary point (0, y), 0 < y < 1. This implies the relation K_{0,1} > 0.

Consequently, the equation (23) is uniquely solvable with respect to the constant C_0, and hence the function u_0(x, y) is defined in the domain Ω.

Just in the same way we can define the constants C_1, C_2, . . . . Note that to construct the function U^{(N)}(x, y, ϵ) uniquely, it is necessary to consider the function U^{(N+2)}(x, y, ϵ) and then, with the help of the solvability conditions for the coefficients of the expansion u_{N+1}(x, y), u_{N+2}(x, y), to define the constants C_{N−1}, C_N . which arise in the process of constructing.

Theorem 1. There exists a value ϵ_0 > 0 such that for all positive ϵ ≤ ϵ_0 the estimate ‖u_ϵ(x, y) − U^{(N)}(x, y, ϵ)‖_{L2} ≤ M ϵ^{N−1} is valid.

Proof. Obviously, the function w_N (x, y, ϵ) = u_ϵ(x, y) − U^{(N)}(x, y, ϵ) is the solution of the problem

Lw_N ≡ div ( k_ϵ(x, y) grad w_N (x, y, ϵ) ) = 0, (x, y) ∈^5∪_{i=1}Ω_i, w^′_{Ny}(x, 0, ϵ) = w^′_{Ny}(x, 1, ϵ) = 0, w_N (0, y, ϵ) = w_N (5, y, ϵ) = 0, w_N (i + 0, y, ϵ) − w_N (i − 0, y, ϵ) = 0, i = 1, 2, 3, 4, k_ϵ(i + 0, y)∂w_N (i + 0, y, ϵ)/∂⃗n − k_ϵ(i − 0, y)∂w_N (i − 0, y, ϵ)/∂⃗n = = ϵ^{N+1}[k_ϵ(x, y)∂u_{N+1}(x, y, ϵ)/∂⃗n] | |^{x=i−0} x=i+0 , 1 ≤ i ≤ 4.

(26)

It is readily seen that the right-hand side of the last of equations (26) can be estimated as follows: | | | [ k_ϵ(i + 0, y)

∂u_{N+1}(i + 0, y) ∂⃗n − k_ϵ(i − 0, y) ∂u_{N+1}(i − 0, y) ∂⃗n ]| | ≤ M. Formally integrating once by parts the identity ∫_1 0 ∫_5 0 η(x, y)Lw_N (x, y, ϵ)dxdy = 0, where η(x, y) is an arbitrary function from the space W^1_{2,0} – the subspace of the space W^1_2 (Ω), in which a set of all functions from C^1(Ω) is dense and equal in the vicinity of boundaries x = 0, x = 5 of the rectangle η(x, y) to zero. Taking η(x, y) as the function w_N (x, y, ϵ), we can easily obtain the equality 4∑ i=1 ∫_{y=1} y=0 [ k_ϵ(x, y) ∂w_N (x, y, ϵ) ∂⃗n w_N (x, y, ϵ) ]| |_{x=i}dy = = ∫_1 0 ∫_5 0 k_ϵ(x, y) {(∂w_N ∂x )_2 + ( ∂w_N ∂y )_2} dxdy. With regard for the relation (16), the left-hand side of the latter equation can be estimated from over: | | | 4∑ i=1 ∫_{y=1} y=0 [ k_ϵ(x, y) ∂w_N (x, y, ϵ) ∂⃗n w_N (x, y, ϵ) ]| |_{x=i}dy | | | ≤ M ϵ^{N−1} (27) and the right-hand side estimated from upper:

∫_1 0 ∫_5 0 k_ϵ(x, y) {(∂w_N ∂x )_2 + ( ∂w_N ∂y )_2}

dxdy ≥ k_0‖ grad w_N ‖^2_{L2} . (28)

As far as the function w_N (x, y, ϵ) is an element of the space W^1_{2,0}, for it the inequality

∫_1 0 ∫_5 0 w^2_N (x, y, ϵ)dxdy ≤ C ∫_1 0 ∫_5 0 ( grad w_N

)_2 dxdy (29) with the constant C, depending only on the domain Ω, is valid (see [42]). Taking into account relations (27)–(29), we arrive at the inequality ‖w_N (x, y, ϵ)‖_{L2} ≤ M ϵ^{N+1} for any value N , which proves the theorem.

As is indicated in [40], in the considered by us case of high smoothness in each of subdomains of the functions k_i(x, y), f(x, y) the solution of the problem (1)–(3) satisfies (in the classical sense) the equation (1) and the

conditions (2)–(3) at every interior point of the set Ω =^5∪_{i=1}Ω_i and of each of the segments composing the boundary of domains Ω_i, 1 ≤ i ≤ 5, respectively. Using this fact and the estimate of Theorem 1, we can prove the assertion of the following.

Theorem 2. For the partial sum U^{(N)}(x, y, ϵ) of an asymptotic expansion of a solution of the problem (1)–(3) the estimate ‖u_ϵ(x, y) − U^{(N)}(x, y, ϵ)‖_{C(Ω)} ≤ M ϵ^{N−1} is valid.

It is not likewise difficult to estimate the first derivatives of the difference u_ϵ(x, y) − U^{(N)}(x, y, ϵ) and to obtain an error estimate in the norm of the space C^1 for the asymptotic representation.

Remark. Consideration of the problem on constructing an asymptotic expansion of a solution of the problem (1)–(2) under the assumption that the coefficient k_ϵ(x, y) may be of order ϵ in some strips x_1 < x < x_2 of the original rectangle is not a matter of much difficulty; moreover, some parts of the rectangle, being the strips of the type x_3 < x < x_4, may have the width μ, where the value μ is a small parameter not depending on the parameter ϵ. Finally, instead of the equation (1) one can consider a more general equation which contains terms with first derivatives.

2.2. Elliptic Equation with Degeneration in Lowest Terms

In this section we construct asymptotic expansions of solutions for solving some problems which are connected with a singularly perturbed equation of elliptic type, for which the coefficient at a higher derivative of the corresponding degenerate equation vanishes on some smooth line. In constructing a formal asymptotic expansion there arises the need to study properties of solutions of parabolic equations with varying time direction.

1. In the rectangle D{(x, y) | 0 < x < 1, |y| < 1} let us consider the boundary value problem L_ϵu ≡ ϵ^2Δu − a(x, y)u^′_y − k(x, y)u = −f(x, y), u |_{∂D}= 0. (1) Suppose the functions a(x, y), k(x, y) are defined in the closure of the rectangle D and are infinitely differentiable and uniformly bounded along with the derivatives of any order of functions, k(x, y) ≥ k_0 > 0.

Asymptotic expansions of various types for solving the problem (1) under different assumptions on initial data have been previously constructed by many authors (see, e.g., [13], [32], etc.). As a rule, one of the basic assumptions we use in considering such kind of problems is the assumption about regular solvability of the appropriate degenerate equation; in the problem under consideration this assumption leads, in particular, to the requirement that everywhere in the rectangle D the inequality |a(x, y)| > 0 should be fulfilled.

We will assume that a(x, ϕ(x)) ≡ 0, where y = ϕ(x) is some infinitely differentiable for x ∈ [0, 1] function such that |ϕ(x)| < 1. Under such an assumption, the type of an asymptotic representation of a solution of the problem (1) depends substantially on the signs of the function a(x, y) for y < ϕ(x) and y > ϕ(x). If we assume that the functions involved in the equation are very smooth, then it becomes essential only the sign of the function a(x, y) as the variable y increases. Therefore the description of the techniques of constructing asymptotic expansions of solutions will cover the cases: 1) a(x, y) ≡ yb(x); 2) a(x, y) ≡ −yb(x); 3) a(x, y) ≡ y^2b(x); 4) a(x, y) ≡ −y^2b(x). Here b(x) is an infinitely differentiable for x ∈ [0, 1] function, b(x) ≥ b > 0. The construction of asymptotic expansions for some other types of dependence of the coefficient a(x, y) on its arguments differs by insignificant technical details only.

It is not difficult to see that it is sufficient to describe the asymptotic expansion for the above-mentioned cases only in the neighborhood of the straight lines x = 0, y = 0 since the types of the expansion in the two neighboring portions of the boundary can be obtained by a simple change of variables.

In accordance with the results obtained in [1], we will additionally assume in case (2) that there exists a positive integer N such that for all x ∈ [0, 1] the inequality N b(x) + k(x, ϕ(x)) > 0 holds.

Asymptotic expansion of a solution of the problem (1) in the neighborhood of the left and lower portions of the boundary of the rectangle D will be sought in the form

U^{(N)}(x, y, ϵ) = N∑ m=0 ϵ^{2m} [ u_{2m}(x, y) + v_{2m} ( x, 1 + y ϵ^2 )] +

+ 2N∑ m=0 ϵ^m [ P_m ( x ϵ , y ) + w_m (x ϵ , 1 + y ϵ^2 ) + Q_m ( x ϵ^2 , y ϵ^2 )] . (2)

When deducing the equations which determine the functions in the representation (2), the functions will be assumed to tend uniformly to zero as at least one of the arguments increases unboundedly, that is, these functions are of boundary layer character of variation with respect to their arguments.

2. Let a(x, y) ≡ yb(x). In this case, the coefficients of the representation (2) can be constructed for any value of the number N . The coefficients u_{2m}(x, y) of the so-called smooth parts of the asymptotic expansion, approximating the solution of the initial problem outside a fixed neighborhood of the set ∂D, can be found in terms of solutions of the equations L_0u_{2m} ≡ a(x, y) ∂u_{2m} ∂y +k(x, y)u_{2m} = δ_{0,m}f(x, y)+Δu_{2m−2} ≡ f_{2m}(x, y); (3) here and everywhere in what follows, the functions with negative indices are assumed to be identically equal to zero. The solution of each of the equations (3) exists for |y| ≤ 1, is unique and infinitely differentiable in D (see [1]). In the neighborhood of the boundary x = 0 of the rectangle D, the boundary layer terms of the representation (2) are found for 0 < ξ < ∞, |y| < 1 in terms of the solutions of the problems L_ξ P_m ≡ ∂^2P_m ∂ξ^2 − b_0y ∂P_m ∂y − k_0(y)P_m = = − ∂^2P_{m−2} ∂y^2 + m∑ j=1 k_j(y)ξ^j P_{m−j} + y m∑ j=1 b_j ξ^j ∂P_{m−j} ∂y = P̃_m(ξ, y), (4)

P_m(0, y) = −u_m(0, y) ≡ p_m(y), (5)

where b_j, k_j(y) are the coefficients of the expansions of the functions b(x), k(x, y) in powers of the variable x. Without restriction of generality we may assume b_0 = 1. Note that the equation (4) is parabolic for y ≠ 0, with varying time direction; boundary value problems for equations of similar type in bounded domains under zero boundary conditions and zero righthand side have been considered in [77].

Now we proceed to deducing the equations which determine the functions v_{2m}(x, η), w_m(ξ, η) guaranteeing the fulfilment of the boundary condition for y = −1. By means of a standard procedure we readily obtain that these functions are the solutions of the problems L_{x,η}v_{2m} ≡ ∂^2v_{2m} ∂η^2 + b(x) ∂v_{2m} ∂η = = m∑ j=1 k̃_j(x)η^jv_{2m−2j} − ∂^2v^{2m−2} ∂x^2 + ηb(x) ∂v_{2m−2} ∂η , (6)

L_{ξ,η} w_m ≡ ∂^2w_m ∂η^2 + ∂w_m ∂η = m−2∑ 2l+j k_{j,l}ξ^j η^lw_{m−j−2l−2} −

− m∑ j=1 b_jξ^j paw_{m−j} ∂η − ∂^2w_{m−2} ∂ξ^2 + η m−2∑ j=0 b_j ξ^j ∂w_{m−j−2} ∂η , (7) where k̃_j(x), k_{j,l} are the coefficients of the expansions of the function k(x, y) by the Taylor formula,

v_{2m}(x, 0) = −u_{2m}(x, −1), w_m(ξ, 0) = −P_m(ξ, −1). (8)

The functions v_{2m}(x, η), w_m(ξ, η), which ensure the fulfilment of the boundary condition for y = −1, cause discrepancy in the boundary conditions for x = 0. To remove that discrepancy, we use the functions Q_m(ζ, η) which are found in terms of the solutions of the problems

L_{ζ,η}Q_m ≡ ΔQ_m + Q^′_{mη} = [^m_2 ]−2∑ j+l=1 k_{j,l}ζ^j η^lQ_{m−2j−2l−2} −

− [^m_2 ]−1∑ j=1 b_jζ^j ∂Q_{m−2j} ∂η + η [^m_2 ]−2∑ j=0 b_jζ^j ∂Q_{m−2j−2} paη ≡ Q̃_m(ζ, η), (9) Q_m(ζ, 0) = 0, Q_m(0, η) = −v_m(0, η) − w_m(0, η) ≡ q_m(η), (10)

0 < ζ, η < ∞, tending to zero as ζ + η → ∞.

