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ABSTRACT. Let k be a number field, suppose that B is a central simple
division algebra over k, and choose any maximal order D of B. The
object of this paper is to show that the group Dg of S-units of B is
generated by elements of small height once S contains an explicit finite
set of places of k. This generalizes a theorem of H. W. Lenstra, Jr.,
who proved such a result when B = k. Our height bound is an explicit
function of the number field and the discriminant of a maximal order in
B used to define its S-units.
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1. Introduction

Let k be a number field, suppose that B is a central simple division algebra
over k, and choose any maximal order D of B. The object of this paper is
to show that the group D% of S-units of £ is generated by elements of small
height once S contains an explicit finite set of places of k.

A result of this kind was shown by Lenstra in [7] when B is k itself. In
this case, G is the multiplicative group G,, and the notion of height is the
classical one. Lenstra showed that once S is sufficiently large, the group
Gm(Op,s) = O} s 1s generated by elements whose log heights are bounded
by

1
3 log |dy, gl + log ms + ra(k) log(2/7),

where dj, is the discriminant of k, mg is the maximal norm of a finite place
in S, and ro(k) is the number of complex places of k. One version of our
results is the following.

Theorem 1.1. Suppose B is a central simple division algebra of dimension
d? over a number field k, n = [k : Q|, and s is the number of real places
of k over which B ramifies. Then there is a mazimal order D of B with
discriminant dp and functions fi(n,d) and fa(n,d) of integer variables n
and d for which the following is true. Define
2n

d(2n —s)’

Suppose that S is a finite set of places of k containing all the archimedean
places and that S contains all finite places v such that

Norm(v) < fi(n,d) d5.
Let mg, be the mazimum norm of a finite place in S. Then e < 1 and the

group I's of S-units in B with respect to the order D is generated by the
finite set of elements of height bounded above by

fa(n,d)ms, di,.

See the remarks at the end of §5.6 for explicit expressions for fi(n,d) and
fa(n,d). In many cases (e.g., when B is a number field) we have

e =

nds

™ e

nds

@ falnd) = @yt (2) 7 (2\/5>

s s
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where 7y is the number of complex places of k& and all other notation is from
the statement of Theorem 1.1. Thus, when B is a number field this exactly
reproduces Lenstra’s bound.

When S is empty, even for a number field k£ one does not expect to be able
to generate the unit group O} by elements whose log heights are bounded by
a polynomial in log |dy, /@\. For example, the Brauer—Siegel Theorem implies
that if k is real quadratic of class number 1, then the log height of a generator
of Oj is greater than c, d,lﬂﬁ@_e for all € > 0, where ¢, > 0 depends only on
€. However, to our knowledge there is no unconditional proof, even in the
case of real quadratic fields, that there cannot be an upper bound on the
log heights of generators for Oy that is polynomial in log |d}, /g

To develop our counterpart of Lenstra’s results, we must first define an
intrinsic notion of height for elements of B*. The role of |dj g| is played
by the discriminant dp of an Og-order D in B that is used to define the
S-integrality of points of G over k. The height bound we produce applies
to all choices of D once S is sufficiently large. It implies, in particular, that
there is a maximal order D in B such that when S is sufficiently large (in
an explicitly defined sense), one can generate the points of G over Oy g by
elements whose log heights are bounded by %log |Ag /gl +log mg + p where
w depends only only the degree of B over Q. See [8], [9], [3] and references
therein for work on heights on quaternion algebras.

To show that our bounds remain quite effective outside the number field
setting, in §6 we apply our results to Hamilton’s quaternion algebra over Q.
The main result is the following.

Theorem 1.2. Let B be Hamilton’s quaternion algebra over Q, that is, the
rational quaternion algebra with basis {1,1,J,1J} such that I?> = J* = —1
and IJ = —JI. Let D be the mazximal order

1+I+J+1J

Z 1,1
77J7 2

and S = {00, l1,...,Ly} be a set of places containing the archimedean place
oo and any set {fi}?zl of distinct odd primes. Then the unit group Dy
is generated by the finite set of elements with reduced norm contained in

(1,01,..., 6}

As in Lenstra’s case, Theorem 1.1 leads to an algorithm for finding gen-
erators for O 4. After embedding B into a real vector space, the algorithm
is reduced to the classical problem of enumerating lattice points of bounded
norm. That an algorithm exists to generate S-integral points of an algebraic
group over a number field, with no assumptions on .S, was known by work of
Grunewald—Segal [5], [6]. Unlike their algorithm, ours is primitive recursive,
which answers a question raised in [6].

Lenstra went on to show that his algorithm, together with linear alge-
bra, can be used to give a deterministic algorithm for finding generators for
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the unit group O} with running-time Oc(|dj /Q|3/ 4+€). The output of the
algorithm consists of the digits of a set of generators. Answering a ques-
tion raised by Lenstra, Schoof recently announced an improvement of this
run-time to Oc(|dy /Q|1/ 2+¢). By the discussion of the Brauer-Siegel theo-
rem above, one expects the length of the output may be on the order of
|d}, /@|1/ 2=¢ in some cases, but the input to the problem, namely enough in-
formation to specify k, will in general be much shorter. For instance, a real
quadratic field £ can be specified by giving its discriminant d g, and the
number of bits necessary to specify dy, g is proportional to log |dy, |-

Lenstra’s algorithm for finding generators for O; makes essential use of the
fact that O,*;, g is abelian, and this is not the case when B is noncommutative
and DY is infinite. Consequently, we do not know a counterpart of this
algorithm for producing generators in the general case.

We also note that there is a spectral approach to finding small generators
for groups acting on symmetric spaces. For example, if V is a compact
quotient of a rank one symmetric space other than hyperbolic 2- or 3-space,
Burger and Schroeder [1] showed that one can bound the diameter of V'
from above in terms of its volume and A1 (V)diam (V') in terms of log vol(V').
One can use this to bound the length (in the Riemannian metric on V') of
a generating set. As noted in [1], these results fail for hyperbolic 2- and 3-
space, though Peter Shalen informed us that one could prove an analogous
theorem for arithmetic Fuchsian and Kleinian groups assuming Lehmer’s
conjecture. However, the problem we solve in this paper is of a different
kind, even where a result like that of [1] holds. Our methods find explicit
matrix generators with small entries, and it is not at all clear that generators
that are short in an associated Riemannian metric have representatives in
GL,, with small entries. It would be interesting to see if spectral methods for
S-arithmetic subgroups of reductive groups could produce generators that
have small height.

