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Local dimensions for the random
B-transformation

K. Dajani and C. Kalle

ABSTRACT. The random (-transformation K is isomorphic to a full
shift. This relation gives an invariant measure for K that yields the
Bernoulli convolution by projection. We study the local dimension of
the invariant measure for K for special values of 8 and use the projection
to obtain results on the local dimension of the Bernoulli convolution.
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1. Introduction

The Bernoulli convolution has been around for over seventy years and has
surfaced in several different areas of mathematics. This probability measure

depends on a parameter 8 > 1 and is defined on the interval [0, %} , where

| 3] is the largest integer not exceeding S. The symmetric Bernoulli con-
volution is the distribution of )7, g—’; where the coefficients by, take values

in the set {0,1,...,|3]}, each with probability ﬁ If instead the val-

ues 0,1,...,[3] are not taken with equal probabilities, then the Bernoulli
convolution is called asymmetric or biased. See [PSS00] for an overview of
results regarding the Bernoulli convolution up to the year 2000. Recently
attention has shifted to the multifractal structure of the Bernoulli convolu-
tion. Jordan, Shmerkin and Solomyak study the multifractal spectrum for
typical 5 in [JSS11], Feng considers Salem numbers § in [Fenl2] and Feng
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and Sidorov look at the Lebesgue generic local dimension of the Bernoulli
convolution in [FS11]. In this paper we use a new approach to study the
local dimension function of the Bernoulli convolution.

If x € [0, %} can be written as z = 7, g—’; with b, € {0,1,...,|8]}
for all £ > 1, then this expression is called a S-expansion of the point =x.
It is well known that Lebesgue almost every x has uncountably many (-
expansions. In [DdV05] a random transformation K was introduced that
generates for each x all these possible expansions by iteration. The map K
can be identified with a full shift which allows one to define an invariant
measure vg for K of maximal entropy by pulling back the uniform Bernoulli
measure. One obtains the Bernoulli convolution from v by projection. In
this paper we study the local dimension of the measure vg. By projection,
some of these results can be translated to the Bernoulli convolution. For
now, our methods work only for a special set of §’s called the generalised
multinacci numbers. We have good hopes that in the future we can extend
these methods to a more general class of 3’s.

The paper is organized as follows. In the first section we will give the
necessary definitions. Next we study the local dimension of v3. We give a
formula for the lower and upper bound of the local dimension that holds
everywhere using a suitable Markov shift. Moreover, we show that the local
dimension exists and is constant a.e. and we give this constant. We also show
that on the set corresponding to points with a unique S-expansion, the local
dimension of v takes a different value. Next we translate these results to a
lower and upper bound for the local dimension of the symmetric Bernoulli
convolution that holds everywhere. We then use a result from [FS11] to
obtain an a.e. value for the Bernoulli convolution in case § is a Pisot number.
Finally we give the local dimension for points with a unique expansion. In
the last section we consider one specific example of an asymmetric Bernoulli
convolution, namely when [ is the golden ratio. We give an a.e. lower and
upper bound for the local dimension of both the invariant measure for K and
the asymmetric Bernoulli convolution. This last section is just a starting
point for more research in this direction.

2. Preliminaries

The set of 8’s we consider, the generalised multinacci numbers, are defined
as follows. On the interval [0, %] the greedy B-transformation T} is given

by

[ Ba(mod 1), if z €[0,1)
Tpw = Bx — | 5], ifxe[l,%ﬂ.
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The greedy digit sequence of a number = € [O, %] is defined by setting

ko ifze [5,51), ke {0,...,[8] -1},
18], ifwe [ 2],

and for n > 1, a, = a,(z) = al(Tgflzx). Then Tgx = fx — ai(x) and one
easily checks that z = >~ | g—z This S-expansion of z is called its greedy
B-expansion. A number 5 > 1 is called a generalised multinacci number if
for some n > 2 the greedy [-expansion of the number 1 satisfies

aq 2 a
(1) 1:—+—+---+ﬁ—z,

ap = ai(z) =

with a;j > 1 for all 1 < j <n. (Note that a; = [].) We call n the degree of
B.

Remark 2.1. Between 1 and 2 the numbers that satisfy this definition are
called the multinacci numbers. The n-th multinacci number 3, satisfies

Br=B BT Bt 1,

which implies that a; = 1 for all 1 < j < n in (1). The second multinacci
number is better known as the golden ratio.