3. Now we pass to the problems of existence and uniqueness of solutions of the problems written out by us and to investigation of properties of these problems. We begin with the functions P_m(ξ, y) which guarantee the fulfilment of the boundary condition for x = 0.

To solve the problem (4), (5) for m = 0 under the assumption that the function P_0(ξ, y) vanishes as ξ → 0, we will use the Fourier sinetransformation; supposing the application of that transformation is legitimate, we will find an explicit form of the function P_0(ξ, y), investigate its properties and prove the validity of all transformations used.

Applying to both parts of the equation (4) the Fourier sine-transformation, we obtain for the Fourier image P̃_0(s, y) the equation

yP̃^′_{0y} + [ s^2 + k_0(y) ]~ P_0 = sp_0(y) √ 2/π. (11) Obviously, the equation (11) is analogous to the equation (3). As it follows from the results of [1], the equation (11) has for |y| ≤ 1 a unique solution which is infinitely differentiable for all |y| ≤ 1. It is easily seen that the Fourier preimage in that case can be written out explicitly: |P_0(ξ, y)| = 2 √ π ∫_∞ 0 p_0(yω) exp [ − r^2 + ∫_{yω} y t^{−1}k_0(t)dt ] dr, (12) ω = exp [ −ξ^2/(4t^2) ] . Lemma 1. The function in (12) is well defined; it is continuous in the half-strip 0 ≤ ξ < ∞, |y| ≤ 1. This function is continuously differentiable in the domain of its definition, and there exists a constant γ > 0 such that the estimate |P_0(ξ, y)| + | |P^′_{0ξ}(ξ, y) | | + | |P^′_{0y}(ξ, y) | | + + | |P^{′′}_{0yy}(ξ, y) | | + | |P^{′′}_{0yξ}(ξ, y) | | + | |P^{′′′}_{0yyξ}(ξ, y) | | ≤ M exp (−γξ) (13)

holds.

Proof. First we show that the function P_0(ξ, y) is defined for y = 0. Obviously,

P_0(ξ, y) = 2 √ π ∫_∞ 0 p_0(yω) exp [ − r^2 − k_0(t̃)ξ^2 4r^2 ] dr. This implies that the limit of the function y → 0 as P_0(ξ, y) exists and can be written in the form

lim_{y→0} P_0(ξ, y) = lim_{y→0} 2 √ π ∫_∞ 0 p_0(yω) exp [ − r^2 − k_0(t̃)ξ^2 4r^2 ] dr = = 2 √ π [∫_{ρ0} 0 exp [ −r^2 − k_{0,0}ξ^2 4r^2 ] dr + ∫_∞ ρ_0 exp [ −r^2 − k_{0,0}ξ^2 4r^2 ] dr ] = = 2 √ π ∫_∞ ρ_0 ( 1 + √ k_{0,0}ξ 2r^2 ) exp [ − r^2 − k_{0,0}ξ^2 4r^2 ] dr, ρ_0 = [k_{0,0}ξ/4]^{1/4} . It is clear that the integral, appearing in the right-hand side of the latter equality, exists for all 0 ≤ ξ < ∞, being a function, differentiable for ξ > 0.

To obtain the estimate (13), let us consider formula (12): |P_0(ξ, y)| ≤ M ∫_∞ ρ_1 exp ( −r^2 ) dr ≤ M (1 + √ ξ)^{−1} exp ( −kξ/2 ) , ρ_1 = (kξ^2/4)^{1/4}. To estimate the derivative of the function P_0(ξ, y) with respect to the variable ξ, we consider the integral obtained from (2) by means of a formal differentiation with respect to the variable ξ under the integral sign. Obviously, yωp^′_0(yω) + k_0(yω)p_0(yω) = −f(0, yω). We have ∫_∞ 0 ξ 2r^2 exp [ − r^2 + kξ^2 4r^2 ] dr ≤ M ∫_∞ ρ_1 exp ( −r^2 ) dr, and therefore the integral I(ξ, y) converges uniformly with respect to variables ξ, y. Consequently, the function P_0(ξ, y) is differentiable with respect to the variable ξ everywhere in the domain of definition, and there takes place the estimate | | | ∂P_0 ∂ξ | | | ≤ M ∫_∞ 0 ξ 4r^2 exp ( − r^2 − kξ^2 4r^2 ) dr ≤ M 1 1 + √ ξ exp ( − kξ 2 ) .

Let us pass to the estimation of the first derivative of the function P_0(ξ, y) with respect to the variable y. With this end in view, we consider the integral J(ξ, y) = 2 √ π ∫_∞ 0 [ ωp^′_0(yω) + (ω − 1)p_0(yω) × × ∫_1 0 k^′_0(y + θy(ω − 1))dθ ] exp [ − r^2 + ∫_{yω} y t^{−1}k_0(t)dt ] dr, which is obtained by a formal differentiation with respect to the variable y of the integrand in (12). As in the previous case, we shall have the inequality |J(ξ, y)| ≤ M (1 + √ ξ)^{−1} exp ( −kξ/2 ) , from which follow the existence and the estimate for the function P^′_{0y}(ξ, y).

It is readily seen that in a similar manner one can estimate the function ∂^2P_0/∂ξ∂y, derivatives of the function P_0(ξ, y) with respect to the variable y of any order and also the function ∂^3P_0/∂ξ∂y^2 with the same majorizing function in the right-hand side of the inequality.

Lemma 2. A solution of the problem (4), (5) exists for m > 0 and satisfies the estimates of the type (13).

Proof. Evidently, to deduce the estimates for the solution of problem (4), (5) for m > 0 it is sufficient to estimate the influence exerted by the right-hand side of the equation. Using the Fourier sine-transformation, a corresponding component of a solution can be written as P_{m,1}(ξ, y) = − 1 2 √ π ∫_∞ 0 e^{−kz} dz √ z exp [ ∫_{σ1} y k_0(t) t dt ] ∫_∞ 0 P̃_m(η, ye^{−z}) ×

× { exp [ − (η − ξ)^2 4 ln (y/r) ] − exp [ − (η + ξ)^2 4 ln (y/r) ]} dη, (14) σ_1 = ye^{−z} . Supposing that the estimate (13) is valid for the function P̃_m(ξ, y) and for its derivatives to within the factor 1 + ξm−1, we can write the inequality |P_{m,1}(ξ, y)| ≤ ≤ M { e^− √_{kξ/2} ∫_∞ 0 e^{−3kz/4}dz ∫_∞ σ_2 (1+ξ− √ kz+2 √ zω)^{m−1}e^{−ω2} dω− −e √_{kξ/2} ∫_∞ 0 e^{−3kz/4}dz ∫_∞ σ_3 (1 − ξ − √ kz + 2 √ zω)^{m−1}e^{−ω2} dω } , σ_2 = [ √ kz − ξ]/(2 √ z), σ_3 = [ √ kz + ξ]/(2 √ z). Let us estimate the first integral in braces. Obviously,

(1 + ξ − √ kz + 2 √ zω)^{m−1} ≤ M m−1∑ i+j+l=0 ξ^iz^{j+l/2}ω^l, (15) where i, j, l are nonnegative integers. Therefore ∫_∞ 0 e^{−3kz/4}dz ∫_∞ σ_2

(1 + ξ − √ kz + 2 √ zω)^{m−1}e^{−ω2} dω ≤ M (1 + ξ^{m−1}). Consider the second integral ∫_∞ 0 e^{−3kz/4}dz ∫_∞ σ_3 (1 − ξ − √ kz + 2 √ zω)^{m−1}e^{−ω2} dω ≤

≤ M m−1∑ i+j+l=0 ξ^i ∫_∞ 0 e^{−3kz/4}z^{j+l/2}ω^ldz ∫_∞ σ_3 e^{−ω2} dω ≤

≤ M m−1∑ i+j+l=0 l−1∑ s=1 ξ^s ∫_∞ 0 z^{j+l−s−1/2} exp [ − ( √ kz + ξ)^2 4z − 3 4 kz ] dz.

By virtue of the validity of the sequence of the inequalities we have ∫_∞ 0 z^{j+l−s−1/2} exp ( − ξ^2 4z − kz ) dz ≤ ≤ M ∫_∞ σ_4 ξ^{2j+2l−2s−2}ω^{−2j−2l+2s−2}e^{−ω2} dω + M ∫_∞ σ_4 ω^{2j+2l−2s}e^{−ω2} dω ≤ ≤ M ( 1 + ξ^{j+l} ) ∫^∞ σ_4 e^{−ω2} dω + M ( 1 + ξ^{j+l−s−1/2} ) ∫ ∞ σ_4 e^{−ω2} dω, σ_4 = (kξ^2/4)^{1/4}. Therefore ∫_∞ 0 z^{j+l−s−1/2} exp ( − ξ^2 4z − kz ) dz ≤ M ( 1 + ξ^{j+l−s} ) e^− √_{kξ/2} , whence e √_{kξ/2} ∫_∞ 0 e^{−3kz/4} ∫_∞ σ_3 ( 1 − ξ − √ kz + 2 √ z )_{m−1} e^{−ω2} dω ≤ ≤ M ( 1 + ξ^{m−1} ) e^− √_{kξ/2} . Thus the estimation of the module of the function P_{m,1}(ξ, y) is complete.

We shall now proceed to the estimation of the first derivative of the function P_{m,1}(ξ, y) with respect to the variable ξ. To this end we consider the integral I(ξ, y) = − 1 2 √ π ∫_∞ 0 dz √ z exp [ ∫_{σ1} y k_0(t) t dt ] ∫_∞ 0 P̃_m(η, ye^{−z} ) ×

× { η−ξ 2z exp [ − (η−z)^2 4z ] − η+ξ 2z exp [ − (η+z)^2 4z ]} dη = I_1(ξ, η)+I_2(ξ, η), which is obtained from equation (18) by means of a formal differentiation under the integral sign. Evidently, |I_1(ξ, y)| ≤ M e^− √_{kξ/2} × × ∫_∞ 0 e^{−3kz/4}dz ∫_∞ σ_2

(1 + ξ − √ kz + 2 √ zω)^{m−1} | | √ kz − 2ω | |e^{−ω2} dω. Using inequality (15), we obtain |I_1(ξ, y)| ≤ M e^− √_{kξ/2} m−1∑ i+j+l=0 ξ^i ∫_∞ 0 z^{j+l/2}e^{−3kz/4}dz ∫_∞ −∞ ω^l( √ z+ω)e^{−ω2} dω. As is easily seen, the integrals in the right-hand side of the latter inequality converge, and therefore |I_1(ξ, y)| ≤ M (1 + ξ^{m−1})e^− √_{kξ/2} . Let us pass to the estimation of the integral I_2(ξ, y): |I_2(ξ, y)| ≤ M e √_{kξ/2} m−1∑ i+j+l=0 ξ^i ∫_∞ 0 z^{j+l/2}e^{−3kz/4}dz ∫_∞ σ_3

ω^l( √ z+ω)e^{−ω2} dω. Acting similarly to that we have done when estimating the function P_{m,1}(ξ, y), we can get the estimate |I_2(ξ, y)| ≤ M (1 + ξ^{m−1})e^− √_{kξ/2} . This implies that the function P_{m,1}(ξ, y) is differentiable with respect to the variable ξ, and for the derivative of that function the estimate |(P_{m,1}((ξ, y))^′_ξ | ≤

M (1 + ξ^{m−1})e^− √_{kξ/2} is valid.

To obtain the estimates for the derivatives of the function P_{m,1}(ξ, y) appearing in the left-hand side of inequality (13), it is sufficient to note that, as is shown in Lemma 1, the estimate (13) is valid for the derivatives of the function P_0(ξ, y) with respect to the variable y of any order. Supposing that analogous estimates are valid for the corresponding derivatives of the function P_{m−1,1}, without any difficulty we obtain the desired estimates for the derivatives of the function P_m(ξ, y) with respect to the above-mentioned variables.

4. The existence of solutions of the problems (6), (8) and (7), (8) and the boundary layer character of variation of the functions v_{2m}(x, η), w_m(ξ, η) are obvious. Therefore the following assertion is valid.

Lemma 3. For the functions v_{2m}(x, η) and w_m(ξ, η) the estimates |v_{2m}(x, η)|+|v^′_{2mx}(x, η)|+ | |v^′_{2mη}(x, η) | |+|v^{′′}_{2mxx}(x, η)|≤ M (1+η^{2m})e^{−b(x)η}, |w_m(ξ, η)| + | |w^′_{mξ} (ξ, η) | | + | |w^′_{mη}(ξ, η) | | + | |w^{′′}_{mξξ}(ξ, η) | | ≤ ≤ M (1 + ξ^{m+1} + η^{m+1})e^{−η−} √_{kξ/2}

are valid.

In proving the lemma it suffices only to take into account that by virtue of Hölder’s inequality, ξ^jη^l ≤ [ jξ^{j+l} + lη^{j+l} ] (j + l)^{−1}.

