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CONSTRUCTIONS OF (m, n)-HYPERRINGS

S. Mirvakili and B. Davvaz

Abstract. In this paper, the class of (m, n)-hyperrings is introduced and several properties
are found and examples are presented. (m, n)-hyperrings are a generalization of hyperrings. We
define the fundamental relation Γ∗ on an (m, n)-hyperring R such that R/Γ∗ is the smallest
(m, n)-ring, and then some related properties are investigated.

1. Introduction

The notion of an n-ary group is a natural generalization of the notion of a
group and has many applications in different branches. The idea of investigations
of such groups seems to be going back to E. Kasner’s lecture at the fifty-third annual
meeting of the American Association for the Advancement of Science in 1904. But
the first paper concerning the theory of n-ary groups was written (under inspiration
of Emmy Noether) by W. Dörnte in 1928 [9] and was studied extensively by many
mathematicians, for example see [14]. Such and similar n-ary systems have many
applications in different branches. For example, in the theory of automata, n-ary
semigroups and n-ary groups are used, some n-ary groupoids are applied in the
theory of quantum groups. Different applications of ternary structures in physics
are described. In Physics, also such structures as n-ary Filippov algebras and n-Lie
algebras are used. In some papers several authors generalize the study of ordinary
rings to the case where the ring operations are respectively m-ary and n-ary, see [4].

Since 1934, when Marty [12] introduced for the first time the notion of a hy-
pergroup, the Hyperstructure Theory had applications to several domains, for in-
stance non Euclidean geometry, graphs and hypergraphs, binary relations, lattices,
automata, cryptography, codes, artificial intelligence, probabilities etc. (see [2, 3, 5,
16]). 70 years later, a nice generalization of a hypergroup, called an n-hypergroup
has been introduced and studied by Davvaz and Vougiouklis (see [7]) and studied
by Leoreanu and Davvaz [10, 11] and Davvaz et al. [6]. An n-ary hypergroup is a
nice generalization of the notion of a group, a hypergroup in the sense of Marty and
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an n-ary group, too. In [1, 13], Davvaz et al. studied Krasner (m,n)-hyperrings.
In this paper we study (m, n)-hyperrings in a general form.

2. Basic definitions

Let H be a non-empty set and f be a mapping f : H × H → P∗(H), where
P∗(H) denotes the set of all non-empty subsets of H. Then, f is called a binary
hyperoperation on H. In general, a mapping f : H × · · · ×H → P∗(H), where H
appears n times, is called an n-ary hyperoperation and n is called the arity of this
hyperoperation. If f is an n-ary hyperoperation defined on H, then (H, f) is called
an n-ary hypergroupoid. If for all xn

1 ∈ H the set f(xn
1 ) is a singleton, then f is

called an n-ary operation and (H, f) is called an n-ary groupoid. Since we identify
the set {x} with the element x, any n-ary (binary) groupoid is an n-ary (binary)
hypergroupoid.

We shall use the following abbreviated notation: the sequence xi, xi+1, . . . , xj

will be denoted by xj
i . For j < i, xj

i is the empty symbol. In this convention

f(x1, . . . , xi, yi+1, . . . , yj , zj+1, . . . , zn)

will be written as f(xi
1, y

j
i+1, z

n
j+1). In the case when yi+1 = · · · = yj = y the last

expression will be write in the form f(xi
1,

(j−i)
y , zn

j+1).
Similarly, for non-empty subsets A1, . . . , An of H we define

f(An
1 ) = f(A1, . . . , An) =

⋃
{f(xn

1 ) |xi ∈ Ai, i = 1, . . . n}.

If m = k(n− 1) + 1, then m-ary hyperoperation h given by

h(xk(n−1)+1
1 ) = f(f(. . . (f(f︸ ︷︷ ︸

k

(xn
1 ), x2n−1

n+1 ), . . . ), xk(n−1)+1
(k−1)(n−1)+2)

will be denoted by f(k).
An n-ary hyperoperation f is called associative if

f(xi−1
1 , f(xn+i−1

i ), x2n−1
n+i ) = f(xj−1

1 , f(xn+j−1
j ), x2n−1

n+j )

holds for every i, j ∈ {1, . . . , n} and all x1, x2, . . . , x2n−1 ∈ H. An n-ary hyper-
groupoid with the associative hyperoperation is called an n-ary hypersemigroup.

An n-ary hypersemigroup (H, f) in which the equation

b ∈ f(ai−1
1 xi, a

n
i+1) (∗)

has a solution xi ∈ H for every ai−1
1 , an

i+1, b ∈ H and 1 ≤ i ≤ n, is called an n-ary
hypergroup. This condition can be formulated as f(ai−1

1 ,H, an
i+1) = H. If f is

an n-ary operation and (H, f) is an n-ary semigroup, then the equation (∗) is as
follows:

b = f(ai−1
1 , xi, a

n
i+1),
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and in this case (H, f) is an n-ary group. An n-ary hypersemigroup (H, f) is
cancellative, if

f(ai
2, x, an

i+1) = f(ai
2, y, an

i+1) implies x = y

holds for all x, y, an
2 ∈ H and for all i = 1, 2, . . . , n.

An n-ary hypergroupoid (H, f) is commutative if for all σ ∈ Sn and for every
an
1 ∈ H we have

f(a1, . . . , an) = f(aσ(1), . . . , aσ(n)).

If an
1 ∈ H we denote a

σ(n)
σ(1) as aσ(1), . . . , aσ(n).

An element e of H is called a (scalar) identity element if

(x = f(e, . . . , e︸ ︷︷ ︸
i−1

, x, e, . . . , e︸ ︷︷ ︸
n−i

)) x ∈ f(e, . . . , e︸ ︷︷ ︸
i−1

, x, e, . . . , e︸ ︷︷ ︸
n−i

)

for all x ∈ H and all 1 ≤ i ≤ n.

