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Analyticity of a joint spectrum and a
multivariable analytic Fredhom theorem

M. Stessin, R. Yang and K. Zhu

Abstract. For an n-tuple of compact operators T = (T1, · · · , Tn) on
a Hilbert space H we consider a notion of joint spectrum of T , denoted
by Σ(T ), which consists of points z = (z1, · · · , zn) in Cn such that
I + z1T1 + · · · + znTn is not invertible, where I is the identity operator
on H. Using the theory of determinants for certain Fredholm operators
we show that Σ(T ) is always an analytic set of codimension 1 in Cn.
This result is in fact a special case of a multivariable version of the
analytic Fredholm theorem.
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1. Introduction

In this paper, H denotes a complex separable Hilbert space. K(H) and
S1 denote the set of compact operators and trace class operators on H,
respectively.

Given an n-tuple T = (T1, · · · , Tn) of compact operators on H, we are
interested in the set Σ(T ) consisting of z = (z1, · · · , zn) ∈ Cn such that T (z)
is not invertible, where

T (z) = I + z1T1 + · · ·+ znTn,

with I being the identity operator on H. One motivation of this paper is
the study of the so-called projective spectrum for operator tuples that is
defined and studied in [8].
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Clearly, if A is any linear operator on H with ‖A‖ < 1, then the operator
I + A is invertible. Therefore, the joint spectrum Σ(T ) misses the entire
open ball

|z| < 1/
√
‖T1‖2 + · · ·+ ‖Tn‖2

in Cn.
The main result of the paper is that Σ(T ) is always an analytic set of

codimension 1 in Cn. Recall that a set S in Cn is called an analytic set if
for any z ∈ S there exists some open neighborhood U of z in Cn such that
S ∩ U is the intersection of zero sets of several holomorphic function in U .
Furthermore, S is an analytic set of codimension 1 if S∩U above is the zero
set of a single holomorphic function in U .

The case in which n = 1 is elementary. In fact, if n = 1 and T is a single
operator, then it is clear that

Σ(T ) =
{
−1

z
: z ∈ σ(T ) \ {0}

}
,

where σ(T ) is the classical spectrum of T , consisting of complex numbers z
such that zI − T is not invertible. If T is compact, then σ(T ) is a (finite or
infinite) sequence with 0 as the only possible accumulation point, so Σ(T )
is a (finite or infinite) sequence in the punctured complex plane C − {0}
without any finite accumulation point, which, according to the Weierstrass
factorization theorem, is always the zero set of an entire function.

Our proof of the main result is more or less constructive and relies on the
notion of determinant for a certain class of Fredholm operators. As a matter
of fact, we are going to prove a multi-variable analytic Fredholm theorem,
establish a trace-determinant formula, and derive the result mentioned above
as a corollary.

2. Preliminaries on determinant and trace

If F is a trace class operator on H with eigenvalues λ1, λ2, . . . , counting
multiplicity, then the determinant of I + F is defined by

det(I + F ) =
N(F )∏
k=1

(1 + λj),

where N(F ) is the rank of F . The following fact is a direct consequence of
this definition.

Lemma 1. Suppose F is a trace class operator on H. Then the following
are equivalent.

(a) I + F is not invertible.
(b) −1 is an eigenvalue of F .
(c) det(I + F ) = 0.
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Proof. If I+F is not invertible, then −1 belongs to the spectrum of F . But
F is compact, so all nonzero points in its spectrum are eigenvalues. Thus
−1 is an eigenvalue of F . This shows that (a) implies (b). That (b) implies
(a) is obvious. It is also clear that (b) and (c) are equivalent. �

For two vectors x and y in H, the rank 1 operator x ⊗ y is defined by
x⊗ y(w) = 〈w, y〉x. If F is a finite rank operator, say

∑m
k=1 φk ⊗ fk, then

det(I + F ) is equal to the determinant of an associated m×m matrix ([4],
Theorem 3.2), namely,

det(I + F ) = det
(
δjk + 〈φj , fk〉

)m

j,k=1
.

3. A multivariable analytic Fredholm theorem

Now consider a holomorphic function f from a domain Ω ⊂ Cn to K(H).
Let

Σ(f) := {z ∈ Ω : I + f(z) is not invertible}.
In the case n = 1, the classical analytic Fredholm theorem says that Σ(f)
is either the entire Ω or a discrete subset of Ω ([7]). The purpose of this
section is to establish a multivariable version of this result.

Lemma 2. If f is holomorphic from a domain Ω ⊂ Cn into S1, then the
function det(I + f(z)) is holomorphic on Ω. Consequently,

Σ(f) = {z ∈ Ω : det(I + f(z)) = 0}
is the zero set of a global holomorphic function.

Proof. When n = 1, this is Theorem 8 on page 163 of [5]. When n > 1, we
just consider the complex variables one at a time and use the n = 1 case.
Since a complex-valued function defined on Ω is holomorphic whenever it is
holomorphic in each variable separately, the desired result follows. �

The main result of this section is the following.

Theorem 3. Suppose f is a holomorphic operator-valued function from a
domain Ω ⊂ Cn to K(H). Then Σ(f) is either empty, or the entire Ω, or
an analytic subset of Ω of codimension 1.