Consider now the problem (9), (10). Passing to the function R_m(ζ, η) = Q_m(ζ, η)e^{−η/2}, we obtain in the quarter of the plane 0 < ζ < ∞, 0 < η < ∞ the problem for the elliptic equation with fixed coefficients:

ΔR_m − 4^{−1}R_m = Q̃_m(ζ, η)e^{η/2} ≡ R̃_m(ζ, η), (16)

R_m(ζ, 0) = 0, R_m(0, η) = q_m(η)e^{η/2}. (17)

Note that as it directly follows from the relations (5), (8), (10), the boundary values of the functions Q_m(ζ, η) for any m ≥ 0 are consistent with continuity. Moreover, direct calculations show that q_0(η) ≡ q_1(η) ≡ 0, q_2(η) ≢ 0; in this connection the identities Q_0(ζ, η) ≡ 0, Q_1(ζ, η) ≡ 0 are fulfilled.

We can write out the solution of the problem (16), (17) explicitly by using McDonald’s function K_0(r) of the zero order. Thus the fact that a solution of the problem (9), (10) exists for m = 2, becomes obvious.

To estimate the rate by which the function Q_2(ζ, η) tends to zero as η + ζ → ∞, we will use the maximum principle.

Lemma 4. For the functions Q_m(ζ, η) for 0 < ζ < ∞, 0 < η < ∞ the estimates |Q_m(ζ, η)| + | | | ∂Q_m(ζ, η) ∂ζ | | | + | | | ∂Q_m(ζ, η) ∂η | | | ≤ M exp (−αmζ − βmη) are valid, where α_m = 2^{−3/2} − λ_m, β_m = 2^{−1} + 2^{−3/2} − λ_m, 0 < λ_m < 2^{−3/2} are some constants.

Proof. Obviously, there takes place the inequality

|q_2(η)| ≤ M (1 + η^2)e^{−η} . (18)

Consider the function Φ_2(ζ, η) = M_2 exp (−α_2ζ − β_2η), where M_2, α_2, β_2 are some positive constants, and estimate the function Q_2(ζ, η) and its derivatives. It is readily seen that L_{ζ,η} Φ_2 = ( α^2 + β^2 − β_2 ) Φ_2. Let us choose constants α_2, β_2 such that the inequality α^2 + β^2 − β_2 < 0 be fulfilled. We choose the constant M_2 is such a way that for β_2 < 1 there would take place the relation Φ_2(0, η) ≥ |q_2(η)|. Under these conditions the functions Φ_2(ζ, η) ± Q_2(ζ, η) admit nonnegative values on the boundary of the domain D_{ζ,η}{(ζ, η) | 0 < ζ < ∞, 0 < η < ∞}, and at the points of the domain D_{ζ,η} itself the inequalities L_{ζ,η} (Φ_2 ± Q_2) ≤ 0 are valid. Owing to the maximum principle, everywhere in the closure of the domain D_{ζ,η} there takes place the estimate |Q_2(ζ, η)| ≤ A_2 exp (−α_2ζ − β_2η).

Let us now estimate derivatives of the function Q_2(ζ, η) (see [33]). Consider an auxiliary function Ψ_3(ζ, η) = N exp (−N_1η − α_2ζ), where the positive constants N , N_1 are to be defined. Obviously, L_{ζ,η}Ψ_3 = (N^2_1 − N_1 + α^2)Ψ_3(ζ, η). For η = 0, the function Ψ_3(ζ, η) + Q_2(ζ, η) takes a positive value N e^{−α2ζ} . Let the constant N be so large that for η = N^{−1}_1 the inequality 0 < N exp (−1 − α_2ζ) + Q_2(ζ, N^{−1}_1 ) < N is fulfilled; for that inequality to be valid, it suffices to take N ≥ A_2/[e^{α2ζ} − e^{−1}] ≥ A_2e/(e − 1). Now we choose a constant N_1 > 1 so large that for ζ = 0 the function Ψ_2(ζ, η) + Q_2(ζ, η) decreases on the segment η ∈ [0, N^{−1}_1 ]; we can see that such a choice of the constant N_1 is quite possible; under such a choice the constants N and N_1 the function Ψ_2(ζ, η) + Q_2(ζ, η) on the boundary of the half-strip 0 ≤ η ≤ N^{−1}_1 , 0 ≤ ζ < ∞ takes its largest value for η = 0. Moreover, increasing (if necessary) the constant N_1, we can assume that the inequality L_{ζ,η} (Ψ_2 + Q_2) = (N^2_1 − N_1 + α^2)Ψ_2 > 0 holds at the interior points of that half-strip. According to the maximum principle, the function Ψ_2(ζ, η) + Q_2(ζ, η) cannot take its largest value at the above-mentioned points. Consequently, the function reaches its largest positive value for η = 0, and therefore (Ψ^′_{2η} + Q^′_{2η}) | |_{η=0} ≤ 0, whence Q^′_{2η} | |_{η=0} ≤ N N_1e^{−α}2^ζ .

In a similar way one can obtain lower bound to the function Q^′_{2η} for η = 0. Evidently, exponential estimate for that derivative is valid for ζ = 0 as well. Reasoning as above, we can estimate on the boundary of the domain D_{ζ,η} the derivative of the function Q_2(ζ, η) with respect to the variable ζ. Differentiating now both parts of equation (9) for m = 2 with respect to the appropriate variable and using the maximum principle, we obtain exponential estimates for the first derivatives of the function Q_2(ζ, η). Thus, everywhere in D_{ζ,η} the estimates |Q_2(ζ, η)| + | |Q^′_{2ζ}(ζ, η) | | + | |Q^′_{2η}(ζ, η) | | ≤ M exp (−α_2ζ − β_2η)

hold.

When we estimate functions Q_m(ζ, η) for m > 2, it is more convenient to consider problems (16), (17). Suppose the inequalities

|Q̃_m(ζ, η)| ≤ M (1 + ζ^{m+1} + η^{m+1}) exp (−α_mζ − β_mη)

hold, where α_m and β_m are some constants. Under such a choice of constants α_m and β_m, the right-hand side of equation (16) will be a function, decreasing exponentially; moreover, in this case there takes place the inequality |R̃_m(ζ, η)| ≤ M exp [−α_m(ζ + η)]. Represent a solution of problem (16), (17) in terms of the sum R_m(ζ, η) = R_{m,1}(ζ, η) + R_{m,2}(ζ, η), where the function R_{m,1}(ζ, η) satisfies equation (16) and the homogeneous boundary conditions (17), while the function R_{m,2}(ζ, η) satisfies the homogeneous equation (16) and the boundary conditions (17). Make a change of variables Z_{m,2}(ζ, η) = R_{m,2}(ζ, η) − e^{−αmζ} R_m(0, η). The function Z_{m,2}(ζ, η) satisfies the homogeneous boundary conditions for ζ = 0, η = 0. For ζ > 0, η > 0, this function satisfies the equation ΔZ_{m,2} − 4^{−1}Z_{m,2} = Z̃_m(ζ, η), where Z̃_m(ζ, η) decreases exponentially as ζ + η → ∞ and is uniformly bounded for (ζ, η) ∈ D_{ζ,η}. Hence, to estimate derivatives of the function R_m(ζ, η) in the domain D_{ζ,η}, it is sufficient to estimate derivatives of solutions of the equation ΔZ − 4^{−1}Z = Z̃(ζ, η), (ζ, η) ∈ D_{ζ,η}, (19) whose right-hand side is uniformly bounded, decreases exponentially as ζ + η → ∞ and has uniformly bounded derivatives of the first order which vanish exponentially as ζ + η → ∞. Moreover, the function Z(ζ, η) on the boundary of the domain D_{ζ,η} satisfies zero boundary conditions of the first kind.

Let us write a solution of problem (16), (17) in the form Z(ζ, η) = = 1 2π ∫_∞ 0 ∫_∞ 0 Z̃(s, t) [ K_0 (r_1 2 ) −K_0 ( r_2 2 ) −K_0 ( r_3 2 ) +K_0 (r_4 2 )] dsdt, (20) r_1 = √ (ζ − s)^2 + (η − t)^2, r_2 = √ (ζ − s)^2 + (η + t)^2,

r_3 = √ (ζ + s)^2 + (η − t)^2, r_4 = √ (ζ + s)^2 + (η + t)^2,

K_0(r) is the McDonald’s function of zero order.

Using the representation (20) and taking into account asymptotic representations of the McDonald’s functions and also the properties of the functions R̃_m(ζ, η), we can conclude by induction that the functions Z_2(ζ, η) exist, are differentiable in the domain D_{ζ,η} and for them the estimates

|Z_2| + | |Z^′_ζ (ζ, η) | | + | |Z^′_η (ζ, η) | | ≤ M exp [−α_m(ζ + η)]

are valid, where α_m are constants chosen by the above-mentioned manner. The above inequality implies that the assertions of the lemma are valid.

Thus the formal construction of the asymptotic representation (2) can be considered to be fulfilled.

We will now proceed to the error estimation of the above-constructed asymptotic representation.

Theorem 1. If a(x, y) ≡ yb(x), where b(x) is a function which is infinitely differentiable and positive for x ∈ [0, 1], then the solution of the problem (1) has the asymptotic representation (2) for which the estimate ‖u(x, y) − u^{(N)}(x, y)‖_C1 ≤ M ϵ^{2N} is valid.

The proof of the theorem is carried out by means of the maximum principle.

5. Let us consider the case a(x, y) ≡ −yb(x). In that case, in the representation (2) we suppose that v_{2m}(x, η) ≡ w_m(ξ, η) ≡ Q_m(ζ, η) ≡ 0 and the condition k > N max_{x∈[0,1]} b(x) is fulfilled. In this connection the coefficients of

the asymptotic representation (2) will be considered only for those values of m for which the inequality 2m ≤ N − 3 is fulfilled.

The asymptotic behavior of the solution of the problem under consideration is well-known; for the coefficients of the expansion to remain bounded as they reach an angular point of the domain, we require that the function f(x, y) as well as all its derivatives up to order N be vanishing at the angular points of the domain D.

Just as in the previous case, the functions u_{2m}(x, y) are found in terms of the solutions of the equations (3). However, solutions of these equations in the case under consideration will be sought under the following additional conditions:

u_{2m}(x, −1) = 0, u_{2m}(x, 1) = 0. (21)

As follows from the results of [1], solutions of the problems (3), (21) exist and are N − 2m times differentiable everywhere in the rectangle D. To eliminate residual exerted in the boundary condition by the functions u_{2m}(x, y) for x = 0, the functions P_m(ξ, y) will be constructed in terms of solutions of the problems L̃_{ξ,y}P_m ≡ ∂^2P^m ∂ξ^2 + y ∂P_m ∂y − k_0(y)P_m = = − ∂^2P_{m−2} ∂y^2 + m∑ j=1 k_j(y)ξ^j P_{m−j} − y m∑ j=1 b_j ξ^j ∂P_{m−j} ∂y = P̃_m(ξ, y), (22)

P_m(ξ, −1) = P_m(ξ, 1) = 0, P_m(0, y) = −u_m(0, y) ≡ p_m(y). (23)

Note that the equality p_m(−1) = p_m(1) = 0 holds by virtue of the conditions (23). Moreover, the derivatives up to the order N − m of the function p_m(y) vanish for y = ±1.