3. Strongly compatible relations

Strongly compatible equivalence relations play in n-ary hypersystem theory a
role analogous to congruences in n-ary system theory.

Let ρ be an equivalence relation on an n-ary hypersemigroup (H, f). We denote
by ρ the relation defined on P∗(H) as follows. If A,B ∈ P∗(H), then

A ρ B ⇐⇒ a ρ b for all a ∈ A, b ∈ B.

It follows immediately that ρ is symmetric and transitive. In general, ρ is not
reflexive. Indeed, let us take, for example, the equality relation on A, denoted here
by δA. The relation δA is reflexive if and only if |A| = 1.

Definition 3.1. Let (H, f) be an n-ary hypersemigroup and ρ be an equiva-
lence relation on H. Then, ρ is a strongly compatible relation if

ai ρ bi for all 1 ≤ i ≤ n then, f(a1, . . . , an) ρ f(b1, . . . , bn).

Theorem 3.2. Let (H, f) be an n-ary hypersemigroup and let ρ be an equiv-
alence relation on H. The following conditions are equivalent.
(1) The relation ρ is strongly compatible.
(2) If xn

1 , a, b ∈ H and a ρ b then for every i ∈ {1, . . . , n} we have

f(xi−1
1 , a, xn

i+1) ρ f(xi−1
1 , b, xn

i+1).

(3) The quotient (H/ρ, f/ρ) is an n-ary semigroup.
By Theorem 3.2, if ρ is a strongly compatible relation on an n-ary hypersemi-

group (H, f) then the quotient (H/ρ, f/ρ) is an n-ary semigroup such that

f/ρ(ρ(a1), . . . , ρ(an)) = ρ(x) for all x ∈ f(a1, . . . , an)
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where a1, . . . an ∈ H. If (H, f) is an n-ary hypergroup and ρ is a strongly compatible
relation then the quotient (H/ρ, f/ρ) is an n-ary group. Also, by Theorem 3.2, we
obtain:

Theorem 3.3. [7] Let (H, f) be an n-ary hypergroup and let ρ be an equiva-
lence relation on H. Then, the relation ρ is strongly compatible if and only if the
quotient (H/ρ, f/ρ) is an n-ary group.

Davvaz and Vougiouklis showed in [7] that the relation β∗f on an n-ary hyper-
semigroup (H, f) is the transitive closure of the relation βf =

⋃
k≥1 βk, where β1

is the diagonal relation and, for every integer k > 1, βk is the relation defined as
follows:

x βk y ⇐⇒ ∃zm
1 ∈ H : {x, y} ⊆ f(k)(zn

1 ), where m = k(n− 1) + 1.

It is well known that β∗f is the smallest strongly compatible equivalence relation on
an n-ary hypersemigroup (H, f). Leoreanu and Davvaz [11] showed that the relation
βf is transitive. The relation β∗f on an n-ary hypersemigroup (hypergroup) is called
the fundamental relation and (H/β∗f , f/β∗f ) is called fundamental n-ary semigroup
(group). Thus, we have

Theorem 3.4. Let (H, f) be an n-ary hypersemigroup. Then,
(1) (H/β∗f , f/β∗f ) is an n-ary semigroup.

(2) If (H, f) is an n-ary hypergroup, then (H/β∗f , f/β∗f ) is an n-ary group and the
relation βf is an equivalence relation.

4. (m,n)-hyperrings

A recent book [5] is devoted especially to the study of hyperring theory. It
begins with some basic results concerning ring theory and algebraic hyperstructures,
which represent the most general algebraic context, in which the reality can be
modeled. Several kinds of hyperrings are introduced and analyzed in the following
chapters: Krasner hyperrings, multiplicative hyperrings, general hyperrings. Now,
in this section the class of (m,n)-hyperrings is introduced and several properties
are found and examples are presented.

Definition 4.1. An (m,n)-hyperring is an algebraic hyperstructure (R, f, g),
which satisfies the following axioms:
(1) (R, f) is an m-ary hypergroup,
(2) (R, g) is an n-ary hypersemigroup,
(3) the n-ary hyperoperation g is distributive with respect to the m-ary hyperop-

eration f , i.e., for every ai−1
1 , an

i+1, x
m
1 ∈ R, 1 ≤ i ≤ n,

g(ai−1
1 , f(xm

1 ), an
i+1) = f(g(ai−1

1 , x1, a
n
i+1), . . . , g(ai−1

1 , xm, an
i+1)).

(R, f, g) is called an n-ary hyperring if n = m.
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If (R, f) is an m-ary hypersemigroup, then (R, f, g) is called an (m, n)-
hypersemiring.

In (m,n)-hyperring (R, f, g), if f is an m-ary operation then (R, f, g) is called
an (m,n)-multiplicative hyperring and if g be an n-ary operation then (R, f, g) is
called an additive (m,n)-hyperring. A multiplicative and additive (m,n)-hyperring
is called an (m,n)-ring.

A non-empty subset S ⊆ R is called an (m,n)-subhyperring if (S, f, g) is an
(m,n)-hyperring.

Let i ∈ {1, . . . , n}. An i-hyperideal I of R is an (m,n)-subhyperring of R such
that for every rn

1 ∈ R, g(ri−1
1 , I, rn

i+1) ⊆ I.

If I is an i-hyperideal and for every rn
1 ∈ R, g(ri−1

1 , I, rn
i+1) = I, then I called

a strong i-hyperideal.
A non-empty subset I of R is called (a) a (strong) (m,n)-hyperideal if I is (a)

an (strong) i-hyperideal of R for every i ∈ {1, . . . , n}.
Lemma 4.2. For any (m, n)-hyperring (R, f, g) and I ⊆ R the following con-

ditions are equivalent:
(1) I is a strong (m,n)-hyperideal of R.
(2) I is a strong i-hyperideal of R for i = 1 and i = n.
(3) I is a strong i-hyperideal of R for some 1 < i < n.

