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Abstract. A fourth-order finite-difference method for a semilinear sin-
gularly perturbed boundary value problem is studied. This method is
based on Hermitian approximation of the second derivative on special
new discretization mesh of Bakhvalov type. Numerical examples which
demonstrate the effectiveness of the method are presented.
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This paper is concerned with the following singularly perturbed semilinear
boundary value problem:

(1) —e?u’ +e(z,u) =0, zel=][0,1], u(0)=wu(1) =0,

where € € (0,&9), €9 << 1, is a small perturbation parameter. For simplicity,
we shall assume that ¢ € C*° (I x R), and

(2) 0<y*<ecy(z,u), z€l, uck.

The condition (2) is the standard stability condition, which implies that both (1)
and reduced problem ¢ (x,u) = 0, have unique solutions u. and ug, respectively,
which are both in C* (I). If ug (0) # 0 and wug (1) # 0, the solution u. has a
boundary layer of exponential type at z = 0 and = = 1. In general, the following
estimate holds:

M (1+e Fere/e), x €[0,0.5],
(3) [uM(z)| < k=01,...
M (1+eFen=0)/e) - v e0.5,1],

see [11]. Here and throughout the paper, M, sometimes subscripted, denotes a
generic positive constant, indepedent of € and number of discretization subin-
tervals n that will be used to solve (1) numerically.
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Problems of type (1) are probably the most frequently studied singular per-
turbation problems, both asymptotically and numerically, see [1], [2], [3], [4],
[10], [11], [13], [15] and the references therein. This interest can be justified by
several model problems arising in applications.

In this paper we shall consider the numerical method for (1) on a new dis-
cretization mesh of Baklhvalov type. The method considered was introduced
by Herceg [4], and then studied and improved by Vulanovi¢ and Herceg [15],
Vulanovié¢ [13], and Sun and Stynes [10].

The method discretizes the problem (1) on a special nonequidistant mesh
that is dense in the boundary layers. It uses a nonequidistant generalization
of the fourth order three-point finite-difference scheme known as the Hermite
scheme (which we shall call the H-scheme), and a combination of the H-scheme
with the standard central scheme (a combination of this kind will be denoted
by HC). The HC-scheme is used also in [15] and [13].

Our mesh (which we shall call the H-mesh), and the meshes used in [4], [15]
and [13] belong to those of Bakhvalov type, [1] and [11].

Herceg [4] assumed the following constraint on ¢ in addition to (2) :

ey (Tu) <G(x), xze€l, uek, m1111{572—2G(x)}>0.
S

This unpleasant condition here is eliminated. So, in this paper we consider
only condition (2), as in the other papers that consider the same problems.

Our numerical results are obtained by solving boundary value problems
which were considered in many papers. These results show that the theoretical
order of convergence is also established numerically.

Let be noted that the Richardson extrapolation can also be used to improve
the basic fourth order accuracy of the above scheme, on our new mesh, similarly
as in [5] and [16].

1. Discretization mesh

In this paper we shall consider the discretization of problem (1) on the
discretization mesh

) I = {zi = A(ih),i=0,1,....n}, h:%, nen.
The mesh generating function A (¢) is given by

w(B)+w (B)(t—p), tel0,p5],

p(t) = 255+, te[B,af,

pla)+p/(a)(t—a) telx05],

1—A(1—1), te[0.5,1].
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The constants a and ¢ are independent of € and satisfy:
(5) q € (0,0.5), 0<e<eg <<, a >0, agp < q.

The last condition guarantees the existence of the point o € (0,¢q). The
constant d > 0 is chosen so that 1 — 20 >0 and 8 < «:
1 1
6 5 = ap2€7 p = ] K > e ———
© kg —1 q — +/aqeo

For simplicity, we assume that n is even and divisible by « :

k€N,

(7) n=2m, meN, n =0 (mod ).