Let us consider the problem (22), (23) for m = 0. To solve that problem, we again make use of the Fourier sine-transformation. For the Fourier image P̃_0(s, y) we obtain the problem

yP̃^′_{0y} − [s^2 + k_0(y)]P̃_0 = sp_0(y) √ 2/π, (24) P̃_0(s, −1) = 0, P̃_0(s, 1) = 0. (25)

Writing out the solution of the problem (24), (25) and using the inverse Fourier sine-transformation, we obtain the solution of the problem (22), (23) for m = 0:

P_0(ξ, y) = √ 2 π ∫_∞ σ_6

p_0(yω) exp [ ∫_y yω k_0(t) t dt − r^2 ] dr, (26) σ_6 = ξ/2 √ − ln |y|, ω = exp ( ξ^2/4r^2 ) . As before, it is not difficult to get the estimate |P_0(ξ, y)| ≤ M exp ( − √ kξ/2 ) . (27)

Let us pass now to the estimation of the derivative of the function P_0(ξ, y) with respect to the variable y. Obviously, | | ∂P0(ξ, y) ∂y | | ≤ M ∫_∞ σ_6 exp { ξ2 4r^2 − kξ^2 4r^2 − r^2 } dr ≤ M exp [ − √ k_1ξ/2 ] , k_1 = k − 1. Analogously, we can obtain the estimate for the second and third derivatives of the function P_0(ξ, y) with respect to the variable y. We have

∂^2P_0(ξ, y) ∂y^2 = 2 √ π ∫_∞ σ_6 { p^{′′}_0 (yω)ω^2 + p^′_0(yω)ω [ k_0(y) y − k_0(yω) y ] + + p_0(yω) [ k′_0(y) − ωk′_0(yω) y − k_0(y) − k_0(yω) y^2 ] + k_0(y) − k_0(yω) y × × [ p^′_0(yω)0ω + p_0(yω) k_0(y) − k_0(yω) y ]} exp [ ∫_y yω k_0(t) t dt − r^2 ] dr. Taking into account the relation p_0(yω) = yω

∫_1 0 p^′_0(θyω)dθ, it is not difficult to get the inequalities | | | ∂^2P_)(ξ, y) ∂y^2 | | | ≤ M ∫_∞ σ_6 exp [ − k_2ξ^2 4r^2 − r^2 ] dr ≤ M exp ( − √ k_2ξ 2 ) , (28) | | | ∂^3P_0(ξ, y) ∂y^3 | | | ≤ M ∫_∞ σ_6 exp [ − k_3ξ^2 4r^2 − r^2 ] dr ≤ M exp ( − √ k_3ξ 2 ) , (29)

k_2 = k − 2, k_3 ≤ k_2. Finally, we obtain the estimate for the derivatives of the functions P_0(ξ, y), P^′_{0y}(ξ, y), P^{′′}_{0yy}(ξ, y) with respect to the variable ξ. If ξ ≥ −2 √ k_1 ln |y|, then from the latter relation we immediately obtain the estimate | | |P^′_{0ξ}(ξ, y) | | | ≤ M exp ( − √ k_1ξ/2 ) . If, however, ξ < −2 √ k_1 ln |y|, then in that case we can write a chain of inequalities | |P^′_{0ξ} | | ≤ M exp ( − √ k_1ξ 2 ) +M ∫_{σ7} σ_6 ξ r^2 exp [ − k_1ξ^2 4r^2 ] dr ≤ ≤ M exp ( − √ k_1ξ 2 ) . (30)

For the derivative of the function ∂P_0(ξ, y)/∂ξ with respect to the variable y we will have

∂^2P_0(ξ, y) ∂ξ∂y = 2 √ π ∫_∞ σ_6 { p^{′′}_0 (yω)ω + p^′_0(yω)[k_0(y) − k_0(yω)] +

+p^′_0(yω) − p_0(yω)k^′_0(yω) − [ p_0(yω)ω + p_0(yω) k_0(y) − k_0(yω) y ] × × k_0(yω) ω } ξ 2r^2 exp [ ξ^2 4r^2 + ∫_y yω k_0(t) t dt − r^2 ] dr. Evidently, just in the same way as in estimating the function ∂P_0(ξ, y)/∂ξ, we can obtain the inequality | |P^{′′}_{0ξy}(ξ, y) | | ≤ M exp ( − √ k_1ξ/2 ) (31) and exactly the same estimate for the function ∂^3P_0(ξ, y)/∂ξ∂y^2 .

Before passing to the functions P_m(ξ, y), first of all it should be noted that it suffices for us to estimate only those components of the functions which are generated by the right-hand sides of the equations (22). Using the Fourier sine-transformation, these components can be written as follows: P_{m,1}(ξ, y) = 1 2 ∫_y sign y dr r √ π ln |y/r| ∫_∞ 0 P̃_m(s, r) exp [ ∫_y r k_0(z) z dz ] × × { exp [ − (s − ξ)^2 4 ln |r/y| ] − exp [ − (s + ξ)^2 4 ln |r/y| ]} ds = = − 1 2 √ π ∫_{− ln |y|} 0 t^{−1/2} exp [ ∫_y ρ k_0(z) z dz ] × × ∫_∞ 0 P̃_m(η, ρ) { exp [ − (η − ξ)^2 4t ] − exp [ − (η + ξ)^2 4t ]} dηdt, (32) ρ = ye^t. Taking into account the type of the right-hand side of the equation (22) and also the estimates (27)–(32), we can assume that the functions P̃_m(ξ, y) satisfy the inequality |P̃_m(ξ, y)| ≤ M exp ( − √ k_mξ/2 ) . Consequently, we can obtain for the function P_{m,1}(ξ, y) the following relations: |P_{m,1}(ξ, y)| ≤ M ∫_{− ln |y|} 0 t^{−1/2}e^{−kt} ∫_∞ 0 exp [ − √ kη 2 − (ξ − η)^2 4t ] dηdt + +M ∫_{− ln |y|} 0 t^{−1/2}e^{−kt} ∫_∞ 0 exp [ − √ kη 2 − (ξ + η)^2 4t ] dηdt = A + B. Simple transformations result in A ≤ M e^− √_{kξ/2} ∫_{− ln |y|} 0 t^{−1/2}e^{−3kt/4}dt ∫_∞ σ_8 e^{−z2} dz ≤ M e^− √_{kξ/2} , B ≤ M ∫_{− ln |y|} 0 exp [ − ξ^2 4t − kt ] dt ≤ ≤ M ∫_{σ9} 0 exp ( − ξ^2 4t ) dt + M ∫_∞ σ_9 exp (−kt)dt ≤ ≤ M ∫_∞ √_{kξ/2} ξ^2 4z^2 e^{−z} dz + M e^− √_{kξ/2} ≤ M e^− √_{kξ/2} , σ_8 = ( √ kt − ξ)/(2 √ t), σ_9 = ξ/(2 √ k). Thus, |P_m(ξ, y)| ≤ M e^− √_{kξ/2} . If we take into consideration the circumstance that for 2m ≤ N − 3 the functions P_{m,1}(ξ, y) and their derivatives up to the third order vanish for y = ±1, then we will see that estimates of the derivatives with respect to the variable y are of the form (28), and therefore for these derivatives the estimates of the same type are valid, if only we replace the constant k by the constants k_1, k_2, k_3 when differentiating with respect to y one, two or three times, respectively.

The functions ∂P_{m,1}(ξ, y)/∂ξ, ∂^2P_{m,1}(ξ, y)/∂ξ∂y, ∂^3P_{m,1}(ξ, y)/∂ξ∂^2y. can be estimated analogously.

Error estimation for the above-constructed asymptotic representation can be performed exactly in the same manner as it was done in the aforegoing case. Therefore the following theorem is valid.

Theorem 2. Let a(x, y) ≡ −yb(x), where b(x) is an infinitely differentiable positive for x ∈ [0, 1] function, k > N max_{x∈[0,1]} b(x), where N is a natural

number, and the function f(x, y) and its derivatives up to order N vanish at the angular points of the domain D. Then for the asymptotic representation of the type (4) the estimate ‖u(x, y) − u^{(N)}(x, y)‖_C1 ≤ M ϵ^{2N} (33) for v_{2m} ≡ w_m ≡ Q_m ≡ 0, 2m ≤ N − 3 is valid.

We can make similar constructions for the cases a(x, y) ≡ y^2b(x), a(x, y) ≡ −y^2b(x),, where the function b(x) possesses the above-mentioned properties. Moreover, we can construct asymptotic representations for an arbitrary number N , if the function f(x, y) and its derivatives up to order N + 3 vanish at the points (0, −1), (1, −1), when a(x, y) ≡ y^2b(x), and at the points (0, 1), (1, 1), when a(x, y) ≡ −y^2b(x). One can also write out a kind of asymptotic representation in the neighborhood of either of the portions of the boundary of the rectangle D, taking into account the sign of the function a(x, y) by analogy with the above considered cases. Estimate of the closeness of the asymptotic representation to the exact solution under the above-mentioned assumptions has the type (33).

6. The problem (1) can be considered analogously in the case where the function a(x, y) vainshes on the lines y_i = ϕ_i(x), i = 1, 2, . . . , m, 0 < |ϕ_i(x)| < 1 for x ∈ [0, 1]. The lines y_i = ϕ_i(x) may intersect at the points of the interval (0, 1). Note that all the constructions in that case maintain the same singularities as in the above-considered cases; a type of asymptotic representation in the neighborhood of either lines y = −1, y = 1 depends on the sign of the coefficient a(x, y) in the neighborhood of the corresponding line. Just in the same way one can consider the case where the function a(x, y) vanishes, for example, for y = 1. Note that the construction of an asymptotic representation of order N does not differ from that in the cases where the function f(x, y) and all its derivatives up to order N + 3 vanish for y = 1.

2.3. Boundary Value Problems for Equations of Elliptic-Parabolic Type

In this section we construct asymptotic expansions of solutions of boundary value problems which are connected with elliptic-parabolic equations. Problems of similar type can arise in the cases where stationary processes of heat conductivity are described mathematically.

1. Let D be a rectangle {(x, z) | 0 < x < 1, Z_1 < z < Z_2}, D_1 = D ∩ {z < 0}, D_2 = D ∩ {z > 0}. Consider the boundary value problem

ϵ^2Δu − k^2(x, z)u = −f_1(x, z), (x, z) ∈ D_1, (1)

ϵ^2

∂^2u ∂x^2 − ϵ^α ∂u ∂z − b^2(v, z)u = −f_2(x, z), (x, z) ∈ D_2, (2) u(0, z) = ϕ_0(z), u(1, z) = ϕ_1(z), z ∈ [Z_1, Z_2], (3) u(x, Z_1) = ψ(x), x ∈ [0, 1]. (4)

Here α is a nonnegative integer, the coefficients and right-hand sides of the equations (1), (2) as well as boundary functions in the relations (1), (2) are infinitely differentiable functions which are bounded along with their derivatives everywhere in the closure of the corresponding domains of definition, k(x, z) ≥ k > 0, b(x, z) ≥ b > 0, ϕ_1(0) = ψ(0), ϕ_2(0) = ψ(1).

By a solution of the problem (1)–(2) will be meant a function u(x, z) such that

u(x, z) ∈ C(D) ∩ C^1(D) ∩ C^2(D_1 ∪ D_2),

satisfies in the domains D_1 and D_2 the equations (1), (2), respectively, while on the lateral and lower faces of the rectangle D it satisfies the conditions (3)–(4). The existence of a solution of the problem (1)–(4) follows from the results presented in the monograph [22].

2. Let α = 2. An asymptotic representation of the solution of the problem (1)–(4) will be sought in the form

U^{(N)}(x, z, ϵ) = N∑ m=0 ϵ^m [ u_m(x, z) + v_m ( x, z ϵ ) + r_m ( x ϵ , z ) + +w_m ( x, Z_1 − z ϵ ) + q_m ( 1 − x ϵ , z ) + P_m ( x ϵ , z ϵ ) + R_m (x ϵ , Z_1 − z ϵ ) + +Q_m (1 − x ϵ , z ϵ ) + S_m (1 − x ϵ , Z_1 − z ϵ )] , (x, z) ∈ D_1, (5) U^{(N)}(x, z, ϵ) = N∑ m=0 [ ũ_m(x, z) + ṽ_m ( x, z ϵ^2 ) + r̃_m ( x ϵ , z ) + +q̃_m ( 1 − x ϵ , z ) + P̃_m ( 1 − x ϵ , z ϵ^2 ) + Q̃_m ( 1 − x ϵ , z ϵ^2 )] , (x, z) ∈ D_2. (6)

As throughout before, it will be assumed that if at least one of the arguments of an arbitrary function takes unbounded values as ϵ → 0, then that function is of a boundary layer character as a small parameter tends to zero.

Using a customary procedure, we can write out problems which later will be applied for determining successively the coefficients of the representations (5) and (6); note that the functions with negative indices will be assumed to be identically equal to zero. By Δ_{r,s} we denote the Laplace operator with independent variables r, s. u_m(x, z) = δ_{0,m}f_1(x, z)/k^2(x, z) + [k(x, z)]^{−2}Δ_{x,z}u_{m−2}, (7) ũ_m(x, z) = δ_{0,m} f_2(x, z) b^2(x, z) + 1 b^2(x, z) [ ∂^2ũ_{m−2}(x, z) ∂x^2 − ∂ũ_{m−2}(x, z) ∂z ] ; ∂^2r_m(ξ, z) ∂ξ^2 − k^2(0, z)r_m(ξ, z) = m∑ i=1 k_{i,0}ξ^ir_{m−i}(ξ, z) − ∂^2r_{m−2}(ξ, z) ∂z^2 , (8)

r_m(0, z) = δ_{0,m}ϕ_0(z) − u_m(0, z), (9) ∂^2r̃_m(ξ, z) ∂ξ^2 − b^2(0, z)r̃_m(ξ, z) = m∑ i=1 b_{i,0}ξ^ir̃_{m−i}(ξ, z) + ∂r̃_{m−2}(ξ, z) ∂z , (10)

r̃_m(0, z) = δ_{0,m}ϕ_0(z) − ũ_m(0, z). (11)

Here k_{i,0}, b_{i,0} are the coefficients of the expansions of the functions k^2(x, z), b^2(x, z) in powers of the variable x in the neighborhood of the point x = 0; v^{′′}_{mττ} (x, τ )−k^2(x, z)v_m(x, τ ) = m∑ i=1 k_{0,i}(x)τ^iv_{m−i}(x, τ )− ∂^2v_{m−2}(x, τ ) ∂x^2 , (12)