Proof. (1) ⇒ (2) is obvious.
(2) ⇒ (3) Let 1 < i < n and rn

1 ∈ R. Then

g(ri−1
1 , I, rn

1 ) = g(ri−1
1 , g(

(n)

I ), rn
i+1) = g(g(ri−1

1 ,
(n−i+1)

I ),
(i−1)

I , rn
i+1)

= g(
(i)

I , rn
i+1) = I.

(3) ⇒ (1) Let for some 1 < i < n and for every rn
1 ∈ R, g(ri−1

1 , I, rn
i+1) = I.

Thus, for every sn
2 ∈ R we have:

g(I, sn
2 ) = g(g(

(n)

I ), sn
2 ) = g(

(n−i−1)

I , g(
(i+1)

I , sn−i
2 ), sn

n−i+1)

= g(
(n−i)

I , rn
n−i+1).

If we repeat the above process, then we obtain g(I, sn
2 ) = I and so I is a strong 1-

hyperideal. By the similar way, I is a strong n-hyperideal of R. Thus, we conclude
that I is a strong i-hyperideal for every 1 ≤ i ≤ n and so I is a strong (m,n)-
hyperideal.

An element o is called a (scalar) zero of (R, f, g) if it is a (scalar) identity of
(R, f) and for every xn

2 ∈ R we have

(o = f(o, xn
2 ) = f(x2, o, x

n
3 ) = · · · = f(xn

2 , o))

o ∈ f(o, xn
2 ) ∩ f(x2, o, x

n
3 ) ∩ · · · ∩ f(xn

2 , o).
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Example 1. Let (G, +) be a commutative group of the exponent n − 1 (for
example Zn−1) and H be a subgroup of G. Then, we have f(xn

1 ) =
∑n

i=1 xi+H. f is
an associative n-ary hyperoperation and (G, f) is a commutative n-ary hypergroup.
Also, (G, f, f) is an n-hyperring.

Example 2. Let R = {a, b, c} and f and g be defined by the following tables:

f a b c
a {a, b} {a, b} c
b {a, b} {a, b} c
c c c {a, b}

g a b c
a {a, b} {a, b} {a, b}
b {a, b} {a, b} {a, b}
c {a, b} {a, b} c

Then (R, f, g) is a (2, 2)-hyperring and a, b are two zero of R.

Lemma 4.3. For any (m,n)-hypersemiring (R, f, g) and o ∈ R the following
conditions are equivalent:

(1) o is a scalar zero of R,
(2) o is a scalar i-zero for some 1 < i < n, i.e., for every xn

1 ∈ R, g(xi−1
1 , o, xn

i+1) = o,
(3) o is a scalar i-zero for i = 1 and i = n, i.e., for every xn

1 ∈ R,

g(o, xn
2 ) = o = g(xn−1

1 , o)

Proof. (1) ⇒ (2) Obvious.
(2) ⇒ (3) Let xn

2 ∈ R, we have

g(o, xn
2 ) = g(g(

(n)
o ), xn

1 ) = g(
(n−i)

o , g(
(i)
o , xn−i+1

2 ), xn
n−i+2)

= g(
(n−i+1)

o , xn
n−i+2).

If we repeat the above process, then we obtain g(o, xn
2 ) = o. In a similar way for

every xn
1 ∈ R we have g(xn−1

1 , o) = o.
(3) ⇒ (1) Let 1 < i < n and xn

1 ∈ R. Then, we have

g(xi−1
1 , o, xn

i+1) = g(xi−1
1 , g(

(n)
o ), xn

i+1) = g(g(xi−1
1 ,

(n−i+1)
o ),

(i−1)
o , xn

i+1)

= g(
(i)
o , xn

i+1) = o.

Definition 4.4. Let (R1, f1, g1) and (R2, f2, g2) be two (m,n)-hyperrings. A
homomorphism from R1 to R2 is a mapping φ : R1 → R2 such that

φ(f1(am
1 )) = f2(φ(a1), . . . , φ(am)) and φ(g1(bn

1 )) = g2(φ(b1), . . . , φ(bn))

hold for all an
1 , bm

1 ∈ R1. If φ is injective, then it is called an embedding. The map
φ is an isomorphism if φ is injective and onto. We say that R1 is isomorphic to R2,
denoted by R1

∼= R2, if there is an isomorphism from R1 to R2. Let φ : R1 → R2

be a homomorphism and S1 be an (m,n)-subhyperring of R1 and S2 be an (m,n)-
subhyperring of R2, then φ(S1) is an (m,n)-subhyperring of R2 and if φ−1(S2) is
non-empty, then φ−1(S2) is an (m, n)-subhyperring of R1.
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Let φ : R1 → R2 be a homomorphism. Then the kernel φ, is defined by

kerφ = {(a, b) ∈ R1 ×R1 | φ(a) = φ(b)}.

Example 3. Every hyperring is a (2, 2)-hyperring and every hypergroup is a
(2, 0)-hyperring.

Example 4. Let (G, ◦) be an ordinary group. We consider g = ◦ and define the
3-ary hyperoperation f : G3 → G such that for every x3

1 ∈ G, f(x3
1) = x1 ◦x−1

2 ◦x3.
We have

f(f(x3
1), x

5
4) = f(x1 ◦ x−1

2 ◦ x3, x
5
4)

= x1 ◦ x−1
2 ◦ x3 ◦ x−1

4 ◦ x5,

f(x1, f(x4
2), x5) = f(x1, x2 ◦ x−1

3 ◦ x4, x5)

= x1 ◦ (x2 ◦ x−1
3 ◦ x4)−1 ◦ x5

= x1 ◦ x−1
2 ◦ x3 ◦ x−1

4 ◦ x5,

f(x2
1, f(x5

3)) = f(x2
1, x3 ◦ x−1

4 ◦ x5)

= x1 ◦ x−1
2 ◦ x3 ◦ x−1

4 ◦ x5.