From (7) follows that 8 belongs to I}, and the interval (0, 3] contains % points
of discretization mesh.
The condition

1 g _ V3
(8) h=1 <o Q_2<1+3>~3.1547.

implies only that set the I} C Ij, can be constructed:

I ={ti€lh:q—Qh<(i—1)h<a or 1—a<(i+1)h<1-—Qh}.
Let us note that the set I; can be empty.

The value « is a unique point from (0, ¢) which is the abscissa of the contact
point of the tangent line from (0.5,0.5) to u(¢), and it can be found exactly
from p (o) + 4/ (@) (3 — @) = 3:

_q(1—-26) — Vage (1 —2q) (1 — 20) + 2ae)

(9) “= 1—25 + 2ae '

The point § is a unique point from (0, ¢) which is the abscissa of the contact
point of the tangent line from (0,0) to w (¢), and it can be found exactly from

w(B) + ' (B) (—=F) = 0: /s
Ay
(10) 8= \/5—1—\/(75'

Now, the mesh generating function A (¢) is given by

B4 at=p)
a (5 + B5p) +0. e,

p(t) == 2L 45, te B o,




148 D. Herceg, M. Miloradovi¢

Let o and 8 be given by (9) and (10) respectively, and A by (11). Then the
following lemmas can be proved.

Lemma 1.1. It holds that 1 — 25 > 0 and

(12) Vag(l—2q) < % < \/aq.

Lemma 1.2. For the mesh generating function X it holds

0<XN(t) < te0,1],

1—2q¢’

and
%ng S )\// (t) < 2 ,
(q—5) (1—2q) v/age (1 —2q)

Lemma 1.3. It holds

teB,q].

i) kg > 1, it) p>0,
ii1) ﬂzl‘fp:%, w) B<q—./age < a.

Lemma 1.4. The mesh generating function X satisfies Mo/ < A () < My+/e.

Lemma 1.5. Let
fle)=eFeVE,

where k and v are positive constants. Then

2k

2k
) , €€1]0,0.5].
e

lim f(e)=0 and fe) < <

e—=>0

Lemma 1.6. Let

1 yaz

f(@)= me T,

where a,q and v are positive constants. Then

k
aqye

f(a:)ge‘”( )k, ve0q.

2. Difference scheme

In order to form a discretization of the problem (1) we approximate the
differential equation of (1) by a difference formula of Hermite type in z; € Iy\I},.
The coefficients in this formula are not constant, i.e. they depend on z;_1, x;
and z;11 for all = 1,2,...n — 1. These coefficients one can obtain in a similar
way as on an equidistant mesh. Let

Thw; = ay (i) wi—1 + ag (i) w; + ag (i) wit1 + by () Wiy +bo (3) Wi +ba () w1,
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where w; = w (z;) ,and w} = w” (z;) for a function w (x).
We obtain the coefficients a; () and b; (¢), j = 0,1, 2 from the system

Tk =0, k=0,1,2,3,4,

by (i) + bo (i) + b (i) = 1.

Let h; =x; —x;—1, i=1,2,...n—1, then we have

N\ —2 S\ 2 S\ —2
o (Z) = Ralhithiin) 0 (1) = Fihipr) 92 (@) = hiy1(hithiyr)’

h? + h? 3hii1h;
bo (i) = ag (7) it Hll; = )

, L hE =R higah ‘ hZ = hZ 4 high
by (i) = —ax (i) +112 P by (i) = —ag (i)~ > ARy

Using this we approximate the differential equation of (1) at x; € I;\I; by

Fy:= &?(ay (i) wi—1 + ag (i) w; + ag (i) wip1) + b1 (4) ¢ (zi—1, w;—1)
+bo (@) ¢ (zi,w;) + ba (1) ¢ (zi41, wip1) = 0.
If I} is non-empty, we approximate (1) at z; € I}, by
Fi:= & (a1 () wi—1 + ag (1) wi + ag (i) wiy1) + ¢ (zi,w;) = 0,

see [4].
We form a discrete analogue of problem (1) in the form F (w) = 0, where
F = (F’(),F’l,...,F’n)7 and

FU = wo = O,

Fyi= €2 (a1 (i) wi—1 + ag (i) w; + az (i) wit1) + b1 (i) ¢ (xi—1,wi—1)
(13)
+b0 (Z) c(xi,wi) —+ bQ (’L) c(miH,wiH) = 0, 1= ]., 2, oo n = ].,

F, = w,=0.