ṽ^′_{mρ}(x, ρ) + b^2(x, 0)ṽ_m(x, ρ) = − [m/2]∑

i=1 b_{0,i}(x)ρ^iṽ_{m−2i}(x, ρ) + ∂^2ṽ_{m−2}(x, ρ) ∂x^2 , ∂ṽ_0(x, 0) ∂ρ = 0,

∂ṽ_1(x, 0) ∂ρ = ∂v_0(x, 0) ∂τ , ∂ṽ_m(x, 0) ∂ρ = ∂v_{m−1}(x, 0) ∂τ + ∂u_{m−2}(x, 0) ∂z − ∂ũ_{m−2}(x, 0) ∂x , m ≥ 2, (13)

v_m(x, 0) = ṽ_m(x, 0) + ũ_m(x, 0) − u_m(x, 0), (14)

where k_{0,i}(x), b_{0,i}(x) are the coefficients of the expansions of the functions k^2(x, z), b^2(x, z) in powers of the variable z in the neighborhood of the point z = 0;

Δ_{ξτ} P_m − k^2(0, 0)P_m(ξ, τ ) = m∑ i+j=1 k_{i,j}ξ^iτ^jP_{m−i−j}(ξ, τ ), (15) ∂^2P̃_m ∂ξ^2 − ∂P̃_m ∂ρ − b^2(0, 0)P̃_m = m∑ i+2j=1 b_{i,j}ξ^iρ^jP̃_{m−i−2j}(ξ, ρ), (16) P_m(0, τ ) = −v_m(0, τ ), P̃_m(0, ρ) = −ṽ_m(0, ρ), P_m(ξ, 0) − P̃_m(ξ, 0) = r̃_m(ξ, 0) − r_m(ξ, 0), ∂P̃_0(ξ, 0) ∂ρ = 0,

∂P̃_1(ξ, 0) ∂ρ = ∂P_0(ξ, 0) ∂τ ,

∂P̃_m(ξ, 0) ∂ρ = ∂P_{m−1}(ξ, 0) ∂τ + ∂r_{m−2}(ξ, 0) ∂z − ∂r̃_{m−2}(ξ, 0) ∂z ; here k_{i,j}, b_{i,j} are the coefficients of the expansions of the functions k^2(x, z), b^2(x, z) in powers of the variables x, z;

∂^2w_m ∂ω^2 − k^2(x, Z_1)w_m = m∑ i=1 k_i(x)ω^iw_{m−i}(x, ω) − ∂^2w_{m−2}(x, ω) ∂x^2 , w_m(x, 0) = −u_m(x, Z_1) + δ_{0,m}ψ(x),

Δ_{ξω}R_m − k^2(0, Z_1)R_m = m∑ i+j=1 k^0_{i,j}ω^iξ^j R_{m−i−j}(ξ, ω), R_m(0, ω) = −w_m(0, ω), R_m(ξ, 0) = −r_m(ξ, Z_1);

in these equalities by k_i(x), k^0_{i,j} we have denoted the coefficients of the expansions of the functions k^2(x, z) in the neighborhood of the straight line z = Z_1 and of the point (0, Z_1), respectively.

It is evident that the problems for determining the remaining coefficients of the expansions (5) and (6) are similar to those written out by us above.

3. As is easily seen, the functions r_m(ξ, z), r̃_m(ξ, z) exist, are infinitely differentiable with respect to either variable and tend exponentially to zero, as the corresponding independent variable tends in its absolute value to infinity. To clarify the properties of the function R_m(ξ, ω), it should be noted that the conditions for continuity of boundary and initial values of these functions are fulfilled at the angular point of the boundary of the domain of definition. Therefore the estimates obtained in the second section of Chapter II for the function R_m(ξ, ω) are valid: |R_m(ξ, ω)| + | | | ∂R_m(ξ, ω) ∂ξ | | | + | | | ∂R_m(ξ, ω) ∂ω | | | ≤ M exp[−αm(ξ + ω)], where α_m is a positive constant.

Let us pass to the problems which determine the functions P_m(ξ, τ ), P̃_m(ξ, ρ). Obviously, P̃_0(ξ, ρ) ≡ 0. The function P_0(ξ, τ ) is a solution of the problem

Δ_{ξτ} P_0 − k^2_0P_0 = 0, P_0(0, τ ) = −v_0(0, τ ) ≡ [u_0(0, 0) − ũ_0(0, 0)]e^{−k0ξ}, P_0(ξ, 0) = [ϕ_0(0) − ũ_0(0, 0)]e^{−b0ξ} − [ϕ_0(0) − u_0(0, 0)]e^{−k0ξ},

k_0 = k(0, 0), b_0 = b(0, 0). As is known, a solution of that problem exists, and since the values of the boundary functions at the angular points of the boundary are compatible, there take place the following estimates: ‖P_0(ξ, τ )‖_C1 ≤ M exp[−α(ξ + τ )],

(α_0 ≤ k_0/ √ 2 is a positive constant). Without restriction of generality we may assume that α_0 ≤ b_0. Consequently, the function P̃_1(ξ, ρ) is found in terms of the solution of the problem

∂^2P̃_1(ξ, ρ) ∂ξ^2 − ∂P̃_1(ξ, ρ) ∂ρ − b_0P̃_1(ξ, ρ) = 0,

P̃_1(0, ρ) = k^0 b^2_0

[u_0(0, 0) − ũ(0, 0)]e^{−b20ρ},

∂P̃_1(ξ, 0) ∂ρ = ∂P_0(ξ, 0) ∂τ . To solve the problem, we introduce into consideration the function P_1 = P̃ ′_{1ρ}eb^20ρ. The function P_1(ξ, ρ) satisfies the equation

∂^2P_1(ξ, ρ) ∂ξ^2 − ∂P_1(ξ, ρ) ∂ρ = 0 as well as the additional conditions

P_1(0, ρ) = k_0[ũ_0(0, 0) − u_0(0, 0)], P_1(ξ, 0) =

∂P_0(ξ, 0) ∂τ . Hence the function P_1(ξ, ρ) can be written out as follows:

P_1(ξ, ρ) = 1 2 √ π ∫_ρ 0 k_0[ũ_0(0, 0) − u_0(0, 0)] ξ (ρ − σ)^{3/2} exp [ − ξ^2 4(ρ − σ) ] dσ + + 1 2 √ πρ ∫_∞ 0 ∂P_0(η, 0) ∂τ exp [ − (ξ − η)^2 4ρ ] dη − − 1 2 √ πρ ∫_∞ 0 ∂P_0(η, 0) ∂τ exp [ − (ξ + η)^2 4ρ ] dη = I_1 + I_2 − I_3.

First let us estimate each of summands on the right-hand side of the last equality. We have

|I_1| = 2 k_0|ũ_0(0, 0) − u_0(0, 0)| √ π ∫_∞ ζ_1 ξ 2 √ ρ e^{−σ2} dσ ≤ M exp [ − ξ^2 4ρ ] , where ζ_1 = ξ/(2 √ ρ). Taking into account the estimates for the functions P_0(ξ, τ ), we obtain

|I_2(ξ, ρ)| ≤ M exp [−α_0ξ + α^2_0ρ] ∫_∞ γ_1 e^{−η2} dη, γ_1 = −ξ/(2 √ ρ) + α_0 √ ρ. If ξ ≤ 2α_0ρ, then |I_2(ξ, ρ)| ≤ M exp[−ξ^2/(4ρ)].

If, however, ξ > 2α_0ρ, then |I_2(ξ, ρ)| ≤ M exp (−α_0ξ + α^2_0ρ). The integral I_3(ξ, ρ) can be estimated analogously:

|I_3(ξ, ρ)| ≤ M exp ()α_0ξ + α^2_0ρ) ∫_∞ γ_2

exp (−σ^2)dσ ≤ M exp [−ξ^2/(4ρ)], where γ_2 = ξ/(2 √ ρ) + α_0 √ ρ, Thus we are able to get for the function P̃^′_{1ρ}(ξ, ρ) the following estimate:

|P̃^′_{1ρ}(ξ, ρ)| ≤ M exp[−b_0ρ − ξ^2/(4ρ)] + M exp[−α_0ξ − (b^2_0 − α^2_0)ρ].

Since ξ ≥ 0, ρ ≥ 0 b^2_0ρ + ξ^2/(4ρ) ≥ α_0ξ + (b^2_0 − α^2_0)ρ, the estimate

|P̃^′_{1ρ}(ξ, ρ)| ≤ M exp[−α_0ξ − (b^2_0 − α^2_0)ρ]

holds, and thus there exists a constant α_1 > 0 such that the inequality |P̃^′_{1ρ}(ξ, ρ)| ≤ M exp [−α_1(ξ + ρ)] is valid. By virtue of that inequality, |P̃_1(ξ, ρ)| ≤ M exp [−α_1(ξ + ρ)]. Using the equation (16), we can get for the derivative of the function P̃_1(ξ, ρ) with respect to the variable ξ the inequality | | ∂P̃_1(η, ρ) ∂ξ | | ≤ ∫_∞ ξ | | ∂^2P̃_1(η, ρ) ∂η^2 | |dη ≤ M exp [−α1(ξ + ρ)]. It is readily seen that for m > 1 the estimates of similar type can be obtained for the functions P_m(ξ, τ ), P̃_m(ξ, ρ) under a suitable choice of the constants α_m.

Theorem 1. For the asymptotic representation (5), (6) of a solution of the problem (1)–(4) in case α = 2 the estimate ‖u(x, z, ϵ) − U^{(N)}(x, z, ϵ)‖_C1 ≤ M ϵ^{N−1} is valid, where the constant M does not depend on ϵ.

Proof. The function U^{(N)}(x, z, ϵ) is, generally speaking, not continuous at the points of the straight line z = 0. It is not difficult to see that the relations u_N (x, ϵ) ≡ U^{(N)}(x, +0, ϵ) − U^{(N)}(x, −0, ϵ) = O(ϵ^{N+1}), u_{N,z} (x, ϵ) ≡ ∂U^{(N)}(x, +0, ϵ) ∂z − ∂U^{(N)}(x, −0, ϵ) ∂z = O(ϵ^{N−1})

hold. Introduce the function ω_N (x, z, ϵ) = U^{(N)}(x, z, ϵ) − θ(z)[u_N (x, ϵ) + zu_{N,z} (x, ϵ)], where θ(z) is the Heaviside’s function, equal to zero for z < 0 and to 1 for z ≥ 0. Suppose G_N (x, z, ϵ) = u(x, z) − ω_N (x, z, ϵ). Obviously, the function G_N (x, z, ϵ) is continuous and continuously differentiable everywhere in the rectangle D. Making use of the maximum principle, without any difficulty we can prove the assertion of the theorem.

4. Consider now the problem (1)–(4) for α = 0. In this case the functions ϕ_0(z), ϕ_1(z) will be assumed to be identically equal to zero, and the righthand sides of the equations (1), (2) to vanish along with their derivatives of high enough order at the points (0, 0) and (1, 0).

As an asymptotic representation, u^{(N)}(x, z, ϵ) will be sought in the form (5) for the rectangle D_1 and in the form (6) for the rectangle D_2; however, the functions ṽ_m(x, ρ), P̃_m(x, ρ), Q̃_m(x, ρ) in the rectangle D_2 will be assumed to be identically equal to zero. The remaining functions are defined and estimated similarly to what we have done above. Therefore there takes place the following assertion.

Theorem 2. For the asymptotic representation (5), (6) of the solution of the problem (1)–(4) the function ṽ_m(x, ρ), P̃_m(ξ, ρ), Q̃_m(η, ρ) for α = 0 is identically equal to zero. Under these conditions, for that asymptotic representation the inequality ‖u(x, z, ϵ) − u^{(N)}(x, z, ϵ)‖_C1 ≤ M ϵ^{N−1} is fulfilled, where the constant M does not depend on ϵ.

The proof of the theorem is analogous to that of Theorem 1. Note that if the additional conditions imposed on the boundary functions and on the right-hand sides of the equations (1), (2) are not fulfilled, then the boundary layer components of the asymptotic representation of the solution of the problem under consideration do not possess the character we have supposed by the construction (5), (6). In this case it is necessary to complement the asymptotic representation with functions describing the behavior of the solution in the neighborhood of the points (0, 0), (1, 0) for z < 0. It should be noted that to construct an asymptotic expansion of a solution of the problem it is necessary to apply the method of matching asymptotic expansions [31].

5. Consider the problem (1)–(4) for α = 1. An asymptotic representation of the solution of the problem under consideration will be sought in the form (5) for the domain D_1 and in the form

u^{(N)}(x, z, ϵ) = N∑ m=0 [ u_m(x, z) + ṽ_m ( x, z ϵ ) + r̃_m ( x ϵ ) + +q̃_m (1 − x ϵ , z ) + P̃_m ( x ϵ , z ϵ ) + Q̃_m ( 1 − x ϵ , z ϵ )] (17)

for the domain D_2.