Also,

g(x1, f(y3
1)) = x1 ◦ y1 ◦ y−1

2 ◦ y3

= x1 ◦ y1 ◦ y−1
2 ◦ x−1

1 ◦ x1 ◦ y3

= g(x1, y1) ◦ g(x1, y2)−1 ◦ g(x1, y2)

= f(g(x1, y1), g(x1, y2), g(x1, y2)).

In the same way we obtain g(f(y3
1), x2) = f(g(y1, x2), g(y2, x2), g(y3, x2)). Thus,

(R, f, g) is a (3, 2)-ring.
If b, c ∈ R then we say that an (m, n)-hyperringoid (R, f, g) is (b, c)-derived

from a hyperringoid (R, +, ·) and denote this fact by (R, f, g) = derb
c(R, +, ·) if

two m-ary hyperoperation and n-ary hyperoperation f and g respectively, have the
form

f(xm
1 ) =

m∑
i=1

xi + b, ∀ xm
1 ∈ R,

and
g(xn

1 ) =
n∏

j=1

yj · c, ∀ yn
1 ∈ R.

In this case, when b is a zero scalar of (R, +) and c is an identity scalar of (R, ◦)
we say that (R, f, g) is derived from (R, +, ·) and denote this fact by (R, f, g) =
der(R, +, ·). It is clear that if b belongs to the center of a hypersemigroup (R, +) and
c belongs to the center of a hypersemigroup (R, ·) then two m-ary hyperoperation
and n-ary hyperoperations f and g are associative and (R, f) and (R, g) are an m-
ary hypersemigroup and an n-ary hypersemigroup, respectively. Now, if b is the zero
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scalar and f is defined by f(xm
1 ) =

∑m
i=1 xi then we denote (R, f, g) = derc(R, +, ·)

and say that (R, f, g) is c-derived from (R, +, ·). If (R, +, ·) is a hyperring and
c ∈ Z(R, ·) then, the c-derived (R, f, g) is an (m,n)-hyperring.

Example 5. Let (R, +, ·) be a commutative ring and S be a subring of R.
Then, we can define an additive (m,n)-hyperring (R, f, g) as follows:

f(xm
1 ) = S +

m∑
i=1

xi, ∀ xm
1 ∈ Rm,

g(xn
1 ) =

n∏
i=1

xi, ∀ xn
1 ∈ Rn.

Example 6. Let R = (Z2, +, ·). If (R, f, g) is a (3, 3)-hyperring derived of
(R, +, ·) then for every x3

1 ∈ R and y3
1 ∈ R we have f(x3

1) = x1 + x2 + x3 and
g(y3

1) = y1 · y2 · y3. So for every x ∈ R we have that x is a neutral element but only
0 is zero element. In fact (R, f, g) = der(Z2,+, ·).

Theorem 4.5. Let (R, f, g) be an (m,n)-hyperring and the relation ρ be a
strongly compatible relation on both m-ary hypergroup (R, f) and n-ary hypersemi-
group (R, g). Then, the quotient (R/ρ, f/ρ, g/ρ) is an (m,n)-ring.

Proof. By Theorem 3.3, the quotient (R/ρ, f/ρ) is an m-ary group. Also,
by Theorem 3.2, (R/ρ, g/ρ) is an n-ary semigroup. We show that the n-ary op-
eration g/ρ is distributive with respect to the m-ary operation f/ρ, i.e., for every
ai−1
1 , an

i+1, x
m
1 ∈ R, 1 ≤ i ≤ n.

g/ρ(ρ(a1), . . . , ρ(ai−1), f/ρ(ρ(x1), . . . , ρ(xm)), ρ(ai+1), . . . , ρ(an)) = f/ρ(u1, . . . , um)

where for every j = 1, . . . , m, uj = g/ρ(ρ(a1), . . . , ρ(ai−1), ρ(xj), ρ(ai+1), . . . ρ(an)).
Since the n-ary hyperoperation g is distributive with respect to the m-ary hyper-
operation f , thus

g(ai−1
1 , f(xm

1 ), an
i+1) = f(g(ai−1

1 , x1, a
n
i+1), . . . , g(ai−1

1 , xm, an
i+1))

and so

ρ(g(ai−1
1 , f(xm

1 ), an
i+1)) = ρ(f(g(ai−1

1 , x1, a
n
i+1), . . . , g(ai−1

1 , xm, an
i+1))).

Thus, we have

ρ(g(ai−1
1 , f(xm

1 ), an
i+1))

= g/ρ(ρ(a1), . . . , ρ(ai−1), ρ(f(xm
1 )), ρ(ai+1), . . . , ρ(an))

= g/ρ(ρ(a1), . . . , ρ(ai−1), f/ρ(ρ(x1), . . . , ρ(xm)), ρ(ai+1), . . . , ρ(an)).

And

ρ(f(g(ai−1
1 , x1, a

m
i+1), . . . , g(ai−1

1 , xm, an
i+1)))

= f/ρ(ρ(g(ai−1
1 , x1, a

m
i+1)), . . . , ρ(g(ai−1

1 , xm, an
i+1))))

= f/ρ(u1, . . . , um),

Where for every j = 1, . . . , m, uj = g/ρ(ρ(a1), . . . , ρ(ai−1), ρ(xj), ρ(ai+1), . . . ρ(am)).
Therefore, the n-ary operation g/ρ is distributive with respect to the m-ary

operation f/ρ, and so the quotient (R/ρ, f/ρ, g/ρ) is an (m, n)-ring.
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5. Fundamental relations on (m, n)-hyperrings

The fundamental relation Γ∗ was introduced on hyperrings by Vougiouklis [17].
Also, commutative fundamental equivalence relation α∗ was studied on hyperrings
by Davvaz and Vougiouklis [8]. Now, we consider the notion of fondamental relation
on (m,n)-hyperrings.