We note that it holds by (¢) = b2 (1) = 0, by (i) = 1 for z; € I}, and then we have
a central difference scheme.

The obtained discrete analogue combines Hermite difference scheme (at z; €
In\I},) and central difference scheme (at z; € I},). This combination we shall
call HC-scheme.

The solution w* = [wg, wy, ... ,w?]" to F (w) = 0, is an approximation to
the exact solution u. of (1).

Let
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e = [Ue (20) ,ue (1) 4+ ue ()] T

be the restriction of u. on the discretization mesh. Our aim is to prove
(14) ue,n —w*|, < Mh*.
It is easy to see that for:=1,2,...,n—1
2T g (x;) = e2Thu, (z;) — Fi (w*) = F (ue),

since F; (w*) = 0. From F' (u.) — F (w*) = F (u.) it follows

(15) F'(v) (ue —w") = F (uz)
for some v = [vg,v1,...,vn] . From (15) we obtain (14) if F’ (v)~" exists and
if the following two estimates hold: HF’ (v)le < M, and ||F (u.)| ., < Mh*.

Let us prove the existence of w* and (14). As the first step, we prove the
following Lemma and Theorem.

Lemma 2.1. On the H-mesh it holds that |uc (z;) —ue (x;-1)] < Mh, i =
1,2,...,n.

Proof. We consider only the set Ij, ([0, 0.5] since for Ij, ([0.5,1] the proof is
analogous. Let us consider the following three sets:

T3 = {CEEI}LZO<SCS)\(/B)},
Te = {xel: AB)<z<A(a)},
To = {z€lh:A(a)<z<05}.
Since .
(16) u(zZ) 7u(xi—1) = /zi1 u/ (t) dt? i= 1727"'723

and, from (3),

it follows

Zi

(17)

/ S (t)dt

For z; € 73 it holds

ih — . .

<o (14 )
g

Ti—1




Hermite scheme on a new Bakhvalov-type mesh 151

and

1 2
(18) T; — Tj—1 = | = ae( +p) < Mh.

n(q—B)° ng

For z; € 7. it holds

i — w1 = pu(ih) = p((i = 1)) = p' (O) h, 0 € ((i = 1)h,ih).

Since 1
0 "(t) < telo,1
<H )< g tebl,
it follows
(19) |:L‘1 — LL'Z',1| S Mh.

For z; € 7, it holds

v =ae | — +q<9h_62“) 16, j=i—1,i,
9—a  (¢g—a)

and

(20) o1y = agq < e

n(g—a)® ~ nMe

< Mh,

since My/e < ¢ — a. Now, the proof of this Lemma follows from (17) and
(18),(19) and (20). O

Theorem 2.2. Let the conditions (5)-(8) be satisfied. Then it holds
17 (ue)ll o < MR

Proof. We consider truncation error in the form from [4]. For a function y €
CS (I) it holds

(5) (.
Ryi = yT((‘)TT) (—(11 (Z) h? + ag (Z) h?+1) +

y(s) (l’i)
6

y(6) (04)
24

(=b1 (i) hi + by (i) hiyy)

(a1 (i) h§ + as (i) S\ ) + (b1 (4) b + b2 (i) hipy)

where 0;,0; € (x;-1,2;41) . Simple calculation shows that
Ry; = Piy® (z;) + Qiy'® (6:) + Sy @ (),

where

1
PL- = @ (hi—',-l — hz) (2}1? + 2h12+1 + 5hihi+1) )

RS, .+ h? 1

i+1 7 4 4 9,9
i = T arn . v S;=— (hi +hi , —hoh )
@ 360 (hiy1 + hy) 144( i T hipa i z+1)
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Since
e2Tha, (z;) = e*Ru, (;)