For the Markov shift we will construct later on, we need a suitable par-
tition of the interval [O, %} Consider the maps Tz = fxr — k, k =
0,...,|B]. Foreachz € [O, %} , either there is exactly one k € {0, ..., 3]}
such that Tpx € [0, %}, or there is a k such that both Tyz and T}z are

in [0, %] . In this way the maps T}, partition the interval [0, %} into the
following regions:

Ebz%Lé), Emr:(50¥21)+tﬁﬁfl’;€i}’

B E—1 k41 )
&_<M5—D+ 5B )’ke{L””mJ -

k1Bl k-1
Sk—[l@,ﬁ(ﬁ_l)—i- 3 ], kE{l,...,LﬂJ}.

See Figure 1 for a picture of the maps T} and the regions Ej and Sj for
2< B <3
Write Q = {0, 1}. The random B-transformation is the map K from the

space ) X [0, %} to itself defined as follows.

(w, Tpx), if v € By, k€{0,...,[B]},

K(wvx) = {(O’W,Tk—l-i-UJlx)’ ifz e Sk, ke {17 < I_BJ}7



288 K. DAJANI AND C. KALLE

FEo S1 E1S2 E»

=

@

T
-

FIGURE 1. The maps Topx = Bz, Tix = Bx — 1 and Thr =
Bx — 2 and the intervals Fy, S1, E1, So and Es for some
2< B <3.

where o denotes the left shift, i.e., o(wp)n>1 = (Wnt+1)n>1. The projection
onto the second coordinate is denoted by m. Let [5] denote the smallest

integer not less than 3. The map K is isomorphic to the full shift on [S]
symbols. The isomorphism ¢ : 2 x [0, %} —{0,1,..., 8]} uses the digit
sequences produced by K. Let

k, 1fJJEEk,]€€{O,1,,L,8J}7
bi(w,z) = orifxeSyandw =1, ke {l,...,[8]},
k‘—l, if.%'GSkandwlzoake{la'“?LﬁJL

and for n > 1, set by (w,z) = b1 (K" ! (w,2)). Then
p(w,z) = (bn(w,x))n21.

This map is a bimeasurable bijection from the set
Z={(w,z) : 7(K"(w,z)) € S io.}

to its image. We have ¢ o K = 0 o ¢. Let F denote the o-algebra gener-
ated by the cylinders and let m denote the uniform Bernoulli measure on
({0,1,..., B/}, F). Then m is an invariant measure for o and vg = mo ¢
is invariant for K with v3(Z) = 1. The projection ug = vgon 1 is the
Bernoulli convolution on [O, %} . For proofs of these facts and more infor-
mation on the map K and its properties, see [DK03] and [DdV05].

We are interested in the local dimension of the measures vg and pg. For

any probability measure p on a metric space (X, p), define the local lower
and local upper dimension functions by

logu(Bp(x,r))
= lim inf —2 0T
d(m, ) "0 log r
— ) logu(Bp(:v,'r))
d(p,r) = limsup ———————~
(1, ) 1 o

9
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where B,(z,7) is the open ball around z with radius r. If d(u, =) = d(u, z),
then the local dimension of u at the point x € X exists and is given by

. logu(By(z,r))
= 1 —_— .
d(p, ) lim og.

On the sets {0,1,..., |3/} and Q we define the metric D by

D(ijl) _ ﬁfmin{kZO:wk+17éw;€+1}'
We will define an appropriate metric on the set 2 x [0, %} later.

3. Local dimension for vg

We will study the local dimension of the invariant measure vg of the map
K for generalised multinacci numbers 8. It is proven in [DAVO05] that for
these B’s the dynamics of K can be modeled by a subshift of finite type.
So, on the one hand there is the isomorphism of K with the full shift on
[B] symbols and on the other hand there is an isomorphism to a subshift
of finite type. This second isomorphism allows us to code orbits of points
(w,z) under K in an appropriate way for finding local dimensions. We give
the essential information here.