Definition 5.1. Let (R, f, g) be an (m,n)-hyperring. For every k ∈ N∗ and
ls1 ∈ N, where s = k(m − 1) + 1, we define a relation Γk;ls1

, as follows: x Γk;ls1
y if

and only if there exist xiti
i1 ∈ R, where ti = li(n− 1) + 1, i = 1, . . . , s such that

{x, y} ⊆ f(k)(u1, . . . , us)

where for every i = 1, . . . , s, ui = g(li)(x
iti
i1 ).

Now, set Γk =
⋃

ls1∈N Γk;ls1
and Γ =

⋃
k∈N∗ Γk. Then, the relation Γ is reflexive

and symmetric. Let Γ∗ be the transitive closure of relation Γ.
It easy to see that βf ⊆ Γ, β∗f ⊆ Γ∗, βg ⊆ Γ and β∗g ⊆ Γ∗.
Remark 1. Pelea and Purdea defined in [15] a relation α on a multialgebra.

Indeed, the relation Γ introduced in Definition 5.1 is a particular case of the relation
α in [15] context to (m,n)-hyperrings.

Remark 2. Vougiouklis defined in [17] the fundamental relation γ∗ on a
hyperring R as the smallest equivalence relation on R such that the quotient R/γ∗

is a fundamental ring. In fact, in (2, 2)-hyperring (hyperring) we have Γ∗ = γ∗

and in any (2, 0)-hyperring (hypergroup) Γ∗ = β∗. So Γ∗-relation is a natural
generalization of the γ∗-relation and β∗-relation.

Lemma 5.2. Let (R, f, g) be an (m,n)-hyperring, then for every k ∈ N∗ we
have Γk ⊆ Γk+1.

Proof. Let x Γk y. Then there exist ls1 ∈ N∗ and xiti
i1 ∈ R, where s =

k(m− 1) + 1, ti = li(n− 1) + 1 and i = 1, . . . , s such that

{x, y} ⊆ f(k)(u1, . . . , us)

where for every i = 1, . . . , s, ui = g(li)(x
iti
i1 ). Thus,

{x, y} ⊆ f(k)(g(l1)(x
1t1
11 ), . . . , g(ls)(x

sts
s1 ))

Now, for every i = 1, . . . , s, there exist xiti+1, . . . , xiri ∈ R such that xiti ∈
f(xiti , xiti+1, . . . , xiri).

{x, y} ⊆ f(k)(g(l1)(x
1t1
11 ), . . . , g(ls)(x

sts
s1 ))

⊆ f(k)(g(l1)(x
1t1−1
11 , f(x1t1 , x1t1+1, . . . , x1r1)), . . . ,

g(ls)(x
sts−1
s1 , f(xsts , xsts+1, . . . , xsrs)))

= f(k)(f(g(l1)(x
1r1
11 ), . . . , g(ls)(x

srs
s1 )))

= f(k+1)(g(l1)(x
1r1
11 ), . . . , g(ls)(x

srs
s1 ))

This means x Γk+1 y and so Γk ⊆ Γk+1.
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Corollary 5.3. Let (R, f, g) be an (m,n)-hyperring. Then, for every k ∈ N∗
we have Γ∗k ⊆ Γ∗k+1.

Example 7. Lemma 5.2 and Corollary 5.3 are not valid for hypersemirings.
Let (R, f, g) be an (m,n)-hyperring as follows: Let R = {1, . . . , 6} and 2-ary hy-
peroperation f on H defined as follows:

f 1 2 3 4 5 6
1 {1, 2, 3} {1, 2} {1, 3} {1, 2} {1, 3} {1, 3}
2 {1, 2} {1, 2, 3} {2, 3} {2, 3} {1, 2} {1, 2}
3 {1, 3} {2, 3} {1, 2, 3} {1, 3} {2, 3} {2, 3}
4 {1, 2} {2, 3} {1, 3} {1, 2, 3} {1, 2, 3} {1, 2, 3}
5 {1, 3} {1, 2} {2, 3} {1, 2, 3} {1, 2, 3} {1, 2, 3}
6 {1, 3} {1, 2} {2, 3} {1, 2, 3} {1, 2, 3} {4, 5}

For every x, y, z ∈ R we have f(x, f(y, z)) = f(f(x, y), z) = {1, 2, 3}. Thus, (R, f) is
a 2-ary hypersemigroup. Also, we define the n-ary hyperoperation g(xn

1 ) = {1, 2, 3}
and we have

g(xi−1
1 , f(y1, y2), xn

i+1) = {1, 2, 3} = f(g(xi−1
1 , y1, x

n
i+1), g(xi−1

1 , y2, x
n
i+1)).

Therefore, (R, f, g) is a (2, n)-ary hypersemiring. We have 4 Γ2 5 but 4 6 Γ3 5 or
5Γ15 but 5 6 Γ25. Also 4 Γ∗2 5 but 4 6 Γ∗3 5.

Lemma 5.4. The relation Γ∗ is a strongly compatible relation on both m-ary
hypergroup (R, f) and n-ary hypersemigroup (R, g).

Proof. Since the relation Γ is reflexive and symmetric, so Γ∗ is an equivalence
relation. It is enough to show that if x Γ y then for every xm

1 , yn
1 ∈ R, i = 1, . . . , m

and j = 1, . . . , n

f(xi−1
1 , x, xm

i+1) Γ f(xi−1
1 , y, xm

i+1),

g(yj−1
1 , x, yn

j+1) Γ g(yj−1
1 , y, yn

j+1).

Let x Γ y. Then there exist k ∈ N∗, ls1 ∈ N∗ and xiti
i1 ∈ R, where s = k(m− 1) + 1

and ti = li(n− 1) + 1, i = 1, . . . , s such that

{x, y} ⊆ f(k)(u1, . . . , us),

where for every i = 1, . . . , s, ui = g(li)(x
iti
i1 ). Thus,

{x, y} ⊆ f(k)(g(l1)(x
1t1
11 ), . . . , g(ls)(x

sts
s1 )).