The main tool for producing small generators for Oy g once S is sufficiently
large is Minkowski’s lattice point theorem. This determines elements of B*
which can be shown to be S-integral by careful consideration of the constants
required to apply Minkowski’s theorem. In particular, the assumption that
B is a division algebra is crucial, and it would be interesting to extend our
results to unit groups of arbitrary central simple algebras. The reason we
cannot work with a general central simple algebra is because Minkowski’s
lattice point theorem returns a nonzero element of the algebra B. We prove
that it is S-integral. However, it might not be invertible in B if B is not a
division algebra. Given that SL,(Z) is generated by elementary matrices,
which certainly have small height, we expect such a result to hold. It appears
to us that it is a deep problem to extend such height results to generators for
the S-integral points of more general linear algebraic groups over number
fields.
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2. Notation and definitions

Let k be a number field with ring of integers Oy, and [k : Q] = n. We
denote by Vi (resp. V) the set of archimedean (resp. finite) places of k. Let
B be a division algebra over k with degree d and let D C B be an Og-order
in B. The multiplicative group of units in a ring R will be denoted R*.
For each place v of k and any k-algebra or Ox-module A, let A, denote the
associated completion at v.

Define a norm on B;, by

(3) Normy(x,) = Normy, /q,., (det(zy ~ By)),

where p(v) is the place of Q under v and z, ~ B, is the k,-linear endo-
morphism of B, induced by left x,-multiplication. If det, : B, — k, is the
reduced norm, then

(4) det(z, ~ B,) = dety(2,)%

The idele group J(B) is the restricted direct product [[ B} of the B;;
with respect to the groups D}. For z =[], x, € J(B), define

(5) Norme(x) = H Normy, ()
€V

(6) Normy(z) = H Norm,, (zy).
’UGVf

We view these norms as elements of the idele group J(Q) of Q in the natural
way. Let | | : J(Q) — Rs¢ be the usual norm. By the product formula,
(7) [Normiq ()| = [Normy ()|~
for all z € B*.
Let S be a finite set of places of k£ containing V.. Set Sy =S \ Vi, and
consider the groups
By =[] B;

v€EVo
/
By, = [[ B c B;= ][] B
’UESf ’UEVf
and the product
(8) By = ][ Bi = Bk x Bg, C J(B) = B x Bj.

vES
Let Gg be the subgroup of Bg that satisfies the product formula, so
(9) Gs = {(z,8) € By : |Normu(z)| = |Norm(8)| ).

If O, s denotes the S-integers of £, i.e., those elements of k which lie in Oy,
for all v ¢ S, then the S-order of B associated with D is

(10) Dg = O,s ®o, D.
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The group of invertible elements of Dg will be denoted I'g and is called the
group of S-units of D.

We define a topology on G5 by its natural embedding into Bg. The image
of I's in Gg under the diagonal embedding is a discrete subgroup. We have
diagonal embeddings I's — B% and I's — [[,4¢ D}, and the product of

these embeddings is the natural diagonal embedding of I'g into J(B).

For any element
o= H oy € B},
”UGVf

there is a right-D-module

(11) aD =Bn H ayDy |,
UEVf

where B is diagonally embedded in By. For a € D, the index of aD in D
equals |Norm(a)|~!. We also have the left-D-module

(12) Da'={zeB : z(aD) C D}

3. Absolute values and heights

In this section we define absolute values on the completions B, of B.
These will be used to define our notion of height for elements of B*. We
point the reader to [8], [9], [3] and references therein for earlier work on
heights for quaternion algebras over number fields.

For each place v of k there is a division algebra A, over k, such that
B, = ky®}, B is isomorphic to a matrix algebra M,,,(A,). The dimension of
A, over k, is d(v)? for some integer d(v) such that d(v)m(v) = d = \/dimy, B.
Note that A, and B, have center isomorphic to k.

For finite v let O, be the ring of integers of k,. We fix isomorphisms
pv = By = My, () (Ay) such that for almost all finite v, A, = k, and p,(D,) =
M) (Oy). Let Ny, @ Ay — ky be the reduced norm. Then N, (r) = rd®) for
any r € k, C A,.

For all places v of k, let | |, be the usual normalized absolute value on
k,. We extend | |, to an absolute value on A, by |af, = \Nv(a)\ql/d(v) for
a € A,. This absolute value is clearly multiplicative and restricts to the
usual absolute value on the center k, of A,.

Suppose v is nonarchimedean. There is a unique maximal order U, in
Ay, namely the set of « € A, such that |a|, < 1. When A, # ky, U,
is a noncommutative local ring, and it is O, when A, = k,. The unique
maximal two-sided ideal of U, is the set P, of a € A, for which |a|, < 1.
There is an element A, of P, such that P, = U,A, = A\,U,; such A, are
called prime elements by Weil in [12, Def. 3, Chap. 1.4]. By [12, Prop. 5,
Chap. 1.4], N,()\,) is a uniformizer in k,. Thus |\,|, = ]Nv(/\v)\ql/d(v) =
(#k(v))~1/4) where k(v) is the residue field of v and so the range of | |, on
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AF is (#k(v))Y/4)) 2 The set of v € A* such that |al, < (F#k(v)) 4 is
exactly P!. This implies that |+ (], < max(|aly, |B],) for every a, 8 € A,,.
We now prove a simple lemma.

Lemma 3.1. With notation as above, suppose that v is archimedean. For
all m-element subsets {a;}7", C A,,

m m
§ :057; < m[kv:R]—l § :|ai|v-
=1 |y i—1

Proof. If v is complex, then A, = k, = C and | |, is the square of the
usual Euclidean absolute value. The result reduces to the Cauchy—Schwarz
inequality. If v is real and A, = k, = R, the lemma is again clear.

