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Mbotivic Hopf elements and relations

Daniel Dugger and Daniel C. Isaksen

ABSTRACT. We use Cayley—Dickson algebras to produce Hopf elements
n, v, and o in the motivic stable homotopy groups of spheres, and we
prove the relations nv = 0 and vo = 0 by geometric arguments. Along
the way we develop several basic facts about the motivic stable homo-

topy ring.
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1. Introduction

The work of Morel and Voevodsky [MV, V] has shown how to construct
from the category Sm/k of smooth schemes over a commutative ring k a
corresponding motivic stable homotopy category. This comes to us as the
homotopy category of a model category of motivic symmetric spectra [Ho, J].
Among the motivic spectra are certain “spheres” SP? for all p, ¢ € 7Z, so that
for any motivic spectrum X one obtains the bi-graded stable homotopy
groups Ty «(X) = @y [SP9, X]. This paper deals with the construction of
some elements and relations in the motivic stable homotopy ring . .(.S),
where S is the sphere spectrum.

Classically there are two ways of trying to compute stable homotopy
groups. First there was the hands-on approach of Hopf, Toda, Whitehead,
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and others, where one constructs explicit elements and explicit relations.
Of course this is difficult and painstaking. Later on, Serre’s thesis, and its
ultimate realization in the Adams spectral sequence, greatly reduced the
difficulties in calculation—but at the expense of computing the homotopy
groups of the completions S;\, not S itself. Fortunately these things are
closely related: 7;(S}') is just the p-completion of 7;(S).

In the motivic setting the analog of the Adams spectral sequence was
explored in [DI2] over an algebraically closed field. For other fields the
computations are much more challenging, even for fields like R and Q. The
motivic Adams—Novikov spectral sequence over algebraically closed fields
was considered in [HKO]. Recent work of Ormsby—@stvaer studies related
issues over the p-adic fields Q, [OQ1].

In the present paper our goal is to explore a little of the “hands-on”
approach of Hopf, Toda, and Whitehead to motivic homotopy groups. That
is to say, our goal is to construct very explicit elements of these groups and
to demonstrate some relations that they satisfy. Most of our results work
over an arbitrary base; equivalently, they work over the universal base Z.
But in practice it is often useful to assume that the base k is either a field
or the integers Z. Occasionally we will restrict to the case of a field, for
purposes of exposition.

In comparison to Adams spectral sequence computations, the hands-on
constructions considered in this paper are very grueling. The ratio of effort
versus payoff is fairly large. For this reason we give a few remarks about the
motivation for pursuing this line of inquiry.

A drawback of the Adams spectral sequence methods is that the spectral
sequences converge only to the homotopy groups of a suitable completion
S%, based on the choice of a prime p. Unlike the classical case, appropriate
finiteness theorems are not available and a priori there can be a significant
difference between the motivic homotopy groups themselves, their comple-
tions, and the homotopy groups of the completed sphere spectrum. The
motivic Adams spectral sequences compute highly interesting objects, re-
gardless of their exact relationship to the motivic stable homotopy groups.
For example, one can use these motivic spectral sequences to learn about
classical and equivariant stable homotopy theory, even without identifying
the motivic completion S7; precisely. But while these techniques lead to
interesting results, one still cannot help but wonder about the nature of the
“true” motivic homotopy groups.

One important aspect of the motivic stable homotopy groups is that they
act as operations on every (generalized) motivic cohomology theory. And
although it is tautological, it is useful to keep in mind that the motivic
stable homotopy ring . «(S) equals the ring of universal motivic cohomol-
ogy operations. Studying this ring thereby gives us potential tools relevant
to algebraic K-theory and algebraic cobordism, for example. In contrast,
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studying the motivic homotopy groups of the Adams completions only give
tools relevant to completed versions of K-theory and cobordism.

Another drawback of the motivic Adams spectral sequence approach is
that it only applies in situations where one has very detailed information
about the structure of the motivic Steenrod algebra. This information is
available when working over an essentially smooth scheme over a field whose
characteristic is different from the chosen prime p [HK@]. However, it is not
clear whether these results can be extended to schemes that are not defined
over a field, such as SpecZ. Moreover, when p equals the characteristic of
the base field the structure of the motivic Steenrod algebra is likely to be
more complicated.

1.1. Background. It follows from Morel’s connectivity theorem [M3] that
the motivic stable homotopy groups of spheres vanish in a certain range:
Tp,q(S) = 0 for p < ¢q. The group @,mp p(S) is called the “O-line”, and was
completely determined by Morel. It will be useful to briefly review this.

Recall that St = (Al —0). For each a € k* let p,: S%° — Sb1 be the
map that sends the basepoint to 1 and the nonbasepoint to a. This gives a
homotopy element p, in m_; _;(S). We write p for p_; because, as we will
see, this element plays a special role.

Furthermore, performing the Hopf construction (cf. Appendix C) on the
multiplication map (A!—0) x (A' —0) — (A!—0) gives amap n: §32 — Sb1,
and therefore a corresponding element 1 in 71 1(S). Finally, let

e: UL A SLL 5 gLl A gld

be the twist map. It represents an element in m o(S5).
Morel’s theorem [M1] is the following.

Theorem 1.2 (Morel [M2]). Let k be a perfect field whose characteristic is
not 2. The ring @nmpn(S) is the free associative algebra generated by the
elements n and pg (for all a in k> ) subject to the following relations:

(i) mpa = pan for all a in k.
(ii) pa - pi—a =0 for alla € k —{0,1}.
(iit) n°p + 21 = 0.
(V) pab = o+ Pb + Npaps, for all a,b € k*.
(v) p1 =0.
Additionally, one has e = —1 — pn.

The relations in Theorem 1.2 have a number of algebraic consequences,
some of which are interesting for their own sakes. For example, it follows
through a lengthy chain of manipulations that p,p, = €pppa [M4, Lem-
ma 2.7(3)]. This is a special case of a more general formula from Proposi-
tion 2.5 concerning commutativity in the motivic stable homotopy ring.

There is a map of symmetric monoidal categories

Ho (8pectra) — Ho (MotSpectra)
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that sends a spectrum to the corresponding “constant presheaf”. The techni-
cal details are unimportant here, only that this gives a map 7, (S) — m5,0(5)
from the classical stable homotopy groups to their motivic analogs. For an
element 6 € m,(S) let us write 6, for its image in 7, o(5). So, for example,
we have the elements 10y in 71,0(.5), Vop in m3,0(5), and o4ep in 77,0(5).

At this point our exposition has reached the limit of what is available
in the literature. No complete computation has been made of any stable
motivic homotopy group mp,4(S) for p > ¢. (For some computations of
unstable homotopy groups, though, see [AF]; also, after the present paper
was circulated the paper [O02] computed the group m o(S) over certain
ground fields.)

1.3. Statements of results. Using a version of Cayley—Dickson algebras
we construct elements v in 73 2(S) and o in 77 4(5). Taken together with 7
in m;1(S) we call these the motivic Hopf elements. There is also a zeroth
Hopf element: classically this is 2 in 7y(S), but in the motivic context it
turns out to be better to take this to be 1 — € in mo(S) (we will see why
momentarily).

Morel shows in [M2] that the relation en = 7 follows from commutativity
of the multiplication map u: (A' — 0) x (Al —0) — A! — 0. We offer the
general philosophy that properties of the higher Cayley—Dickson algebras
should give rise to relations amongst the Hopf elements. Teasing out such
relations from the properties of the algebras is a tricky business, though. In
this paper we prove the following generalization of Morel’s result:

Theorem 1.4. (1 —¢€)n=nv =vo =0.

The three relations fit an evident pattern: the product of two successive
Hopf elements is zero. We call this the “null-Hopf relation”. Notice that the
pattern of three equations provides some motivation for regarding 1 — € as
the zeroth Hopf map. The following corollary is worth recording;:

Corollary 1.5. ev = —v.
Proof. ev = (-1 — pn)v = —v, since nv = 0. (]

As a long-term goal it would be nice to completely determine the subal-
gebra of m, .(S) generated by the motivic Hopf elements, the elements pg,
and the image of 7, (S) — 7. 0(S). These constitute the part of 7, ,(S) that
is “easy to write down”. Completion of this goal seems far away, however.

There are other evident geometric sources for maps between spheres.
One class of examples are the nth power maps P,: (A — 0) — (A! —0).
These give elements of mo(S), and we completely identify these elements
in Theorem 1.6 below. Another group of examples are the diagonal maps
Ay g SPT— SPI A S In classical topology these are all null-homotopic,
and most of them are null motivically as well. There is, however, an excep-
tion when p = ¢:
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Theorem 1.6.
(a) Forn >0 the diagonal map A: S™™ — S™™ A S™" represents p™ in
T—n,—n(9).
(b) For p > q > 0 the diagonal map A: SP4 — SP9 A SPY 4s null
homotopic.
(c) For n in Z, the nth power map P,: (A —0) — (Al —0) represents

5(1—¢) if n is even,
1+ 221 —€) ifnis odd.

The various facts in the above theorem are useful in a variety of cir-
cumstances, but there is a specific reason for including them in the present
paper: all three parts play a role in the proof of the null-Hopf relation from
Theorem 1.4.

1.7. Next Steps. This paper does not exhaust the possibilities of the
“hands-on” approach to motivic stable homotopy groups over SpecZ. An
obvious next step is to consider generalizations of the classical relation
12v =3 in 73(9).

This formula as written cannot possibly hold motivically, since the left
side belongs to m32(S) while the right side belongs to m33(S). An obvious
substitution is to ask whether 12v equals n*nip in m32(S). One might
speculate that the 12v should be replaced by 6(1—e¢)v, but these expressions
are already known to be equal in 73 2(S) by Corollary 1.5.

Another possible extension concerns Toda brackets. Classically, the Toda
bracket (n,2,2?) in 7g(S) contains an element called “¢” that is a multi-
plicative generator for the stable homotopy ring. (Beware that this bracket
has indeterminacy generated by no.) Motivically, we can form the Toda
bracket (n,1 — €,%) in 7g5(S) and obtain a motivic generalization over
SpecZ. (There is a notational conflict here because € is used in the motivic
context for the twist map in 79 (.5).)

There is much more to say about Toda brackets in this context, but we
will leave the details for future work.

1.8. Organization of the paper. There is a certain amount of technical
machinery needed for the paper, and this has all been deposited into three
appendices. The body of the paper has been written assuming knowledge
of these appendices, but the most efficient way to read the paper might be
to first ignore them, referring back only as needed for technical details. Ap-
pendix A deals with stable splittings of smash products inside of Cartesian
products. Appendix B deals with joins and also certain issues of “canonical
isomorphisms” in homotopy theory. Finally, Appendix C treats the Hopf
construction and related issues; there is a key idea of “melding” two pair-
ings together, and a recondite formula for the Hopf construction of such a
melding (Proposition C.10). This formula is perhaps the most important
technical element in our proof of the null-Hopf relation.
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Concerning the main body of the paper, Section 2 reviews basic facts
about the motivic stable homotopy category and the ring 7, ,(S). An im-
portant issue here is the precise definition of what it means for a map in
the stable homotopy category to represent an element of 7, .(5), and also
formulas for dealing with the “motivic signs” that inevitably arise in calcu-
lations.

Section 3 deals with diagonal maps and power maps, and there we prove
Theorem 1.6. Section 4 reviews the necessary material about Cayley—Dickson
algebras and defines the motivic Hopf elements 7, v, and o. Finally, in Sec-
tion 5 we prove the null-Hopf relation of Theorem 1.4.

1.9. Notation. We remark that the symbols x and p, when applied to
maps, have a special meaning in this paper. Maps called p are always the
projection from a Cartesian to a smash product, and maps called x are
certain stable splittings for these projections. See Appendix A for details.

2. Preliminaries

This section describes certain foundational issues and conventions regard-
ing the motivic stable homotopy category and the motivic stable homotopy
ring 7, «(5).

2.1. Basic setup. Fix a commutative ring k (in practice this will usu-
ally be Z or a field). Let Sm/k denote the category of smooth schemes
over Speck. The category of motivic spaces is the category of simplicial
presheaves sPre(Sm/k). This category carries various Quillen-equivalent
model structures that represent unstable A'-homotopy theory, but for the
purposes of this paper we will mostly use the injective model structure de-
veloped in [MV]. It is very convenient that all objects are cofibrant in this
structure. We will usually shorten “motivic spaces” to just “spaces” for the
rest of the paper.