Now, let xm
1 ∈ R. Then for every i = 1, . . . ,m we obtain:

{f(xi−1
1 , x, xm

i+1), f(xi−1
1 , y, xm

i+1)} ⊆ f(xi−1
1 , f(k)(g(l1)(x

1t1
11 ), . . . , g(ls)(x

sts
s1 )), xm

i+1)

= f(k+1)(xi−1
1 , g(l1)(x

1t1
11 ), . . . , g(ls)(x

sts
s1 ), xm

i+1).
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Set 



u′j = g(0)(xj), if j = 1, . . . , i− 1

u′j = g(lj−i+1)(x
(j−i+1)t(j−i+1)

(j−i+1)1 ), if j = i, . . . , s + i− 1

u′j = g(0)(xj−s+1), if j = s + i, . . . , s + m− 1.

Therefore, for every v ∈ f(xi−1
1 , x, xm

i+1) and w ∈ f(xi−1
1 , y, xm

i+1) we have

{v, w} ⊆ f(k+1)(u′1, . . . , u
′
s+m−1)

and so v Γ w. Thus, f(xi−1
1 , x, xm

i+1) Γ f(xi−1
1 , y, xm

i+1) and it is easy to see that

f(xi−1
1 , x, xm

i+1) Γ∗ f(xi−1
1 , y, xm

i+1).

Now, note that for every yn
1 ∈ R and j = 1, . . . , n we have

{g(yj−1
1 , x, yn

j+1), g(yj−1
1 , y, yn

j+1)} ⊆ g(yj−1
1 , f(k)(g(l1)(x

1t1
11 ), . . . , g(ls)(x

sts
s1 )), yn

j+1).

Since the n-ary hyperoperation g is distributive with respect to the m-ary hyper-
operation f , then

g(yj−1
1 , f(k)(g(l1)(x

1t1
11 ), . . . , g(ls)(x

sts
s1 )), yn

j+1) = f(k)(u′′1 , . . . , u′′s ),

where u′′i = g(li+1)(y
j−1
i , xiti

i1 , yn
j+1), for every i = 1, . . . , s. Therefore,

{g(yj−1
1 , x, yn

j+1), g(yj−1
1 , y, yn

j+1)} ⊆ g(u′′1 , . . . , u′′s )

and so for every t ∈ g(yj−1
1 , x, yn

j+1) and z ∈ g(yj−1
1 , y, yn

j+1), we obtain t Γ z. Thus,

g(yj−1
1 , x, yn

j+1) Γ g(yj−1
1 , y, yn

j+1).

and we conclude that

g(yj−1
1 , x, yn

j+1) Γ∗ g(yj−1
1 , y, yn

j+1).

Theorem 5.5. The quotient (R/Γ∗, f/Γ∗, g/Γ∗) is an (m,n)-ring.

Proof. Since by Lemma 5.4, the relation Γ∗ is a strongly compatible relation on
both m-ary hypergroup (R, f) and n-ary hypersemigroup (R, g), then by Theorem
4.5, the quotient (R/Γ∗, f/Γ∗, g/Γ∗) is an (m,n)-ring.

Theorem 5.6. The relation Γ∗ is the smallest equivalence relation such that
the quotient (R/Γ∗, f/Γ∗, g/Γ∗) is an (m,n)-ring.

Proof. Let θ be the smallest equivalence relation such that (R/θ, f/θ, g/θ)
is an (m,n)-ring. We prove that Γ∗ = θ. Since (R/Γ∗, f/Γ∗, g/Γ∗) is an (m,n)-
ring so θ ⊆ Γ∗. If x Γ y, then there exist k ∈ N∗, ls1 ∈ N∗ and xiti

i1 ∈ R, where
s = k(m− 1) + 1 and ti = li(n− 1) + 1, i = 1, . . . , s such that

{x, y} ⊆ f(k)(u1, . . . , us),
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where for every i = 1, . . . , s, ui = g(li)(x
iti
i1 ). Thus, we have

{θ(x), θ(y)} ⊆ (f/θ)(k)(U1, . . . , Us),

where for every i = 1, . . . , s, Ui = (g/θ)(li)(θ(xi1), . . . , θ(xiti
)). But R/θ is an

(m,n)-ring and it follows that θ(x) = θ(y). Thus, x Γ y implies that x θ y. Finally,
let x Γ∗ y. Thus, there exist h ∈ N and wh

1 ∈ R such that

x = w0 Γ w1 . . . whΓ wh+1 = y.

Since θ is transitively closed and Γ ⊆ θ we obtain

x = w0 θ w1 . . . whθ wh+1 = y.

Therefore, x θ∗ y and so Γ∗ ⊆ θ.

Theorem 5.7. For all additive (m,n)-hyperrings, we have Γ∗ = β∗f .

Proof. Since (R/Γ∗, f/Γ∗, g/Γ∗) is an (m,n)-ring, then (R/Γ∗, f/Γ∗) is an
m-ary group, and so β∗f ⊆ Γ∗.

Conversely, let x Γ y. Then, there exist k ∈ N∗, ls1 ∈ N∗ and xiti
i1 ∈ R, where

s = k(m− 1) + 1 and ti = li(n− 1) + 1, i = 1, . . . , s such that

{x, y} ⊆ f(k)(u1, . . . , us),

where for every i = 1, . . . , s, ui = g(li)(x
iti
i1 ). But, g is an n-ary operation

and so ui is singleton. Therefore, x βf y. Now, if x Γ∗ y then there exist
w1, w2, . . . , wn−1 ∈ R such that x = w0 Γ w1 . . . wn−1 Γ wn = y. Thus, we
obtain x = w0 βf w1 . . . wn−1 βf wn = y and x β∗f y.

Corollary 5.8. For every additive (m,n)-hyperring, the relation Γ is an
equivalence relation, i.e. Γ = Γ∗.