The final case is when v is real and A, is Hamilton’s quaternions H =
R +RI +RJ 4+ RIJ where I? = J> = —1 and IJ = —JI. Here,

la 4 bl + cJ +dlJ|, = (a® + 0% + & + d?)'/2.

We can view this as the Euclidean length in R* of the vector (a,b,c,d). It
is clear from the triangle inequality that the optimal constant in this case is
again 1. This proves the lemma. ([

(13)

Recall that for each place v of k we fixed an isomorphism
pv : By — Mm(v) (Av)

For each v and each v € By, let 4/ (v) denote the (i, j)-component of the
m(v) x m(v) matrix py(y) € GLpy)(Ay). Define |y], = max;; |y (v)lo.
Embed B into B, = k, ® B in the natural way. Then the height of v € B*
is defined by

(14) H(y) = [ max{1, 12},

veV
where the product is over the set V =V UV} of all places of k. From the
definition of | |, we see that

(15) H(y) = ] max {1, %X\Nv(’yi’j(v))!v}-

veV
For any S and any positive real number z, the set

(16) BHg(z) ={y€Ts : H(y) <z}

of S-units of D with height bounded by x is finite. Indeed, bounding the
nonarchimedean height bounds the denominator of each matrix entry under
the image of every p,, so the set of v € I'g with bounded height is contained
in a lattice in Br. Bounding the archimedean height immediately implies
finiteness.

We end this section by proving some inequalities we will need later con-
cerning the behavior of absolute values on taking products and inverses of
elements of B,.
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Lemma 3.2. Suppose v is a finite place of k and fix an isomorphism
Po - Bv — Mm(v) (Av)
Let det,, : B, — k, be the reduced norm. For y,y' € B,:

Loyl < [ylo [¥/]o-
2. If y is invertible, then |det,(y)|, |y*1\5(“) < |y\§<”)(m(”)‘1).

Proof. Recall that
Yo = rr;é}x{ly”(v)!v},

where
po(y) = (Y7 (v))ij € M) (Ao).

Here |gq|, = |Nv(q)|11,/d(v) when g € A,, N, : A, — k, is the reduced norm and
dimy, (A,) = d(v)%. We noted earlier that |qq'|, = |q|o|¢|o and |g + ¢'|, <
max{|q|v, |¢|v} for ¢,q € Ay, so statement 1. of the lemma is clear by the
usual matrix multiplication formula.

Let A, be a prime element of the unique maximal O,-order U, in A,,
so that \,U, = U,\, = P, is the maximal two-sided proper ideal of U,.
For 0 # q € A, there is an integer ¢ such that qU, = MU, and |q|, =
IN, () 1) (#k(v))~¢4v) | This interpretation of |¢|, implies that |a| =
max; j |a; j|, is unchanged if we multiply a matrix a = (a; ;) € My, () (Av)
on the left or right by a permutation matrix, by a matrix which multiplies
a single row or column by an element of U}, or by an elementary matrix
associated with some element of U,. Thus to prove inequality (2) of Lem-
ma 3.2, we can use these operations to reduce to the case where y is a
diagonal matrix with entries A\Z!, ... A for some integers z, . . ., Zm(v)-

When y has this form,

lyls) = max{|N,(Aj)o : 1 < i < m(v)} = (Fh(v)) M,

m(v)
|dety (y)]w = [Ny(A)?|y = (#k(v))™* where 2z = Z Zi,
i=1
and y~! is the diagonal matrix with entries A;*!,..., A\, Fm), Therefore,

[y = (#k(o)) 5 = (o) e,
The inequality in statement 2. of the lemma is therefore equivalent to
miax{zi} —z< —(m(v) —1) mzm{zz}
This is the same as
z— m?X{Zi} > (m(v) — 1) miin{zi},

which is certainly true. ([
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Lemma 3.3. Suppose v is an infinite place, so that there is an isomorphism
pv : By = My, (Ay) with Ay = ky if v is complex and either A, =k, or
A, = H if v is real. Define det!, : B, — k, by det.,(q) = |det,(q) Yd®) yhere
det, : By, — ky is the reduced norm. Then, there are minimal real constants
01(Ay, m(v)) and da(Ay, m(v)) such that for all y,y’ € By:

L yy'ly < 61(Av, m(v)) |ylo |y']o-

2. |yy'|v = ylo | |w if either y ory' is a scalar matriz or a permutation

matrix. )

3. |det), (y)y ™l < da( Ay, m(©)) [yl " for all y € By,

We also have the bounds

(17) 1< 51 (Av,m(v)) < m(v)[kviR]
(18) 1 < 83(Ay, m(v)) < 2lkvRIM@(m()-1),
Furthermore, if Ay, = ky then

(19) 1 < 89(Ay, m(v)) < ((m(v) — 1)N)FRL

Proof. As before, o
o = max{ly (0)],}

where N
po(y) = (W™ (v)ij € M) (Av)

and |gly = [N, (q)[/ for ¢ € A,, and where N, : A, — k, is the reduced
norm and dimy, (A,) = d(v)?%. We noted earlier that |qq’|, = |q|v|¢’|» for all
q,q € Ay, and by Lemma 3.1,

m(v)

)
g <m()™FS™ gl < m(v)FFmax{|g,).}
=1

m(v

i=1

for {¢;}; C A,. By writing the matrix entries of yy’ as sums of products of
the entries of y and ¢/’ this leads to (1) in Lemma 3.3 and the stated bounds
on 01(Ay, m(v)). The bound (2) in Lemma 3.3 is clear.