Ruc (z;) = ay (i) ue (zi-1) + ao (3) ue (z;) + a2 (9) ue (zit1)

+b1 (1) € (@i—1, ue (Ti-1)) + bo (i) ¢ (i, ue (25)) + b2 (7) ¢ (Tig1, ue (Ti41))
it follows
F (1) = 2R (1) = 22 (Pul® () + Quul® (6) + Sl (02))

We shall prove Theorem by considering the following three parts of the trunca-
tion error e2Ru. (z;) :

EQPz‘UgS) (xz) ) 52@1‘“56) (0:), 5251‘“56) (Uz‘) .

We consider only the set Ij, (][0, 0.5] since for Ij, () ]0.5, 1] the proof is analogous.
In the following we shall consider the sets:

o= {j€lL,:0<(G-1)h<p},
o= {jelL:B<(-1)h<a},
3 = {jel,:a<(j—1)h<0.5}.

Case I. Suppose that ¢ € 1, i.e.
(21) 0<(i—1)h<p.

There are three possibilities:

I.1) ih<p,

1.2) ih=p<(i+1)h=0+h<aq,

1.3) ih=p<a<(i+1)h=0F+h.

Before we disscusing these three cases, we consider case I when the central
difference scheme is applied.

Obviously, if ¢h < § then

: q—p q
= Qh<(i-Dh<p—he=h>Eh =l

From this we conclude that
(22) qg—Qh<(i—1)h<a,

since # < «. It means that at z; the central difference scheme is used. From
(22) it follows

h> % > Mz, and £2 < Mht.
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In this case we have

Ru (2;) = a1 (1) ue (zi-1) + ao (1) ue (%) + a2 (i) ue (Tig1) + ¢ (i, ue (23))
etuf () = (@i, ue (21)
and for some 0; € (x;-1, ;1)
uZ (0;) = a1 (i) ue (¥i-1) + ao (1) ue (z:) + a2 () ue (Tig1) + € (24, ue (1)) -
Using this we conclude

|e®Ruc (z;)] < M max{|u! (z)|: z € I}

IN

Me? (1 + 5_26_7“*1/5) <M (52 + e_M") < Mh*,

which completes the proof in this case.
In the following we assume that

=B _ q
Q-1 (@-1)(1+p)

Because of (8) it must be h < ¢/Q, so we shall consider

h <

heminl & o)

and prove

(23) hizxi—l‘i_lgMEh, iZl,Q,...,’I’L
and

(24) hiy1 —h; < Meh?, i=1,2,...,n.

Using these estimates we have in case I.1 P; = 0 and

Qiu'® (6;) + Siul® (6;)| < Me*h*  max

Ti—1<x<Tit1

()

1 e
< Metn! (1 + e )
£

1
M€4h4 (1 + 6) 5
e

le* Ru. (2;)] < MeSn? (1 + ;) < Mn*.

IN

i.e.
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In cases 1.2 and 1.3 it holds

e2 |Pu® ()] < 2 Me3h? max
€ T;i—1<T<Tit1

1
ul® (x)’ < Meht (1 + 55> < Mh*.
So, Theorem is proved in this case too.

Now, we shall prove estimates (23) and (24) in all tree subcases of case I.
I.1) Ifih < S, then (i +1)h < § and

2
hivi=hi =2 —x1 = acq 2:a5(1+p) = Meh
n(qg—P) nq
and hi+1—hi=0.
I.2a) Ifih=p<(i+1)h=pF+h < aand
q—p q q
h < = < =,
-1 (@-1)(1+p @
hold, then
1 2
h’i:mi_l‘i—l = CLE(] 2 = ae( +p) SMSh
n(q—p) ng
and
ach (1 + p)? ach (1 + p)?
b = A=) = S SO
a(1-n42) a(1-gk)
aech (1 4—p)2 ach (1 +p)2 Q-1
hi+1 <

q(l—ﬁ)_ 7(Q—-2) = e

For h;41 — h; we obtain

K2 (1+p)® RZ(1+p)®
hisy —hy = (A+p)° _ ach"(1+p)
(0] " ot

o
ach?(1+p)* (Q — 1)

