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A METHOD FOR OBTAINING THIRD-ORDER
ITERATIVE FORMULAS

Djordje Hercegm, Dragoslav Herceé:'):I

Abstract. We present a method for constructing new third-order meth-
ods for solving nonlinear equations. These methods are modifications of
Newton’s method. Also, we obtain some known methods as special cases,
for example, Halley’s method, Chebyshev’s method, super-Halley method.
Several numerical examples are given to illustrate the performance of the
presented methods.
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1. Introduction

In this paper we consider a family of iterative methods for finding a simple
root « of nonlinear equationf (x) = 0. We assume that f satisfies

1) feClabl, f@)A0 zelab], fla)>0>f0).

Under these assumptions the function f has a unique root « € (a, b).
Newton’s method is a well-known iterative method for computing approxi-
mation of « by using

f (zk)

Th41 = T — P (zn)’

=0,1,...

for some appropriate starting value xg. Newton’s method quadratically con-
verges in some neighborhood of « if f' («) # 0, [4].

The classical Chebyshev-Halley methods which improve Newton’s method
are given by

o f (@) _tla)
Tk+1 = Tk f/ (fk) (1 + 2(1 — ﬁt (xk))) ,
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where

(2) t(z) = M

I (@)
This family has third-order of convergence and includes Chebyshev’s method
(8 = 0), Halley’s method (8 = %) and super-Halley method (8 = 1), see
[3, [ [7].

Newton’s and Chebyshev-Halley methods belong to the class of one-point
iteration methods without memory [7]

(3) Th+1 = F (mk) .

Here we consider the developing of third-order modifications of Newton’s method.
Using an iteration function of the form

Py =e- 50

we obtain for a specific function G and some of its approximations iterative
methods of the form (@), which are cubically convergent. Some known methods
are members of our family of methods. So, our algorithm 2 is Chebyshev’s
method, our algorithm 5 is Halley’s method, and our algorithm 6 is super-Halley
method. Also, our algorithm 7 is

G (),

2f (zn)
P () + 8 (o= FE25)

from [§] and [2], and our algorithm 9 is

Tp4+1 = Tn —

[ (zn) 1

Tny1 = Ty — +
2 "z _ f(@n)
[ (@) f! (;z: f/(acn))

from [2] and [6]. The algorithm 1 is a class of algorithms depending on two
parameters.

2. Main result

The crux of the present derivation is to obtain a specific function G and
some of its approximations such that the special iteration function F'

f(z)
— G(x
7
produces a sequence {z,} by (@) which is cubically convergent.

One can see that Newton’s and Chebyshev-Halley iteration functions are
special cases of (@) with

(4) F(z)=x

G(x)=1
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and
_ t(x)
A T 1))
respectively.
If we define
6 G ()= | L1

fr(a)’

and F by (@) we obtain an iterative method of third-order. For our definition
of the function G we need the knowledge of the zero a. Since the value of « is
unknown, we can use appropriate approximations for G. In [I] another weight
function A is considered. Namely,

[ () )
CHVA

We shall consider three different possibilities for constructing the function G.
Firstly, we approximate « in (&) only. In this way we obtain algorithm 1. The
second possibility is to approximate G using Taylor or Padé expansion and
after that to use some approximations for «, f'(«) and f”(«). In this way we
construct algorithms 2-8. The third possibility is to approximate the square
root in () and after that to approximate f’(«). This way we obtain algorithms
9 and 10. Obviously, using similar approximations one can also obtain other
new third-order iterative methods.

h(x)=1+;1n<

2.1. Algorithm 1. Approximations of «

We can use some quadratic approximation for «,

Q= ‘:Oﬁ"‘{(x)ﬂ

where g is a suitable function depending on a real parameter 3. For example,
we can choose

f(x)
f'(@ = Bf(x)) +f (x)

One can see that for vy =0 and 8 = 1 we have ([@), for v = 0 and 5 =0 (8) and
for v =0 and 8 = —1 we obtain (@), which are given in [IJ, i.e.

(6) PpA(2) =2 —

I 1 C))

™ A= @)
_ . @
f(z)
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Now we define for real parameter 3

[ ()

Coor (@) =\ Flgpn @)

2.2. Approximation of G by using Taylor expansion

Using Taylor expansion from

f'(@)
f(a)
we obtain
(10) Gla) 14 B

2f'(@)

Using this approximation, we can obtain some new functions:

2.2.1. Algorithm 2. Chebyshev method

In (I0) instead of x — a we use Newton’s correction % and approximate f’(«)

with f’(z) and approximate f”(«) with f”(z). This way we obtain

GCH(x)=1+W:1+t(;).

Iterative method [B) with Gop(z) and F defined by (@) becomes Chebysev’s
iterative method.