Not dwelling on the description of the problems which determine the func- tions u_m(x, z), ũ_m(x, z), r_m(ξ, z), v_m(x, τ ), ṽ_m(x, τ ), w_m(x, ν), q_m(η, z), q̃_m(η, z), R_m(ξ, ν), Q_m(η, τ ), Q̃_m(η, τ ), S_m(η, ν), we pass to the problems specifying the functions P_m(ξ, τ ), P̃_m(ξ, τ ). These functions satisfy the equations

Δ_{ξτ} P_m − k^2_0P_m = m∑ i+j=1 k_{i,j}ξ^iτ^jP_{m−i−j}(ξ, τ ), (18) ∂^2P̃_m ∂ξ^2 − P̃_m ∂τ − b^2_0P̃_m = m∑ i+j=1 b_{i,j}ξ^iτ^jP̃_{m−i−j}(ξ, τ ) (19) and also the additional conditions P_m(0, τ ) = −v_m(0, τ ), P̃_m(0, τ ) = −ṽ_m(0, τ ), P_m(ξ, 0) − P̃_m(ξ, 0) = r̃_m(ξ, 0) − r_m(ξ, 0),

(20) ∂P_m(ξ, 0) ∂τ − ∂P̃_m(ξ, 0) ∂τ = ∂r̃_m(ξ, 0) ∂z − ∂r_m(ξ, 0) ∂z . (21)

Let us show that the functions P_m(ξ, τ ), P̃_m(ξ, τ ) exist and are the boundary layer functions with respect to a collection of variables. For m = 0 we have

∂^2P_0 ∂ξ^2 + ∂^2P_0 ∂τ^2 − k^2_0P_0 = 0, τ < 0, ξ > 0, (22)

∂^2P̃_0 ∂ξ^2 − ∂P̃_0 ∂τ − b^2_0P̃_0 = 0, τ > 0, ξ > 0,

P_0(ξ, 0) − P̃_0(ξ, 0) = r̃_0(ξ, 0) − r_0(ξ, 0),

∂P_0(ξ, 0) ∂τ = ∂P̃_0 ∂τ , (23)

P_0(0, τ ) = −v_0(0, τ ), P̃_0(0, τ ) = −ṽ_0(0, τ ). (24)

Note that the equality ṽ_0(0, 0) − v_0(0, 0) = r̃_0(0, 0) − r_0(0, 0) is fulfilled at the origin of coordinates of the plane of the variables ξ, τ . To solve the obtained problem, we will apply the Fourier sine-transformation of the functions P_0(ξ, τ ), P̃_0(ξ, τ ) with respect to the variable ξ. For the images P_{0,F} (t, τ ), P̃_{0,F} (t, τ ) we obtain the following system of equations:

∂^2P_{0,F} (t, τ ) ∂τ^2 − (k^2_0 + t^2)P_{0,F} (t, τ ) = √ 2 π tb^2_0 u_0(0, 0) − ũ_0(0, 0) k_0 + b^2_0 e^{k0τ} , (25) ∂P̃_{0,F} (t, τ ) ∂τ + (b^2_0 + t^2)P̃_{0,F} (t, τ ) = √ 2 π tk_0 u_0(0, 0) − ũ_0(0, 0) k_0 + b^2_0 e^{−b20τ} ,(26)

and also the additional conditions

P_{0,F} (t, 0) − P̃_{0,F} (t, 0) = [ϕ_0(0) − ũ_0(0, 0)] √ 2 π t b^2_0 + t^2 − −[ϕ_0(0) − u_0(0, 0)] √ 2 π t k^2_0 + t^2

, (27) ∂P_{0,F} (t, 0) ∂τ = ∂P̃_{0,F} (t, 0) ∂τ . (28)

As is easily seen,the problem (25)–(28) has a unique solution vanishing as |τ | → ∞. Moreover, one can apply to that solution, as a function of the parameter t, the Fourier sine-transformation, and its image is a continuous function which tends to zero as ξ → ∞. Consequently, we can write out a solution of either of the equations (22), and for these solutions the estimates

‖P_0(ξ, τ )‖_C1 + ‖P̃_0(ξ, τ )‖_C1 ≤ M exp [−α_0(ξ + |τ |)]

will be valid; here α_0 is a positive constant which can be defined with the help of the constants k_0 and b_0.

The problems (18)–(21) for m ≥ 1 can be considered analogously. Moreover, the same kind estimates as for m = 0 will be valid for solutions of these problems.

Theorem 3. For the asymptotic representation (5), (7) of the solution of the problem (1)–(4) for α = 1 the estimate ‖u(x, z, ϵ) − u^{(N)}(x, z, ϵ)‖ ≤ M ϵ^{N−1}, where the constant M does not depend on ϵ, is valid.

Remark 1. Having introduced into consideration the function μ(ξ) = ∂P_0(ξ, 0)/∂τ , we can write the solution of the problem (22)–(24) for the domains {ξ > 0, τ > 0} and {ξ > 0, τ < 0} separately by means of the corresponding Green’s functions and then obtain a singular integral equation with respect to the function μ(ξ): ∫_∞ 0 μ(η) {[K_0(k_0|ξ − η|) − K_0(k_0|ξ + η|)] − π [exp (−b_0|ξ − η|)− − exp (−b_0|ξ + η|)]} dη = A exp (−b_0ξ) + B exp (−k_0ξ) − −2 ∫_0 −∞ v_0(λ)K_1 ( k_0 √ ξ^2 + λ^2 ) λ √ ξ^2 + λ^2 dλ, where K_0(t), K_1(t) are the McDonald’s functions, and A, B are some constants. Following V. A. Fok (see [2]), the above-given integral equation can be solved by the Fourier transformation. Integral equations connected with solutions of the problems (18)–(21) for m > 0 are solved in a similar manner.

6. Consider in the rectangle D the boundary value problem ϵ^2Δu + a(x, z) ∂u ∂z − k^2(x, z)u = −f_1(x, z), (x, z) ∈ D_1, (29) ϵ^2

∂^2u ∂x^2 − c(x, z) ∂u ∂z − b^2(x, z)u = −f_2(x, z), (x, z) ∈ D_2, (30) with homogeneous boundary conditions (3) and (4). It will be assumed that the coefficients k(x, z), b(x, z) and the functions f_1(x, z), f_2(x, z) satisfy the above-formulated requirements, and also that the functions a(x, z), c(x, z) are infinitely differentiable and positive in the closure of the corresponding domains of definition. Moreover, it will be supposed that the functions f_1(x, z), f_2(x, z) along with their partial derivatives of high enough order vanish at the points (0, 0) and (1, 0); as it will follow from our further considerations, these conditions are necessary for the boundedness of the coefficients of asymptotic (for the chosen collection of asymptotic sequences) representation of the solution of the problem under consideration.

As asymptotic representation of a solution of the problem (29), (30) will be sought in the form u^{(N)}(x, z, ϵ) = N∑ m=0 ϵ^m [ u_m(x, z) + r_m ( x ϵ , z ) + s_m (1 − x ϵ , z ) + +v_m ( x, Z_1 − z ϵ^2 ) + w_m (x ϵ , Z_1 − z

ϵ^2 ) + R_m ( x ϵ^2 , Z_1 − z ϵ^2 ) + +Q_m ( 1 − x ϵ , Z_1 − z

ϵ^2 ) + S_m (1 − x ϵ^2 , Z_1 − z ϵ^2 )] , (x, z) ∈ D_1, (31) u^{(N)}(x, z, ϵ) = N∑ m=0 [ ũ_m(x, z)+r̃_m ( x ϵ , z ) +s̃_m ( 1−x ϵ , z )] , (x, z) ∈ D_2. (32)

The functions u_m(x, z) and ũ_m(x, z) can be found in a standard way. It can be easily seen that problems for determining these functions are solvable in a class of sufficiently smooth functions; note that under the above-formulated requirements imposed on the functions f_1(x, z), f_2(x, z), the functions u_m(x, z), ũ_m(x, z) and their partial derivatives of high enough order vanish at the points (0, 0), (0, 1).

The functions r_m(ξ, z) and r̃_m(ξ, z) are needed for the boundary condition to be fulfilled at x = 0, and also for preserving the continuity of the asymptotic representation and its derivative with respect to the variable z at z = 0; these functions must satisfy the following relations:

∂^2r_m ∂ξ^2 + a(0, z) ∂r_m ∂z − k^2(0, z)r_m = ∂^2r_{m−2} ∂z^2 − − m∑ i=1 a_{i,0}(z)ξ^i ∂r_{m−i}(ξ, z) ∂z + m∑ i=1 k_{i,0}(z)ξ^ir_{m−i}(ξ, z), z < 0, (33) ∂^2r̃_m ∂ξ^2 − c(0, z) ∂r̃_m ∂z − b^2(0, z)r̃_m = = m∑ i=1 c_{i,0}(z)ξ^i ∂r̃_{m−i}(ξ, z) ∂z + m∑ i=1 b_{i,0}(z)ξ^ir̃_{m−i}(ξ, z), (34) r_m(ξ, 0) = r̃_m(ξ, 0), ∂r_m(ξ, 0) ∂z = ∂r̃_m(ξ, 0) ∂z , (35)

r_m(0, z) = −u_m(0, z), r̃_m(0, z) = −ũ_m(0, z). (36)

Let us introduce the notation r_m(ξ, 0) = r^0_m(ξ). As it follows from the relations (33)–(36), the function r^0_m(ξ) satisfies the relation [ 1 a(0, 0) + 1 c(0, 0) ] (r^0_m)^{′′} − [k2(0, 0) a(0, 0) + b^2(0, 0) c(0, 0) ] r^0_m = θ_m(ξ) (37)

for some function θ_m(ξ) defined both by the right-hand sides of the equations (33), (34) for z = 0 and by the initial condition r^0_m(0) = −u_m(0, 0). Obviously, the equation (37) under that condition has a unique solution which vanishes as ξ → ∞. Having found the function r^0_m(ξ), we can write out the corresponding solutions of the equations (33), (34).

We will now proceed to investigating properties of the problems under consideration. It can be easily seen that solutions of the problems (33)– (36) exist, tend exponentially to zero as ξ → ∞ and possess bounded derivatives of the first order which tend exponentially to zero as ξ → ∞. Moreover, by virtue of restrictions imposed on the functions f_1(x, z), f_2(x, z) and owing to the properties of the functions u_m(x, z) and ũ_m(x, z), the function r_m(ξ, z) possesses bounded derivatives up to some order which tend to zero as ξ → 0. The conclusions made earlier for the functions r̃_m(ξ, z) hold true for the functions m ≥ 0 as well.

Thus we can reckon that for the functions r_m(ξ, z), r̃_m(ξ, z) in the closure of the corresponding domains of definition the estimates ‖r_m(ξ, z)‖_C1 + ‖r̃_m(ξ, z)‖_C1 ≤ M exp (−α_mξ), are fulfilled, where α_m, m = 0, 1, . . . are some positive constants.

Remark 2. It is easy to see that to construct the coefficients r_m(ξ, z), r̃_m(ξ, z) of the asymptotic representation (31), (32),with bounded first and second order derivatives, it is sufficient that the functions f_1(x, z), f_2(x, z) and their derivatives up to the order N + 2 inclusive vanish at the points (0, 0), (0, 1).

The definition and investigation of properties of the functions v_m(x, ν), w_m(ξ, ν) and R_m(ζ, ν) do not cause difficulties, and therefore without any trouble we can prove the following assertion.

Theorem 4. For the asymptotic representation (31), (32) of the solution of the problem (29), (30), (3), (4) there takes place the estimate ‖u(x, z, ϵ) − u^{(N)}(x, z, ϵ)‖_C1 ≤ M ϵ^{N−1}, where the constant M does not depend on ϵ.

Solution of the equations (29), (30) for the case a(x, z) < 0 can be studied in a similar way. It should be noted that the functions u_m(x, z) satisfy the initial conditions for z = Z_1, and therefore v_m(x, z) ≡ 0. An algorithm for constructing an asymptotic representation of the solution of the problem under investigation consists of successive fulfilment of the following steps: first we introduce into consideration the functions h_m(x, z/ϵ^2) which would guarantee the fulfilment of the condition (4); then, to fulfil the condition (3), we define the functions ũ(x, z) by means of the initial conditions prescribed for z = 0. Since all the estimates taking place in the case a(x, z) > 0 hold true, there also takes place the assertion similar to that of Theorem 4.

7. Consider, finally, the problem ϵ^2Δu − μa(x, z) ∂u ∂z − k^2(x, z)u = −f_1(x, z), (x, z) ∈ D_1, (38) ϵ^2

∂^2u ∂x^2 − ϵ^αc(x, z) ∂u ∂z − b^2(x, z)u = −f_2(x, z), (x, z) ∈ D_2, (39) under the boundary conditions (3), (4). Here μ > 0 is an independent small parameter, and a(x, z) > 0, c(x, z) > 0, α is a positive constant. The type of an asymptotic representation of the solution of the given problem depends essentially on the ratio of small parameters μ and ϵ. According to what has been said as well as depending on the value of the parameter α, the questions of solvability of the problems which specify the coefficients of asymptotic representations are reduced either to the question of solvability of a certain singular integral equation, or to a series of breaking up problems for one of the three types of differential equations – ordinary, elliptic or parabolic. Because of a large number of possible cases we will not describe in detail the process of constructing an asymptotic approximation of a solution for each case separately, but only indicate typical peculiarities which arise in the course of constructing.

