Mem. Differential Equations Math. Phys. 5(1995), 119–121

M. Ashordia

ON A METHOD OF CONSTRUCTION OF THE SOLUTION OF THE MULTIPOINT BOUNDARY VALUE PROBLEM FOR A SYSTEM OF GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS

(Reported on April 24 and May 1, 1995)

Let t_1, . . . , t_n ∈ [a, b], A = (a_{ik} )^n_{i,k=1} ∈ BV_{n×n}(a, b), a_{ik} (t) ≡ a_{1ik} (t) − a_{2ik} (t), where a_{jik} (j = 1, 2) are functions nondecreasing on the intervals [a, t_i[ and ]t_i, b], A_j (t) ≡ (a_{jik} (t))^n_{i,k=1} (j = 1, 2), f = (f_k )^n_{k=1} ∈^2∩_{j=1}K_n(a, b; A_j ), and let φ_i : BV_n(a, b) → R

(i = 1, . . . , n) be continuous functionals, nonlinear, in general.

We consider a method of construction of the solution of the problem dx(t) = dA(t) · f(t, x(t)), (0) x_i(t_i) = φ_i(x) (i = 1, . . . , n). (1) Take an arbitrary vector-function (x_{i0})^n_{i=1} ∈ BV_n(a, b) as the initial approximation to the solution of the problem (1), (2). If the (m−1)-th approximation has been constructed, then for the m-th approximation we will take a vector-function (x_{im})^n_{i=1} ∈ BV_n(a, b) whose i-th component is the solution of the Cauchy problem dx_{im}(t) = n∑ l=1 f_l(t, x_{1 m−1}(t), . . . , x_{i−1 m−1}(t), x_{im}(t), x_{i+1 m−1}(t), . . . . . . , x_{n m−1}(t))da_{il} (t), (2) x_{im}(t_i) = φ_i(x_{1 m−1}, . . . , x_{n m−1}) (i = 1, . . . , n). (3) The use will be made of the following notation and definitions: R =] − ∞, ∞[, R_+ = [0, ∞[; R^{n×m} is the space of all real n×m-matrices X = (x_{ij} )^{n,m}_{i,j=1} with the norm ‖X‖ =

max{ n∑ i=1 |x_{ij} | : j = 1, . . . , m}; R^n = R^{n×1} . BV_{n×m}(a, b) is the space of all matrix-

functions of bounded variation X : [a, b] → R^{n×m} with the norm ‖X‖_s = sup{‖X(t)‖ : t ∈ [a, b]}; d_1X(t) = X(t) − X(t − 0), d_2X(t) = X(t + 0) − X(t).

If g : [a, b] → R is nondecreasing, x : [a, b] → R and a ≤ s < t ≤ b, then t∫ s x(τ )dg(τ ) = ∫ ]s,t[ x(τ )dg(τ ) + x(t)d_1 g(t) + x(s)d_2g(s), where ∫ ]s,t[ x(τ )dg(τ ) is the Lebesque–Stieltjes

integral over the open interval ]s, t[ with respect to the measure μ_g corresponding to g. L_{n×m}(a, b; A_σ ) is the set of all matrix-functions (x_{jk} (t))^{n,m}_{j,k=1} such that x_{jk} is integrable with respect to a_{σij} (i = 1, . . . , n; σ = 1, 2). K_n(a, b; A_σ ) is the Caratheodory class, i.e. the set of all vector-functions f = (f_k )^n_{k=1} : [a, b] × R^n → R^n such that: (a) f_k(·, x) is μ_{aσik} -measurable for x ∈ R^n (i = 1, . . . , n); (b) f_k(t, ·) : [a, b] → R^n is continuous for t ∈ [a, b], and sup{|f_k(·, x)| : x ∈ D} ∈ L_n(a, b; A_σ ) for every compact D ⊂ R^n (σ = 1, 2).

1991 Mathematics Subject Classification. 34B10.

Key words and phrases. System of generalized ordinary differential equations, multipoint boundary value problem.

If B_1 and B_2 are normed spaces, then an operator φ : B_1 → B_2 is called positively homogeneous if φ(λx) = λφ(x) for every λ ∈ R_+ and x ∈ B_1. An operator φ : BV_n(a, b) → R^n is called nondecreasing if for every x, y ∈ BV_n(a, b) such that x(t) ≤ y(t) for t ∈ [a, b], the inequality φ(x)(t) ≤ φ(y)(t) is fulfilled for t ∈ [a, b].