We begin with some notation. We denote the greedy map by T as before,
and the lazy map by Sg. More precisely,

Tox, if x € Ey,
Thr = .
Tyx, ifxe Sy UEL, 1<k<|f],

S Tyx, if$€EkUSk+1, OSkSLBJ_L
xTr =

We are interested in the K-orbit of the points (w, 1) and (w, % — )
Proposition 2 (ii) in [DdV05] tells us that the following set F is finite:

(2) F= {W(Kn(w, 1)),7r<K” <w, 18] 1)> >0, we Q}

-1
k8] k.
u{ﬁ,ﬂ(ﬁ_l)+6.ke{o,...,w}}.

These are the endpoints of the intervals Fj and Si and their forward orbits
under all the maps Tj. The finiteness of F' implies that the dynamics of
K can be identified with a topological Markov chain. The corresponding
Markov partition is given by the set F. Let C be the interval partition
consisting of the open intervals between the points from this set. Note that
when we say interval partition, we mean a collection of pairwise disjoint

open intervals such that their union covers the interval [0, %} up to a set
of A-measure 0, where X is the one-dimensional Lebesgue measure. Write
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C = {C1,Cy,...,Cr} and let S = Ulgkg[ﬁj Si. The property p8 from
[DAV05] says that no points of F' lie in the interior of S, i.e., each Sk
corresponds to a set C; in the sense that for each 1 < k < |3] there is a
1 < j < L such that A(S;\C;) = 0. Let s C {1,..., L} be the set containing
those indices j. Consider the L x L adjacency matrix A = (a; ;) with entries
in {0,1} defined by

3)
1, if i¢gsand A(C;NTE(C;)) = )\(Cj),
v 0, if i¢sand N(C;NTEC)) =
)1, if i€ s and MC;NTEC) = )\(C)or)\(C ﬂ350)—)\(0)
0, if iesand A(C;NTpC;) =0 and A(C; N SEC;) =

Define the partition P of €2 x [O, %} by

P={QxCj:j¢stu{{wi =i} xCj:iec{0,1},j € s}.

Then P is a Markov partition underlying the map K. Let Y denote the
topological Markov chain determined by the matrix A. That is,

Y - {(yn)n21 € {1’ te ’L}N : aynay7L+1 = 1} .

Let ) denote the o-algebra on Y determined by the cylinder sets, i.e., the
sets specifying finitely many digits, and let oy be the left shift on Y. We
use Parry’s recipe ([Par64]) to determine the Markov measure ) of maximal
entropy for (Y,Y,oy). By results in [DdV05] we know that v is the unique
measure of maximal entropy for K with entropy h,,(K) = log[3]. By the
identification with the Markov chain we know that hg(oy) = log[f]. The
corresponding transition matrix (p; ;) for Y then satisfies p; ; = a;; fmv ,

where (v1,ve, ..., vy) is the right probability eigenvector of A with eigenvalue
[]. From this we see that if [j; - - - j] is an allowed cylinder in Y, then
iy
4 Q-+ jml) = T
(4) (L m)) Fm

Property p5 from [DAV05] says that foralli € s, a;1 = a;p =1anda;j; =0
for all other j. By symmetry of the matrix (p; ), it follows that

1
(5) Pil =PpiL =5 for all i € s.

e pt ()

Then vg(X) = 1. The isomorphism o : X — Y between (K, vg) and (oy, Q)
is then given by

Let

aj(w,x) =k if Kl (w,x)€Cy.
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See Theorem 7 in [DAV05] for a proof of this fact. In Figure 2 we see the
relation between the different systems we have introduced so far.

({0,1,..., 18]}, o) ¢

(X, K)

(Yv UY)
F1GURE 2. The relation between the different spaces.

To study the local dimension of vg, we need to consider balls in X under
a suitable metric. Define the metric p on X by

p((w,z), (W, 2") =B~ min{k>0: wp17wy g OF apt1 (w,z)Fasr1 (W2}
Consider the ball

Bp((w,:c), B_k)

={(w,2") : wi =wj, and ;(w',2") = o(w,z), i =1,--- ,k}.