Proof. By Theorem 3.4, we have βf = β∗f . Also, by Theorem 5.7, β∗f = Γ∗.
Now, we conclude that

Γ ⊆ Γ∗ = β∗f = βf ⊆ Γ.

So Γ = Γ∗.

Theorem 5.9. Let (R, f, g) be an (m,n)-hyperring. Then,
(1) (R/β∗f , f/β∗f , g/β∗f ) is an (m,n)-multiplicative hyperring,

(2) (R/β∗g , f/β∗g , g/β∗g ) is an additive (m,n)-hyperring.

Proof. (1) For every xm
1 ∈ R we have

f/β∗f (β∗f (x1), . . . , β∗f (xm)) = β∗f (z) for all z ∈ f(β∗f (x1), . . . , β∗f (xm)).

By Theorem 3.4, (R/β∗f , f/β∗f ) is an m-ary group. We define an n-ary hyperoper-
ation g/β∗f on R/β∗f as follows:

g/β∗f (β∗f (x1), . . . , β∗f (xn)) = {β∗f (z) | z ∈ g(β∗f (x1), . . . , β∗f (xn))}.
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We prove that g/β∗f is associative. Let x2n−1
1 ∈ R. Then,

g/β∗f (β∗f (x1), . . . , β∗f (xi−1), g/β∗f (β∗f (xi), . . . , β∗f (xm+i−1)),

β∗f (xm+i), . . . , β∗f (x2m−1))

= {β∗f (z)|z ∈ g(β∗f (x1), . . . , β∗f (xi−1), g(β∗f (xi), . . . , β∗f (xm+i−1)),

β∗f (xm+i), . . . , β∗f (x2m−1))}
= {β∗f (z)|z ∈ g(β∗f (x1), . . . , β∗f (xj−1), g(β∗f (xj), . . . , β∗f (xm+j−1)),

β∗f (xm+j), . . . , β∗f (x2m−1))}
= g/β∗f (β∗f (x1), . . . , β∗f (xj−1), g/β∗f ((β∗f (xj), . . . , β∗f (xm+j−1)),

β∗f (xm+j), . . . , β∗f (x2m−1)).

Thus, (R/β∗f , g/β∗f ) is an n-ary hypersemigroup. It is easi to see that n-ary hyper-
operation g/β∗f is distributive with respect to the m-ary operation f/β∗f .

(2) The proof of (2) is similar to (1).

Theorem 5.10 Let (R, f, g) be an (m,n)-hyperring. Then,

R/Γ∗ ∼= (R/β∗g )/β∗f/β∗g

Proof. Let Ψ : R → (R/β∗g )/β∗f/β∗g
be the canonical projection. We denote the

equivalence relation associated to ϕ by θ. For every a ∈ R we have Γ∗(a) ⊆ θ(a).
On the other hand, since β∗g (x) ⊆ Γ∗(x) for all x ∈ R, we have

⋃

β∗g (z)∈f/β∗g (β∗g (x1),...,β∗g (xm))

β∗g (z) =
⋃

z∈f(β∗g (x1),...,β∗g (xm))

β∗g (z)

⊆
⋃

z∈f(Γ∗(x1),...,Γ∗(xm))

Γ∗(z) = Γ∗(w) for all w ∈ f(xm
1 ).

Consequently, we obtain
⋃

z∈f(k)(β∗g (x1),...,β∗g (xl))

β∗g (z) ⊆ Γ∗(w),

where w ∈ f(k)(xl
1), l = k(m− 1) + 1 and xl

1 ∈ R. Moreover, since Γ∗ is transitive,
we have

θ(a) =
⋃

{z | β∗g (z) β∗
f/β∗g

β∗g (a)}
β∗g (z) ⊆ Γ∗(a) for all a ∈ R.

Therefore, θ = Γ∗.
Let (R1, f, g) and (R2, f, g) be two (m,n)-hypersemirings. We define (f1, f2) :

(A×B)m → P∗(A×B) by

(f, g)((a1, b1), . . . , (an, bn)) = {(a, b) | a ∈ f(a1, . . . , an), b ∈ g(b1, . . . , bn)}.
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We defined (g1, g2) in a similar way. Clearly (R1×R2, (f1, f2), (g1, g2)) is an (m,n)-
hypersemiring and we call this (m,n)-hypersemiring the direct hyperproduct of R1

and R2.

Lemma 5.11. Let (R1, f, g) and (R2, f, g) be two (m, n)-hypersemirings, a, c ∈
R1 and b, d ∈ R2. If Γ∗R1

, Γ∗R2
and Γ∗R1×R2

are the Γ∗-relations on R1, R2 and
R1 ×R2 respectively, then (a, b) Γ∗R1×R2

(c, d) implies a Γ∗R1
c and b Γ∗R2

d.

Proof. Let (a, b) Γ∗R1×R2
(c, d). Then, there exist k ∈ N∗, ls1 ∈ N∗ and xiti

i1 ∈
R1, y

iti
i1 ∈ R2, where s = k(m− 1) + 1 and ti = li(n− 1) + 1, i = 1, . . . , s such that

{(a, b), (c, d)} ⊆ f(k)(u1, . . . , us),

where for every i = 1, . . . , s, ui = g(li)(x
iti
i1 , yiti

i1 ). Thus, we have

(a, b), (c, d) ∈ f(k)(g(l1)(x
1t1
11 , y1t1

11 ), . . . , g(ls)(x
sts
s1 , ysts

s1 ))

= (f(k)(g(l1)(x
1t1
11 ), . . . , g(ls)(x

sts
s1 )), f(k)(g(l1)(y

1t1
11 ), . . . , g(ls)(y

sts
s1 )))

Therefore, we conclude that

{a, c} ⊆ f(k)(g(l1)(x
1t1
11 ), . . . , g(ls)(x

sts
s1 )) and

{b, d} ⊆ f(k)(g(l1)(y
1t1
11 ), . . . , g(ls)(y

sts
s1 )).