Meh?.
?(Q-2) = Me
I.2b) Ifih=p<(i+1)h=0B+h<aand
q _q-—p q
h< = =
SeSQ-1 @-na+p
then it holds
1 Q Q-2)Q

Q-1"



Hermite scheme on a new Bakhvalov-type mesh 155

ach (1 +p)?
hia = A+ () = D
ach (1 +p)? agh@?
hi+1 < < < Mgeh.
1+ -2 -1
(1) S 1@-2@-1
For h;+1 — h; we obtain
2 3 2 3
hist —hi = ach? (1 —|—1p) - ach (1—|1—p)
(o) ()
2 3 _ 23
hivt — hi ach (12—|—p) (@-1) < ach 2Q < Meh?.
*(Q—-2) ¢ (Q-1)7(Q—-2)
I.3a) Ifih=0<a<(i+1)h=0F+hand
q—p q q
h < = < A
Q-1 (@-1)(1+p) ~ Q
then )
1
hi = — 251 = e 22@5( ) < Mceh
n(qg—0) ng

and

32
ath (q - ﬁ — e hﬁ) ) aghq
<

hit = A(B+h) —A(B) = ,
S A s B PR

sincea — 3 < h,a— 03 <qg—f and

qg—pB— (@—hﬁ)2
q—0 :1_(q—@

Because of a < #+ h it follows

a<q<1ip+(Q—1;1+M)

achg - ach (1+p)* (Q — 1)
(¢—a)’ ¢(Q-2)*

2
(a—,ﬁ)h <1.

and

< Meh.

hit1 <
For hi+1 — hl we find

agq(a—B)((2¢—a—B)h — (a—B) (¢ — B))
(@—a)’(g—B)°

hiv1 —hi =
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hivr —hi < aq€h2(2q7a—ﬂf(q—ﬁ)): aqeh?
' (¢—a)*(q—p)? (¢—a)(qg—pB)?
h?(1+p)°(Q -1
hiy1 —hi “© ((12(;>(2) )SMEhQ.
I.3b) Ifih=p<a<(i+1)h=pF+hand
9 _q-08 _ q
h< L
Qe 1 @ harw
then ,
by = g — e — agq :a€(1+p) < Meh
7 7 1—1 n(q—ﬁ)z ng <
and

achg (q — B — M) B achq

hiz1 = A h) — X\ = ,
A=A A = e o)

as in case I.3a). Further

a<ﬁ+h<q<1i +g)

and
achq - ach (1 +p)° Q2 achQ?
(-  q@-1-p)7 ~¢(Q-27

For h;11 — h; in this case we obtain as in 1.3a)

hi+1 <

bt — B ageh? _agh? (1 +p)°
[ Ry Y ) L Ry
ach? (14 p)® Q ach*@? 2
hiz1—h; < Meh*”.
+ FQ-1-7) ~fQ-1° Q-2

Case II. Let us assume i € 7, i.e. § < (i —1)h < a. There are two subcases:
I1.1) ¢—Qh<(i—1)h<a.
The proof of Theorem in this case is the same as in case I assuming the same
condition.
I1.2) (i—1)h <min{o,q— Qh}.
If (i —1)h<aand (i —1)h < g — Qh, then holds

(+1)h<qg i q—(i+1)h2(q—(i—1)h)%.
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Because of that and
hivi=A(GE+1)h) = X(h) <N (i +1)h) < Mh

we obtain Mh
hiy1 < —52
(q—(i—1)h)

Now, it holds

2 2
hivi—hi < MBE2N' ((i +1)h) < Mh - s < MnZ
(q—=(i—=1)h) Ve

Since ¢ — (i — 1) h > g — o > M/e, it follows

[Pl ()| < MW max ol (@)
zi—1<2<Tip1
and
i 1
PiuS) (:,C,) < Me3h? (1 + 5—56—'yzh/a) S —
(g—(i—1)h)
—~va(i—1)h/(q—(i—1)h)
S Mh4 L —+ 572 € . .
Ve (g—(i—1)h)

and, by Lemma (1.6),
g ‘Piug) (xz)‘ < Mh*.