Most of the paper actually restricts to the setting of pointed motivic
spaces. This is the associated model category

sPre(Sm/k), = (x| sPre(Sm/k))

of motivic spaces under .

As explained in [J], one can stabilize the category of pointed motivic
spaces to form a model catgory of motivic symmetric spectra. We write
MotSpectra for this category. Our aim in this paper is to work in the
homotopy category Ho (MotSpectra) as much as possible, and this is where
all of our theorems take place. As is usual in homotopy theory, however, a
certain amount of work necessarily has to take place at the model category
level.

It is useful to be able to compare the motivic homotopy category to the
classical homotopy category of topological spaces, and there are a couple
of ways to do this. The “constant presheaf” functor is the left adjoint in
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a Quillen pair sSet — sPre(Sm/k) (when we write Quillen pairs we draw
an arrow in the direction of the left adjoint). This stabilizes to a similar
Quillen pair between symmetric spectra categories

Spectra — Mot Spectra.

Alternatively, if the base ring k is embedded in C then we can ‘realize’ our
motivic spaces as ordinary topological spaces, and likewise realize motivic
spectra as ordinary spectra. Unfortunately this doesn’t work well at the
model category level if we use the injective model structure, as we do not
get Quillen pairs. For these comparison purposes it is more convenient to
use the flasque model structure of [I]. We will not need the details in the
present paper, only the fact that this can be done; we occasionally refer to
topological realization in a passing comment.

2.2. Spheres and the ring 7, .(S). We begin with the two objects S0
and SH! in Ho (MotSpectra). Here S0 = ¥°S! where S! is the “sim-
plicial circle”, i.e., the constant presheaf with value S'. Likewise, S is
the suspension spectrum of the representable presheaf (A! — 0), which has
basepoint given by the rational point 1 in (A — 0).

Let us fix motivic spectra S™10 and S~ together with isomorphisms
(in the homotopy category) aj: S0 A S0 — §00 and ag: S~ 1 ASH —
S99, There is some choice involved in these isomorphisms, as they can be
varied by an arbitrary self-homotopy equivalence of the spectrum S%°. For
a1 it is convenient to fix the corresponding isomorphism a: S~' A ST — S°
in Spectra and then let a; be the image of a¢ under the derived functor of c.
For as it is perhaps best to fix a choice once and for all over SpecZ, and to
insist that the topological realization of as is a; this is not strictly necessary,
however.

For each integer n, define

gm0 _ (S1.0)A () if n >0,
L (STYO)NE i <0,

(S1-1AC i < 0,
Finally, for integers p and ¢, define
P4 = (SEONP=a) A (GT1N),

We will need the following important result from [D]: for any (p1,q1), - .,

(Pnqn) in Z° and (p},q1),. .., (P, q;,) in Z* such that 35, p; = 37, pj and
>4 =>_;q,, there is a uniquely—distinguished “canonical isomorphism”

G SPIAA A PRl SPLL A L A SPRTk

in the homotopy category of motivic spectra. These canonical isomorphisms
have the properties that:

g _ {(SMW”) if n >0,
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o If ¢ and ¢’ are canonical then so are ¢ A ¢’ and ¢~ L.

e Identity maps are all canonical, as are the maps a; and as.

e The unit maps SP4AS%0 =2 §P.4 and SO0 A SP9 22 P4 are canonical.

e Any composition of canonical maps is canonical.
See [D, Remark 1.9] for a complete discussion. We will always denote these
canonical morphisms by the symbol ¢. (Note: In this paper we systemati-
cally suppress all associativity isomorphisms; but if we were not suppressing
them, they would also be canonical).

Define mp4(5) = [SP,S%0] and write 7,.(S) for @, mpq(S). If f €

7ap(S) and g € 7. 4(S5) define f - g to be the composite

Sa+c,b+d i> Sa,b A Sc,d M SO,O A SO’O o~ SO’O.

By [D, Proposition 6.1(a)] this product makes 7, (S) into an associative
and unital ring, where the subring 7 ¢(.5) is central.

2.3. Representing elements of m, .(S). Let f: Sab s SPa. We write
|f| for (a—p,b—q), i.e., the bidegree of the motivic stable homotopy element
that f will represent. There are two ways to obtain an element of 74—, 5—4(.5)
from f, which we will denote [f]; and [f],. Let [f]; be the composite

ga—pb—q _®, gab n g—p—a NS gpg \ g-p—q _¢, 00
and let [f], be the composite
ga—pb—a _?, g—p—q p gab 9N g-p—q \ gra ¢, 0.0

It is proven in [D, Section 6.2] that [gf]. = [g]r-[f]r, whereas [gf]; = [f]i-[9]:-
In this paper we will never use [f];, and so we will just write [f] = [f].
For each a,b,p,q € Z let {4 ), (p,q) denote the composition

gatpbta 9, gab A gpa _t, gpa p gab _®, gatphbtq
where t is the twist isomorphism for the smash product. Write

T(ab).(00) = [E(a ), )] € T0,0(5)-
It is easy to see that 719 = —1, as this formula holds in Ho (8pectra) and
one just pushes it into Ho (MotSpectra) via the functor c¢. Let € = 71 ;. The
following formula is then a special case of [D, Proposition 6.6]:

(2.4) Tab) (pg) = (—=1)(e=b)p=a) . cba,

Note that 7: Z2 x Z? — my0(S)* is bilinear.
The elements 7, p) (p,q) arise in various formulas related to commutativity

of the smash product. For example, the following is from [D, Proposition
1.18]:

Proposition 2.5 (Graded-commutativity). Let f € 7,4(S) and g € 7. 4(S5).

Then

f9=9f Tap) ea = 9f - (~1)@7DeD b
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Remark 2.6. If f: S%* — SP4 then we may consider the two maps f Aid,
and id, s Af. All three of these maps represent elements in m, .(S), but
not necessarily the same ones. The following two facts are proven in [D,
Proposition 6.11]:

(i) [idr,s /\f] = [f]a
(11) [f A id?‘,s] = T\ f],(r,s) [f] = T(a—p,b—q),(r,s) [f]
= (—1)(ap=bta)(r=s)(b=a)s f],

A useful special case says that if f: §%® — S%° then

[f] = [idr s Af] = [f Aidys).
If g: S™ — S%¥ then combining (i) and (ii) we obtain

(iii) [f/\g] = [(f/\idt,u)o(ida,b /\g)] = [f/\idt,u] : [ida,b /\g] - [f] : [g] “TIf, ()

2.7. Homotopy spheres. We will often study maps f: X — Y where X
and Y are homotopy equivalent to motivic spheres but not actual spheres
themselves. In this case one can obtain a corresponding element [f] of
T+(S), but only after making specific choices of orientations for X and Y.

To make this precise, let us say that a homotopy sphere is a motivic
spectrum X that is isomorphic to some sphere SP¢ in the motivic stable
homotopy category. An oriented homotopy sphere is a motivic spectrum
X together with a specified isomorphism X — SP¢ in the motivic stable
homotopy category.

A given homotopy sphere has many orientations. The set of orientations is
in bijective correspondence with the set of multiplicative units inside 7 o(.59).
We call this set of units the motivic orientation group, which depends on
the base scheme in general. Note that the analog in classical topology is
the group Z/2 = {—1,1}. By Morel’s Theorem, over perfect fields whose
characteristic is not 2, the motivic orientation group is the group of units in
the Grothendieck—Witt ring GW (k). A formulaic description of this group
seems to be unknown, but we do not actually need to know anything specific
about it for the content of this paper. Nevertheless, understanding this
group is a curious problem and so we do offer the remark below:

Remark 2.8 (Motivic orientations). Recall that GW (k) is obtained by
quotienting the free algebra on symbols (a) for a € k* by the relations:

(1) (a)(b) = (ab).

(2) (a?) =1.

(3) (a) + (b) = (a + b) + (ab(a + b)).
The elements (a) are clearly units in GW (k), and so one obtains a group
map Z/2 x [k*/(k*)?] — GW (k)™ by sending the generator of Z/2 to —1
and the element [a] of k> /(k*)? to (a).
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The map Z/2 x [k*/(k*)?] = GW (k)* is an isomorphism in some cases
like £ = R and k& = Q, for p = 1 mod 4, but not in other cases like £k = Q,
for p = 3 mod 4.

Remark 2.9 (Suspension data). Here is a fundamental difficulty that occurs
even in classical homotopy theory: given two objects A and B that are
models for the suspension of an object X, there is no canonical isomorphism
between A and B in the homotopy category. In some sense, the problem
boils down to the fact that if we are just handed a model of ¥ X then we are
likely to see two cones on X glued together, but we do not know which is the
“top” cone and which is the “bottom”. Mixing the roles of the two cones
tends to alter maps by a factor of —1. So when talking about models for >X
it is important to have the two cones distinguished. We define suspension
data for X to be a diagram [C4X <— X — C_X] where both maps are
cofibrations and both C:X and C_X are contractible. We call C; X the
top cone and C_X the bottom cone. Choices of suspension data will appear
throughout the paper, starting in Remark 2.10(2) below. See Appendix B.1
for more discussion of this and related issues.

Remark 2.10 (Induced orientations on constructions). If X and Y are
homotopy spheres then constructions like suspension, smash product, and
the join (see Appendix B) yield other homotopy spheres. If X and Y are
oriented then these constructions inherit orientations in a specified way:

(1) If X and Y have orientations X — SP7 and Y — S%* then X A Y
has an induced orientation

XAY — 8P4 p gob 2, gpraath

where the second map is the canoncal isomorphism.

(2) If X has an orientation X — SP¢ and C; X «— X — C_X con-
stitutes suspension data for X, then CL X IIx C_X has an induced
orientation

CoX Ty O_X — SYOA X —s G105 gPa 2, grtla

where the first map is the canonical isomorphism in the homotopy
category (see Section B.1).

(3) Suppose that X — SP4 and Y — S%® are orientations. Then the
join X %Y (see Appendix B) has an induced orientation

XY — SYOANXAY =5 §U0 5 gpa p gob 2y grtatlath

where the first map is the canonical isomorphism in the homotopy
category from Lemma B.5.

A map f: X — Y between homotopy spheres does not by itself yield an
element of 7, .(S). But once X and Y are oriented we obtain the composite

gab = x Y — = §pa.
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If f denotes this composite, then [f] gives an element of m,_pp_4(S). In the
future we will just denote this element by [f], by abuse of notation.

There is an important case in which one does not have to worry about
orientations:

Lemma 2.11. Let X be a homotopy sphere and f: X — X be a self-map.
Then f represents a well-defined element of moo(S) that is independent of
the choice of orientation on X.

Proof. Choose any two orientations g: X — SP¢ and h: X — SP9. The
diagram

srat L x T x 9. gpa

hgll lhg1
1 f

gra M x x I gra
commutes in the stable homotopy category. This shows that the elements of
70,0(S) represented by the top and bottom rows are related by conjugation
by the element hg=! of mo(S). But the ring mo(S) is commutative, so

conjugation by hg~! acts as the identity. ([

Example 2.12. The following examples specify standard orientations for
the models of spheres that we commonly encounter.
(1) P! based at [1:1] or [0: 1].
By the standard affine covering diagram of P! we mean
U+~ UiNUy — Uy

where U; (resp., Usz) is the open subscheme of points [z : y] such that
x # 0 (resp., y # 0). There is an evident isomorphism of diagrams

U=—UNU;, ——=Usy

e

Al <t (Al —0) 2 Al

where i is the inclusion and inv sends a point = to 2. (For example,
Up — Al sends [z : y] to ¥). The bottom row of the diagram
is suspension data for (A! —0). As in Remark 2.10, this gives an
orientation to Al Ha1_g) A'. The canonical map A' Ha1_g) Al P!
is a weak equivalence, which gives an orientation on P! as well.
(2) (A™ —0) based at (1,1,...,1) or at (1,0,...,0).

We orient (A" —0) as the join of (A! —0) and (A"~! —0). That is
to say, [(Al —0) x A" g1 _0)x(an-1-0) [Al x (A"~! —0)] has an
orientation using Remark 2.10 and induction. The canonical map

[[(A" = 0) x A" ] H(a1_gysan-1-0y [A' x (A"1 = 0)] = (A" —0)

is a weak equivalence, which gives an orientation on (A" — 0).
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(3) The split unit sphere Sy, based at (1,0,...,0).