2.2.2. Algorithm 3.

In (I0) instead of z — « we use Newton’s correction ff,(&)) and approximate f’(«)
with f/(z) and f”(«) is approximated with

f(e)

(@)= f (x - f'((?))
- f(@)
f'(x)

So, we obtain
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2.2.3. Algorithm 4.

In (I0) instead of x — a we use Newton’s correction f,((?) and approximate f’(«)

with
_ f(=)
[ (z)

fl(z

),

and approximate f”(«) with

This way we obtain

7@ (o) r@ (- $3)
Gpa(z) =1+ 2 (x_ ]{,((1»))) C ap (m_ ;f/((a;))) :

2.3. Approximation of G by using Padé expansion

Using Padé expansion from

f'(x)
f'(a)
we obtain
11 G(x) =~ L
(1) @)~ I
27 (@)

Using this approximation, we can obtain some new algorithms:

2.3.1. Algorithm 5. Halley’s method
In () instead of x — a we use Newton’s correction f,((?) and approximate f’(«)

with f/(z) and f”(«) with f”(x). In such way we obtain

1 2
G = = '
HL () L) e 2t
BTN

Iterative method @Bl) with Gop(z) and F defined by () becomes Halley’s iter-
ative method.
2.3.2. Algorithm 6. Super-Halley method

In () instead of x — a we use Halley’s correction

fle) 2
f' () 2 —t(x)
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and approximate f’(«) with f'(z) and f”(«) with f”(z). This way we obtain
super-Halley method.

1 1 1 2 t(x)
GSH(‘r) — ~ - — p — p = .
7 T /@ 1 ) 1_%2@ 1- Qi(t()w) 2(1-t(@)
2f(2)

2.3.3. Algorithm 7.
In (II)) instead of x —a we use Newton’s correction ff,(&)) and approximate f’(«)

with f/(z) and f"(«) with

f”(a) f(ﬂ?)
()
So, we obtain
21" (z
Gps(r) = (@)

Iterative method (@) with Gps(z) and F' defined by (#) is considered in [8] and

* /(@)
x
F(z)=2z- G .
((E) T f/ (l‘) D3 (l’)
2.3.4. Algorithm 8.
In () instead of 2 — o we use Newton’s correction%7 we approximate f’(«)
with
[ (x)
and f”(«) with
yo F@ -1 (- 48)
(@)
Now, we have
—2f (33 - }‘l((f;)
GD4 (l‘) =

2.4. Approximation of G by using square root approximation

For approximating square root of a real number there are many different
formulas. We shall use only two to demonstrate a way for obtaining some new
iterative methods of form (B]) with F given by () where G is replaced with Gpg
or G LB-
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2.4.1. Algorithm 9.

Using Heron’s approximation of square root

1o (s 20)

frla) 2 ['(e)
and
Rt
Flay= i (2= 2.,
we obtain /
Gur(z) = et ! (x)f

2 @\

2f' (2~ #3)
Tterative method @) with Gy r(x) and F defined by () is considered in [2] and
[6].

2.4.2. Algorithm 10.

Using Lambert’s approximation of square root, i.e.

(@) L3 85 @)+ f ()

7 T 3 e T r@ s

rer=r (2= 55)

and

we obtain

3f' () + 1 (33 - ]{/((a;)))
LB (z) = .
f'(x)+3f (m - ﬁ(?))

Let us consider the iterative procedure (@) where F is given by ). Our condi-
tions imply that f has exactly one root in (a,b).

Theorem 1. Let us assume that the function f is sufficiently smooth in a
neighborhood of its simple root o and f’ () # 0. Then the iterative method
Tp+1 = F (x), where
f(x)
F(z)=2- G (x)
[ (@)
and function G is some of our functions Gg, Geou, Gur, Gsu, Gur, GLB,

Gp1, Gp2, Gps, Gpa, converges cubically to the unique solution o of f (x) =0
in a neighborhood of .
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Proof. Tt is well known that the iterative method (@) is cubically convergent if
Fa)=a, F'(a)=F"(a)=0, F"(a)#0.

Differentiating (@) we get

F(z)=1—-4(2)G(z) —u(x)G (x)

and
F" (z) = =" ()G (z) — 2u' (2) G’ (z) — u (z) G" ()
where f @)
Y=y

It is easy to see that for all our functions G it holds G (o) = 1. After simple
calculations one can obtain that

—

B f// a)
- 2f/(a)
We have u' (z) = 1 —t (), where ¢ is defined by (2)). It follows that
u(a) =0 and v (o) = 1.
Now, we can see that F' (o) = a and F’ (o) = 0. Since

_f"(a)
f' (@)