When constructing asymptotic expansions it is convenient to introduce one more parameter δ = δ(ϵ, μ) and then construct the expansion with respect to three small parameters.

Let first 0 < μ ≪ ϵ ≪ 1. An asymptotic representation of the solution for (x, z) ∈ D_1 will be sought in the form

u^{(N)}(x, z, μ, ϵ, δ) = N∑ i,j,m=0 (μ ϵ )_i ϵ^jδ^m [ u_{i,j,m}(x, z) + r_{i,j,m} (x ϵ , z ) + +v_{i,j,m} ( x, z ϵ ) + w_{i,j,m} ( x, Z_1 − z ϵ ) + q_{i,j,m} ( 1 − x ϵ , z ) + +P_{i,j,m,} (x ϵ , z ϵ ) + Q_{i,j,m} (1−x ϵ , z ϵ ) +R_{i,j,m} ( x ϵ , Z_1 −z ϵ ) + +S_{i,j,m} ( 1−x ϵ , Z_1 −z ϵ )] , (x, z) ∈ D_1, (40) u^{(N)}(x, z, μ, ϵ, δ) = N∑ i,j,m=0 (μ ϵ )_i ϵ^jδ^m [ ũ_{i,j,m}(x, z) + r̃_{i,j,m} (x ϵ , z ) + +ṽ_{i,j,m} ( x, z ϵ^α ) +q̃_{i,j,m} ( 1 − x ϵ , z ) + P̃_{i,j,m} ( x ϵ , z ϵ^α ) + +Q̃_{i,j,m} ( 1 − x ϵ , z ϵ^α )] , (x, z) ∈ D_2. (41)

If α = 1, then δ = ϵ. For all functions appearing in the representation (40), (41), except the functions P_{i,j,m}(ξ, τ ), P̃_{i,j,m}(η, τ ) and Q_{i,j,m}(η, τ ), Q̃_{i,j,m}(η, τ ), we obtain a series of breaking up problems (i.e., a family of problems whose solutions at every step of constructing depend only on those coefficients of the asymtotic representation which by that moment have already been defined). Problems of each series are similar to the aboveconsidered ones, and therefore it is not difficult to determine conditions for their solvability and to investigate properties of the corresponding coefficients of the asymptotic representation.

In constructing the functions P_{i,j,m}(ξ, τ ) and P̃_{i,j,m}(ξ, τ ) either the use can be made of the Fourier sine-transformation, or one can obtain for the values of the derivative of one of these functions with respect to the variable τ for τ = 0 a singular integral equation of the type indicated in Remark 1. Consequently, as is quoted in subsection 5 of the present section, using the Fourier transformation, we can find the functions P_{i,j,m}(ξ, τ ), P̃_{i,j,m}(ξ, τ ) for any values of the indices . The functions Q_{i,j,m}(η, τ ), Q̃_{i,j,m}(η, τ ) can be determined in a similar manner.

If α = 0, then δ = ϵ. In the representation (40), (41) we have ṽ_{i,j,m}(x, τ ) ≡ 0, and the continuity of the asymptotic representation for z = 0 is achieved by the choice of initial conditions for first order ordinary differential equations determining the functions ũ_{i,j,m}(x, z). The functions P_{i,j,m}(ξ, τ ) and Q_{i,j,m}(η, τ ) are constructed in terms of solutions of elliptic equations with constant coefficients and given boundary conditions of the second kind on the straight lines ξ = 0, τ = 0. Finally, the functions P̃_{i,j,m}(ξ, τ ) and Q̃_{i,j,m}(η, τ ) in the case under consideration are identically equal to zero for any set of indices i, j, m. If 0 < α < 1, then δ = ϵ^α, and for P_{i,j,m}(ξ, τ ), P̃_{i,j,m}(ξ, ρ), ρ = z/ϵ^α we easily obtain the problems where we first solve an elliptic equation with prescribed boundary condition of second kind for τ = 0 and then we seek for the solution of a parabolic equation with the given initial condition for ρ = 0. The problems determining the functions Q_{i,j,m}(ξ, τ ), Q̃_{i,j,m}(ξ, ρ) are considered analogously.

If α > 1, then in the representation (41) the functions ṽ_{i,j,m} depend on the arguments (x, z/ϵ), the functions P̃_{i,j,m} on the arguments (x/ϵ, z/ϵ) and the functions Q̃_{i,j,m} on the arguments ((1 − x)/ϵ, z/ϵ), δ = ϵ^{α−1}. Moreover, to determine the functions P_{i,j,m}(ξ, τ ) and P̃_{i,j,m}(ξ, τ ), we obtain the problems analogous to those which were applied for determination of similar functions in case α = 1.

Let now 0 < ϵ ≪ μ ≪ 1. The asymptotic representation is in this case of more complicated type which depends not only on the ratio of coefficients ϵ and μ, but also on the ratio of the parameters ϵ^α and μ. The asymptotic representation of the solution of the problem (38), (39), (3), (4) will be sought in the form

u^{(N)}(x, z, μ, ϵ, δ) = N∑ i,j,m=1 ( ϵ μ )_i μ^jδ^m [ u_{i,j,m}(x, z) + r_{i,j,m} (x ϵ , z ) + +v_{i,j,m} ( x, μz ϵ^2 ) + w_{i,j,m} ( x, Z_1 − z μ ) + q_{i,j,m} (1 − x ϵ , z ) + +P_{i,j,m} ( xμ ϵ^2 , zμ ϵ^2 ) + Q_{i,j,m} ( μ 1 − x ϵ^2 , zμ ϵ^2 ) + R_{i,j,m} ( x ϵ , Z_1 − z μ ) + +S_{i,j,m} ( 1 − x ϵ , Z_1 − z μ )] , (x, z) ∈ D_1, (42) u^{(N)}(x, z, μ, ϵ, δ) = N∑ i,j,m=1 ( ϵ μ )_i μ^jδ^m [ ũ_{i,j,m}(x, z) + r̃_{i,j,m} (x ϵ , z ) +

+ṽ_{i,j,m} ( x, z ϵ^α ) + q̃_{i,j,m} ( x ϵ , z ) + P̃_{i,j,m} ( x ϵ , z ϵ^α ) + H̃_{i,j,m} ( xμ ϵ^2 , zμ^2 ϵ^{α+2} ) + +Q̃_{i,j,m} ( 1 − x ϵ , z ϵ^α ) + S̃_{i,j,m} (xμ ϵ^2 , zμ^2 ep^{α+2} )] , (x, z) ∈ D_2. (43)

If α = 1, then δ = ϵ. For all the functions appearing in the representation (42), (43) we obtain a breaking up system of analogous problems which enable one to indicate without any additional complications the conditions for solvability of these problems and to investigate properties of the corresponding coefficients of the asymptotic representation. Moreover, it should be noted that for determination of the functions R_{i,j,m} and S_{i,j,m} we obtain parabolic equations whose boundedness and smoothness of solutions depend on the boundedness and smoothness of derivatives with respect to the time variable of the same functions with smaller indices. This means that the initial data of the problem which affect the boundedness and smoothness of the functions R_{i,j,m} and S_{i,j,m} must possess high enough degree of smoothness and compatibility (of initial and boundary functions, for example), and on that degree of smoothness and compatbility of the corresponding initial data depends the number of the terms of the asymptotic representation (42), (43) we are able to construct. It is not difficult to formulate the conditions imposed on the initial data of the problem, which enable one to construct the required number of coefficients of the asymptotic representation.

For the other values of the parameter α the situation is analogous. If α = 0, then δ = ϵ, ṽ_{i,j,m} ≡ P̃_{i,j,m} ≡ Q̃_{i,j,m} ≡ 0. For each unknown function we get the initial and boundary value problem with given initial and boundary conditions.

If 0 < α < 1, then δ = ϵ^α, and the type of the asymptotic representation depends on the ratio of the parameters μ and ϵ^α. If μ = O(ϵ^α), then the functions P_{i,j,m} and H̃_{i,j,m} are defined respectively from elliptic and parabolic equations, and they are continuous along with the first derivative with respect to the time variable on the common boundary of the two subdomains. If, however, the orders of smallness of μ and ϵ^α differ, then for the determination of the coefficients of the asymptotic representation we obtain a breaking up system of problems.

Finally, if α > 1, then δ = ϵ^{α−1}, and for the determination of the coefficients of the asymptotic representation we also obtain a breaking up system of problems.

Using the methods described in the present and the previous sections, we can prove the following assertion.

Theorem 5. To a solution of the problem (38), (39), (3), (4) one can construct an asymptotic representation in powers of the small parameters in the form (40), (41) or (42), (43); moreover, when additional conditions imposed on the initial data and guaranteeing the boundedness of the coefficients of the representation are fulfilled, then the estimate ‖u(x, z, μ, ϵ) − u^{(N)}(x, z, μ, ϵ, δ)‖_C1 ≤ M ( ϵ^{β(N)} + μ^{γ(N)} ) hold, where β(N ), γ(N ) are some constants increasing unboundedly as the number N increases.

The problems (38), (39), (3), (4) can be considered analogously for the case where the coefficient a(x, z) is negative for z ∈ [Z_1, 0].

Remark 3. For certain relations between the small parameters included in the problem for elliptico-parabolic equations as multipliers of derivatives, the functions a(x, z), c(x, z) may be assumed to vanish on some lines none of which intersect the straight lines z = 0, z = Z_1 (although the case of the coincidence of a line, at the points of which the coefficient vanishes, with the straight lines z = 0 or Z = Z_1 is quite possible). In such cases, for the coefficients of the asymptotic representation there arise, as a rule, problems analogous to those we have considered in the present section and in Section 2.

References

1. A. O. Abduvaliev, N. Kh. Rozov, and V. G. Sushko, Asymptotic representations of solutions of certain singularly perturbed boundary value problems. (Russian) Dokl. Akad. Nauk SSSR 304(1989), No. 4, 777–780.

2. G. K. Abduvalieva, V. G. Sushko, Asymptotic representation with respect to a smal parameter of a solution of the Tricomi problem for certain singularly perturbed equations of elliptic-parabolic type. (Russian) Differentsial’nie Uravneniya 28(1992), No. 10, 1752–1759.

3. H. Amman, Existence and multiplicity theorems for semi-linear boundary value problems. (Russian) Mat. Zametki (1976), No. 150, 281–295.

4. N. S. Bakhvalov, Estimate of closeness of solutions of the Cauchy problem for nonlinear differential equations. (Russian) Zh. Vychisl. Mat. Mat. Fiz. 6(1966), No. 2, 229–237.

5. N. S. Bakhvalov, On asymptotics for small ϵ of a solution of the equation u_t + (ϕ(u))_x = ϵu_{xx} which corresponds to the rarefaction wave. (Russian) 6(1966), No. 3, 521–526.

6. N. S. Bakhvalov, G. M. Kobel’kov, and E. V. Chizhonkov, Iterative method of solution of elliptic problems with the convergence rate not depending on the coefficient scattering. (Russian) Preprint No. 190, OV Akad. Nauk SSSR, 1988.

7. N. S. Bakhvalov and G. P. Panasenko, Process averaging in periodic media. Mathematical problems of composite materials. (Russian) Nauka, Moscow, 1984.

8. B. I. Berezin and V. G. Sushko, Smal parameter asymptotic expansions of the solutions of a degenerate problem. (Russian) Zh. Vychisl. Mat. Mat. Fiz. 31(1991), No. 9, 1338–1343.

9. S. Bernfeld and V. Lakshmikantham, An introduction to nonlinear boundary value problems. (Russian) Academic Press, New York, 1974.

10. V. B. Bukashkin and V. G. Sushko, Asymptotic expansion with respect to a smal parameter of the solution of an equation of elliptic type with discontinuous coefficient and the right-hand side. (Russian) Differentsial’nie Uravneniya 26(1990), No. 9, 1636–1637.

11. O. N. Bulycheva and V. G. Sushko, Constructing of an approximate solution for a singularly perturbed problem with nonsmooth degeneration. (Russian) Fundam. Prikl. Mat. 1(1995), No. 4, 881–905.

12. O. N. Bulycheva, A. B. Vasil’eva, and V. G. Sushko, Asymptotic expansions with respect to small parameters of the solutions of some problems for parabolic equations. (Russian) Zh. Vychisl. Mat. Mat. Fiz. 31(1991), No. 9, 1328–1337.

13. V. F. Butuzov, Angular boundary layer in singularly perturbed problems with partial derivatives. (Russian) Differentsial’nie Uravneniya 15(1979), No. 10, 1848–1862.

14. V. F. Butuzov and A. V. Nesterov, On some singularly perturbed problems with nonsmooth boundary functions. (Russian) Dokl. Akad. Nauk SSSR 263(1982), No. 4, 786–789.