Let
k—1
My (w,x) = Zlegxs(Ki(w,l‘)) =#{1<i<k: ajw,zx) € s}
i=0

To determine vg(B,((w, z),r)) for r | 0 we calculate Q (a (B, ((w,z), 37%))).
For all points (w’,2') in the ball B,((w,z), 37") the a-coding starts with the
sequence aq(w, z) - - ag(w,z) and w’ starts with wy - - - wg. From the second
part we know what happens the first k times that the K-orbit of a point
(W', 2") lands in Q x S. Since My(w,x) of these values have been used for
a(w,z) - ag(w, x), there are k — My (w, ) unused values left. Note that
My(w',2") = My(w,z) = My, for all (w',2’) € B,((w,z), 37%). Define the

set
Z=Xn[JE(Qx85).
n>1i>1

All points in Z land in the set Q x S infinitely often under K. Since Z is
K-invariant, by ergodicity of K we have vg(Z) = 1. So, all points (w',2’) €
Bp((w, x), ﬁ_k) NZ make a transition to S some time after k. Moreover, after
this transition these points move to C7 if wy, 41 = 1 and to Cf, otherwise.
The image of a point (W', 2') € Bp((w, x), 5_’“) under « will thus have the
form

Qap - O Q41 Amy—1 Amy Amy+1 " Amo—1 Omgy
~— ™ ~—

&s €s s €s

o amN71_1 N amN—l amN amN+1amN+2 RN
N~~~ -

s €s tail
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where a1 € {1,L}, mj;z1 —m; —2>1and N = k — M. Note that by
the ergodicity of v3 we have

Q U[al---am] tap €sand a; € 5,1 <m
m>1

=y | Xn|JE™QxS) | =1
m>1
So, the transition from any state to s occurs with probability 1. Then one
of the digits w;, M} +1 < j < k, specifies what happens in this event and by
(5) both possibilities happen with probability % To determine the measure

of all possible tails of sequences in a(Bp((w, x), ﬂ_k)), note that again by

p5 of [DAV05] this tail always belongs to a point in 2 x C or 2 x C,. Since
the vg-measure of these sets is the same, the ()-measure of the set of all
possible tails is given by vg(Q2 x C1) = ug(C1). Putting all this together
gives

(6)
_ (ke 1 1 1
Q(CV(Bp((wax)aB k))) = [61 (k 1)Uak(w,cc) -1 5 -1 5 R 5 'Mﬁ(cl)a
k— M}, times
and hence,

(7) v (Bp((w,2), 87%)) = [B1* Vg, a) 277 pg ().

This gives the following theorem.

Theorem 3.1. Let 5 > 1 be a generalised multinacci number. For all
(w,z) € X we have

log[B] = log2 My (w, x)

1 — limsup k:] < d(Vﬁ’ (w, 3‘))

(8)

logs ~ logp k—00
= log[3] | log2 My (w, z)

<d < 1-1 f——2 2.
< d(vg, (w,2)) < log 8 + log 3 s

Proof. Let ﬁ <r< BL" Set
Umin = min v; and vUmax = mMax v;.

1<i<L 1<i<L
Then, by (7),
log l/g(Bp((w,x),r))
log r

(]{7 — 1) logfm (]{7 — Mk) log2 _ log (Umin NB(CI))
klog klog S klog B '
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Hence,

d(vg, (w,z)) = hanup log v (Blg;(:}, ),7))
o log[B] | log2 {
~ logp log 3

1 — liminf ]Mk} .
k—oo k
On the other hand,

log vg(B,((w,z),7))
log r

o (k—1)log[B] N (k— My)log2  log (vmax f15(C1))
(k+1)log (k+1)log S (k+1)logp
Since My11 —1 < My < My41, we have that

log vg (B,((w,z),7))

d(vg, (w,z)) = liminf

k—o0 logr
log[B] log2 [ . Mk]
> 1 —limsup —|. O
logs ~ logp koo K
Remark 3.2. From the above proof it follows that if limy_, M exists,

then d(yﬂ, (w, a:)) exists and is equal to l?fg@ + llggz [1 — limy 00

Mk(w,x)}
— "

Corollary 3.3. Let 8 be a generalised multinacci number. The local dimen-
sion function d(yg, (w,at)) is constant vg-a.e. and equal to

log[$] | log2
d = 1—pg(9)).
Proof. Since vg is ergodic, the Ergodic Theorem gives that for vg-a.e. (w, z),
. Mp(w,x)
klggoT =v3(Q x S) = pp(S). O

Recall that ¢ maps points (w,z) to digit sequences (b, (w,x))p>1. It is

easy tosee that x = ) -, b”fgﬁ’;m) for each choice of w € €. Note that a point

x has exactly one S-expansion if and only if for all n > 0, W(K” (w, m)) g S.
Let Ag C [O, éi_ﬂ be the set of points with a unique [-expansion. Then

Ag # (), since 0, % € Ag for any 8 > 1. By Proposition 2 from [DdV05]

all elements from U,>oK ~"F will be in S at some point and hence they will
have more than one expansion. So, Ag C X. The next result also follows
easily from Theorem 3.1. The measure vg is called multifractal if the local
dimension takes more than one value on positive Hausdorfl dimension sets.