Now suppose that y € Bj. We can find permutation matrices r and 7’
such that the entry ¢ of ryr’ for which | |, is maximal lies in the upper
left corner. We then perform Gauss—Jordan elimination on the rows and
columns of ryr’ to produce matrices e and €’ in Mm(v)(Av) such that e and
¢’ are products of elementary matrices and the nonzero off-diagonal entry
of each elementary matrix for e or ¢’ has the form —7/q for some entry 7
of ryr’, where | — 7/qly = |7|v/lglv < 1. The matrix y; = eryr’e’ has the
same entry ¢ as y in the upper left corner, and all of the other entries in the
first row and the first column are 0. Finally, the other entries of y; have the
form a — (7/q)B where «, 3, and 7 are entries of ryr’. Since |7|, < |gl, we
see from Lemma 3.1 that

la — (1/9)By < 2FBI=L(|al, +18,) < 2-2keFI=L|g|, = 2lkwRljy| |
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Since ¢ is an entry of y;, we deduce that

ylo < lyi]o < 2P ®yl, and  det(yr) = + det(y).

We now continue with y; and construct matrices s, s" € My, (,)(A,) such that
s and s’ are products of elementary matrices and permutation matrices, and
the off-diagonal entries of the elementary matrices involved in each product
have absolute value with respect to | |, bounded above by 1. The matrix
y' = sys’ is diagonal and

(20) lyly < ’y/|v < 2[kU:R](m(U)_1)|y|v

(21) det(y') = £ det(y).

Then (y/)~! = (s')"ly~'s7! and s'(y/)"'s = y~!, where s,s,(s')7!, and
s~ are products of elementary matrices and permutation matrices such
that the off diagonal entries in each elementary matrix has absolute value

with respect to | |, bounded by 1. This leads by the above reasoning to the
bounds

(22) [(y) o < 2R =y,
(23) [y < 2RI )71

Write 3 = diag(ci, ..., Cp()) for some ¢; € A,. Define r; = |cif, =
IN,(c;) 1/d®) Then

’y/|v = maXz’{Ti}a

det/(y') = H =,

det’(y/)(y/)_1 = diag(rc{l, ey re ).

m(v)

We deduce from this that

|det'(y)(y") "o = m?x{|rc;1]v}

= rmax{|e; [}

24 = rmax{r '}
(25) < (m?X{Ti})m(v)—l

(26) =y
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Combining this with (20) and (22) gives

[det'(y)(y) Do = |det'W)]uly "o
= |det'(y ')\ !y‘llv
< [kvR] |det( /)|U|( ) 1|1;
< 2O D ded' () () o
< ok RIm()=1) 7 m() -1
< olkuR](m(v)-1) (2[kv:R](m v)—1) ‘y’ ) m(v)—1
(27) _ Q[ku:R]m(v)(m(v)—l)|y|vm(v_

This gives (2) in Lemma 3.3 and the bound (18) on d2(A4,, m(v)).

Now, suppose that A, = k,. We can improve the above bound on
82(A,, m(v)) using the fact that det(y)y ! is the transpose of the cofactor
matrix of y. Using the formula for the determinant as a sum over permuta-
tions, every entry det(y)y~! is the sum of (m(v) —1)! terms, each of which is
+1 times a product of m(v) — 1 entries of the matrix y. The absolute value
with respect to | |, of each entry of y is bounded by |y|,, which implies that

[det(y)y o < ((m(v) = DYEH T n (o) = Dty |1 =

((m(v) — 1))y )t
This is the bound in (19). O

4. The main result

We retain all notation and definitions from §§2-3. Let {w;}74 ? be a Z-basis
for D. The discriminant dp of D is defined to be

dp = det(M),
where M is the matrix (T'(w; wj)),<; j<pge and T : Bg — R is the trace. As

a real vector space, B = R’ The additive Tamagawa measure Vol on B
described in [2, §X.3] is defined in such a way that

(28) dp = Vol(Bgr/D) = |dp|/2.

Consider a compact convex symmetric subset X of Br. By Minkowski’s
lattice point theorem, if

(29) Vol(X) > 24ma B gy
then X contains a nonzero element of D. Since X is bounded, there is

[kv:R]/n

a constant mx such that |[Norm,(y)|, is bounded by m} for every

y € B,NX and v € V. Then the set
(30) Fx ={(z,8)€Gs : z€ X, BDCD, [D: D] <mx}

is a compact subset of Gg.
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Proposition 4.1. With notation as above, suppose that S contains all finite
places v of k such that [Normy,q(v)|* < mx. Then Fx is a fundamental set
for the action of I's on Gg in the sense that 'sFx = Gg.

Proof. Given (z, ) € Gg, we must show that there exists ¢ € I'g such that
(cx,cf) € Fx. This happens if and only if

(31) 8D C D
(32) [D:cfD] < mx, and
(33) cx € X.
By definition, (31) means that ¢ € DAL If cx € X, then
[D:cBD] = |Normg(cB)|™!

= |Normf(c)|*1 \Normf(,é')lfl
(34) = |Normu,(c)||Norme ()]

= |Norme(cx)|

< H m[)/;v:@}/n = mx

V€V

by (9) and the definitions of Gg and mx. Therefore (33) implies (32).
Combining these facts, it suffices to show that DB3~' N X2 ~! contains an
element of I'g.

Since Xz~ ! is convex and symmetric with volume Vol(X)|Norme, ()|
and the lattice DS~ in R has covolume

Covol(DB™1) = dp|Norm(871)| ™! = dp|Norme ()| 7,

-1

this implies that
Vol(Xz~1) > 24me BCovol(DAY)

if and only if Vol(X) > 24maBdy.  Since this holds by definition of X,
it follows that X2~! N DB~! contains a nonzero element ¢ of DF~!. By
construction, ¢ is an element of B* such that (cz,c¢f) € Fx. We claim that
celg.