For &2 ‘Qiugﬁ) (0;) + Siuéﬁ) (0;)| we obtain

e—va(i—=1)h/(g—(i—=1)h)

(q—(i—1)h)"

g2 ‘Qiug}) (6;) + Siul® (6;)

< Mh* (1 + ) < Mh?,

which completes the proof in case II.
Case III. Let be assumed i € 73, i.e. (¢ —1)h > «. Then is h; = h;y1 and

edeWi=Dh/e < ~4g=Ma)/z < ~4o-M/VE < \p
since A (o) > M+/e. For h;y1 we obtain again

hiyi =A((i+1)h) = A(ih) < XN ((i + 1) h) < Mh.
Since in this case P; = 0 and

Q:ul” (0;) + Syul® (6;)

< Mh* (1 + 5*%*”\5)
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we obtain by Lemma (1.5),

2 AN 2] (6) (. 2(6) (p. 4 —4_—M/\/E 4
e?|Rue (ih)| =€ ‘QluE (0;) + S;ug (91)’ < Mh (1—|—€ e ) < Mh*.

The proof of existence of solution of F' (w) = 0 is based on the proof of the
following relation: HF’ ()" H < M, where F’ (v) is Frechet-derivative of F'.
Obviously, the mapping F' defined by (13) is continuously differentiable in

R, The Frechet-derivative F” (v) of F for an arbitrary v = [vg, vy, ..., vn] €
R™*! is the tridiagonal matrix

1
A, By 4
Az By (%
F'(v) = o :
Anfl anl Cnfl
L 1 -
where _ '
Ai = 62(11 (Z) + b1 (Z) Cy (xi_l, Ui—l) y
Bi = 52(10 (l) + bo (Z) Cq (2171', ’Ui) y
Cl' = 52(12 (Z) + b2 (Z) Cy (lEi+1, ’U7;+1) .
Let
BOZBn:L AO:An:COZCn:O;
and

UZmIH{Bif|AZ‘7|CZ|Z:0,1,,n}

Our aim is to find o, > 0, independent of n and €, such that
(25) 0>0.>0, veES(u,Mh')={yeR"":|y—ul <Mnr'}.

Because of that F” (v) ™! exists and it holds

- 1
2 [P < —
(26) O e
Now by the Hadamard Theorem [7], it follows that the equation F' (w) = 0 has
a unique solution w*.

Theorem 2.3. Suppose that the condition (2) is satisfied. There exists a con-
stant My > 0 independent of n and € and positive integer ng which depends on
My but is independent of €, such that the discrete analogue F (w) = 0 has a
unique solution w* for which holds

My

F, nZTLO.

(27) e — w*|, < Moh* =
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Proof. On the H-mesh holds, 2.2,
IF (ue )l o < Mih?,

where the constant M; is independent of n and €. Let

B 2M4
~ min{1,72/6}’
then )
(28) IF (uep)ll o < Moh®.

min {1,42/6}
We shall prove the existence of a positive integer ng which depends on My but
is independent of ¢, such that

1

(20 7o), < e

v E S(ug,Mh4) .
Since ay (1) +ag (i) + a2 (1) =0,i=1,2,...,n — 1, and
SlzBl—‘A1|—|CZ|, i:1,2,...,n—1
we obtain
s > bo (i) cy (x4,v;) — |b1 (1)] cu (i1, vi—1) — |b2 (1)| cu (i1, Vig1)

hZ + b2y 4 3hiyih
- 6hit1h;

h? +hiy + hiih
6h; (hiv1 + hi)

Cy $z‘,Uz') - Cuy (%‘—1’ Ui—l)

h? 4+ h2,4 + hip1h;
6hit1 (hiy1 + hi)

Cy ($i+1, Ui-i—l)