Let A%" have coordinates 21,1, ..., %n, yn and let So,_1 < A?"?
be the closed subvariety defined by zi1y1 4+ -+ 4+ xpyn, = 1. The
quadratic form on the left of this equation is called the split quadratic
form, and So,_1 is called the unit sphere with respect to this split
form. Let 7: Sop,—1 — (A™ — 0) be the map

(‘Tlaylr . 'al‘nvyn) — (:1:173:2) cee 7‘/1:71)'

This is a Zariski-trivial bundle with fibers A”~!, and so 7 is a weak
equivalence (this follows from a standard argument, for example us-
ing the techniques of [DI1, 3.6-3.9]). The standard orientation on
(A™ — 0) therefore induces an orientation on So,_1 via 7.

Note that there are other weak equivalences Sa,—1 — (A™ — 0),
such as (x1,y1,. .-, Tn,Yn) — (1,22, ..., ZTn_1,Yn). These maps can
induce different orientations on So,_1.

3. Diagonal maps and power maps

Le X be an unstable, oriented, homotopy sphere that is equivalent to SP¢
for some p > g > 0. The diagonal Ax: X — X A X represents an element in
T—p—q(S). When X = SP9 we write A, ; = Agp.a. Our goal in this section
is the following result.

Theorem 3.1. Let p > q > 0. The element [Ap 4] in 7_p _q(S) is zero if
p>q, and it is p? if p=q.

In classical algebraic topology these diagonal maps are all null (except for
Ago) because of the following lemma.

Lemma 3.2. If X is a simplicial suspension then Ax is null.

Proof. We assume that X = SY9 A Z and we consider the commutative
diagram

SLOAZ
AI,O/\AZ
Ax

SLONZASWO Az INTAL 610 A L0 A 7 A Z.

Since the horizontal map is an isomorphism in the homotopy category, it is
sufficient to check that A1 o is null. But this is true in the homotopy category
of s8et,, and therefore is true in pointed motivic spaces—the latter follows
using the left Quillen functor c: sSet, — sPre.(Sm/k). O

Our next goal will be to show that [A;;] = p in 71 _1(5). We will
exhibit an explicit geometric homotopy, but to do this we will need to sus-
pend so that we are looking at maps S*! — 32 instead of ST — 5§22
The point is that (A? — 0) gives a convenient geometric model for S3?2 (see
Example 2.12(2)).
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We start by considering the two maps
Aqq,idAp: (A —0) — (AT —0) A (A —0)

(for the second, we implicitly identify the space A! — 0 in the domain with
(Al —0) A S%0). We will model the suspensions of these two maps via
conveniently chosen suspension data.

Let C be the pushout [(A! — 0) x Al] gt _0)xq1} [A' x {1}]; by left
properness, C' is contractible (recall that all constructions occur in the
presheaf category). Below we will provide several maps C — A% — 0,
so note that to specify such a map it suffices to give a polynomial for-
mula (z,t) — f(z,t) = (fi(z,t), fa(x,t)) with the “formal” properties that
f(x,t) # (0,0) whenever x # 0, and f(x,1) # (0,0) for all . Rigor-
ously, this amounts to the ideal-theoretic conditions that fi, fo € k[z,t],
x € Rad(fb f2) and (fl(l‘a 1)7 f2(l’, 1)) = k[$]

Let D = C I(p1_g) C where (A' —0) is embedded in both copies of C' as
the presheaf (A' — 0) x {0}. Note that [C « (A! —0) — (] is suspension
data for (A! —0), and so D is a model for the suspension of (A! —0). Let us
adopt the notation where we use (z,t) for the coordinates in the first copy
of C, and (y, s) for the coordinates in the second copy of C. Heuristically,
D consists of two kinds of points (z,t) and (y, s), which are identified when
s=t=0and z =y. Let us also use (z,w) for the coordinates on the target
(A% —0).

Define the map 6: D — (A% — 0) by the following formulas:

(,t) = (z,Q1 =)z +t) = (1 —t)(z,x) + t(z, 1),
(Y,8) = (1 =3s)y+s,y) =(1-3)(y,y) +s(1,y).

The reader can verify that these formulas do specify two maps C' — (A% —0)
that agree on (A! —0) x {0}, and hence determine a map D — (A% —0) as
claimed. In a moment we will show that ¢ gives a model for ¥A; ; in the
motivic stable homotopy category.

Let us also define a map R: D — (A? — 0) by the formulas:

(z,t) — (z,—1+4 2t),
(3/7 S) = (yv _1)'

Once again, these formulas do specify two maps C' — (A? — 0) that agree
on (Al —0) x {0}, and hence determine a map D — (A% —0). We will show
that R gives a model for X(id Ap).

Because the formulas are rather unenlightening, we give pictures that
depict the maps 6 and R. Each picture shows a map D — (A% —0), with the
two different shadings representing the image of the “top” and “bottom”
halves of D, i.e., the two copies of C. Note that the pictures have been
drawn as if the second coordinate on C' were an interval [0, 1] instead of
A'. Really, the two shaded regions should each stretch out infinitely in both
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directions; but this would produce a picture with too much overlap to be
useful.

In the picture for § the reader should note the diagonal (A!—0) < (A2-0),
and the picture should be interpreted as giving two deformations of the
diagonal: one deformation swings the punctured-line about (1,1) until it
becomes the w = 1 punctured-line (at which time it can be “filled in” to an
A' not just an A! —0). The second swings the punctured line in the other
direction until it becomes z = 1, and again is filled in to an A! at that time.
This is our map 6: D — (A% —0).

The picture for R is simpler to interpret. We map A' — 0 to A2 — 0 via
x — (x,—1); one deformation moves this vertically up to x — (z,1) and
then fills it in to a map from A', whereas the second deformation leaves it
constant and then fills it in. This gives us two maps C — A? — 0 which
patch together to define R: D — A? — 0.

Having introduced 6 and R, our next step is to show that they represent
the elements [A; ;] and p in 7—; _1(95).

Lemma 3.3.
(a) The map 6: D — (A? — 0) represents [A11] in m—1,-1(5).
(b) The map R: D — (A? —0) represents p in 7_1_1(S).

Proof. For §, consider the diagram

1
0) A A g1 _gyn(ar—o)

/ \

CH(Al_O)C A —0 XAl Al —0)x(A1—0) A2—0

\ T ATXIUIXAT

Here ¢ takes the first copy of C to (A —0)AA! via (z,t) — (z, (1 —t)z +1),
and takes the second copy of C' to A' A (A! — 0) via the formula (y,s)
((1=s)y+s,y). The smash products are important; they allow us to define
" on the two copies of A! x {1} in the two copies of C. Note that the outer
parallelogram obviously commutes.
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The five unlabeled arrows are all weak equivalences between homotopy
spheres. Orient each of the spheres in the following way:
The top sphere is oriented as the suspension of (Al —0) A (Al —0).
The middle sphere is oriented as the join (A! —0) * (Al —0).
A? — 0 is oriented in the standard way.
(A2 —0)/(A! x 1U1 x Al) is oriented so that the projection map
from A? — 0 is orientation-preserving.

The five weak equivalences are then readily checked to be orientation-pre-
serving. This part of the argument only serves to verify that the standard
orientations on the top and bottom spaces (in the middle column) match
up when we map to [A2 — 0]/(A! x TU1 x Al).

The commutativity of the outer parallelogram now implies that § and ¢’
represent the same element of 7_1 _1(S). Since ¢’ is clearly a model for the
suspension of Ay 1, this completes the proof that [§] = [Aq1].

The same argument shows that R is a model for the suspension of id Ap.
Here, we use a map R’ that takes the first copy of C to Al A (Al —0) via
(w,t) = (x,—1+ 2t), and takes the second copy of C to (Al —0) A Al via

(y,s) = (yv—l)' O

Our final step is to show that § and R are homotopic. We will give a
series of homotopies that deforms § to R. Since the formulas are again
rather unenlightening we begin by giving a sequence of pictures that depict
three intermediate stages. Each is a map D — (A% — 0); we will then give
four homotopies showing how to deform each picture to the next. These
pictures will not make complete sense until one compares to the formulas in
the arguments below, but it is nevertheless useful to see the pictures ahead
of time.

fo
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These pictures (and the explicit formulas in the proof below) can seem
unmotivated. It is useful to know that each homotopy is a standard straight-
line homotopy. If one has the idea of deforming ¢ to R, and the only tool
one is allowed to use is a straight-line homotopy, a bit of stumbling around
quickly leads to the above chain of maps; there is nothing deep here.

Lemma 3.4. The maps 6 and R are homotopic as unbased maps D —
(A% —0).

Proof. We will give a sequence of maps H: D x Al — (A? — 0), each
giving an A'-homotopy from Hy to Hi. These will assemble into a chain of
homotopies from 6 to R. Note that D x A! is isomorphic to

(C x A" I (a1_gyspr (C x A"
and that C x A! is isomorphic to
[(A'—0) x A" x A T(a1_gyequyxar [AY x {1} x A'].
To specify a map C' x Al — (A% —0), it suffices to give a polynomial formula
(x,t,u) = f(z,t,u) = (fi(z,t,u), fa(z,t,u)) with the “formal” properties
that f(x,t,u) # (0,0) whenever x # 0, and f(z,1,u) # (0,0) for all z and
u. Rigorously, this amounts to the ideal-theoretic conditions that fi, fo €
k[ﬂf,t, U], x € Rad(fb f2) and (fl(xv 1, U), f2($7 1,U)) = k[fC,U]
Here are three maps D — (A% — 0):

fri (@) = (22 +0), (y,8) = (y+5,9),
for (x,t)»—)(x,x+t), (y,s)r—>(y,y—s),
f3: (‘T7t) = ($,t), (ya 5) = (yv _5)7

and here are four homotopies:

o, . (z,t,u) = (x,(1 —t+ut)x + 1),
F @) = (= s+ us)y + s,y).
) (ztu) = (2,1 4 1),

H2'{(y,s,u)b—>(y+(1—u)s,y—us).
)z, tu) = (2,2 + - ux),

HS.{(%sau)'_)(y?y_s_uy)'

H, - (z,t,u) = (x, (1 —u)t +u(2t — 1)),

(y,s,u) = (y, (u—1)s — u).

We leave it to the reader to verify that each formula really does define a
map D x Al — (A? —0), and that these give A'-homotopies

0~ f1~ fo~f3~R. (]

Proposition 3.5. The diagonal map (A'—0) — (A'—0)A(A!—0) represents
pinm_1,1(S5).
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Proof. Consider the two maps §, R: D — A? — 0. These are based maps if
D and A% —0 are both given the basepoint (1, 1) (in the case of D, choose the
point (1,1) in the first copy of C'). Since § and R are unbased homotopic,
Lemma 3.6 below yields that ¥°°§ = ¥*°R in the stable homotopy category.
We therefore obtain [A] = [§] = [R] = p, with the first and last equalities
by Lemma 3.3. O

Lemma 3.6. Let X and Y be pointed motivic spaces, and let f,g: X =Y
be two maps. If f and g are homotopic as unbased maps then X f = ¥X*°g
in the motivic stable homotopy category.

Proof. For any motivic space A, let C, A = [A x ¢(A1)]/[A x {1}] denote
the unbased simplicial cone on a space A, and let ¥, A be the unbased
suspension functor

SuA = (CuA) Tay oy (CuA).

Equip ¥, A with the basepoint given by the “cone point” in the first copy of
CyA. When A is pointed, let X A be the usual based simplicial suspension,
ie. XA = (X,A)/(Xu*). Note that the projection ¥, A — XA is a natural
based motivic weak equivalence.
Applying ¥, and ¥ to f and g, and then stabilizing via ¥£°°(—), yields

the diagram

T(Zuf)

YX(E,X) —/—= E*(2,Y)
i £°(Zug) i
£(2f)

2% (8X) $0(SY).

£ (29)

Since f and g are unbased homotopic, ¥, f and 3,¢g are based homotopic.
Hence X°(3, f) = X°°(X,g) in the stable homotopy category. The above
diagram then shows that X*°(Xf) = £°°(Xg), and hence X*°f = ¥>°g. O

Our identification of [A; ;1] with p gives a nice geometric explanation for
the following relation in m, (S5).

Corollary 3.7. In 7, .(S), there is the relation ep = pe = p.