A vector-function x = (x_i)^n_{i=1} ∈ BV_n(a, b) is said to be a solution of the system (1)

(of the system dx(t) ≤ dA(t) · f(t, x(t))) if x_i(t) − x_i(s) − n∑ k=1 t∫ s f_k(τ, x(τ ))da_{ik} (τ ) = 0 (≤ 0) for a ≤ s ≤ t ≤ b (i = 1, . . . , n). We say that the pair ((c_{il})^n_{i,l=1}; (φ_{0i})^n_{i=1}) consisting of a matrix-function (c_{il})^n_{i,l=1} ∈ BV_{n×n}(a, b) and of a positively homogeneous nondecreasing operator (φ_{0i} )^n_{i=1} : BV_n(a, b) → R^n_+ belongs to the set U(t_1, . . . , t_n) if the functions c_{il} (i ≠ l; i, l = 1, . . . , n) are nondecreasing on [a, b] and continuous at the point t_i, d_j c_{ii}(t) ≥ 0 for t ∈ [a, b] (j = 1, 2; i =

1, . . . , n), and the problem [dx_i(t)−sign(t−t_i ) n∑ l=1 x_l(t)dc_{il} (t)] sign(t−t_i ) ≤ 0 (i = 1, . . . , n),

(−1)^j d_j x_i(t_i) ≤ x_i(t_i)d_j c_{ii}(t_i ) (j = 1, 2; i = 1, . . . , n), x_i(t_i ) ≤ φ_{0i}(|x_1|, . . . , |x_n|) (i = 1, . . . , n) has no nontrivial nonnegative solution.

Theorem. Let the conditions

(−1)^{σ+1}[f_k(t, x_1, . . . , x_n) − f_k(t, y_1, . . . , y_n)] sign[(t − t_i)(x_i − y_i)] ≤ ≤ n∑ l=1 p_{σikl}(t)|x_l − y_l| for μ_{aσik} − almost every t ∈ [a, b]\{t_i} (i, k = 1, . . . , n)

and { (−1)^{σ+j+1}[f_k(t_i, x_1, . . . , x_n) − f_k(t_i, y_1, . . . , y_n)] sign(x_i − y_i) −

− n∑ l=1 α_{σikjl}|x_l − y_l| } d_j a_{σik}(t_i) ≤ 0 (j = 1, 2; i, k = 1, . . . , n) be fulfilled on R^n for σ ∈ {1, 2}, and let the inequalities |φ_i(x_1, . . . , x_n) − φ_i(y_1, . . . , y_n)| ≤ φ_{0i}(|x_1 − y_1|, . . . , |x_n − y_n|) (i = 1, . . . , n) be fulfilled on BV_n(a, b), where α_{σikjl} ∈ R, (p_{σikl})^n_{k,l=1} ∈ L_{n×n}(a, b; A_σ ). Let, moreover, there exist a matrix-function (c_{il})^n_{i,l=1} ∈ BV_{n×n} (a, b) such that d_j c_{ii}(t) < 1 for (−1)^j (t − t_i) < 0 (j = 1, 2; i = 1, . . . , n), ((c_{il})^n_{i,l=1}; (φ_{0i} )^n_{i=1}) ∈ U(t_1 , . . . , t_n), 2∑ σ=1 n∑ k=1 t∫ s p_{σikl}(τ )da_{σik} (τ ) ≤ c_{il}(t) − c_{il}(s)

for a ≤ s < t < t_i and t_i < s < t ≤ b (i, l = 1, . . . , n), and 2∑ σ=1 n∑ k=1 α_{σikjl}d_j a_{σik}(t_i) ≤ d_j c_{il}(t_i) (j = 1, 2; i, l = 1, . . . , n). Then the problem (1), (2) has a unique solution (x_i)^n_{i=1} and for every (x_{i0})^n_{i=1} ∈ BV_n(a, b), there exists a unique sequence (x_{im})^n_{i=1} ∈ BV_n (a, b) (m = 1, 2, . . . ) such that the function x_{im} is a solution of the problem (3), (4) for every natural m and n∑ i=1 |x_i(t) − x_{im}(t)| ≤ r_0δ^m for t ∈ [a, b] (m = 1, 2, . . . ), where r_0 > 0 and δ ∈]0, 1[ are numbers independent of m.

Similar results for ordinary differential equations can be found in [1].

References

1. I. T. Kiguradze, Boundary value problems for systems of ordinary differential equations. (Russian) Current Problems in Mathematics. Newest Results, vol. 30 (Russian), 3–103, Itogi Nauki i Tekhniki, Akad. Nauk SSSR, Vses. Inst. Nauchn. i Tekh. Inform., Moscow, 1987.

Author’s address:

A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia