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Abstract. A Picone-type identity and the Sturm-type comparison the-
orems are established for ordinary differential equations of the form

(p()p (™)™ 4 g(t)p(u) = 0

and
(P (™)™ 1+ Q(t)p(v) = 0,

where m>1, p, P € C*"([a, b], (0,0)), ¢,Q € C([a,b],R), p(s) := |s|*sgn s
and o > 0.
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1. INTRODUCTION

In the classical Sturm comparison theory for linear self-adjoint differential
equations of the second order a fundamental role plays by the so-called Pi-
cone’s formula (see [14]). Tt states that if x, pz’, y and Py’ are continuously
differentiable functions on an interval I with y(¢) # 0, then

jt{x(pxy ny)]
x2 N N 2 I
zfz(Py)Jrz(px)wL(pr)z +P(I*§y)~ (1.1)

If, in addition, z and y solve in I the equations

—(p(t)') +q(t)u=0 (1.2)

and

—(P( t)v’)/ tv =0, (1.3)
respectively, where 0 < P(t) < p(¢) and Q(t) < q(t) in I, and z have
consecutive zeros at a and b (a < b), then integrating (1.1) between a and

b, we obtain

a

b
0= / {(q(t) = Q1) + (p(t) - P()a” + P(t)(2/ — ;y)z] dt (14)

and the Sturmian conclusion about the existence of a zero in [a, b] for any
solution y of the majorant equation (1.3) readily follows from (1.4).

Generalizations and extensions of the Sturm’s comparison principle and
underlying Picone-type identities to nonlinear equations and higher-order
(ordinary and partial) differential operators have been obtained by various
authors. We refer, in particular, to the papers [1]-[17] and the references
cited therein.

The purpose of the present paper is to extend (1.1) to half-linear ordinary
differential operators of the form

lal2] = (po(®™)) ™ 4 gp(2) (1.5)
and

Laly) = (Pe(y®™)) "™ + Qe). (L.6)
where m > 1, p, P € C?™([a,b],(0,00)), ¢,Q € C([a,b],R) and ¢(s) :=
|s|*~1s for s # 0, a > 0, and (0) = 0. Next, in Section 3, we illustrate the
usefulness of the obtained identity by deriving Sturm’s comparison theorems
and other qualitative results concerning half-linear differential equations of
the order 4m.

In the linear case, i.e. if (1.5) and (1.6) reduce to a pair of 4mth-order
self-adjoint operators of the form I1[z] = (pz*™)®™ + gz and Li[y] =
(Py2m™))(2m) 1 Qy, respectively, two different kinds of Picone-type identities
are known in the literature. The first one which can be found in Kusano
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et al. [12] says (when specialized to (1.5) and (1.6)), that if = € Dy, (1),
y € Dr,,(I), and none of y,y/,...,y*™ Y vanishes in I, then

2m—1
d (k) i o o
dt{ Z (—1)kW [x(k)<py(2 n))(Zm k 1)_y(k)(px(2m))(2m k 1)}} _

k=0
a? 2 (2m)]2
:;Ll[y]*xll[x]ﬂqf@)x +(p—P)[z™] "+
(2m—1) 2 (2m—1) (2m—2)12
(2m)_ T (2m)| . (2m—1) (2m)\/| ¥ _Zz
+P{x yem-1 Y } Yy (Py™™) y@m=1) y(zm—z)]' (1.7)

A typical comparison result based on the above formula is the following
theorem (see [12]).

Theorem A. Suppose there exists a nontrivial real-valued function u €

Dy, ([a, b]) which satisfies
b

/ull[u] dt <0,

and

If v € D, ([a,b]) satisfies
vLy[v] >0 in (a,b), where P(t) >0,

o™ [P(t)v™)] Cm=h) > 0 in (a,b), 1<k<2m-1,
and
[P(t)v@m)}(zm_y) #0 in (a,b) for some v, 1 <v<2m—1,
then at least one of v,v',...,v®™= Y has a zero in (a,b).

Recently, Kusano—Yoshida’s formula (1.7) was generalized to half-linear
ordinary differential operators of an arbitrary even order (see [5]).

The second Picone type identity applied to (1.5) and (1.6) has been
obtained by N. Yoshida [16]. The specialization to the one-dimensional case
studied here says that if 2 € D;, (I), y€ Dy, (I) and none of y,%/, ..., y>™ =2
vanishes in I, then

m—1 m—2k—
d p(2m=2k=2) [x(Qm—Qk—Q) (P (2m))(2k+1)_
di y@m—2k=2) Y

k=0

2k )y (2k+1
_y(z 2k 2)(px(2 ))( )%_
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m—1 (2m—2k—2)\2\ /
2m)\ (2m—2k—2) 2k+1 2m)\ (2k) (l‘ ) —
+ {(m‘( ) 2D — (Pym) <y<2m_2k_2> =
k=0
x2 2
Ty Lily] = zhfa] + (p = P)[z®™]" + (¢ - Q)2*+
(2m—2) 2
@em) _ T (2m>}
+ P[:v CTm) Y +
= (Py(gm))(%) emzy _ T o]
T2 T e {x ~yem Y } -
k=1
m—1 m (2k) —2k—
_9 Py )) [x(Zm—2k—1) _ p(2m—2k=2) (zm—zk—l)r (1.8)
y@m—2k=2) y@m—2k=2) y -
k=0

The following comparison theorem can be easily obtained with the help
of the identity (1.8) (see [16]).

Theorem B. Assume that there exists a nontrivial function u € Dy, ([a, b])
which satisfies

b

/ull[u] dt <0,

b
Viul / [(p(t) = P()) (u®™)? + (q(t) — Q(t))u?] dt > 0.

If v e Dyr,([a,b]) satisfies
Li[v] >0 in (a,b),

(=1)k0R)(t) > 0 at some point t € (a,b), 0 <k <m—1,
(=1)m+R) (Pv(Zm))(Qk) >0 in (a,b), 0<k<m-—2,
(Pv™)Cm=2) <0 in (a,b),
then at least one of the functions v,v',...,v®"™2) must vanish at some

point of [a,b].
2. THE GENERALIZED PICONE’S IDENTITY

Let p, P € C?™([a,b], (0,00)), m > 1 and ¢,Q € C([a,b],R). For a fixed
a > 0 we define the function ¢ : R — R by ¢(s) = |s|* s for s # 0 and
©(0) = 0, and consider ordinary differential operators of the form

lalz] = (p())p(x®™)) ™ 1 g(t)p(x)
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and

Lalyl = (P(0)2(y®™)) ™ + Q(1)e(w)
with the domains D;_(a,b) (resp., Dy, (a,b)) defined to be the sets of all
functions x (resp., y) of the class C?™([a, b], R) such that pp(2(>™) (resp.,
Py(y*™)) are in C*™((a,b),R) N C([a,b],R).
Also, by ®, we denote the form defined for X, Y € R and a > 0 by

0o(X,Y) = [X|*F 4+ o]V = (a + 1)Xp(Y).

According to the Young inequality, it follows that ®,(X,Y) > 0 for all
X,Y € R and the equality holds if and only if X =Y.

We begin with the following lemma which can be verified by a routine
computation.

Lemma 2.1. Ifz € C*"([a,b],R), y € Dr,,((a,b)) and none of y,y/, ..
y@™=2) yanishes in (a,b), then

m—1
d ‘x(2m72k72)|a+1 (2k+1)
< S Py @) P4
dt { kZ:O [ p(y(m—2k=2)) ( )

|(2m=2k=2) ja+1\ / o (2)
+ ( o (y2m—2k=2)) (Pe(y®™)) =
x|+l (2m—2)

« m) | m :L. m
= L+ Qlal ™ Pl P (o), T e )

o(y)

= (Po(yem))

o Z (p(y(2m—2k))
1

)

£ (2m—2k=2)

o, (x(szzk) y(szzk)> T

) (2m—2k—2)
k=1 ye

= (Pe(y@m)) Y

~ w(y(2m72k72))
L (2m—2k—2)

—2k— a—1
2m—2k 2)| %

+ala+1) |JL‘(

2
(2m—2k—1) _ (2m—2k—1)
X [x eI y } . (2.1)
We now establish a stronger form of Picone’s identity in which the rela-
tively weak hypothesis from Lemma 2.1 that z is any 2m-times continuously
differentiable function is replaced by the assumption that x is from the do-

main D;_ of the operator .

Lemma 2.2. Ifz € Dy, ((a,))), y € D, ((a,b)) and none of y,y', ...
y™=2) wanishes in (a,b), then

m—1
d |:|x(2m2k2)|a+1 (2k+1)
fhal 1 (Py( (2m))) —
> sz (Dely
dt { = | oy ))

)

(2m—2k—2)|a+1 s
. (2m)y) (2K) @ |
(Pe(y™™)) ( o(y(2m—2k=2)) ) T
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+ (pcp(l,@m)))(2m72k—2)x(2k+1) _ p(2m—2k-2) (p(p(z(zm)))(ZkJrl)] } _

™ ) wlale] + (0 )™ 4 (g — Qa4
ply) :

(2m—2)
om) & 2m
+ P(I)a (CU( )7 y(2m72) y( )>+

(2k)
ml (P%O( (2m)y) (2m—2k—2)
AN, (2m—2k) T 2m—2k)\ _
+ Z o (yEm—2k)) ®a< " 1 yCm—2k=2) yer ))
-1

= (2m)))(2k) (2m—2k—2)|@—1
ala+1) Z 2m72k72)) |‘T | X
k=0
(2m—2k—2) 2
9ok x 9ok
% |:x(2m 2%k—1) _ e y(2m 2k 1)} . (2.2)