This implies that a Γ∗R1
c and b Γ∗R2

d.

Theorem 5.12. Let (R1, f, g) and (R2, f, g) be two (m,n)-hyperrings, a, c ∈
R1 and b, d ∈ R2. If Γ∗R1

, Γ∗R2
and Γ∗R1×R2

are Γ∗-relations on R1, R2 and R1×R2

respectively, then

(a, b) Γ∗R1×R2
(c, d) if and only if a Γ∗R1

c and b Γ∗R2
d.

Proof. By Lemma 5.11, we need to prove that a Γ∗R1
c and b Γ∗R2

d imply
(a, b) Γ∗R1×R2

(c, d). Thus, there exist p, q ∈ N∗, wp
0 ∈ R1, uq

0 ∈ R2 and kp
1 , lq1 ∈ N∗

such that

a = w0Γk1w1Γk2 . . . Γkpwp = c and b = u0Γl1u1Γl2 . . . Γlquq = d.

Let p ≤ q. Then a = w0Γk1w1Γk2 . . . ΓkpwpΓkp+1wp+1Γkp+2 . . . Γkqwq = c where
wp = wp+1 = · · · = wq and kp+1 = · · · = kq = 0. By Corollary 5.3, if k =
max1≤i≤q{ki, li} then

a = w0Γkw1Γk . . . Γkwq = c and b = u0Γku1Γk . . . Γkuq = d.

So for every 1 ≤ i ≤ q we have wi−1Γkwi and ui−1Γkui. Therefore, wi−1, wi ∈
f(k)(g(l1)(x

i1t1
i11 ), . . . , g(ls)(x

ists
is1 )) and ui−1, ui ∈ f(k)(g(l1)(z

i1t1
i11 ), . . . , g(ls)(z

ists
is1 )).

Thus,

{(wi−1, ui−1), (wi, ui)} ⊂ f(k)(g(l1)((x, z)i1t1
i11 ), . . . , g(ls)((x, z)ists

is1 )).
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Hence, we obtain

(a, b) = (w0, u0)ΓR1×R2(w1, u1)ΓR1×R2 . . . ΓR1×R2(wq, uq) = (c, d),

and so (a, b) Γ∗R1×R2
(c, d).

Theorem 5.13. Let R1 and R2 be two (m,n)-hyperrings, Γ∗R1
, Γ∗R2

and
Γ∗R1×R2

be the Γ∗-relations on R1, R2 and R1 ×R2 respectively. Then,

(R1 ×R2)/Γ∗R1×R2
∼= R1/Γ∗R1

× R2/Γ∗R2
.

Example 8. We show that Theorem 5.13 for (m,n)-hypersemirings does not
hold. Let R = {1, 2, 3, 4}. We define m-ary hyperoperation f on R as follows:

f(1, . . . , 1) = {3, 4},
f(x1, . . . , xm) = {2, 4}, ∀(x1, . . . , xm) 6= (1, . . . , 1).

(R, f) is an m-ary hypersemigroup, since for every z1, . . . , zm ∈ R, we have 1 6∈
f(zm

1 ) and so:

f(xi−1
1 , f(xm+i−1

i ), x2m−1
i+m ) = {2, 4} = f(xj−1

1 , f(xm+j−1
j ), x2m−1

j+m ), ∀x2m−1
1 ∈ R.

(R, f) is not an m-ary hypergroup, since for every z1, . . . , zm ∈ R, we have 1 /∈
f(zm

1 ). We define an n-ary hyperoperation g for all xn
1 ∈ R, by g(xm

1 ) = {2, 4}.
Now, (R, g) is an m-ary hypersemigroup. For every an

1 , xm
1 ∈ R, 1 ≤ i ≤ n,

g(ai−1
1 , f(xm

1 ), an
i+1) = {2, 4} = f(g(ai−1

1 , x1, a
n
i+1), . . . , g(ai−1

1 , xm, an
i+1)).

Therefore, (R, f, g) is an (m,n)-hypersemiring. We obtain Γ∗R(1) = {1} and
Γ∗R(2) = {2, 3, 4} = Γ∗R(3) = Γ∗R(4). Let R × R be the direct hyperproduct of
R and R. Then, we have:

(f, f)((x1, y1), . . . , (xm, ym)) = {(a, b) | a ∈ f(x1, . . . , xm), b ∈ f(y1, . . . , ym)}.
and

(g, g)((u1, v1), . . . , (un, vn)) = {(c, d) | c ∈ g(u1, . . . , un), d ∈ g(v1, . . . , vn)}.
Therefore, we obtain:

(f, f)((1, 1), . . . , (1, 1)) = {3, 4} × {3, 4},

(f, f)((1, y1), . . . , (1, ym)) = {3, 4} × {2, 4}, ∀(ym
1 ) 6= (

(m)

1 ),

(f, f)((x1, 1), . . . , (xm, 1)) = {2, 4} × {3, 4}, ∀(xm
1 ) 6= (

(m)

1 ),

(f, f)((x1, y1), . . . , (xm, ym)) = {2, 4} × {2, 4}, ∀(ym
1 ), (xm

1 ) 6= (
(m)

1 ),
(g, g)((x1, y1), . . . , (xn, yn)) = {2, 4} × {2, 4}, ∀yn

1 , xn
1 ∈ R.

We have (R×R, (f, f), (g, g)) is an (m, n)-hypersemiring. It easy to see that
Γ∗R×R(i, j) = {2, 3, 4} × {2, 3, 4}, if i, j = 2, 3, 4.
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Γ∗R×R(i, j) = {(i, j)}, if i = 1 or j = 1.
Hence, we have |R × R/Γ∗R×R| = 8. But |R/Γ∗R| = 2 and so |R/Γ∗R × R/Γ∗R| = 4.
Therefore,

R×R/Γ∗R×R 6∼= R/Γ∗R ×R/Γ∗R.
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