G (o)

v (a) = —t' (o) =

and
oy @ @) f ()
F0) = gy @ (@) =267 (@) = Ty — 20y

we conclude that
F(a)=a, F'(a)=F"(a)=0,

which is sufficient to complete the proof. o

3. Numerical examples

We present some numerical test results for our cubically convergent methods
and the Newton’s method. Methods with iteration functions F' were compared,
where

f(z)
Fx)=z— G (x),
(@)=~ G @
and G is one of our functions 1, Gg 4, Gon, Gur, Gsu, Gur, G, Gp1, Gp2,
Gps3 , Gps. So, we have the following 13 iterative functions:

W
f@)

F1 (I) =




A method for obtaining third-order iterative formulas 203

Fa0) =2 = 318G (@), H=1,9=0.
Fae) o= £ G (0, 50,7 =0,
Fi@) =2 = 438G (a), =1y =0,
Fs (@) =2~ 210 Gon (o),
Fo(z) =2 — Jf,((?) Gp1 (2)
Frw)=o-— ;,((Z))Gm (x)
Fa (o) =~ 0 G (a),
Fa(a) =2 = 12 G ().
Fuo(a) =~ 3 5Gpa ().
Fua(5) =2 = 4,5 Ga (@)
Fua(0) =2~ TG (o).
Fua @) =2 - L2610 (0

The order of convergence COC can be approximed using the formula

_ In[(@ng1 — @) [ (zn — )|
COC ™ M ln — @) s — )

All computations were performed in Mathematica 6.0. When SetPrecision is
used to increase the precision of a number, we can choose number prec of digits
in floating point arithmetics. In our tables we give the value of prec. We use
the following stopping criteria in our calculations: |z, — «| < € and|f (x)] < e,
where « is exact solution of considered equation. With it we denote number
of iteration steps. For numerical illustrations in this section we used the fixed
stopping criteria ¢ = 10~'® andprec = 1000.

We present some numerical test results for our iterative methods in Table 1.
We used the following functions:

1
fi(z) =sinz — > apx ~ 0.5235987755982988731,
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Fo(x) = 2% — 10,  asx ~ 2.1544346900318837218,
fa(2) = e® — a2, agx ~ 0.9100075724887090607,
fo@) = 2 + 407 — 10, aux ~ 1.3652300134140968458,
folw)=(@-17°-1, a5=2,
fo (@) = sinz — g agx ~ 1.8954942670339809471.

We also display the approximation ax of exact root « for each equation. as is
calculated with precision prec, but only 20 digits are displayed.

As a convergence criterion it was required that distance of two consecutive
approximations & for the zero be less than 10715, Also displayed are the number
of iterations to approximate root (it), the computational order of convergence
(COC), the value f (z;) and|z; — .

Table 1: Numerical results

IT COC Az, f(z,) )

fl; Ty = 0.05

F 5 2 3.6-107%° —3.1.107%° 1.1-107'7
4 3 1.2-107%% —-1.0-107°% 87.10°20
F3; 4 3 131000 —1.1-10776  1.5.1072
Fy 4 3 8.9.1079 7.7-1079° 9.5-10722
Fy 4 3 3.1-107%#  —2.7-107°* 2.1-.-10718
Fy 4 3 2.4-10778 2.1-10778 3.1-10726
F 4 3 43-100"1  —-3.7-100"Y  80-10*#
Fy 4 3 8.0-107°¢ —7.0-107° 6.9.10"'
Fy 4 3 5.0-107°%  —4.3.107°% 1.4.1071
Fo 4 4 2.0-1071%8  1.7.1071%®  59.107%
F, 4 3 33.107% —28.107% 1.3-1072!
Fls 4 3 12100 —-1.0-1077¢  1.4.10"%
f1, Ty = 1.0

F 6 2 2.8-107% —24.107% 98.10°23
F, 4 3 1.5-10751 1.3-107°¢ 2.0-10717
F3; 4 3 6.2- 1082 5.4.107%2 2.5-1072%7
F, 4 3 51-107%9 —45.107%° 3.7.10720
F, 5 3 6.9-10-81 5.9-107% 2.7-10%7
Fs 5 3 51-107131  44.107131 85.107*
F, 4 3 2.7-107%° 2.4-107%° 7.0-10720
Fs 5 3 1.7-10712"  14-.10712" 87.107%3
Fy 4 3 3.3-107% 2.9.1079% 2.7-10730
Fio 4 4 7.0-107138  61.1071%  8.0-1073%°
Fi 4 3 2.7-107% 23.100%  54.10716
Fio 4 3 2.8-107%° 2.4-107%° 7.0-10720
Fiz3 4 3 6.4-10°77  5.5.10777 1.2-1072°
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fg, o — 2.2

I
F
F3
Fy
Fs

o

Zo

oo

DT OO U OO O O

—=
[
B

=
[\)
-3

LW WWWWWWWwwwwN LW W WWWWWWwwwwrN

LW WWWWWWWWwWwwwwnN

5.0
79-
2.2
1.9-
3.3
2.0-
2.0-
44 -
5.7
8.9-
2.2
2.0-
9.6 -

2.3-
1.0-
6.5 -
1.9-
74 -
2.0-
1.0-
1.9
9.5 -
4.3
3.7
1.0-
14.