Since ¢ € D, it follows from (4) that |[Norm,((c3),)|~* is a nonnegative
integral power of Normy, /Q(v)d for each v € Vy. We know that

H |Normy, ((¢8)y)| ™! = [Normg(cB)| ™! = |Norme (cx)| < mx
V€ Vo
by (34). Hence if |[Norm,((¢f)y)| # 1 for some finite place v, then
[Normy, g (v)|? < mx,

which implies that v € Sy. It follows that
[Norm, ((c8),)| = 1
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for all v € Vy ~\.S¢. Thus (cf)yDy = D, for these v, since ¢ € D. However,
By=1ifv ¢S, so

c¢Dy =Dy = (¢B)yDy =Dy
for all v € V¢ \ Sy¢. This implies that ¢ € D} for all v ¢ Sy, so ¢ € I'g. This
proves the proposition. ([l

We now describe how F'x determines generators for I'g. A subset P of Gg
will be called a set of topological generators for Gg if for any open subset O
of Gg, the group generated by O and P is all of Gg. The following lemma
should be compared with [7, Lemma 6.3].

Lemma 4.2. Let P be a set of topological generators for Gg that contains
the identity, and let Fx be as in Proposition 4.1. Then I'g is generated by
its intersection with Fx PFy 1

Proof. We have an equality of sets
Fx(PUP YF' = (FxPF') U (FxPEYY) ™

Therefore we can replace P by P U P~! for the remainder of the proof and
assume that P is symmetric, i.e., that P = P~!. We emphasize that this
does not mean we must assume P is symmetric in the statement of the
lemma.

Consider the subset

O=(Gs~Tg)U(TsNFxFy')

of Gg. This is an open neighborhood of FXF)E1 in Gg because I'g is a
discrete subgroup of Gg. Since Fx is a fundamental set for the action of I'g
on Gg, we can find a subset F' C Fx such that I'g x F — Gyg is a bijection.
We claim that there is a small open neighborhood U of the identity in Gg
such that FUF~! C O.

It will be enough to find a U such that T's N (FUF~') ¢ FxFy'. Let
T be the set of v € I's such that vF' N FU # (). We want to show that if
v € T, then vFx N Fx # . Since F is a bounded fundamental domain for
the action of I's on Gg and I'g is discrete in Gg, the set T is finite when U
is bounded. We can then shrink U further and assume that if v € T, then
~F' N F’ # () for each open neighborhood F’ of the closure of F in Gg. If
~vFx N Fx = ) for some v € T, then since Fx is compact there will be an
open neighborhood F’ of Fx for which vF'NF’ = (). This is a contradiction,
since the closure of F' is contained in F'x, which proves the claim.

Let P = PUU, so (P') = Gg, and let A < I'g be the subgroup generated
by I's N FP'F~!. We claim that A = I'g. Indeed, if xp € FP’, there exist
y € F and v € I'g such that xp = vy. Then

y=apy '€ FP'F 1
so v € A. This implies that FP' C AF, so AFP' C AF. Therefore, AF is
right P’-invariant, but (P’) = Gg, so AF = Gg. Since I's x F — Gg is a
bijection, it follows that A =T'g.
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This proves that I'g is generated by

IsNEFP'F'C(TsNnFPFYHYu(TsnFUF™Y).

However, FUF~' C O,and I's N O C FXF)E1 by definition, so

(35)

IsNFP'F ' C(IsnFxPF{)U(TsNFxFyth).

Since P contains the identity, the right side of (35) equals I's N Fx PF )}1.
This proves the lemma. O

We now define several constants that we need to state our main result.

(1)

For X, Fx, and £ as above, let T7 be the supremum of 1 and

{,xv,g(w/{kv:m}

over all
T = H x, € Br
’UGVOO

for which (z, 8) € Fx for some f3.

Let P be a finite set of topological generators for Gg which contains
the identity element (see §5.4 for an example of such a set). We as-
sume that every element of P has the form (z, () with z = [[,cq._ 20 €
By and ( =[], S; Cy € B;f, where z, is a real scalar and each (, lies
in the local maximal order M) (Us) of By = M) (Ay) (cf. §5.4).
Let T be the supremum of 1 and

{ | 2| 4(0)/ oo ] }

over all z =], 2z, € P and all v € V.

Let T3 be
H max {1, ]avﬂ(“)}
UESf

where as (x,«) ranges over Fx and a = Hvesf ay € By, . Note that
for such « and o, we have that o, D, € D,. Such «, are contained in
D,, so this constant is finite. Similarly, define 7% to be the maximum

of
[] max {1, |%|g<v>(m(v>—1)} 7

UESf

where a and the «, range as above.
Let T4 be the smallest number such that

I {11040} < 7
’UESf

for all g =[], 9o € P.
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(5) Let Ty be the supremum of 1 and
{\detv(av) VlkeiR] 4 e FPx and v € Voo} :

where we write a € Fx as a = (ay), with a, € B,. (Recall that
det, : B, — ky is the reduced norm.)
(6) Let Ts be the maximum over all subsets W of V, of

W)

Tla( T2b(W) Té’(voo\w)
where
(36) a(W) =Y [k, :Rlm(v) and b(W)= Y [k, :R].
veW veW

Now we are ready to state and prove our main result.

Theorem 4.3. Let k be an algebraic number field of degree n over Q and
B a central simple k-division algebra of degree d. Let S be a finite set of
places of k containing all the archimedean places Vi, and let D C B be an
Op-order. We suppose that the k, isomorphisms p, : B, — Mm(v) (A,) are
chosen such that py(Dy) C My (Uy) for v € S, where U, is the unique
mazximal Oy-order in the k,-division algebra A,. Suppose s is the number
of (real) places v at which A, is isomorphic to H. Let Gg be the topological
group defined in (9), P be a topological generating set for Gg satisfying the
above conditions, and let I's be the group of S-units associated with D.
Suppose that X is a conver symmetric subset of Bgr such that (29) holds,
and let mx be the smallest real number such that |Normy(y)|, is bounded by

m[)];”:R]/n for every y € B, N X and v € V. Suppose that S contains every

finite place v of k such that Norm(v) < m%d. Finally, let Ty, ...,Tg be the
constants defined immediately above.
Then the set I's N FXPF)El from Lemma 4.2 is contained in

[ 2@\ ° ,

Consequently, Bg x is a finite generating set for I's.

Proof. Suppose that v € FSHFXPF)Zl. Then, there exist elements (z, () €
P and

(:B7a)7(y7ﬁ)€FX’ ':L”yeX’ a = HaU7B:H6U

UESf ’UGSf

so that (v,7) = (z,a)(z,{)(y~ !, B71). That is, z,2,y, * =  for each v € Vi,
and a,(,3; 1 = for each v € Sy.