Corollary 3.4. Let 3 be a generalised multinacci number. If x € Ag, then

d(u/g, (w, x)) = bg@% for allw € Q. The measure vg is multifractal.
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Proof. If z € Ag, then My(w,z) =0 for all w € Q and k > 1. Hence, by
(8), d(vg, (w,z)) = log[B1+1062 * pyom standard results in dimension theory

log B8
and our choice of metric it follows that dimpy (Qx{z}) = llggz for all z € Ag.
Hence, v is a multifractal measure. O

Example 3.5. We give a example to show what can happen on points in
F. Let g = 1+T\/5 be the golden ratio. Then, 1 = %—i— % Figure 3 shows the

maps Tp and 77 for this §. Note that F' = {0, %, 1,8}. The partition C has

LB

=

FiGURE 3. The maps Tpx = Sx and Thx = fx — 1 for g =

127‘/5. The region S is colored yellow.

only three elements and the transition matrix and stationary distribution of
the Markov chain are

12 1/2 0
P=1{1/2 0 1/2 and v =(1/3,1/3,1/3).
0 1/2 1/2

Hence, pg(S) = 1/3 and Corollary 3.3 gives that for vg-a.e. (w,z) € € x
[0, 8],
log 2 log2  5log2
d = 2 — =(2-1 = .
(5, () = o252 = ma(9)] = (2= 1/3) 025 = G122

Now consider the a-code of the points (10,1) and (01,1/3), where the bar
indicates a repeating block:

a((TO,l)) = a((OT,l/ﬁ)) = (s,8,8, ),

which is not allowed in the Markov chain Y. Then for any point

(w,2) € [J K~™({(10,1),(01,1/)}),
m=0

one has Bp((w, x), B*k) is a countable set for all k sufficiently large. For the
local dimension this implies that

d(vg, (w,z)) = lim =0
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4. Local dimensions for the symmetric Bernoulli convolution

1

Consider now the Bernoulli convolution measure pug = vg o on the

interval [0, %} for generalised multinacci numbers. In [FS11], the local

dimension of p1g with respect to the Euclidean metric was obtained for all
Pisot numbers 8. A Pisot number is an algebraic integer that has all its
Galois conjugates inside the unit circle. It is well known that all multinacci
numbers are Pisot numbers, but not all generalised multinacci numbers are
Pisot, see Remark 4.3(i). Before stating the results from [FS11], we intro-
duce more notation. Let

(9) Ni(z,B)
0 am
=# {(al,...,ak) € {0,...,18]}* : Hapsn)n>1 st = Z Bm} .
m=1
A straightforward calculation (see also Lemma 4.1 of [Kem12]) shows that

Ni(z, B) = / M) g (w),

Q

where m is the uniform Bernoulli measure on {0, ..., 3]}, In [FS11], it
was shown that if 5 is a Pisot number, then there is a constant v = v(/3,m)
such that

. log Ny(z, B)
m o Yk )

1 1

for A-a.e. z in [0, %], where A is the one-dimensional Lebesgue measure.

Using this, Feng and Sidorov obtained that for A-a.e. x,

1 _
dlpga) = B0,

In fact, the result they obtained was stronger, but we will use their result in
this form. We will show that one has the same value for the local dimension
when the Euclidean metric on R is replaced by the Hausdorff metric. To

this end, consider the metric p on [0, %} defined by

ﬁ(x,y) = dH(ﬂ'il(x)? Fﬁl(y))a

where dy is the Hausdorff distance given by

dp (7 (z), 77 ()

= inf{e >0:7 Yy) C U B,((w,z),€) and 7! (z) C U Bp((w,y),e)}.

we weN
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Theorem 4.1. Let 8 be a generalised multinacci number. For all x €
o)
» B—1 |’