Proof. We already know from Proposition 2.5 that € is central, as it lies in
70,0(S). Using the model for € as the twist map on Sb!, note that eA;; =
A1, as maps Shl 5 gLl A g1l O

We can finally conclude the proof of the main result of this section.

Proof of Theorem 3.1. If p > ¢ then SP7 is a simplicial suspension, and
so Ap 4 is null by Lemma 3.2. For the case where p = ¢ we consider the
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commutative diagram
S99 SLL A ... A S

AQ»Ql iAlJ/\'“/\ALl

S04 A S99 —L o (LA GLLY AL A (ST A SL)

where T is an appropriate composition of twist and associativity maps, in-

volving (g) twists. Note that [T] = e<g), using Remark 2.6. The diagram

then gives
q

P = (A1l = [T]- [Agq) = €D [Ag]
using Proposition 3.5 for the first equality. Rearranging gives

[Agql = E(g)Pq = p4,
using €p = p in the final step. (]

The following result about arbitrary motivic homotopy ring spectra is a
direct consequence of our work above.

Corollary 3.8. Let E be a motivic homotopy ring spectrum, i.e., a monoid
in the motivic stable homotopy category. Write p for the image of p under
the unit map 7, «(S) = T« (E). For each n > 0, there is an isomorphism
EX*(S™") =2 EY* @ E**x as E**-modules, where x is a generator of bidegree
(n,n). The ring structure is completely determined by graded commutativity
in the sense of Proposition 2.5 together with the fact that x* = p"x.

In other words, the ring E**(S™") is an e-graded-commutative E**-

algebra on one generator x of bidegree (n,n), subject to the single relation

z? = p'a.

Proof. The statement about E**(S™") as an E**-module is formal; the

generator z is the map S™" =2 §™" A §0.0 dAw gnn \ E, where u: %0 —» F
is the unit map. The graded commutativity of E**(S™") is by [D, Remark
6.14]. It only remains to calculate 22, which is the composite

g B grn p gnn DL (g A BY A (570 A B) LA gnn g A B A B

l¢Au
S22 A E.

It is useful to write this as h(x A x)A where h = (¢ A u)(LAT A 1).
Let f: S%0 — S™" be a map representing p™. Then the class p" in E™"
is represented by the composite

§00 Ly gnon o gnin p g00 1N grn \ g,
which can also be written as x o f. So p" - x is represented by the composite

grn 2 §00 A gnin HNE (gnin A py A (S0 A B) Ty g2nn A B
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Note that the first two maps in this composite may be written as
grm 2 GO0 5 g I g grn TA% (grn A B A (ST A E).

Comparing our representation of z? to that of p" - x, to show that they

are equal it will suffice to prove that A: S™" — §™" A S™™ represents the

Aidy,n .
same homotopy class as S™" = §0.0 A gn.n f1—>’ S™ A S™" . That is, we

must verify that [A] = [f Aidy ).
But [f Aidy 5] equals €*[f] = €"p" = p" by Remark 2.6 and Corollary 3.7.
This equals [A,, ,] by Theorem 3.1. O

Remark 3.9. When FE is mod 2 motivic cohomology, Corollary 3.8 is es-
sentially [V1, Lemma 6.8]. The proof in [V1] uses special properties about
motivic cohomology (specifically, the isomorphism between certain motivic
cohomology groups and Milnor K-theory). Our argument avoids these dif-
ficult results. In some sense, our proof is a universal argument that reflects
the spirit of Grothendieck’s original “motivic” philosophy.

3.10. Power maps. The following result is a simple corollary of Theo-
rem 3.1. In the remainder of the paper we will only need to use the case
n = —1, which could be proven more directly, but it seems natural to include
the entire result.

Proposition 3.11. For any integer n, let P,: (A! —0) — (A —0) be the
nth power map z — 2". In mo(S) one has

Py = 5(1—¢€) if n is even,
e 1+ 22 (1—€) ifn is odd.

Proof. We will prove that [P,] = 1—¢[F,,—1]; multiplication by e then yields
that [P,—1] = e—¢€[P,]. The main result follows by induction (in the positive
and negative directions) starting with the trivial base case n = 0.

Consider the following diagram:

Al 02 (A1 —0) x (A — 0) T (A1 —0) x (Al —0) A 0

k\ TX T"/

1 1_ 1 _ 1_
(A*—=0)A (A —0) T (A*—0)A (A —0).
Here y is the stable splitting of the map from the Cartesian product to the
smash product—see Appendix A. This diagram is commutative except for
the left triangle, where we have the relation

(3.12) A:XAS+j(7T1+7TQ)A

by Lemma A.14, where 7 and g are the two projections (A!—0)x (Al —0) —
(A'—0)V(Al—0)and j : (A'—0)V(A'—0) — (A!—0) x (Al —0) is the usual
inclusion of the wedge into the product. Note that P, is the composition
along the top of the diagram.



842 DANIEL DUGGER AND DANIEL C. ISAKSEN

We now compute that

[P) = [u(id % P 1)A]

= [pu(d X Py—1)(xAs + jm1A + jmaA)]

= [pu(id X Py—1)xAs] + [p(id X Py—1)jm1 A] 4 [p(id X Py—1)jme Al

= [n(d AP, 1) As] + [id] + [Pr1]

= [llPaa][As] + 1+ [Poa].
In the last equality we have used that [id AP,—1] = [P,—1], by Remark 2.6.

Now use that [As] = p, elements of my¢(S) commute, and that np =

—(1 + €) (see the last statement in Theorem 1.2). The above equation
becomes [P,] = —(1 4+ €)[Py—1] + 1 + [Po—1], or [Py] = 1 — €[Py—1]. O

4. Cayley—Dickson algebras and Hopf maps

In this section we introduce the particular Cayley—Dickson algebras needed
for our work. We then apply the general Hopf construction from Appen-
dix C to define motivic Hopf elements 7, v, and o in 7, .(S). We also review
some basic properties of n, due to Morel.

4.1. Fundamentals. We begin by reviewing the notion of generalized Cay-
ley-Dickson algebras from [A] and [Sch]. For momentary convenience, let k
be a field not of characteristic 2; we will explain below in Remark 4.3 how
to deal with the integers and fields of characteristic 2.

An involutive algebra is a k-vector space A equipped with a (possibly
nonassociative) unital bilinear pairing A x A — A and a linear anti-auto-
morphism (—)*: A — A whose square is the identity, and such that

T+ =2t(x) 14, za* =a"x =n(z) - 1a

for some linear function t: A — k and some quadratic form n: A — k. Given
such an algebra together with a 7 in k*, one can form the Cayley—Dickson
double of A with respect to ~. This is the algebra D, (A) whose underlying
vector space is A @ A and where the multiplication and involution are given
by the formulas

(a,b) - (¢,d) = (ac — vd*b,da + bc*), (a,b)* = (a*,—b).

It is easy to check that this is again an involutive algebra, with t(a,b) = t(a)
and n(a,b) = n(a) +yn(b). We will sometimes write D(A) for D,(A), when
the constant ~ is understood.

Because the Cayley—Dickson doubling process yields a new involutive al-
gebra, it can be repeated. Let v = (70,71,72,-..) be a sequence of elements
in k*. Start with Ay = k with the trivial involution, and inductively de-
fine A; = D,, ,(A;—1). This gives a sequence of Cayley-Dickson algebras
Ag, A1, As, ..., where A, has dimension 2" over k. This sequence depends
on the choice of v. Here are some well-known properties of these Cayley—
Dickson algebras:
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(1) A is commutative, associative, and normed in the sense that n(xy) =
n(z)n(y) for all z and y in A;.

(2) A, is associative and normed (but noncommutative in general).

(3) As is normed (but noncommutative and nonassociative in general).

The standard example of these algebras occurs with £k = R and v; = 1
for all ¢. This data gives Ag = R, A; = C, Ay = H, and A3z = O (as well
as more complicated algebras at later stages). In each of these algebras,
the norm form n(z) is the usual sum-of-squares form on the underlying real
vector space, under an appropriate choice of basis.

Because motivic homotopy theory takes schemes, rather than rings, as its
basic objects, we will often make the trivial change in point-of-view from
Cayley—Dickson algebras to “Cayley—Dickson warieties”. If A is a Cayley—
Dickson algebra over k of dimension 2", then the associated variety is iso-
morphic to the affine space A%", equipped with the corresponding bilinear
map A2" x A" — A?" and involution A?" — A%". We will write A both for
the algebra and for the associated affine space. Let S(A) denote the closed
subvariety of A defined by the equation n(x) = 1. We call this subvariety
the “unit sphere” inside of A, although the word “sphere” should be loosely
interpreted. If A is normed, then we obtain a pairing

S(A) x S(A) — S(A).

The rest of this section will exploit these pairings in motivic homotopy
theory.

4.2. Cayley—Dickson algebras with split norms. In motivic homotopy
theory, the affine quadrics 23 + 23 + - -+ + 22 = 1 are not models for motivic
spheres unless the ground field contains a square root of —1. This limits
the usefulness of the classical Cayley—Dickson algebras (where ; = 1 for
all i), at least as far as producing elements in 7, .(S5). Instead, we will
focus on the sequence of Cayley-Dickson algebras corresponding to v =
(=1,1,1,1,--+). From now on let A; denote the ith algebra in this sequence.
We will shortly see that the norm form in A; is, under a suitable choice of
basis, equal to the split form; therefore S(A4;) is a model for a motivic sphere
(see Example 2.12(3)).

We start by analyzing A;. This is A? equipped with the mutiplication
(a,b)(¢c,d) = (ac + bd,da + be) and involution (a,b)* = (a,—b). With the
change of basis (a,b) — (a + b,a — b), we can write the multiplication as
(a,b)(¢,d) = (ac,bd) and the involution as (a,b)* = (b,a). In this new
basis, (1, 1) is the identity element of A;, and the norm form is n(a, b) = ab.
We will abandon the “old” Cayley—Dickson basis for A; and from now on
always use this new basis (in essence, we simply forget that A; came to us
as D(Ay)).

Observe that the unit sphere S(A;) is the subvariety of A2 defined by
xy = 1, which is isomorphic to (A! —0). So S(A;) is a model for S
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Remark 4.3. If 2 is not invertible in k, then we cannot perform the same
change-of-basis when analyzing A;. This case includes the integers and fields
of characteristic 2. Instead, we can simply ignore Ay altogether and rather
define A; to be the ring k x k, together with Ay = D;(A;) and A3 = D1 (A2).
This is just a small shift in perspective.

The next algebra Ag is Dy(A;), which is A* with the following multipli-
cation:

(alaGQablabQ) : (Cl,CQadlde)
= (ac — d*b,da + bc*)
= (ai1c1 — dabi, agca — diba, dray + bica, daag + bacy).

The involution is (a1, ag, b1,b2)* = (a2, a1, —b1, —bz), and the norm form is
readily checked to be

n(ai, ag, bi,b2) = araz + byba.

This is the split quadratic form on A%.

The algebra Az = D1(A) has underlying variety A%. We will not write
out the formulas for multiplication and involution here, although they are
easy enough to deduce. The norm form on Aj is once again the split form.

The algebras A1, Az, and Ag all have normed multiplications, in the sense
that n(zy) = n(z)n(y) for all z and y.

It is useful to regard Ay, Az, and As as analogs of the classical algebras
C, H, and O. We call them the “split complex numbers”, the “split quater-
nions”, and the “split octonions”, respectively. One should not take the
comparisons too seriously: for example, A; has zero divisors whereas C is a
field. Nevertheless, they are normed algebras that turn out to play roles in
motivic homotopy that are entirely analogous to the roles that C, H, and O
play in ordinary homotopy theory. We will adopt the notation

Ac = Ay, Ang = Ay, Ap = As;
Se = S(Ac), Si = S(An), So = S(Ag).

The multiplications in A¢, Ag, and Ag restrict to pairings S¢ x S¢ — Sc,
Su X Sy — Su, and Sg X Sg — Sp. Note that

Sc ~ St S~ 532, So ~ ST,

g2n—1,2n"

More generally, S(Ay,) is a model for " for all n.

Recall the isomorphism S¢ — Al — 0, via (a1,a2) — ai. This provides
an orientation on Sc. Under this isomorphism, the product S¢ x S¢ — Sc
coincides with the usual multiplication map on (A! — 0).