Let W(y) = Wao(v) UWg () be the set of places v of k at which ||, > 1.
By assumption, if v € S, then v is finite and p,(Dy) C M) (Uy). Thus
v € I's implies that |v|, < 1if v ¢ S. Thus W(y) C S, W (y) C Vo and
Wy(v) C Sy
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By definition of H(7y) we have

H(v) = H ’xvzvyvlld(v H |G By ’v ,

VEWso (7) vEW(7)

Recall that det, : B, — k, is the reduced norm and that d(v)? is the
dimension of A, over k,. If v is archimedean, we defined det!, : B, — k, by
det! (q) = |dety(q)|/*™ for q € B,.

We have |cal, = |c¢|y|a|, for ¢ € k, and o € B,,, where |c|, here denotes
the absolute value of ¢ € k,, with respect to | |, : k, — R. Therefore we can
rewrite the above expression as

(38) H(y)= [ |det)(y)zozoy, 40
UEWOO('Y)

(39) < T (1deto(BlolauGs; 140)
vEW ()

(40) < ] Ideto(w)ly !
UGWOO( 'Y)

(41) < [ Ideto(Bo)ly
veEW ()

where the last two products are computed using the absolute values on the
completions k,. We now proceed to bound each of these terms.

Sublemma 1. One has that

(42)  JI ety (o) (@ozyy YW < py 770 )
vEWso (7)
where a(Weo (7)) and b(Weo (7)) are as in (36) and
(43) m=]] 51 (Ay, m(v))¥ 65 (A,, m(v))4®),
vEWso (v
Furthermore,
9(d/2)(d-2) 7\ °
44 <((d-1))FA [ Z——
if Ay, = H at exactly s real places of k.
Proof. By assumption each z, is a real scalar. Therefore, Lemma 3.3 gives
|det!, (yo) (zuzuy, )2
(45) < 61 (Ay, m(0) ) Jay |40 2, |40 |det], (o )y |1
< 61 ( Ay, m(0)) 7 [ |2, |90 83 ( Ay, m(w)) 1O [y, [4)0)=1)
(

<& Av,m( )) d(v) 52(A m( ))d(v) Tl[kviR] TQ[kU:R} Tl[kv!R](m(”)—l)
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Taking the product over all v € W (y), we get (42) and (43) because
Ty, Ty > 1. To prove the bound in (44) we first note that (m(v), d( ) =(d, 1)
if v is archimedean and A, = k,, while (m(v),d(v)) = (d/2,2) if k, =R and

A, = H. By Lemma 3.3,
61(Ay, m(v) ¥y (Ay, m(v)) W) < @kl — 1)1lkvE]
if A, =k, and
81(A,, m(v))d(”)dg(Av, m(v))d(v) < (d/2)2[kv:R]2[kvsR] (d/2)(d—2)

when A, = H. Since §1(A4,,m(v)) > 1 and d2(A,,m(v)) > 1 for all
archimedean v, and [k, : R] = 1 if A, = H we see that

= [ 01(Ap,m() 5 (A, m(v))*)

vEWs ()

< TI 8 (Aus m(0) /@834y, (o))

€V

. d/2)22(/2)(d=2)\ °
1 < e ) (L
This gives (44) since )y, [k, : R] = n. O
Sublemma 2.
(47) [T (detu(Bo)lo (euGoBy X)) < Tty < T,
veEW; ()

Proof. By Lemma 3.2, for every v € W¢(y) we have that

[dety (B)lo [(@wGoBy IS < Jewo| ™ |G| [dety (8,10 18,5
(48) < ol [Gol§ ™) (B, =,
We take the product of these bounds over v € Wy () to deduce (47). O

Sublemma 3.
[T ldetu(yo)ly < INormoo(y)|~ /275 Vo),
VEWso (7)
Proof. We have
1
M el =~ [ etulw)l
v 7d
VEWes (7) |Norme, ()| Vo W (4)

since Normy, is associated with the d* power of the reduced norm. Since
y € Fx, by the definition of T5 we have |det(yy)|, < Ték”:R] for all v € V.,
so the lemma is clear. ([l

Sublemma 4.

T[] Ideto(B)l;" < INormy ()| = [Norme (y)[/4
vEW;(7)
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Proof. Recall that (y,5) € Fx, so that 8D C D. Since D is a Og-lattice in
B, this implies that all the components of 8 = [[, . S; By € B;i are integral

over O. We view (3 an idele in J(B) with component 1 outside of S. Since
det, : By, — ky is the reduced norm, we conclude that |det,(5,)], < 1 for all
places v of k. We now have

H ‘detv(ﬁv”;l = H ‘detv(ﬁvﬂgl H |dety(Bu) v

vEW(7) vEV} VEVINW(7)
< I Idety(8,)];" = [Norm(8)| /<.
’UEVf

The second equality in the statement of the sublemma follows from the
definition of (y, 8) € Gs. O

Substituting these bounds in (38)—(41) shows that ~ lies in (37) and com-
pletes the proof of Theorem 4.3. ([

Remark 1. Notice that we used the fact that B is a division algebra to
ensure that Minkowski’s theorem returns an invertible element of B. It
would be interesting to prove an analogue of our result for S-unit groups
of any central simple algebra over a number field. Given that SL,(Z) is
generated by elementary matrices, which certainly have small height, we
expect such a result to hold.

5. Explicit bounds

In this section we make some particular choices in order to give more
explicit calculations of the bounds in the previous section.

As before, B is a division algebra of dimension d? with center a number
field k of degree n = [k : Q] over Q. Let V' = Vo UV} be the set of places of
k, r1 the number of real places of k, and ro the number of complex places.
For v € V, we fix an isomorphism of B, with M,,.(A,) where 4, is a

division algebra of dimension d(v)? over its center k.