Proof. Assume Σ(f) is not empty or the entire Ω. In this case f is not a
constant. Pick any point λ in Σ(f). Since Ω is open and f is holomorphic,
there is a small r > 0 such that B(λ, r) ⊂ Ω and ‖f(z) − f(λ)‖ < 1/3 for
all z ∈ B(λ, r). Since f(λ) is compact, there is a finite rank operator K
such that ‖f(λ)−K‖ < 1/3. It follows that

(1) ‖f(z)−K‖ < 2/3, z ∈ B(λ, r).

Given any z ∈ B(λ, r), the inequality in (1) implies that the operator
I + f(z)−K is invertible, so we can write

I + f(z) = [I + f(z)−K][I + (I + f(z)−K)−1K].
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Also, I + f(z) is not invertible if and only if the operator

I + (I + f(z)−K)−1K

is not invertible, and this is the case, according to Lemma 1, if and only if

det[I + (I + f(z)−K)−1K] = 0.

This shows that

Σ(f) ∩B(λ, r) = {z ∈ B(λ, r) : det[I + (I + f(z)−K)−1K] = 0}.
Since K is a trace class operator, the function

z 7→ (I + f(z)−K)−1K

is holomorphic from B(λ, r) into S1. Combining this with Lemma 2, we
conclude that the function

z 7→ det[I + (I + f(z)−K)−1K]

is holomorphic on B(λ, r). Thus Σ(f)∩B(λ, r) is the zero set of a holomor-
phic function in B(λ, r). Clearly, λ ∈ Σ(f) ∩B(λ, r). If Σ(f) ∩B(λ, r) =
B(λ, r), then Σ(f) = Ω by the connectness of Ω and this contradicts our
assumption. Hence det[I+(I+f(z)−K)−1K] is a nonconstant holomorphic
function on B(λ, r), and therefore Σ(f) ∩ B(λ, r) is an analytic subset of
codimension 1. �

Proposition 4. Suppose f is a nonconstant holomorphic operator-valued
function from a domain Ω ⊂ Cn to K(H). If Σ(f) is not empty or the
entire Ω, then Σc(f), the complement of Σ(f) in Ω, is not simply connected.

Proof. Pick a point λ = (λ1, λ2, . . . , λn) ∈ Σ(f). Since by Theorem 3
Σ(f) is an analytic set of codimension 1, we can pick an r > 0 and an η ∈ Cn

with ‖η‖ = 1 such that {λ + wη : |w| < r} ∩ Σ(f) is a finite set. So for
some smaller 0 < r′ < r, the set Dλ := {λ + wη : |w| ≤ r′} contains only
one point from Σ(f), namely λ. Now consider the one variable function
g(w) = I +f(λ+wη), |w| ≤ r′. By construction g(w) is Fredholm operator-
valued and is invertible for all w with |w| = r′. By [6] (also see page 1 and
2 of [1]), the logarithmic integral

(2)
1

2πi

∫
∂Dλ

[g(w)]−1g′(w) dw

is a nonzero finite rank operator. Now consider the restriction of operator-
valued 1-form

(I + f(z))−1df(z) = (I + f(z))−1
n∑

j=1

∂f(z)
∂zj

dzj

to Dλ. Since z = λ + wη, w = 〈z, η〉 − 〈λ, η〉, and it follows easily that
df(z) = g′(w)dw on Dλ. Hence

1
2πi

∫
∂Dλ

(I + f(z))−1 df(z) =
1

2πi

∫
∂Dλ

[g(w)]−1g′(w) dw 6= 0.
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Since (I+f(z))−1df(z) is an analytic 1-form on Σc(f), the fact above implies
that ∂Dλ is not homotopic in Σc(f) to a point. �

We make some further remarks on the 1-form (I + f(z))−1df(z). Assume
f is holomorphic from Ω ⊂ Cn into S1. As in the proof of Proposition 4,
the operator-valued 1-form

ωf (z) := (I + f(z))−1 df(z)

is well defined on Σc(f) := Ω \ Σ(f). Here again

d =
n∑

j=1

∂

∂zj
dzj .

Moreover, since ∂f(z)
∂zj

is trace class for all z, we see that ωf (z) is in fact an
S1-valued 1-form. Hence the trace tr [ωf (z)] is well defined and is an ordi-
nary holomorphic 1-form on Σc(f). The following formula is a multivariable
version of its one variable case (cf. [5] Chapter IV formula (1.14)).

Proposition 5. If f is holomorphic from Ω ⊂ Cn into S1, then

tr [ωf (z)] = d log det(I + f(z))

on Σc(f).

In this case, the integral (2) in the proof of Proposition 4 transforms to
an elementary logarithmic integral by the trace. More specifically, in this
case, λ is a zero of the function det(I + f(z)), and by Proposition 5 above
and the residue theorem,

1
2πi

tr
∫

∂Dλ

g−1(w) dg(w) =
1

2πi

∫
∂Dλ

tr[(I + f(λ + wη))−1df(λ + wη)]

=
1

2πi

∫
∂Dλ

d log det(I + f(λ + wη))

= m(λ),

where m(λ) is the order of zero of det(I + f(λ + wη)) at w = 0.
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