< loéﬁ [log[m - likrgioréf W .
Proof. Let Bs(x,€) = {y : p(z,y) < €}. We want to determine explicitly
the set 7! (B,;(ﬂv, _k)) First note that for any (w,z), and any k > 0,
one has (W', y) € By(( ,x),/B_k), and Bp((w,x),ﬁ_k) = Bp((w’,y),ﬁ_k)
for any (W', y) € (w1 -+ wi| X [o(w, x) - - - ag(w, x)]. We denote the common
set by B, (([w1 -+ wg),z), 7). This implies that

7 (B, 57) = U Bl el 2), 57),

(w1 +wy]

< a(:uﬁ7 x)

where the summation on the right is taken over all possible cylinders of
length £ in Q. Again set vpin = minj<;<r v; and Vmax = Maxj<i<r, v;.
Then,

ns(Bp(x,877) = Y va(By((lwr - wil,x), 67"))

[w1-+wp]

< Z [/Bwi(kil)vak(w,x) 27(k7Mk) :U’B(Cl>
[w1-+wp)

<181 % Domax pg(Cr) > 2Mra7F

[w1-+wy]

= [B-I_(k_l)vmax M,B(Cl)/ﬂ 2Mk dm(w)

= [B17" Y tinax 5(C1) Nie(x, 6).
Now taking logarithms, dividing by log 3%, and taking limits we get
1 1 1
Lo, > 2815 ey BN )

> — lim sup
log B log B k—o0 k

Similarly we get that
ns (Ba(a, 87)) = 18177 vmin 15 (C1) Nie(z, B),

which gives

_ log[ 5] 1 ... logNi(z,p)
s, @) < log 8 _logﬁhklgng'

By the results from [FS11] we have the following corollary.

Corollary 4.2. If § is Pisot, then d(ug,x) exists for A-a.e. x and is equal

to loglg’?ﬁ_V, where 7y is the constant from (10).
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Remark 4.3.

(i) We give some examples of generalised multinacci numbers that are
Pisot numbers. The generalised multinacci numbers in the interval
[1,2], are all Pisot. In the interval [2,00) the numbers S satisfying
B2 —kB—1=0, k> 2, are all Pisot as well. Recall that if

a1 Qp,

1 5 + Bn
with a; > 1 for all 1 <7 < n, then n is called the degree of 3. From
Theorem 4.2 in [AG05] by Akiyama and Gjini we can deduce that
all generalised multinacci numbers of degree 3 are Pisot numbers.
Similarly, Proposition 4.1 in [AGO05] gives that all generalised multi-
nacci numbers of degree 4 with a4 = 1 are Pisot. An example of
a generalised multinacci number that is not Pisot is the number 3

satisfying
Bop BBt
(ii) In [Kem12] it is shown that for all 5 > 1 and A-a.e. z,
1 f—— > log 2
imin . > pa(S)log2,
so we get

1
dps,2) < 155 [10g[8] = 113(5) 10g 2].

Kempton also remarks that this lower bound is not sharp.

5. Asymmetric random (-transformation: the golden ratio

In the previous section, we considered the measure vz = vg 1/ which is
the lift of the uniform Bernoulli measure m = m/; under the isomorphism
d(w,z) = (bn(w,x))n>1. The projection of vz in the second coordinate is
the symmetric Bernoulli convolution. In this section, we will investigate the
asymmetric Bernoulli convolution in case § is the golden ratio.

Let 5 = 1+—2‘/5 Consider the (p, ¢)-Bernoulli measure m,, on {0, 1} where
q = 1—p, ie., with my([0]) = p and mp([1]) = ¢. Let vg, = mpo¢ on
Q x [0,8]. Since my, is shift invariant and ergodic, we have that vg, is K-
invariant and ergodic. We first show that v, is a Markov measure with the
same Markov partition as in the symmetric case (see Example 3.5), but the
transition probabilities as well as the stationary distribution are different.
This is achieved by looking at the a-code as well. The Markov partition is
given by the partition {Ep, S, E1 }, and the corresponding Markov chain has
three states {eg, s, €1} with transition matrix

p q 0
P,=|p 0 ¢
0 p ¢
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and stationary distribution

p? pq g )