We orient Sy via the weak equivalence Sy — (A2 — 0) that sends
(a1, a2,b1,b2) — (a1,by), using the standard orientation on (A% — 0) from
Example 2.12(2). Similarly, we orient Sp via the analogous weak equivalence
So — (A*—0).
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Remark 4.4. The algebra Ay is isomorphic to the algebra of 2 x 2 matrices,
via the isomorphism

a b
((ll,(lg,bl,bQ) — |:_22 a;:| .

This is easy to check using the formula for multiplication in Ag. Under
this isomorphism, the conjugate of a matrix A corresponds to the classical
adjoint of A, i.e.,

M:[a b]l—)M*:ade:[d _b}
c d —c a
The norm form is equal to the determinant, and consequently one has

Su = SLs.
The pairing Sy X Sy — Sw is just the usual product on SLs.

Remark 4.5. The ‘splitting’ of the algebra A¢ gives us coordinates having
the property that the multiplication rule does not mix the two coordinates:
that is, (a,b)(c,d) = (ac,bd). This nonmixing property propagates some-
what into Ay, and we will need to use this at a key stage below. Let
w: Ag — A? be the map (a1, as, b1, bz) +— (a1, by). Then the diagram

AHXAHLAH

o] s

Ag x A2 o p2

commutes, where 1/ is given by (a1, ag, b1, be)*(x,y) = (a12—yb1, yas+bax).
In words, for all v and v in Ap, the first and last coordinates of uv only
depend on the first and last coordinates of v. It is somewhat more intuitive to
see this using the isomorphism of Remark 4.4, where the map p’ corresponds
to the usual action of matrices on column vectors (up to some sporadic
signs).

4.6. The Hopf maps. The basic definition of the motivic Hopf maps now
proceeds just as in classical homotopy theory. The reader should review
Appendix C at this point, for the definition and properties of the Hopf
construction.

Definition 4.7.

(1) The first Hopf map n is the element of 71 1(S) represented by the
Hopf construction of the multiplication map S¢ x S¢ — Sc.

(2) The second Hopf map v is the element of 73 2(S) represented by the
Hopf construction of the multiplication map Sy X Sy — SH.

(3) The third Hopf map o is the element of 77 4(S) represented by the
Hopf construction of the multiplication map Sg X Sg — Sp.

The following result and its proof are due to Morel [M2, Lemma 6.2.3]:
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Lemma 4.8. The elements n and ne are equal in 71 1(S).

Proof. Multiplication on S¢ is commutative. Recall that e is represented
by the twist map on Sc A Sc. The diagram

Sc A Se —X> S x Se —= S

l Tl i:

ScASC?S(cXSCT-S(C

commutes by Lemma A.9, where y is multiplication and T is the twist map.
The horizontal compositions represent 7. (]

The above lemma deduces an identity involving the Hopf elements as a
consequence of the commutativity of Ac. The point of the next section will
be to deduce some other identities from deeper properties of the Cayley—
Dickson algebras.

Remark 4.9. The above proof works unstably, but only after three sim-
plicial suspensions. As explained in Appendix A.1, the map y exists as an
unstable map X(SH! A SUY) — B(SHL x 811 which gives a model for g
in the unstable group 732(S%>1). But the left square in the diagram is only
guaranteed to commute after an additional two suspensions, by Lemma A.9.
The necessity of some of these suspensions is demonstrated by the fact that
classically one does not have n = —n in 73(S2).

The next result is also due to Morel [M2, Lemma 6.2.3]. We include this
result and its proof only for didactic purposes. The proof demonstrates
how one must be careful with orientations, canonical isomorphisms, and
commutativity relations.

Proposition 4.10. Let P! and (A2 — 0) be oriented as in Ezample 2.12.
The usual projection 7: (A% — 0) — P! represents the element n in 71 1(9).

Proof. We have the diagram

S@AS@HX S(CXSC4f>SC

(—)U\idi (—)1><idl :i

S@AS(C?S(cXS(C?SC7

where  is multiplication and f is the map (x,y) — 2~ 'y. By definition, n
is the composition along the bottom of the diagram. Recall that the inverse
map on Sg represents €, by Proposition 3.11; therefore (—)~! Aid represents
€ as well, using Remark 2.6. Since 1 equals ne by Lemma 4.8, it suffices to
show that the composition along the top of the diagram is equivalent to m,
i.e., that 7 is the Hopf construction on f.
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Let U; +— U; N Uy — U, be the standard affine cover of P!, as in
Example 2.12(1). Taking the preimage under 7 gives a cover of (A% —0), so
we get the diagram

(4.11) 71U ~—— 77 YU NUg) —=7710;
Ul Ul N U2 U27

where (A2 — 0) and P! are the homotopy pushouts of the top and bottom
rows respectively.
Diagram (4.11) is isomorphic to the diagram

(4.12) (Al —0) x Al <2 (A1 —0) x (Al —0) —= Al x (Al —0)
(%y)Hw’lyl if i(m,y)m:y*1
Al i (Al _ O) inv Al

where all maps labelled ¢ are the inclusions. This new diagram in turn maps,
via a natural weak equivalence, to the diagram

2

(4.13) (Al — 0) <"~ (A1 — 0) x (Al — 0) == (A1 —0)

| lf |

* (At —0) *.

Diagram (4.13) induces a map on homotopy pushouts of the rows, which is
equal to the Hopf construction H(f) on f by definition (see Appendix C).
So we have produced a zig-zag of equivalences between 7w and H(f). The
weak equivalences in this zig-zag turn out to be orientation-preserving, which
follows by the definition of our standard orientations in Example 2.12. It
follows that [x] = [H(f)]. O

Remark 4.14 (Nontriviality of 7, v, and o). It is worth pointing out that
if our base k is a field of characteristic not equal to 2 then none of n, v, and
o are equal to the zero element. Here it is useful to work unstably: since the
splitting y exists after one suspension, 7, v, and ¢ can be modelled by unsta-
ble maps S32 — §%1 §74 5 §42 and S8 — §84. A completely routine
modification of the standard argument from [SE, Lemma 1.5.3] shows that
the homotopy cofibers of these maps have nontrivial cup products in their
mod 2 motivic cohomology—more precisely, the maps have Hopf invariant
one in the usual sense that the square of the generator in bidegree (2n,n)
equals the generator in dimension (4n,2n), for n = 1,2,4 in the three re-
spective cases. Properties of the motivic Steenrod squares then show the
existence of the expected Steenrod operations in the cohomology of the
cofibers, which proves that the maps are not stably trivial.



848 DANIEL DUGGER AND DANIEL C. ISAKSEN

The assumption that the base is a field not of characteristic 2 is because
it is in that setting that we know the necessary results about the Steenrod
operations in motivic cohomology. It of course follows that 7, v, and o are
nonzero over Z as well. One can presumably use motivic F3-cohomology to
detect v and o over fields of characteristic 2. We do not know whether 7 is
nonzero over fields of characteristic 2.

When the base is a field of characteristic zero, another approach is to
reduce to the case k — C and then apply the topological realization from
motivic homotopy theory to classical homotopy theory. The motivic ele-
ments 7, v, and o all map to elements of Hopf invariant one.

5. The null-Hopf relation

The goal of this section is to prove with geometric arguments that nv and
vo are both zero. The proofs for these two results follow essentially the same
pattern, but in the case of vo = 0 one part of the argument develops some
complications that require a nonobvious workaround. Our approach in this
section will be to first concentrate on the nv = 0 proof, so that the reader
can see the basic strategy of what is happening. Then we repeat most of the
steps for the case of the vo = 0 argument, explaining what the differences
are.

We begin our work by returning to Cayley—Dickson algebras:

Lemma 5.1. Let A be an associative involutive k-algebra, let v be in k>,
and let t be an element of A having norm 1. The map 6;: D.(A) — D, (A)
given by 0¢(a,b) = (a,tb) is an involution-preserving endomorphism of the
Cayley—Dickson double D(A). In particular, 8; is norm-preserving.

Proof. Verify that 6; is an involution-preserving endomorphism directly

with the formulas for D,(A) given at the beginning of Section 4.1. Since
n(x) = xx*, it follows that 6, also preserves the norm. O

From Lemma 5.1, we find that there is a pairing
0: S(A) x S(D,A) = S(D,A)
given by 0(t,z) = 0;(z). In particular, this yields maps
a: S¢ X Syg— Sy and (: Sy X So — So.
Note that these maps commute with multiplication in the sense that

a(t,ab) = a(t,a)a(t,b) and B(a, zy) = B(a,x)B(a,y).
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In other words, the diagram
(5.2)

S(CXSHXSHMSCXS(CXSHXSH&SCXSHXSCXSH

iaXOL

1xp Sy X Su
iu
S(C X SH S]HI7

(e}

commutes, where A and T are the evident diagonal and twist maps. A
similar diagram commutes for Sy, Sg, and S.

Lemma 5.3. The Hopf construction on a represents 1.

Proof. Recall the orientation-preserving weak equivalence 7: Sy — (A2—0)
that takes (a1, a9,b1,b2) to (a1, b1), as well as the isomorphism p: S¢ —
(A —0) that sends (t1,t2) to t;. We have a commutative diagram

Sc A Sy X Sc x Su = SH

| |k

(Al—o)A(M—o)?(Al—o)x(AQ—o)?M—o,

where o/: (A! — 0) x (A% —0) — (A% —0) is given by (¢, (z,y)) — (z,ty).
The diagram shows that the Hopf constructions H(«) and H (') represent
the same map in W*,*(S), so we will now focus on the latter.

Recall that we have fixed an isomorphism (in the homotopy category)
between (A% — 0) and the join (A' —0) * (A! —0). Under this isomorphism,
o/ coincides with the melding mo# 1, where o and u are the projection and
multiplication maps (A! —0) x (A! —0) — (A! —0). See Appendix C.6 for
the definition of mo#pu.

Proposition C.10 gives a formula for H(me#u). But H(mg) is null by
Lemma C.2, and so that formula simplifies to just

[H(a")] = [H (ma#p)] = 71,1),1,0) - [H(1)] = e[H (p)] = en = 1.

The element 71 1) (1,1) is computed by Equation (2.4), and the last equality
is by Lemma 4.8. O

The next result is the desired null-Hopf relation.
Proposition 5.4. nv = 0.

Proof. We will examine what happens when both routes around Diagram
(5.2) are precomposed with the splitting map x: ScASgASH — Sc X Sy X SH.
Note that throughout this proof we work in the stable category.
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We will begin with the lower-left composition. To analyze a(1 x u)y, use
the commutative diagram

Sc A Sy A Sy

Mxl IAH (k)

S(C/\(SHXSH)WSC/\SH

l i H(a)
X X

SCXSHXSHWSCXSH?SH

The square commutes because x is natural, and the two triangles commute
by definition of the Hopf construction. The left vertical composite equals
X by Remark A.20. Recall from Lemma 5.3 that H(a) = 7, and of course
H(u) = v by definition. So we have that

[a(l x p)x] = [H(a)] - [LAH(p)] = [H(a)] - [H ()] = nv.
The second equality uses Remark 2.6(i).
Next we analyze what happens when we compose

x: ScASuA Sy — Sc X Sg X Su

with the top-right part of Diagram (5.2). We will obtain zero, which will
finish the proof. This is mostly an application of Proposition C.10, where
the maps f: S¢ X Sg — Sy and g: S¢ X Sy — Sy are both equal to «.

First recall from Corollary A.13(b) that the identity map on Sy x Sm
can be written as idg,xsy = xp + J17m1 + j2me where m; and o are the two
projections Sy X Sy — Sw; j1,j2: Sm — Smu X Su are the two inclusions as
horizontal and vertical slices; and p is the projection from the product to
the smash product. The composite of interest can therefore be written as a
sum of three composites of the form

S((;/\SH/\SHLS(CXSHXSHL>SHXSHL>SH

where h denotes the composition S¢ x Sy x Sy — Sy x Sy along the top-right
part of Diagram (5.2), and u is one of puxp, ujim = m1, and pjome = mo.
But in the latter two cases the composites are clearly null; in the case of 7y,
for example, this follows from the diagram

S@/\SH/\SHASCXSHXSHLILSH

S(CXSHX*

and the fact that the dotted composite is null by the defining properties of
X (Proposition A.12).
So it remains to analyze the composite

ScASHASH =5 S x Sk x Spr — Sprx S —2 S A S =5 S A Sy — Sk
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This is equal to H(u) o H(a#«), using Lemma C.9 for the second factor.
Proposition C.10 says that [H(a#a)] equals

T(1,1),(3,2) [H ()] + T(1,1),(3,2) [H ()] + (7'(1,1),(3,2))2[1"[(04)] [H(a)] - [Agra].