&
Y

1
3Cu (i, v5)

h? + hZ, | + hip1h; _ -
- thi (thil T }Z) (hicou (ti, 03) — (vi — vi—1) Cun (ti, ;)

B2+ B2, + hisihs
6hit1 (hiv1 + hi)

(Pis1cau (ti, D) — (Vig1 — v3) Cuu (8, 03))

for some (Z;,7;) and (Z;,0;) .
From 3 it follows the existence of My such that

max |ue (z) : x € I| < Ma.
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Now
(31)  |exu (z,0)] + |cun (z, )| < M, (x,v) € I X [-My — 1, My +1].

Let n; be chosen so that % < 1. From now on we assume that n > n; and

1
v = [vo,vl,...,vn]T € S (ue, Mh*) . Then
(32) | < Ma+1, i=0,1,....n

and |7;| < Mo+ 1 and [0 < Ma+1, i=0,1,...,n. Fori =1,2,...,n by
Lemma 2.1 it follows

lvi —vic1| < |vi — e (2)| + [vie1 — ue (Ti1)]

(33) + |ue (x;) — ue (zi-1)]
< 2Myh* + Mh.

Using 30-33 we obtain for n > ny
1 .
BZ-—\Ai|—|C'Z-|chu(gc,v)—Mgh7 i=1,2,...,n—1,

where M3 depends of My but is independent of e. If a positive integer no is

chosen so that )

Msh < %, n > no,

and if ng = max {ny,na}, then for n > ng it holds

Bi*‘Ai|*|Ci|Zl*%:’y , 1=1,2....,n—1.

Now we have

and (29) is true with o, = min {1, %2} . a
Using (28) and (29) we conclude that F satisfies the conditions of Hadamard

Theorem, [7] Because of that F' (w) = 0 has a unique solution w* € S (u., Mh*),
i.e. it holds (27).

3. Numerical results
Let us present numerical results for the following test problem:

—20" 4 u + cos® (rx) + 2 (em)? cos (2mz) = 0, u(0) =u (1) =0,
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which was considered also in papers: [4], [16] and [12]. The exact solution of
this problem is

ue (z) = e;—}—iele — cos? (1z).
+e e

The errors E,, = [jucp —w*| , where w* is the numerical solution on a
mesh with n subintervals, are given in Tables 1-4. Also, we define in the usual
way the order of convergence Ord for the two successive values of n with re-
spective errors F,, and Fs, :

Ord — InFE, flnEgn'
In2

We expect that Ord = 4.

The H-mesh was used with a = 2 and ¢ = 0.48. We used § = de, where

o a . I . 1
d= Trasi? and k is positive integer greater than e

nle =7 ] 2—0 =7 2—8 =9 >—10 o= 1T 212

64 | 2.63143(-6)| 7.3109(-6) | 4.86673(-6)| 4.86663(-6) | 3.60429(-5)| 1.20245(-5)| 4.86663(-6)| 4.86663(-6)| 4.86663(-6)

128 1.65607(-7) | 4.608(-7) |3.07766(-7)] 3.07761(-7) | 3.07761(-7) | 3.29464(-6)| 1.57585(-6) | 4.574(-7) | 3.07761(-7)

3.99001 3.98784 3.98305 3.98304 6.87176 1.86778 1.6268 3.4114 3.98304
256 1.03697(-8) | 2.87822(-8) | 1.9247(-8) | 1.92467(-8) | 1.92467(-8) | 1.92467(-8)| 4.01002(-7) | 1.57775(-7) | 4.97625(-8)
3.99733 4.00089 3.99913 3.99913 3.99913 7.41937 1.97445 1.53559 2.62868
512] 6.48871(-10) 1.79873(-9)| 1.20314(-9)] 1.20312(-9)| 1.33201(-9)| 1.20312(-9)| 1.20312(-9)| 1.14457(-8)| 1.51622(-8)
3.99733 4.00089 3.99913 3.99913 3.99913 7.41937 1.97445 1.53559 2.62868
1024 4.04372(-11) 1.12431(-10)7.51835(-11) 7.51853(-11) 8.55763(-11)7.69261(-11) 7.51813(-11) 7.51852(-11) 7.51823(-11
4.00418 3.99987 4.00025 4.00018 3.96025 3.96716 4.00026 7.25015 7.65587
nle 511 515 516 =17 >—18 519 520 >—2T >—22