3. APPLICATIONS
As the first application of the identity (2.1) we obtain the following result.

Theorem 3.1. If there exists a nontrivial function u € C*™([a,b],R)
such that

ula) =u'(a) =---=u®" V@) =ulb)=---=u®" VB =0 (3.1

and
b

Mafu] = / [PORC™ P+ Q)] dr <, (3.2)

a

then there does not exist a v € Dy, ([a,b]) satisfying
Lov] >0 in (a,b), (3.3)
v(a) >0, wv(b) >0, (3.4)
(—1)*0®) >0 in [a,b], 1<k <m-—1, (3.5)
(=)™ (P > 0 in (a,b), 0<k<m—2,  (3.6)
and
(Po(0®™) ™2 <0 in (a,b). (3.7)

Proof. Suppose to the contrary that there exists a v € Dy, ([a, b]) satisfying
(3.3)-(3.7). Since v(a) > 0, v(b) > 0 and v”(t) < 0 in (a,b), it follows that
v(t) > 0 on [a,b]. Integrating the identity (2.1) on [a,b], we obtain

|u|a+1

0> M,] v] dt >
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b

P (2m)\\(2m—2)
z—a(a+1)/( pv=™))
It follows that v’ — wv’/v = 0 in (a,b) and therefore u/v = k in [a,b] for
some nonzero constant k. Since u(a) = u(b) = 0 and v(a) > 0,v(b) > 0, we
have a contradiction. Hence there can exist no v satisfying (3.3)-(3.7). O

2
||~ (u’ Y v’) dt > 0.
v

/UOl

Theorem 3.2. If there exists a nontrivial u € C*™([a,b],R) satisfying
(3.1) and (3.2), then every solution v € Dr_((a,b)) of the inequality (3.3)
satisfying (3.5)—(3.7) and

v(to) > 0 for some ty € (a,b) (3.8)
has zero in [a,b].
Proof. If the function v satisfies (3.3), (3.5)—(3.7) and (3.8), then either
v(a) < 0, and hence v, must vanish somewhere in (a,b), or v(a) > 0. In the

latter case, however, Theorem 3.1 implies that v(a) = 0 or v(b) = 0, and
thus the proof is complete. (Il

As an application of the identity (2.2), we derive the Sturm-type com-
parison theorem. It belongs to weak comparison results in the sense that
the conclusion regarding to v applies to [a, b] rather than (a,b).

Theorem 3.3. If there exists a nontrivial u € Dy ((a,b)) such that

b
/ wlo[u] dt <0, (3.9)

a

u(a) =u'(a) = =u® V) =u®d) = =u® V) =0, (3.10)

Valu = [ [(o(6) = POt 1"+ (gft) = Q) el dt 2 0, (3.10)

a

and if v € D ((a,b)) satisfies

L,[v] >0 in (a,b), (3.12)
(=D)FuR) () > 0 at some point ty, € (a,b), 0<k<m—1, (3.13)
(1) (P > 0 in (a,b), 0<k<m—2, (3.14)
and
(Po™) ™2 <0 in (a,b), (3.15)
then at least one of v,v", ..., v =2) vanishes somewhere in [a,b].
Proof. Suppose that none of v,v’,...,v™=2) vanishes in [a,b]. From the

identity (2.2) integrated on [a, b] we obtain, in view of the the conditions of
the theorem, that
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b b ) u(2m—2)

a

b
|u‘a+1

u)+ v(2m>> dt+

/UDL

b

moly (zm)))(%) o (2m—2k—2)
(2m—2k) (2m—2k) _
+ /{ Z ,U(2m Qk)) Pq (u 7 p(2m—2k—2) v )}dt

k=1

b m—1 (Qk)
(Pp(v™))
_ o\ ), @2m—2k—2)ja—1
a(o‘+1)/{ Z o (v@m—2k-2)) |u U
pA

(2m—2k—2)
% {uszqu) _u

U(2m72k71)} 2} dt >
(@m—2k—2) =

F (Po(um)) @2 u N2
ala+1) / |u|”‘71(u'— fvl) dt > 0.
v

Consequently, v’ — uv’/v = 0 in (a,b), that is, u/v = k in (a,b), and hence
on [a, b] by continuity, for some nonzero constant k. However, this is not the
case since u(a) = u(b) = 0, whereas v(t) > 0 on [a,b]. This contradiction
shows that at least one of v,7/,...,v?™~2) must vanish in [a, b]. O

Finally, we use the identity (2.2) to obtain a lower bound for the first
eigenvalue of the nonlinear eigenvalue problem

lalu] = Ap(u) in (a,d), (3.16)
u(a) =u'(a) = =u®™ V(@) =u®d) = - =u®"V(b)=0. (3.17)
Theorem 3.4. Let A\ be the first eigenvalue of the problem (3.16)—(3.17)

and u; € Dy ((a,b)) be the corresponding eigenfunction. If there exists a
function v € Dr, ((a,b)) such that

(=1)*0®®) >0 in [a,b], 0 <k <m—1,
(—1)m** (P(p(v@m)))(%) >0 in (a,b), 0<k<m-—1,

and if Vo [u1] > 0, then Ay > tei(%f,b) [Lgic[!v}]

Proof. The identity (2.2) in view of the above hypotheses implies that

b b
La
)\1/‘U1|a+1dt—/|ul|a+l#dt20,
v

from which the conclusion follows readily. O
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