Now use [Agi,1] = p from Theorem 3.1; [H(«)] = 7 from Lemma 5.3; and
T(1,1),32) = 1 by Equation (2.4). We obtain H(a#a) = 2n + n?p, which
equals zero by Theorem 1.2(ii). O

We next duplicate the above arguments to prove the analogous Hopf re-
lation vo = 0, using the pairing 5: Sy x Sp — Sg. This time we go through
the steps in reverse order, saving what is now the hardest step for last.

Proposition 5.5. vo = 0.

Proof. The proof is very similar to the proof of Proposition 5.4. One starts
with the commutative diagram analogous to Diagram (5.2) showing that g
respects multiplication, and then precomposes the two routes around the
diagram with y. By exactly the same arguments as before, the composition
along the bottom-left part of the diagram gives [H ()] - o, and composition
along the top-right part of the diagram gives

o [7(3,2),(7,4) [H(B)] + 7(3,2),7,4) [ H (B)] + (7(3,2),(7,4))2[A53’2]}

(using Proposition C.10). But here the diagonal map is equal to zero by
Theorem 3.1, because S2 is a simplicial suspension. Using that

7(3,2),(7,4) = —1

by Equation (2.4), our formula becomes

[H(B)] -0 =0-[-2H(B)] = 2[H(B)] - o,

We have used graded-commutativity from Proposition 2.5 in the second
equality. This shows that [H(8)] - o = 0. Finally, use that [H(5)] = —v by
Lemma 5.6 below. (]

Our next goal is to compute the Hopf construction H (). Recall that the
pairing : Sy X Sgp — Sp sends [t, (x,y)] — (z,ty). The idea is to realize
So as the join of two copies of §%2, corresponding to the two coordinates x
and y. Under this equivalence,  becomes the melding mo#u (Section C.6),
where 7y and p are the projection and multiplication maps Sy X Sy — Su.
Proposition C.10 then shows that [H(8)] = 7(39) 3,2V = —V-

The difficulty comes in realizing Sp as a join, in a way that is compatible
with the S-action by Sg. To understand the problem, it is useful to review
how this would work in classical topology. Let S be the unit sphere inside the
classical octonions @, consisting of pairs (z,y) € H x H with |z|? +|y|? = 1.
Let Uy C S be the set of pairs where « # 0, and let Us C S be the set of pairs
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where y # 0. There are evident projections q;: Uy — S2 and ¢o: Uy — S?

given by ¢1(z,y) = % and ¢2(x,y) = Tzl The diagram

e

Uy<=—UiNUy——=Usy

mi ‘ququ lQ2

g3 L g3 g3 " g3

is commutative; the homotopy colimit of the top row is S, and the homotopy
colimit of the bottom row is the join S x S3. All of the vertical maps are
homotopy equivalences. Moreover, if we let S(H) = S act on S® x 93
trivially on the first factor and by left multiplication on the second factor,
then the S(H)-actions on S and S3 x $3 are compatible with respect to the
maps in the above diagram. This identifies S(H) x S — S with the melding
of the two evident S(H)-actions on S3.

Unfortunately, the above argument does not work in the motivic setting.
We do not have square roots, so we cannot normalize vectors; likewise, the
homotopies that show the vertical maps in the diagram to be equivalences
all use square roots. So the above simple argument breaks down in several
spots.

We get around these difficulties by using a special property of the split
quaternions Apy. Basically, we use the splitting to reduce the action to a
different model of the same sphere, where it is easier to see the melding.

Lemma 5.6. The Hopf construction on 3 represents —v.
Proof. Recall the pairing p/: Ag x A% — A? given by
(a1,a2,b1,b2) * (z,y) = (a1 — yb1, yas + byz)

from Remark 4.5, as well as the commutative diagram

AHXAHL>AH

id xw\L J{w
/

Ag x A2 o A2,

Note that p’ restricts to give S x (A2 —0) — A? — 0, and w restricts to give
an equivalence Sy — A% — 0.
Consider now the commutative diagram

SHXS@LS@

\Lid xw' lw’
!

Sy x (A* —0) —= A* —0
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where W'(z,y) = (w(z),w(y)) and B'(¢, (u,v)) = (u,t x v) for v and v in
A?. The vertical maps are weak equivalences by the argument from Ex-
ample 2.12(3). So the Hopf constructions for 5 and ' represent the same
element of 7, (.9).

We know how to identify the variety A% — 0 as the join (A% —0) % (A% —0)
(Example 2.12(2)). Under this identification, the pairing £’ is the melding
mo#u’ where mo and p’ are the projection and multiplication maps

Sg x (A% —0) — (A% - 0).
Proposition C.10 now yields the formula

[H(B")] = [H(mo#tn")] = 7(3.2),3,2)[H(1)] = —[H (1)]

using that H(m2) = 0 from Lemma C.2. Finally, we turn to the commutative
square

Sy x Sy ——~ Sy

] |

Sp x (A2 — 0) -2~ A2 — 0.

The vertical maps are equivalences, so H(u') and H(u) represent the same
element of . .(S). Since H(u) is equal to v by definition, we have

[H(B)] = [H()] = =[H ()] = =[H(p)] = —v. O

Remark 5.7. In the proof of Lemma 5.6, we have not established that
W' Sp — (A* —0) and w: Sy — (A2 — 0) are orientation-preserving. By
Proposition C.4, this issue is irrelevant because the homotopy elements rep-
resented by Hopf constructions are independent of these orientations.

Appendix A. Stable splittings of products

These appendices develop certain technical homotopy-theoretic construc-
tions that are used in the body of the paper. Appendices A and B, as well
as the first part of Appendix C, build on ideas that appear in the papers of
Morel [M1, M2]. Our aim here is to offer additional details that are necessary
for our proofs. This applies, in particular, to the proof of Proposition C.10,
which is the most important technical tool for the paper. These appendices
are largely structured with the goal of providing a comprehensible proof of
Proposition C.10.

A.1. Generalities. For most of the applications in this paper, it suffices
to work in the stable category of motivic spectra. This is also true for the
splittings we are about to discuss, and for the Hopf construction developed
in Appendix C. However, for didactic reasons we are briefly going to work
unstably and be careful about the number of suspensions required at various
stages.
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Let j: A < B be a cofibration of pointed motivic spaces, and let p: B —
B/A be the quotient map. Suppose that there is a map a: ¥B — 3 A that
splits X7 in the homotopy category, i.e., a(3j) ~ idyn4. For any pointed
object X, we have an exact sequence

o [BJA, X], —— 34, X1, ¥ 2B, x]. @ [2(B/A), X], -

*

of sets. Then o is a splitting for (3j)*, so (Xj)
that we have an exact sequence of groups

is surjective. It follows

1 24, x1. 22 2B, x1, @ [2(B/A), X], — 1.

Because « is not necessarily the suspension of a map B — A, the map o*
is not necessarily a group homomorphism. So the exact sequence is not
necessarily split-exact. Although the groups in the above sequence need not
be abelian, we will still write 4 for the group operation and 0 for the identity.
When X equals ¥B, the element idsp —(Xj)a of [¥B, X B], belongs to the
kernel of (3j)* and is therefore in the image of (3p)*.

Definition A.2. The map y: X(B/A) — X B is the unique map in the
homotopy category of pointed spaces such that idsp equals (X7)a + x(Xp).

Lemma A.3. The map x satisfies:

(1) (Xp)x = idxp/a)-
(2) ax =0.

Proof. Let X be X(B/A). Compute that (Xp)*((Xp)x — idsp/a) is zero.
Since (Xp)* is one-to-one, we get that (Xp)x —idsp,4 is zero.
For the second, let X be ¥ A. Compute that (Xp)*(ax) is zero. Since
(Xp)* is one-to-one, we get that ary is zero. O
We now suspend once more to obtain the sequence

(Ad) 0224, x], T2 228, x], 2 22(B/A), X], «— 0.

This is now a short exact sequence of abelian groups, and it is split-exact
because the map (Xa)* is a group homomorphism.

With at least two suspensions, we have the following converse to Lem-
ma A.3.

Lemma A.5. Let i > 2. Suppose x: ¥(B/A) — X'B is such that:
(1) (X'p)x equals idsyi(B/a)-
(2) (X ta)x equals zero.
Then Yx equals Ly in [XH(B/A), L1 B),.
Proof. We simply compute:
Sz = ido(Sx) = [(£%)(Z' a) + (57 1) (X'p))(Z2)
= (2)(Ea)(S2) + (B (2'p) (Be)
=Xy,
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where the second equality comes from Definition A.2 and the fourth equality
comes from the given properties of x. In the third equality we have used
(A+ B)(Xx) = A(Xx) + B(Xx); note that the analogous formula without
the suspension does not hold in general. O

Remark A.6. We will often apply Lemma A.5 in the case i = oo, where
the statement yields that the stable homotopy class of x is characterized by
the given two properties.

A.7. Splittings of products. Now let X and Y be pointed spaces, and
specialize to the cofiber sequence

(A.8) XvY Joxxy -oxny.

Let m: X XY — X and m9: X XY — Y be the two projection maps. Let
a be the homotopy class X + Xme: (X X Y) — XX VXY, defined using
the group structure on [E(X X Y),YX(X VY)].. The composition o(Xj) is
the identity (up to homotopy), i.e. ¥ + Yo splits Xj.

By Definition A.2, we obtain a map x: X(X AY) — 3(X x Y), uniquely
defined up to based homotopy. This map is a splitting for Xp and satisfies
(X7 + Xma)x = 0. Moreover, Lemma A.5 says that x is completely charac-
terized by these criteria, up to suspension. When necessary for clarity, we
will write x(X,Y) for the map x: (X AY) = X(X x Y).

The definition of x shows that it is natural in X and Y. That is, if Z
and W are also pointed and f: X — Z and g: Y — W are two based maps,
then the diagram

SXAY) 2= 2(X xY)
Z(f/\g)l iE(fxg)
S(ZAW) — X(Z x W)
commutes in the based homotopy category. This is a routine argument,
boiling down to the fact that projections and inclusions are natural.

In several cases we will need to understand the compatibility of x with
the twist maps where one interchanges the roles of X and Y

Lemma A.9. The diagram

S(X x V) 2 (Y x X)

X(va)T TX(YVX)

S(XAY) = 2(Y A X)
A

commutes (up to homotopy) after two suspensions, where Ty and Tx are the
evident twist maps.
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Proof. Let f denote the composite

STw )

S(XAY) sy A x) Y sy < x) S n(x x Y.
We want to show that ¥2f equals X2y (X,Y). By Lemma A.5, it suffices
to prove that (X + ¥mg)f = 0 and (Xp)f = idyxay). These follow from
naturality of the twist maps and the corresponding properties of x(Y, X).
O

Remark A.10. Lemma A.9 is almost true after one suspension, but we
need the extra suspension because of the restriction ¢ > 2 from Lemma A.5.

A.11. Stable considerations. From now on we disregard the suspensions
required for the careful statement of unstable results. That is, we work in
the stable category of spectra. When X is a pointed space, we will often
abuse notation and write X again for X°°X. Also, it will be convenient to
now let x denote the desuspension of the splitting X(X AY) — (X x Y)
produced in the last section. So x isnow amap X AY - X x Y.

Proposition A.12 below is a stable version of Lemma A.5, with a slight
strengenthing due to stability.

Proposition A.12. The map x is the unique stable homotopy class X \Y —
X XY such that px is the identity on X AY and m1x = max = 0 is zero.

Proof. Lemma A.5 implies that y is the unique stable homotopy class such
that py = idxay and (71 + m2)x = 0. It suffices for us to show that the
second condition is equivalent to w1y = mox = 0. Clearly the latter implies
the former, since (71 + m2)x = m1x + 72X (and note that this uses stability).
Conversely, if (71 +m2)x = 0 then multiplying by 71 on the left gives m1x = 0
since the composite mymo is null. Similarly, left multiplication by ms gives
mox = 0. U

Corollary A.13. In the stable homotopy category, we have:

(a) mi4+m+p: X XY - XVYV(XAY) is an isomorphism, and jV x
1s a homotopy inverse.
(b) j(m + m2) + xp is the identity on X x Y.