15. Chang Sue-Sen, The Poincaré-Lighthill-Go method. (Russian) In: Problems of mechanics. Vyp. 2, 7–62, Inostran. Literat., Moscow, 1959.

16. K. W. Chang and F. A. Howes, Nonlinear singular perturbations phenomena: theory and applications. Springer-Verlag, New York-Berlin- Tokyo, 1984.

17. J. Cole, Perturbation methods in applied mathematics. (Russian) Mir, Moscow, 1972.

18. K. A. Connor and J. A. Tichy, Analysis of an eddy current bearing performance. J. Tribology 110(1988), 320–326.

19. K. A. Connor and J. A. Tichy, Geometric effects on eddy current bearing performance. J. Tribology 111(1989), 209–214.

20. F. W. Dorr, S. V. Porter, and L. F. Shampine, Applications of the maximum principle to singular perturbation problems. SIAM Rev. 15(1973), No. 1, 43–89.

21. E. Dulan, J. Miller, and U. Shilders, Uniform numerical methods of solving the problems with a boundary layer. (Russian) Mir, Moscow, 1983.

22. T. D. Dzhuraev, Boundary value problems for equations of mixed type. (Russian) Fan, Tashkent, 1973.

23. P. Fife, Singular perturbation and wave front techniques in reactiondiffusion problems. SIAM-AMS Proceedings, Symposium on Asymptotic Methods and Singular Perturbations, New York, 1976, 23–49.

24. P. Fife and V. Greenly, Interior transient layers for elliptic boundary value problems with a small parameter. (Russian) Uspekhi Mat. Nauk 29(1974), No. 3, 103–131.

25. P. C. Fife and Hsiao Ling, The generation and propagation of internal layers. Nonlinear Anal. 12(1988), No. 1, 19–41.

26. A. Fridman, Equations with partial derivatives of parabolic type. (Russian) Mir, Moscow, 1968.

27. K. Friedrichs, Asymptotic phenomena in mathematical physics. (Russian) Bull. Amer. Math. Soc. 61(1955), No. 6, 484–504.

28. G. D. Gaprindashvili, On the solvability of the Dirichlet boundary value problem for systems of nonlinear differential equations with singularities. (Russian) Differentsial’nie Uravneniya 29(1991), No. 9, 1521–1525.

29. J. M. Hammersley and G. A. Mazzarino, A differential situation connected with dendritic growth of crystals. IMA J. Appl. Math. 42(1989), No. 1, 43–75.

30. E. Hoph, The partial differential equation u_t + uu_x = ϵu_{xx}. Comm. Pure Appl. Math. 3(1950), No. 3, 201–230.

31. A. M. Il’in, Matching of asymptotic expansions of solutions of boundary value problems. (Russian) Nauka, Moscow, 1989.

32. A. M. Il’in, On asymptotics of solutions of a boundary value problem with a small parameter. (Russian) Izv. Akad. Nauk SSSR. Ser. Mat. 53(1989), No. 2, 258–275.

33. A. M. Il’in, A. S. Kalashnikov, and O. A. Oleĭinik, Linear equations of the second order of parabolic type. (Russian) Uspekhi Mat. Nauk 17(1962), No. 3, 3–146.

34. A. M. Il’in and O. A. Oleĭnik, Asymptotic behavior of solutions of the Cauchy problem for some quasilinear equations for a large time value. (Russian) Mat. Sb. 51(1960), No. 2, 191–216.

35. J. Kevorkian and J. Cole, Perturbation methods in applied mathematics. (Russian) Springer Verlag, New York, 1988.

36. I. T. Kiguradze, Some singular boundary value problems for ordinary differential equations. (Russian) Tbilisi University Press, Tbilisi, 1975.

37. I. T. Kiguradze, Boundary value problems for systems of ordinary differential equations. (Russian) Sovremen. Probl. Matematiki. Noveishie dostizheniya 30, 3–103, Itogi nauki i tekhniki, VINITI Akad. Nauk SSSR., Moscow, 1987.

38. S. N. Kruzhkov, On the Cauchy problem on the whole for some nonlinear differential equations of the first order. (Russian) Dokl. Akad. Nauk SSSR 132(1960), No. 1, 36–39.

39. O. A. Ladyzhenskaya, Boundary value problems of mathematical physics. Nauka, Moscow, 1973.

40. O. A. Ladyzhenskaya, V. Ya. Rivkind, and N. N. Ural’tseva, On the classical solvability of diffraction problems. (Russian) Trudy Mat. Inst. Steklov. 92(1966), 116–146.

41. O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Ural’- tseva, Linear and quasilinear equations of parabolic type. (Russian) Nauka, Moscow, 1967.

42. O. A. Ladyzhenskaya and N. N. Ural’tseva, Linear and quasilinear equations of elliptic type. (Russian) Nauka, Moscow, 1973.

43. N. Levinson, The fifth boundary problem for ϵΔu + A(x, y)u_x + B(x, y)u_y + c(x, y)u = D(x, y) for small ϵ. Ann. Math. 51(1950), 428–445.

44. J. L. Lions, Perturbations singulières dans les problèmes aux limites et en control optimal. New York, Springer Verlag, Berlin-Heidelberg-Tokyo, 1973.

45. S. A. Lomov, Introduction to the general theory of singular perturbations. (Russian) Nauka, Moscow, 1981.

46. V. P. Maslov, Theory of perturbations and asymptotic methods. (Russian) Izd-vo MGU, Moscow, 1965.

47. E. F. Mishchenko and N. Kh. Rozov, Differential equations and relaxation oscillations. (Russian) Nauka, Moscow, 1975.

48. D. S. Mitrinovic and P. M. Vasic, Analiticke nejednakosti. Gradevinska knjiga, Belgrad, 1970.

49. N. N. Moiseev, Asymptotic methods in nonlinear mechanics. (Russian) Nauka, Moscow, 1969.

50. A. H. Naiphe, Perturbation methods. (Russian) Mir, Moscow, 1976.

51. O. A. Oleĭnik, Discontinuous solutions of nonlinear differential equations. (Russian) Uspekhi Mat. Nauk 12(1957), No. 3, 3–75.

52. O. A. Oleĭnik, On the construction of a generalized solution of the Cauchy problem for a quasilinear equation of the first order by introducing a “disappearing viscosity”. (Russian) Uspekhi Mat. Nauk 16(1959), No. 2, 159–164.

53. O. A. Oleĭnik and S. N. Kruzhkov, Quasilinear parabolic equations of second order with several independent variables. (Russian) Uspekhi Mat. Nauk 16(1961), No. 5, 115–155.

54. O. A. Oleĭnik and T. D. Ventzel, The first boundary value problem and the Cauchy problem for quasilinear equations of parabolic type. (Russian) Mat. Sb. 4(1957), No. 1, 105–128.

55. F. Olver, Introduction to asymptotic methods and special functions. (Russian) Nauka, Moscow, 1978.

56. V. I. Pryazhinskiĭ, Principal terms of asymptotics on the rarefaction wave for the model equation of gas dynamics. (Russian) Vestn. Mosk. Univ., Ser. XV, 1983, No. 1, 59–60.

57. M. H. Protter and H. F. Weinberger, Maximum principles in differential equations. Prentice-Hall Inc., London, 1967.

58. V. I. Pryazhinskiĭ and V. G. Sushko, Small parameter asymptotics of some solutions of the Cauchy problem for a quasilinear parabolic equation. (Russian) Dokl. Akad. Nauk SSSR 247(1979), No. 1, 283–285.

59. V. I. Pryazhinskiĭ and V. G. Sushko, Small parameter asymptotics for the solutions of some boundary value problems for Burger’s equation. (Russian) Vestn. Mosk. Univ., Ser. XV, 1984, No. 1, 16–20.

60. N. Kh. Rozov and V. G. Sushko, Asymptotic solution of boundary value problems for the singularly perturbed second order equations (Russian) Uspekhi Mat. Nauk 42(1987), No. 5, 166.

61. N. H. Rozov and V. G. Sushko, The method of barrier functions and asymptotic solutions of singularly perturbed boundary value problems. (Russian) Dokl. Akad. Nauk SSSR 332(1993), No. 3, 294–296.

62. N. Kh. Rozov and V. G. Sushko, Solutions with interior layer of the singularly perturbed discontinuous equations (Russian) Uspekhi Mat. Nauk 49(1994), No. 4, 141.

63. N. Kh. Rozov and V. G. Sushko, Applications of the method of barriers. I. Some boundary value problems. Georgian Math. J. 2(1995), No. 1, 99–110.

64. N. Kh. Rozov and V. G. Sushko, Applications of the method of barriers. II. Some singularly perturbed problems. Georgian Math. J. 2(1995), No. 3, 323–334.

65. V. G. Sushko, Error in approximate solutions of Cauchy problem for a first order quasilinear equation. (Russian) Mat. Zametki 8(1970), 309–320.

66. V. G. Sushko, On the asymptotics with respect to a small parameter a one parabolic equation. (Russian) Dokl. Akad. Nauk SSSR 205(1972), No. 4, 794–797.

67. V. G. Sushko, Some estimates of solutions of a quasilinear equation with small parameters. (Russian) Differentsial’nie Uravneniya 9(1974), No. 5, 905–918.

68. V. G. Sushko, On the behavior of solutions of a parabolic equation in the neighborhood of the initial plane. (Russian) Differentsial’nie Uravneniya 10(1975), No. 6, 1078–1090.

69. V. G. Sushko, A priori estimates for solutions of a system of two quasilinear equations. Vestn. Mosk. Univ., Ser. XV, 1977, No. 3, 66–76.

70. V. G. Sushko, Asymptotics with respect to a small parameter of solutions of some problems connected with nonlinear acoustics. (Russian) Uspekhi Mat. Nauk 38(1983), No. 5, 166.

71. V. G. Sushko, Asymptotic form with respect to a small parameter for the solutions of a differential equation with discontinuous coefficients. (Russian) Vestn. Mosk. Univ., Ser. XV, 1983, No. 3, 3–8.

72. V. G. Sushko, Asymptotic expansions of solutions of a parabolic equation with a small parameter. (Russian) Differentsial’nie Uravneniya 21(1985), No. 10, 1794–1798.

73. V. G. Sushko, Asymptotic representations of solutions of some singularly perturbed problems with rapidly varying coefficients. (Russian) Differentsial’nie Uravneniya 28(1992), No. 11, 2011–2012.

74. V. G. Sushko, Some singularly perturbed boundary value problems with nonsmooth initial data. (Russian) Differentsial’nie Uravneniya 29(1993), No. 11, 2017–2018.

75. V. G. Sushko, Asymptotic representations of the solutions of some singularly perturbed problems for mixed type equations. (Russian) Fundam. Prikl. Mat. 3(1997), No. 2, 579–586.

76. V. G. Sushko and E. A. Lapshin, Asymptotic expansions of solutions of some problems connected with nonlinear acoustics. (Russian) In: “Interaction of one-dimensional waves in media free from dispersion” by O. V. Vasil’eva, A. A. Karabutov, E. A. Lapshin, O. V. Rudenko. Izd-vo MGU, Moscow, 1983, 118–151.

77. S. A. Tersenov, Parabolic equations with varying time direction. (Russian) Nauka, Novosibirsk, 1985.

78. A. N. Tikhonov, On the dependence of solutions of differential equations on a small parameter. (Russian) Mat. Sb. 22(1948), No. 2, 193–204.

79. A. N. Tikhonov, On systems of differential equations involving parameters. (Russian) Mat. Sb. 27(1950), No. 1, 147–156.

80. A. N. Tikhonov, Systems of differential equations involving small parameters in derivatives. (Russian) Mat. Sb. 31(1952), No. 3,575–586.

81. A. B. Vasil’eva, On the development of the theory of ordinary differential equations with a small parameter in higher derivatives for the period from 1966 to 1978. (Russian) Uspekhi Mat. Nauk 31(1976), No. 6, 102–122.

82. A. B. Vasil’eva and V. F. Butuzov, Asymptotic expansions of solutions of singularly perturbed equations. (Russian) Nauka, Moscow, 1973.

83. O. A. Vasil’eva, A. A. Karabutov, E. A. Lapshin, and O. V. Rudenko, Interaction of one-dimensional waves in media free from dispersion. (Russian) Izd-vo MGU, Moscow, 1983.

84. T. D. Ventzel, On some quasilinear parabolic systems. (Russian) Dokl. Akad. Nauk SSSR 117(1957), No. 1, 21–24.

85. T. V. Veretentseva, G. M. Kobel’kov, and V. G. Sushko, On approximate solutions of some problems with rapidly varying coefficients. Vestn. Mosk. Univ., Ser. XV, 1993, No. 3, 22–27.

86. M. I. Vishik and L. A. Lyusternik, Regular degeneration and boundary layer for linear differential equations with a small parameter. (Russian) Uspekhi Mat. Nauk 12(1957), No. 5, 3–122.

(Received 1.10.1998)

Author’s address:

Faculty of Computational Mathematics and Cybernetics Moscow State University Vorobiovy Gory, Moscow 119899 Russia