5.1. A maximal order D and an archimedean set X. Suppose that
D is the maximal order of B that is isomorphic to My, (U,) for all finite
v, where U, is the unique maximal O, order in A,.

Suppose first that v is archimedean. The normalized Haar measure on k,
is the Euclidean measure if k, = R and is twice the Euclidean measure if
k, = C. The normalized Haar measure on H = R+ RI +RJ + RIJ is 4
times the one associated to the usual Euclidean measure on R* under the
basis {1,1,J,1.J}. The norm on H is |a| = |[N(a)|*/? where N : H — R is
the reduced norm. Thus the volume with respect to the normalized Haar
measure of a ball of radius ¢'/2 inside H is

4L2 2 _ 9,22
I 3)0 = 2w“c”.
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The normalized volume of a ball of radius ¢ in C (resp. R) is 2wc? (resp.
2c). The normalized Haar measure on B, = M,,(,)(4y) is then the product
measure associated with matrix entries. Here (m(v),d(v)) = (d,1) if A, =
k, and (m(v),d(v)) = (d/2,2) if A, = H, and there are m(v)? matrix entries
associated to each element of B,.

Let Syam,c0(B) be the set of infinite places of k at which B ramifies. Recall
that s = #Sram.0o(B). We have dimy, (A(v)) = d(v)?, so d(v) = 1 or 2 if v
is infinite. Let ¢ > 1 be a real parameter, and let X (c) be the set of

T = H Ty € Br = H B,

V€V 1€V

such that |x]g(v)/[k":R] < cfor all v € V. Then

Vol(X (c)) = (2¢)F(1=9) (277202)(d/2)28 (2r )P =y P s/
where

(49) o — od*(r1—s) (27r2)(d/2)25 (2m) P72,

Now choose ¢ such that

(50) 2eT (7512 = Vol(X (¢)) = 29me B gy = 29 dy,

In other words,

1 ” s
2d2n d2(n—s/2) 2 n—7§/2 2\/5 2n—s nl_s
(51)  c= <Zd@> = <W> — diy "

5.2. The constant mx. Setting X = X(c), we need to find an mx such
that

(52) |Normy, (yy)|v = \detv(yv)]d < m[)];“:R]/n

for all v € V,, where
Y= H Y € X(c).
'UGVoo

and det, : B, — k, is the reduced norm.

5.2.1. Real v with A, = k,. In this case det,(y,) is the determinant of
a real d x d matrix each of whose entries is bounded by ¢ in absolute value.
The Euclidean length of each column of y, is thus bounded by dec, so we
have

(53) INorm(y, )| = |det, (y,)|? < ((cd))? = (cd)®

whenever k, = A, = R.
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5.2.2. Real v with A, = H. We have a representation
(54) H=R+RI+RJ+RIJ— My(C)

determined by

I—><\/? _\%), J—><_01 é), IJ—>(\/O_—1 ?)

This sends y, € Mg/o(H) to a matrix y; € My(C) which consists of 2 x 2
blocks of the form
Ap
<—u A)
for A\, u € C.
Since y, € X(c), we must have |yv|‘3(”) = |y|? < ¢, where |y,|? is the
supremum of A2 + |u|? over the above 2 x 2 blocks. The columns of y/,

are vectors y,,(1),...,y,(d) in C? with the property that with respect to the
usual Hermitian inner product (, ) on C¢ we have

(Yo (1), yp (1)) < dc/2 and  (y,(25 — 1),4,(27)) =0

forl1<i<dand1<j<d/2

Let T be the subset of C? consisting of all linear combinations of the
form Zle 7ys (), where |7;|c < 1 and | |¢ is the usual Euclidean inner
product on C. Recall that the normalized Haar measure on C is 2 times
the standard Euclidean Haar measure. Give C¢ the product measure. Then
T is the image of the unit polydisc in C% under left multiplication by the
matrix y,. Therefore

(55) Vol(T) = | det(y/)|%(2m)<.

On the other hand, T is contained in the product of real two-dimensional
metric disks T; defined by

Ty ={m y,(i) : 7] <1}

as i ranges over 1 < i < d. The square Euclidean length (y/(4),y,()) of
each y/ (i) is bounded by dc/2. We conclude from this that

(56) Vol(T) < (2mde/2)%.
The reduced norm det,(y,) is equal to det(y,), so (55) and (56) give
(57) [Normy (y)], = |det, (y,)[5 = | det(y)|& < (de/2)"/?

when k, = R and A4, = H.
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5.2.3. Complex v. Finally suppose k, = A, = C. We can define y,, = y,
and use the above arguments to bound |Normy, (y)|v = | det(y))|34. Here the

columns of y/, have complex square length bounded by de? since |yv|3,/ 2 <c
in this case, where |y,|, is the supremum of the normalized absolute value
with respect to | |, of the matrix coefficients of y, = v}, and | |, is | 2.
Using the same set 1" defined above leads to

Vol(T) = | det(y/)|2(2m)¢ < (2mdc?®)?.
We see from this that
(58) Normy ()], = | det(y)[2 < (dc)*
when k, = C = A,.

5.2.4. A choice for mx. We can now put together (56), (57), and (58)
to find a constant mx that satisfies (52). One can take

myx = max {(cd)d2, (dc/2)d2/2, (ch)dz/Q}n
nd?
= max {cd, (de/2)Y?, dl/Qc}

nd?
= max {cd, (dc/2)1/2}
nd2 . >
(59) _ (cd) s '1f 2ed > 1
(ed/2)"4°/2 if  2ed < 1.
5.3. Choices for Ty, T5, T3 and Tj;. We can take
(60) T1 = max(1,c)

by definition of 77 and of X = X (c).
By definition of myx we know that

kv:R]/n
|Normy, (yy)]y < m[X ]

for every v € V, and y = Hvevoo Yo € X. Here det,(y,)? = Norm,(y,) so
ky:R 1/(dn
’detv(yv)’};/[ I < mX/ :
for v and y as above. It follows from the definition of 75 that we can take
(61) T; = max(1, my ).