pPP—p+1p?—p+1p2—p+1

We denote the corresponding Markov measure by @), that is

U = (ueoau87ue1) = (

Qp([jl s ]k]) = Uj1Pjr,jo """ Pikjrs1s
and the space of realizations by
Y = {(yl,yg, ...) 1y € {eo, s,e1}, and py, 4. > 0}.
Consider the map « : 2 x [0, 5] of the previous section, namely
eg, if K71 (w, ) € Q x Ep;
aj(w,z) =1qs, if KI7Yw,z) € QxS
er, if Kj_l(w,x) € Q) x Ej.
Define ¢ : Y — {0, 1} by
0, if y; =eq or y;yj+1 = sex;
by =47 L i ’
1, if Yj; = €1 Or Y;Yj+1 = S€p.
It is easy to see that 1) o a = ¢. We want to show that @), oo = vg . Since
vgp = mp o ¢, we show instead the following.

Proposition 5.1. We have m), = Q) o L

Proof. It is enough to check equality on cylinders. To avoid confusion,
we denote cylinders in {0, 1} by [iy - - -iz] and cylinders in Y by [j1 - - - ji].
We show by induction that ¢~ ([iy - --ig]) = [j1- - j] Uj1, - - -, fji], where
Jr = €y, and jiji = se1—j,, and

Qullir =) + Qplit -+ Ghsal) = mp([in - -ia]) = p~ ez,
For k = 1 we have ¢~ 1[0] = [eo]U[se1] and 1y ~1[1] = [e1]U[seq]. Furthermore,
2 2

p pq
Qp([eo]) + Qp([se1]) = ey g e Sl my([0]),
¢ p%q

Qp(le1]) + Qp([seol) = =q=mp([1]),

_|_
pP?P—p+1 p2-p+1
as required. Assume now the result is true for all cylinders [i; - - - ix] of length
k, and consider a cylinder [i; - -ig41] of length & + 1. Then,

O iy irga]) = [ e ] UL Gyl
where ¢~ ([ig - - - ig41]) = [2 -+ Jka] U 55 - “Jpyo) and

. g €iys ifilzigoril#iQande:s,
101 s, if 41 # 19 and ja # s.
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By the definition of @),,, we have

. . WD . ‘
Qp(lj1 -+ Jk1]) = 7%71 2Qp([j2 -+ k1),
72
u.,p,/,., . .
IR Q155 Fha))-

Qp([ji o 'jl,ﬁ—i—Q]) =

One easily checks that

WinPivgs _ YDA _ i )P =05
Uj, ugjy q, ifi; =1
By the induction hypothesis applied to the cylinder [ig---ig+1], we have
jk+1 = 6ik+17 a’nd j]/{/‘+1]]/€+2 = sel*l’k+17 a‘nd

. . . . . . _ Nkt k+1
Qp([d2 -+~ i) + Qp(liz -+ - hya)) = mp(lia - -ipy1]) = pF-2e=2 gz ie,
Thus,

. . . . s . k4L k+1 .
Qp([jl . ’]k‘+1]) —+ Qp([ji .. ]]/{:_"_2]) — pl Zlq“pk 22:2 l@qZZ:Q e
DAL Io Dy

= mp([i1 - - ip41])- O

As before, let My (w,x) = Zf:_ol lgxs(Ké(w,x)).

Theorem 5.2. Forvg,-a.e. (w,z) for which limy_, M’“k exists, one has

H My (w, x
s (@,2)) = 10595) <2 ~ Jm k(k)> ,

where H(p) = —plogp — qlogq.

Proof. We consider the same metric p as in the previous section, namely

p((CU, .1‘), (w/’ .’IJ/)) _ /8_ min{kZO:wk+1¢w;€+1 or ak+1(w,a})7éock+1(w’,a:’)}.

Consider a point (w,z) such that limg_, % exists. Write o; = aj(w, x).
By the same reasoning that led to (6) we have

- ->k ws I-C_ wj
Vg p (Bp((w,x),ﬂ_k)) =Qp([o -+ ak])pk Myg=3 iy 41 qu_MkH u

Cl—wy *

Let tumax = max(uey, Ue,) and Umin = min(ue,, e, ). Then we can bound
log Vg, (By((w, x), 37%)) from above by

k
log Qp([a1 -+~ ax]) + (k - Mp— > Wi) log p
i=Mj+1
k
+ Z w; log q + 10g tmax,
i=Mp+1
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and it is bounded from below by

k
log Qp([an -+ ag]) + (k - M- ) OJz) log p
i=Mpy+1
k
+ Z wj log q + log tumin.
i=Mp+1