64 | 4.86663(-6)| 4.86663(-6)| 4.86663(-6)| 4.86663(-6) | 4.86663(-6)| 4.86663(-6)| 4.86663(-6)| 4.86663(-6)| 4.86663(-6)

128( 3.07761(-7) | 3.07761(-7) [3.07761(-7)) 3.07761(-7) | 3.07761(-7) | 3.07761(-7)| 3.07761(-7) | 3.07761(-7) | 3.07761(-7)

3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 3.98304
256 1.02467(-8) | 1.92467(-8) | 1.92467(-8)| 1.92467(-8) | 1.02467(-8) | 1.92467(-8)| 1.92467(-8) | 1.02467(-8) | 1.92467(-8)
3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913
512| 1.20312(-9)] 1.20311(-9)] 1.20312(-9)] 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)] 1.20312(-9)
3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976
1024 2.95545(-10) 7.71797(-11)7.51814(-11) 7.51857(-11) 7.51821(-11)7.51849(-11) 7.51815(-11) 7.51857(-11) 7.51822(-11
2.02533 3.96241 4.00026 4.00017 4.00025 4.00019 4.00026 4.00017 4.00025
nle =24 >—26 =2 5—30 >—32 >—3% >—36 =3 >—40
64| 4.86663(-6) | 4.86663(-6) | 4.86663(-6)]4.86663(-6) | 4.86663(-6)| 4.86663(-6)| 4.86663(-6) | 4.86663(-6)| 4.86663(-6)
128[ 3.07761(-7) | 3.07761(-7) |3.07761(-7))|3.07761(-7)|3.07761(-7)|3.07761(-7) | 3.07761(-7) |3.07761(-7)| 3.07761(-7)
3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 3.98304
256 1.92467(-8) | 1.92467(-8) | 1.92467(-8) | 1.92467(-8) | 1.92467(-8) | 1.92467(-8)| 1.02467(-8) | 1.92467(-8)| 1.92467(-8)
3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913
512| 1.20312(-9)| 1.20311(-9)]| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)
3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976
1024 7.51824(-11)| 7.51823(-11)[7.51822(-11)| 7.5182(-11)| 7.5182(-11)| 7.5182(-11)| 7.5182(-11)| 7.5182(-11)| 7.5182(-11)
4.00024 4.00024 4.00025 4.00025 4.00025 4.00025 4.00025 4.00025 4.00025
nle >—42 544 >—146 1 5—50 >—52 554 550 558

64 | 4.86663(-6) | 4.86663(-6) | 4.86663(-6)|4.86663(-6) | 4.86663(-6) | 4.86663(-6)| 4.86663(-6) | 4.86663(-6)| 4.9409(-3)
128[ 3.07761(-7) | 3.07761(-7) |3.07761(-7))| 3.07761(-7)| 3.07761(-7) |3.07761(-7)| 3.07761(-7) |3.07761(-7)|3.07761(-7)

3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 3.98304 | 13.9707

256| 1.92467(-8) | 1.92467(-8) | 1.02467(-8) | 1.92467(-8)| 1.92467(-8) | 1.92467(-8)| 1.92467(-8) |1.02467(-8) | 1.02467(-8)
3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913 3.99913

512| 1.20312(-9)| 1.20311(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)| 1.20312(-9)
3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976 3.99976

1024 7.51824(-11)| 7.51823(-11)[7.51822(-11)| 7.5182(-11)| 7.5182(-11)|7.5182(-11)| 7.5182(-11)] 7.5182(-11)| 7.5182(-11)
4.00024 4.00024 4.00025 4.00025 4.00025 4.00025 4.00025 4.00025 4.00025
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