Proof. For part (a), use that (m + m2)j = idxvy; pj = 0; (w1 + m2)x = 0;
and px = idxay. For part (b), j(m1+m2)+xpis idxxy by Definition A.2. O

Let Ax: X - X x X and A: X — X A X be the evident diagonal maps.

Lemma A.14. Let X be any pointed motivic space. Then the two maps Ay
and XAp + j(m1 + m2) Ay are equal maps X — X x X.

Proof. Start with j(m + m2) + xp = 1 from Corollary A.13, and apply Ay
on the right. Finally, note that A, = pA. (I

Later we will need the following calculation of x in a specific example.
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Lemma A.15. Let S0 consist of the two points 1 and —1, where 1 is the
basepoint. Leti, 7, and k be the based maps S*0 — S90x SO0 that take —1 to
(1,-1), (=1,1), and (=1, —1) respectively. Then x: S*"OA S0 — §0.0 5 §0.0
is stably equal to the composition of the isomorphism SO0 A SO0 —; §0.0
with the map k —1i — 7.

Proof. We apply Proposition A.12. The result follows from the observations
that:

(1) pi and pj are zero, whereas pk is the identity.
(2) m1i is zero, but mj and mk are the identity.
(3) maj is zero, but mei and maok are the identity. O

A.16. Higher splittings. Given based spaces Xi,..., X, and a subset
S = {i1,...,ig} of {1,...,n}, write X% for X;, x---x X;, (where i1 < iy <
-+ < dp). Also, write X for X; A---AX;, . Write pg: X1 x---x X, — X9
for the composition

Xp X oo x Xy — XX 2y XIS
where 7 is the evident projection.
Proposition A.17. The map Y gps: X1 x -+ x X, = Vg XM s a weak

equivalence in the stable category, where the sum and wedge range over all
nonempty subsets S of {1,...,n}.

Proof. This follows from induction and part (a) of Corollary A.13. g
Proposition A.17 allows us to make the following definition.

Definition A.18. Let yg: X% — X; x --- x X,, be the unique homotopy
class of maps such that:

(1) psxs = id.

(2) prxs =0forall T # S.

Definition A.18 generalizes the properties of the 2-fold splitting that py
is the identity, while 71y and mox are both zero. We will usually write just
x instead of xg. Just as for the 2-fold splittings, the maps xg are natural
in the objects X1,..., X,.

Analogously to Lemma A.9, Proposition A.19 shows that the higher split-
tings respect permutations of the factors.

Proposition A.19. If o is a permutation of {1,...,n}, then the diagram
XiAN--ANXy,— XN - ANXop
g g
Xix - x X, —=Xs1 X xXon
is commutative, where the horizontal maps are permutations of factors.

Proof. The proof is similar to the proof of Lemma A.9. ([
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Now let X1, ..., X, be formal symbols, and let w be a parenthesized word
made form these symbols using the two operations x and A. For example,
w might be (X7 x X3) A (X4 x X2). Let w’ be a word obtained from w by
changing one x symbol to a A symbol, e.g. w' = (X1 A X3) A (Xy X X3).
We can regard both w and w’ as functors Ho (€)" — Ho (€), and we let
p denote the evident natural transformation w — w’. In our example, p
is more precisely px, x, A (idx, xidx,). There is also an evident natural
transformation w’ — w made from maps of the form yg, and we denote this
just by x.

Remark A.20. One has the following “coherence results” for the maps x
and p:
(i) Given any two sequences of maps

X X X
W=wW — Wy —> - —>w, =0

and

w = w) iﬂuéi%--imvs:v
with the same source and target, the two composite natural trans-
formations are equal.

(ii) Given any two sequences of maps
p p p
W=wW] —— Wy —> - —— Wy =V

and

w:w'limuéir'-i)wszv
with the same source and target, the two composite natural trans-
formations are equal.

(iii) Let “yx-map” now refer to any composition as in (i), and “p-map”
refer to any composition as in (ii). From now on, if a map is labelled
as y or p it means it belongs to one of these classes.

Let o be a composition as in (i) and let 3 be a composition as
in (i), and assume that the last word of « coincides with the first
word in B (so that Sa makes sense). Moreover, assume that the
“spots” which g turns from x to A form a subset of the “spots”
which « turns from A to x. Then S« is a y-map. (This generalizes
the splitting property px = id).

We will not give proofs for the claims in Remark A.20, since proving them
in the stated generality involves an unpleasant amount of bookkeeping. In
all three cases, the proofs boil down to Proposition A.17. When we use
Remark A.20 in the context of this paper, it will always be in cases where
only three or four maps are involved. In those cases, it is easy enough to
check the claims by hand.

Example A.21. Here are some examples to demonstrate the use of Re-
mark A.20.



MOTIVIC HOPF ELEMENTS AND RELATIONS 859

(1) The compositions

Inx(Y,Z) X(X,Y xZ)

XANYNZ XxYxZ

XAN(Y x 2)

x(X,Y)AL X(XxY,Z)

XANYNZ XxYxZ

(X xY)AZ

are both equal to x(X,Y, Z) in the homotopy category.
(2) The composition
WAXAY Az XD g xy A (v xz) 2D g vy <z
is equal to x(W, X, Y, Z) in the homotopy category.
(3) The triangle

XAYAZ-—2XoXxY xZ

(X xY)AZ

commutes for any objects X, Y, and Z.

Appendix B. Joins and other homotopically canonical
constructions

In the next two sections we will need to deal with several homotopical
constructions. In each situation, the output is not just a single object but
rather a whole contractible category of objects. Things become complicated
when we want to identify the outputs of different multi-layered constructions
as being essentially the same. We start with a brief review of the machinery
needed to handle these kinds of situations.

B.1. Canonical constructions. Suppose that M is a model category, I
is a small category, and X: I — M is a diagram. Homotopy theorists are
faced with the troublesome fact that there is not a single homotopy colimit
for X; rather, there are many different models for the homotopy colimit, but
they are all weakly equivalent to each other. The trouble really begins when
one needs to choose a weak equivalence between two different models, and
then use this to perform further constructions. One cannot choose the weak
equivalence arbitrarily and expect to obtain consistent results later on.

As an elementary example, suppose A and B are models for hocolimy X,
and choose a weak equivalence A — B. If at some later stage one similarly
chooses a weak equivalence B — A, then the composition A — B — A may
or may not be homotopic to the identity.

One way to control these issues is as follows. In good cases, one can
define a model category structure on the category of diagrams M, where
the weak equivalences and fibrations are the objectwise ones [H, Theorem
11.6.1]. Let Cof(X) be the category of cofibrant approximations to X in this
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model structure. This category is contractible [H, Theorem 14.6.2], and the
colimit of any object in Cof(X) gives a model for hocolim; X. The image of
the composition
Cof (X) ™ M — Ho (M)

is a contractible groupoid; so for any two objects A and B in the image,
there is a unique isomorphism A — B that is also in the image. Note that
there might be many different isomorphisms in Ho (M) from A to B, but
only one of them lies in the image of the above composite. In this sense
there is a “homotopically canonical” isomorphism between A and B.

The considerations of the previous paragraph give a solution to our prob-
lem, but it is not a simple one. Given two models A and B for hocolim; X,
we only can get our hands on the canonical homotopy equivalence between
them by finding diagrams D and D’ in Cof(X) and specifying A and B as
the colimit of these diagrams—in essence, one must specify why A and B
are models for hocolim; X, and only then does one get the comparison map.

A simple example demonstrates what is happening here. The suspension
of a topological space X is a homotopy colimit for the diagram * +— X —
x. Given two spaces A and B that happen to have the homotopy type of
¥ X, there is not a unique way to get a weak equivalence A — B, even
up to homotopy. However, if one specifies a decomposition into “top” and
“bottom” cones for both A and B, then one does obtain a comparison map
that is unique up to homotopy. The choice of top and bottom cones gives a
diagram [Cy «— X — C_] that is a cofibrant model for * +— X — .

Now suppose that I and J are two small categories, and let X: I — M
and Y: J — M be two diagrams. We think of hocolim; X as a contractible
groupoid inside of Ho (M), and likewise for hocolim;Y. Let A and B be
specific models for these two homotopy colimits, and let A — B be a map.
For any other models A and B for the two homotopy colimits, we immedi-
ately obtain corresponding maps A — B in Ho (M). Namely, we have the
composite A~A-—B~B , where the first and last isomorphisms are the
ones from the respective contractible groupoids. In this case, we say that
the maps A — B and A — B are “canonically isomorphic”.

Often in practice, we have a certain procedure for producing a map be-
tween models for hocolim; X and hocolim; Y. We want to know that this
procedure, applied to A and B, or applied to A and B , gives maps that are
canonically isomorphic—i.e., conjugate to each other via the contractible
groupoids for hocolim; X and hocolim ;Y. This is often the case, but it is
something that needs to be checked; it is not automatic.

Unfortunately, there is no known efficient and carefree way to keep track
of all of these kinds of compatibilities. While a direct approach works in
simple arguments, this becomes harder in multi-layered constructions. We
will see some examples in the remainder of these appendices. One precise
but cumbersome technique is to work always at the level of diagrams, i.e.,
work in M’ and related categories as much as possible, rather than work
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in Ho (M). This has the effect of pinning down precise models and precise
maps between models. We follow this approach in most of our arguments.
As one specific place in which these ideas will be applied, consider the
study of suspensions in a model category. Let I be the pushout category
0 <— 1 — 2. The category M! has a model structure where the weak
equivalences are objectwise and where the cofibrant objects are diagrams

Xo+— X1 — Xo
such that each X; is cofibrant and both maps are cofibrations.

Definition B.2. Let X be any object of M. Suspension data for X is a
cofibrant diagram C; +— QX — C_ where C'; and C_ are contractible,
together with a weak equivalence QX — X.

See also Remark 2.9 for a discussion of suspension data. This is the same
as specifying a cofibrant replacement for * +— X — * in M!. Every
collection of suspension data gives rise to a model for the suspension of X,
namely the pushout Cy gy C_.

In many places in mathematics one learns how to handle technical details
and then immediately starts to leave them in the background, seemingly
ignored. Our discussion of canonical constructions is one of these instances.
While there are real issues that require attention whenever such construc-
tions appear, giving complete details in proofs quickly becomes an obstruc-
tion rather than an aid to comprehension; such details are best left to the
reader. Certain canonical equivalences will be ubiquitous throughout the
rest of these appendices—a clear example is in the statement of Lemma C.9,
but most often the equivalences are appearing with less acknowledgement.
The present section was meant to provide a kind of “global” acknowledge-
ment that this is what is going on.

B.3. Joins.
We now construct the join of two objects and establish a connection be-
tween the join and the splitting maps y from Appendix A.

Definition B.4. Given objects X and Y, the join X * Y is the homotopy
colimit of the diagram X «+— X xY — Y.

Note that the diagram
X=—XXY—Y

L

x<—— X XY ——>x
yields a canonical map X * Y — %(X x Y).
Lemma B.5. The composite

X+Y L RX xY) B RXAY)
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18 a weak equivalence.

Proof. Let X — CX and Y »— CY be cofibrations with contractible target.
Consider the diagram

XVCY ~——<XVY>——CXVY

XXxOY ~—<XXxY>—CXxY

i | |

XACY ~——<XANY>——CXAY.

The pushout of each row is a model for the homotopy pushout, because of
the horizontal cofibrations. The pushout of the top row is CX VvV CY’; the
pushout of the middle row is a model for X *x Y, and the pushout of the
last row is a model for ¥(X A Y) because both X A CY and CX AY are
contractible.

The columns of the diagram are homotopy cofiber sequences, so taking
homotopy pushouts of each row gives a new homotopy cofiber sequence

CXVCY — XY = (X AY).

But CX v CY is contractible, so the second map is a weak equivalence.
There is an evident weak equivalence between the two diagrams

XXxCOY ~—XXY —CXxY X<~—XXxY—Y
v v v | ' |
XANCY <~——XANY —CXANY x<—XANY ——«

mapping the diagram on the left to the one on the right. On taking homo-
topy pushouts of the rows, the first diagram gives the weak equivalence of
the previous paragraph, while the second diagram gives (Xp)~y. O

Proposition B.6 below shows that « is a model for y, once we identify
X *Y with (X AY).

Proposition B.6. The map x is equal to the composition
S(XAY) = XxY L R(X xY),
where the first map is the homotopy inverse to (Xp)~y.