Dividing by —klog 8 and taking limits, we have by the Shannon-McMillan—
Breiman Theorem that

log Qp([a1 -+ o))  H(p)

li =
ihoo  —klog B log 8’
and by the Ergodic Theorem we have
k .
lim Zi:Mk—l—l Wi _ —Q(l — limy o0 %)
k—oo  —klog 3 log 8 ’

both for vg-a.e. (w, ). Thus, both the upper and the lower bounds converge
to the same value, implying that

H(p) . My
= 2—1 — ). U
s (@) = 1555 ( dm
Corollary 5.3. For vg,-a.e. (w,x) one has
H(p) H (p) pq
d - 2~ vz, () - 2 .
(Vﬂ7p’(wvx)) logﬁ( Vﬁap( X S)) logﬁ( p2_p_|_ 1)

We now turn to the study of the local dimension of the asymmetric
Bernoulli convolution pg,, which is the projection in the second coordi-
nate of vg,. Let Nj(w,x) be as given in Equation (9). In the symmetric
case, it was shown that

Ni(z, B) = / M) dm(w) = Y 2MrlemlaTh,

{o, 13 [w1-wi]

We now give a similar formula for the asymmetric case.
Lemma 5.4.
Nz, B) = Z p(k*Mk(w»w))*Zszk(w,;c)+1 wiqu:Mk(w,x)-&-l wi
w1y

Proof. We use a similar argument as the one used for the symmetric case
(see [Kem12]). Define

Qk,z) = {w: - WM (wr) P W E Q}.
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If  has a unique expansion, then Q(k, z) consists of one element, the empty
word. We now have |Q(k, z)| = Ni(x,3), and

Z p(k_Mk)_zch:ka+lwiqZ?:NIk+lwi
[w1---wg]

k‘Zf 1wz’qu 1 Wi
p My, — Z M "JZqZAlk

[wiwp]

—/ my([w kadep(W)

1
_Z/ka =j} mp([w 1"“*’j])dmp(W)

zzzw

5=0 wy-w; €N (k,z) myp([wr - wj])
Theorem 5.5. For A-a.e. x € [0, 3] one has

— _ 1 i , +
) < d(ppp,®) < d(ppp, o) < ( Og(ml:g(g & ’Y)’

log Nj(2,8)
k

— ( log(max(p, q)) +
log

where limy,_ o

=~y is the constant from (10).

Proof. We use the same metric p on [0, 3] as in the previous section. Write
My, = My (w, z) and a; = o;(w,z). Then

npp(Bp(z, 575))
= Y By (lwr - wili2), 87F))

(w1 wi]
> Qullon oM E e gy
o]
Now,
Qp([on -+ ]) = ua, p™q" %,
where

Ly :Lk(w,x) :#{1 <7< k‘ZOéj :eo}+#{1 <7< k‘:OéjO(j+1 2615},
and hence
E—Ly=#{1<j<k:oj=e}+#{1 <j<k:ajaj =eps}.

Let C1 = max(ue,, us, Ue,) and Cy = min(ue,, Us, Ue, ). Then, from Lem-
ma 5.4 we have

Co(min(p, ¢)))*Ni(x, B) < ppp(Bs(z, 57%)) < C1(max(p, q)))"N(z, B).
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Since S is a Pisot number, limy_, W = v exists A\-a.e. (see [FS11])
and we have

—[log(max(p, q)) + 7]

—[log(min(p, q)) + 7]
log 8 '

log

<d(pgp ) < E(Nﬁ,p7x) <

Remark 5.6.
(i) If p = 1/2, then both sides of the inequality in Theorem (5.5) are

equal to 101%27 leading to d(ug 1 /2, ) = 105);;” a.e. as we have seen
earlier.

(ii) We now consider the extreme cases x € {0, 5}, the only two points
with a unique expansion. We begin with z = §. In this case

Qp([al(w7ﬂ) e ak(waﬁ)]) = QP([el T 61]) = u€1qk7
and Ny (B, 8) = 1, so that Cag® < pg,(B(8, 7%)) < C1¢*. Hence,

—logq
d(lu’ﬁ,puﬁ) = logﬁ

—logp
logB

and similarly — d(ugyp,0) =
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