1.6-
8.9-
1.8-
3.4-
1.5-
0.4 -
2.7-
3.7
5.4 -
7.3
2.3-
2.7-
9.8 -

10—216
107520
107757
10—506
10—503
10—537
107370
107571
107742
10—639
10—592
10—370
107751

10—51
10—90
10789
107131
10751
10—58
10—92
10—56
10768
10771
10—60
10—92
10—87

107+
107°7
10—115
1053
107
107%
1074
10—112
10—130
107105
107109
10749
10—116

4.1-107216
—6.5-107°20
—1.8-1077°7
—1.6-10750
—2.7-107°03
—1.7-107537

1.6-107370
—3.6-107°7
—4.6-107742
—7.3-107639
—1.8-107592

1.6-107370
—7.9.10771

—6.8-107°1
3.0-1079
—1.9-10°88
5.7-107131
—2.2.107%0
—6.1-107°8
—3.0-10792
—5.7-10756
—2.8.10797
—1.3-10770
—1.1-10759
—3.0-10792
—4.2.107%

2.7-1074
—1.5-107%°
—2.9.10~114

5.7-10752
—2.4.107%
—8.9.10792
—4.4.10748
—6.2-10~ 111
—9.0-107129
—1.2.107103
—3.8.107108
—4.4.10748
—1.6-10"114

29-
1.1-
1.2
3.6 -
3.5
1.5-
1.8-
1.0-
2.1-
3.1-
8.5
1.8-
1.9-

6.2 -
7.7
8.5
2.1
. 10717
6.9 -
5.3 -
3.4 -
8.8
5.4 -
2.1-
5.3 -
2.4 -

2.1

18-
1.0-
. 10—38
1.6-
1.5-
2.2
2.1-
1.3-
2.1-
3.0-
1.0-
2.1
8.7-

1.1

10—108
107173
107252
10—169
10—168
10—179
107123
107190
107247
10—213
10—198
10—123
107250

1072
10—31
10730
10~

1072
107
1071
10722
107>
10720
107
10729

10—21
10—19

10718
10732
10731
10—16
10—37
10—43
10735
10736
10—16
10—39

205
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fs, xo = 1.8 [1

L6 2 9.6-10~42 2.9.10~4 3.1-102L
F, 5 3 4.4.10798 1.3-10797  2.0-10733
F; 4 3 58-107%1  —1.7-107% 95.1072!
F, 6 3 4.0-1071% —1.2.1071%4 84.10736
F, 5 3 1.7-1071®  _—50-10"18 4.6.1074
Fs 5 3 21-107%9  —64-107%7 9.9.1073¢
F 4 3 46-107107  14.107106  §.5.10736
Fs 4 3 58-107%  —1.7-107%9 9.5.1072
Fy, 4 3 1.3-107%  —-39.107% 1.6-10"23
Fo 4 3 1.3-107% —4.0-107% 4.9.107'7
Fi 4 3 3.5-107°¢ —1.1-107° 3.5.1071
Fi, 4 3 4.6-107197  14.107196  6.5.10736
Fiz 4 3 9.5-107% —2.8.107%2 24.107%
fﬁa xo = 2.3 [1}

FL 6 2 3.0-100%® —25.107% 23.107*
F 4 3 1.1-107% —-8.9-107%2 1.2.107Y7
F; 4 3 41-10777  —-3.4-10077 6.7-1072%6
F, 5 3 1.7-107136  14.107136  7.4.1074
F, 4 3 6.9-107* —57-100% 98.107V
Fs 4 3 3.1-107% —25.107% 3.6-10718
F 4 3 3.6-107115 —29.107115 22.10738
Fs 4 3 1.6-107% —1.3-107% 74.1071
Fy 4 3 6.5-1077 —53-10072 4.6-10~*
Fo 4 3 43-107% -35.107% 1.1.107%
F, 4 3 3.9-107°® —3.2.107° 1.0-1071%
Fls 4 3 3.6-10"15 —29.10711% 22.10°38
Fi; 4 3 31-100"  —26-107"% 1.3.1072%°

Conclusions

In this paper we presented the family of third-order iterative methods. Some
well known methods belong to this family, for example, Halley’s method, Cheby-
shev’s method and super-Halley method from [3| [5 [7]. The first method in our
tables is the Newton’s method. The test results in Table 1 show that the com-
puted order of convergence of the presented iterative methods is three, which
supports the theoretical result obtained in this paper.
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