Proof. Let x’ be the composition under consideration. By Proposition A.12,
it suffices to show that (Xp)x’ is the identity on (X AY') and that (X7 )y’ =
(Xm2)x" = 0. The first of these is immediate from the definition of x’. For
the second, observe that (X1)y and (Xm2)~y are both zero. For example, in
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the first case this follows from the diagram

X<~—XXY ——

Y
R
!

X X
! |
X

*

Upon taking homotopy colimits of the rows, the diagram induces (3m)7,
but the homotopy colimit of the middle row is contractible. O

We will also need the following simple result:

Proposition B.7. Let D: I — sPre(Sm/k) be a diagram of motivic spaces,
and let X be a fired motivic space. Then there is a canonical equivalence
between hocolim;[X x D;] and X * (hocolim; D).

Proof. Let J be the pushout indexing category 1 <— 0 — 2 and let
D: I x J— sPre(Sm/k) be the evident diagram where

D(i,1) = X, D(i,0) = D(i) x X, D(i,2) = D(i)

(the maps in D are the obvious ones). A standard result in the the-
ory of homotopy colimits gives canonical equivalences between hocolim D,
hocolim;[hocolim s D], and hocolim j[hocolim; D], where the latter two ex-
pressions indicate the evident iterated homotopy colimits along slices of
I x J. Now just observe that hocolim;[hocolim; D] = hocolim;(X * D;)
and hocolim j[hocolim; D] is canonically equivalent to X x [hocolim; D]; the
latter uses that homotopy colimits commute with products by a fixed space,
which is a standard property of simplicial presheaf categories (following from
the analogous result for sSet). (]

Appendix C. The Hopf construction
We now describe and study the Hopf construction.

Definition C.1. Let X, Y, and Z be pointed spaces, and let h: X xY — Z
be a pointed map. The Hopf construction of h is the map H(h): X*Y — X7
obtained by taking homotopy colimits of the rows of the diagram

X<~—XXxY—Y

) / :

* A *.

We often regard H(h) as a map (X AY) — XZ (or as just a map
X ANY — Z) using the standard equivalence X «Y ~ ¥(X AY) from Lem-
ma B.5.

Lemma C.2 below is a simple example of the Hopf construction.

Lemma C.2. Let m: X XY — X and my: X XY — Y be the evident
projection maps. The maps H(m1) and H(m2) are trivial.
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Proof. Consider the diagram from the end of the proof of Proposition B.6.
The map H () is obtained by taking the homotopy colimits of the rows,
but the homotopy colimit of the middle row is contractible.

The argument for H(my) is identical. O

Using the model for x given in Proposition B.6, we can give an alternative
model for the Hopf construction on h: X xY — Z:

Proposition C.3. Let X, Y, and Z be pointed spaces, and let h: X XY — Z

be a pointed map. The Hopf construction H(h) equals the composite
X+Y S RXAY) S NX xY) 2D nz,

where the first map is the weak equivalence from Lemma B.5.

Proof. The diagram
X<~—XXY—Y

¢ |

|
f <X XY — %
|
k

b }
z

*x.

shows that H(h) is equal to (Xh)y, where 7 is from Section B.3. By Propo-
sition B.6, the composition X *Y —5 (X AY) =5 2(X x Y) is equal to
y. ([

The following simple result will save us a bit of trouble in the body of the
paper.

Proposition C.4. Let f: X XY — Y be a pointed map, where X andY are

oriented homotopy spheres. Then [H(f)] does not depend on the orientation
of Y.

Proof. Let 0: Y — Y be an automorphism in the homotopy category, and
consider the diagram

XAY X xxy Loy
il/\g llxa ia
XA Y X xxy—2Loy

where g = of(1 x 0=1). We must show that [H(f)] = [H(g)]. But the
diagram yields
o] - [H(f)] = [H(9)] - [L A o] = [H(g)] - [o]

using Remark 2.6 in the last step. Since [o] is central and invertible,

[H (/)] = [H(g)]- U
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For the following proposition, regard S% as the group scheme Z/2. This
result is not needed in the present paper, but we include it for future refer-
ence.

Proposition C.5. The Hopf construction on the product map
p: §%0 x §00 _ §00
represents the element —2 in mo(S).
Proof. The composition
2500 =, (500 A §00) X (500 x §0.0) 2y 5500

is the Hopf construction on u, which is equal to (Xu)(Xk — 3i — Xj), where
i, j, and k are as in Lemma A.15. This is evidently the same as X(uk) —
Y(pi) — X(pj). But pk is null, and both pi and pj are the identity maps.
It follows that (Xu)(Xk — Xi — Xj) equals —2. O

C.6. Hopf constructions of meldings. Let X, Y7, Y5, Z;1, and Zy be
pointed spaces and let f1: X xY; — Z; and fo: X x Yy — Z5 be two based
maps. Consider the diagram

(C.7) XxY| =—XxY1 xYy— X xYs
fli \La(flyﬁ) ¢f2
Z1 Z1 X Ly 43,

where the horizontal maps are the evident projections and «(f1, f2) is the
composite

XxVxa2PL v e xx v x v 2 X vy x X x Y,

ihXﬁ
Z1 X ZQ.

Definition C.8. The melding fi1# fo of the pairings f; and f5 is the pairing
X x (V1 xYs) = Z1 % Zy
obtained by taking homotopy pushouts of the rows of Diagram (C.7).

Lemma C.9 below gives a tool for computing Hopf constructions of meld-
ings.

Lemma C.9. The Hopf construction H(fi#f2): X x (Y1 xYa) — 3(Z1 % Z3)
is canonically identified with the double suspension of the composite

XAYIAY: 25 X x Yy x Y, U0 7 w720 2y 70 A 2,
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Proof. This is an exercise in the manipulation of homotopy colimits. Con-
sider the rectangular box

X

X xY
\ T\Z
* ‘ 1 ‘ *

X <— *XX(Y1X}/2)* —>Y1 XY2

N |

Z1><Z2

Y1

*

X<~——XxY,—|—Y

Y N N

* ZQ *.

All of the horizontal and vertical maps are the evident projections, while the
three maps in the middle column coming out of the page are fi, a(f1, f2),
and fo.

Let Py be the front 3 x 3 diagram, and let P, be the back 3 x 3 diagram.
The whole diagram is a natural transformation P, — P;. We will compute
the induced map g : hocolim P, — hocolim Py in two different ways.

We can calculate the homotopy colimit of a 3 x 3 grid in two ways: first
take homotopy pushouts of the rows, and then take the homotopy pushout
of the resulting column; or first take the homotopy pushouts of the columns,
and then take the homotopy pushout of the resulting row. If we first take
homotopy colimits of the columns, then we obtain the diagram

X<;XX(Y1*Y2)—>Y1*YV2

S

* Zl*ZQ

*.

Now take homotopy colimits along the rows to yield H(f1#f2).
On the other hand, if we first take homotopy colimits along the rows,
then we obtain the left face of the diagram

X+

(Zl X Z2)
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where « is a(f1, f2). Taking the homotopy pushouts of the columns and
applying the evident canonical isomorphisms, we get the commutative dia-
gram

22(1nx)

Y2XAYIAY, Y2X A (Y1 x Yo)

\ w
g

Y271 N Zy Y2(Zy x Z3).

X

Note that Proposition B.7 has been used for one of the columns. Here g is
canonically equivalent to the map g: hocolim P, — hocolim P that we are
trying to understand, and the horizontal maps have been identified with the
help of Proposition B.6.

In the following computation we leave out several suspension operators.
The above parallelogram allows us to write

g=pxg=poH(a)o(1Ax)=po(aox)o(LAX)=pay,

where the various x symbols mean slightly different things and we are using
Remark A.20 to make sense of this.

The upshot of this argument is that the following maps are canonically
identified: H(f1#/f2), g, and § = pax. This completes the proof. O

Before stating the next result we introduce a piece of notation. If X is
an oriented homotopy sphere then write | X| for the unique pair (p, q) € Z?
such that X ~ SP¢ (uniqueness follows, for example, by base-extending to a
field and then using motivic cohomology calculations). Recall that if X and
Y are oriented homotopy spheres then the twist map T: X AY - Y A X
represents an element 7 x| |y| = [1'] in mo0(5). As discussed in Section 2.3, if
X ~ SP4 and Y ~ S5 then TIXLIY] = T(p,q),(s,t) = (_1)(p—q)(s—t) - €. These
elements are central in 7, ,(S) because every element of mo(.5) is central.

In analyses that involve extensive sign calculations, it is very convenient to
drop the absolute value signs and write 7x y for 7x| |y|. In fact we carry this
to an extreme: if the name of a homotopy sphere appears inside a subscript
for a T-expression, it is to be interpreted as the associated bidegree. For
example, Txy—zw is shorthand for 7x|1|y|—|z|,jw|- In practice this never
leads to any confusion. Since 7(_) _) is bilinear and takes its value in the
2-torsion subgroup of the multiplicative group myo(S)*, we can also write
formulas like

-1
TX+Y -ZW = TXWTYWTZ wTXW = TXWTY,WTZWTX,W-

The following proposition gives a key formula used in the paper. The
complexity of the signs is unfortunate, but there seems to be no avoiding
this. The lack of symmetry in the signs on the first two terms is tied to the
asymmetry in the signs for [id, s Af] and [f Aid, 5] appearing in Remark 2.6.
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Proposition C.10. Suppose given oriented homotopy spheres X, Y1, Yo,

Z1, and Zsa, together with pointed maps f: X xY1 — Z1 and g: X XYy — Zs.
Let f* and g* denote the composites

VidexY — XxYi 52 and Yo sxYy— X xYy Ly Zo.
Then [H(f#g¢)] equals

TX+v1-21,2 [ H ()] [0 1+ Tx viTvi— 21,2, [f7] - [H(9)]
+ TX Yo TX+Y1— 21,75 [H(f)] : [H(g)] : [AX]'

Proof. By Lemma C.9 the map H(f+#g) can be modelled by the composite

% Ay x1 1xTx1
XANY1AY, XxY1xYs XxXxY1xYs XxY1 xX xYy
ifxg
Z1 N\ Zy Z1 X Zs.

We use the fact that Ay x 1 = (51 x 1) 4+ (j2 x 1) + (xAx x 1) from Lem-
ma A.14. So our composite is the sum of three pieces, which we analyze
separately.

The j1-composite: This piece is the composition along the top right in the
diagram

XAYIAYy — X X x Vi x Ys 20 70 % 7y

e b 4

(XXYl)/\}/szl/\ZQ.

The composite along the bottom is H(f) A g*. Remark 2.6(iii) yields the
formula [H(f) A g*] = [H(F)] - [97] - Tx+vi-21.25-

The jo-composite: This piece is the composition along the top right in the
diagram

XAYIAY: X X x ¥y x Vs 2 v x X x Vo 1% 7, % 7,

YiAXAYs YiA (X x Ya) 2L 720 A 2,

The upper left region commutes by Proposition A.19, and the middle region
commutes by Remark A.20. The composition along the bottom left of the
diagram is (f* A H(g))(T' A 1). Remark 2.6(iii) yields the formula

[fFANH(@IT A1 =[f"]-[H(g)] "TY1—21,Z2 " TX,Y:-
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The xAx-composite: Here we examine the diagram

XAYT1AY,

AN
(X A X)

INTAL

AYIAY; —> (X A X)

XXY1><Y2

A/\Xl
X Y1 x Y5

X

\
XAYVTANXAY, X xXxY xY
\

(X><Y1)/\(X><Y2)<TX><Y1><X><Y2

XAX 1xTx1

fAg

Z1 N\ Zy

xg

Zl X Z2.

p

The parallelogram in the center commutes by Proposition A.19, and the ad-
jacent triangles commute by Remark A.20. The composition along the top,
right, and bottom is the composite in which we are interested, whereas the
composition along the left is [H (f)AH (g9)]-Tx,v, -[AaA1]. By Remark 2.6(ii),
we have

[AAAT] = [AA] - T-x 11472
and by Remark 2.6(iii) we have

H(f)NH(9)] = [H()]- [H(9)] Tx+v1-21,25-

Putting everything together now gives that our xyAx-composite equals

[AA] - TX Vi TX Yo,

(H(A)]-[H(9)] Tx+vi-21,2,  Txyi  [AA] - Tx i TX Y5

Note that the two 7x y;, terms cancel, leading to the expression given in the

statement of the proposition. U
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