We chose D such that Dy, is M,y (Uy) for every v € Sy, where U, is the
the unique maximal O,-order in the division algebra A,. It follows that we
can take

(62) T3 = Té =1.
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5.4. Topological generators and the constants 7> and 7. We now
specify a set P of topological generators for Gg which contains the identity
element. If v is archimedean, then B} is isomorphic to GLg(ky) or GLg/o(H).
We claim that there is a set Py, of topological generators for GgN(Bg x {1})
consisting of elements of the form (z,1) € (B x B}) with @ = [ ¢y, 2w
and |z,|, =1 for all v € V.

Indeed, if A, = H or C, then GL,,(,)(Ay) is connected, so any open sub-
set of B, generates all of B,. Therefore, the only element needed for these
places is the identity. If A, = R, then B, has two connected components,
determined by the sign of the determinant. Here it suffices to take a topo-
logical generator in Gg consisting of the matrix diag(—1,1,...,1) at v and
the identity at all other v (finite or infinite), which suffices since any open
set generates the connected component of the identity. Clearly |z,|, = 1 for
every x € Py, and v € V. This proves the claim.

Now consider v in Sy. Then D, is isomorphic to M,,,)(U,) and B,
is isomorphic to M,(,)(A4y). Let A, be a prime element of D,, so that
MUy = Uy Ay is the unique maximal two-sided proper ideal of U,.

Include in P, the set of elements of the form (1, 3) € (B x B}) such that
8 = Hwesf Bw has B, = 1 unless w = v, and S, is either a permutation
matrix, an elementary matrix associated to an element of U, or a diagonal
matrix having all diagonal elements equal to 1 and the remaining diagonal
entry in U;;. As in the proof of Lemma 3.2, every element of By x B} can be
written as the product of an element in the closure of the group generated by
Uves,; Py times an element (z,«) in which z € By and o = Hvevf o, € B}
has the property that for each v € Vy, there are integers 21, ..., 2,(,) which
may depend on v such that «, is the diagonal matrix with diagonal entries
YT WAt

Assume that for each v € Sy, P, contains elements of the form (z(v), t(v)),
where t(v) = Hwesf t(v)w with t(v)y = 1if w # v and ¢(v), € B} is the
diagonal matrix at the place v having one diagonal entry equal to A, and the
others equal to 1. Let z(v) € By be a real scalar 7 > 0 times the identity
matrix such that

[Normog (2(v))] = 74" = [Norm (t(v))| ™ = (#k(v))".

Now the P, for each w € Sy together with P,, determines a set P of
topological generators (x, 3) for Gg such that for each archimedean place v
we have

(63) g < (g )M,

where migf = 1if Sy = () and otherwise

(64) m’Sf = max{(#k(w))d(”)/d cw e Spv e Soo} :
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Define mg, to be 1 when Sy = () and otherwise
(65) ms, = max{Norm(w) : w € Sy} = max{#k(w) : w € Sy}.
Since d(v) < 2 and d(v)/d < 1 for v € V we have

(66) || V) TreoiR] < (m’sf)l/n < mqsén when ¢ =min(2/d,1).
Therefore we can choose
(67) Ty = (mls,) /" < my".

Since all of the non-archimedean components of elements of P are integral,
we can choose

(68) Ty = 1.

5.5. An upper bound on Tg. Recall that Ty is the maximum over all

subsets W of V, of
a(W) (W) T;(VM\W)

¢ 1t
where a(W) = > (ko : Rlm(v) and b(W) = > oy [k : R]. Since
Ty = ()" > 1;
b(W) < b(Vy) = mn;
Ty = max{1, c};
Ts = max{1, mi(/dn},
we have an upper bound
a(W) b(W) mb(Vio W
Tl( )TQ( )T5( )
(69) < max{1, c}*W) m’Sf max{1, myx }(VeW)/dn,
If 2¢d < 1, then ¢ < 1 and mx < 1 by (59), so
1M T V=) <l i 2ed < 1

Now suppose that 2cd > 1, so that mx = (¢d)™® by (59). Then m(v) < d
for all v € Vi, so (69) gives

Tla(W) sz(W) TEI:(VOO\W)

< max{1, c}db(W) mfs*f (Cd)nd%(voo\W)/dn

< min{1, ¢} %) (AW +db(Va W) mlsf J(Voo W)
(70) <l d™ i 2ed > 1.
Putting together (69) and (70) gives
(71) Ts < mlg, max{l, (cd)™?}.
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5.6. The explicit bound. Collecting all the above choices leads via The-
orem 4.3 to the following result.

Theorem 5.1. Suppose B is a central simple division algebra of dimension
d? over a number field k, n = [k : Q|, and s is the number of real places of k
over which B ramifies. Then there is a maximal order D of B and functions
fi(n,d) and fa(n,d) of integer variables n and d for which the following is
true. Define

2n
d(2n —s)’

e =

Then e < 1. Suppose that S is a finite set of places of k containing all the
archimedean places and that S contains all finite places v such that

Norm(v) < fi(n,d) d5,.

Let mg, be the mazimum norm of a finite place in S. Then the group I's
of S-units in B with respect to the order D is generated by the finite set of
elements of height bounded above by

f2(na d) miS‘f dp < f2(nv d) ms; dp,

where m’Sf s as in §5.4. In particular, for fired n and d, the height bound
for the generating set is polynomial in mg, and dp.

Proof. It is clear that e = 1/d < 1 if s = 0, so suppose that s > 0. Then
s < nand d > 2 so we again find that e < 1. The rest of the theorem
follows immediately from Theorem 4.3 and the calculations of the previous
subsections. O

Remark 2. We now give closed expressions for fi(n,d) and fa(n,d) in the
case where ¢ > 1, with ¢ as in (51). We leave the adjustments when ¢ < 1
as an exercise. We have

nds

(72) fl(n,d) — dnd <2>n—€/2 (m) —s
ﬂ— T
(73) f2(n, d) = dnd-i-n-i-s ((d _ 1)!)n—5 25% <72T> g <2\7{§> nds. |

Remark 3. Suppose that B = k. If ¢ < 1, then Vol(X(c)) = 2"dp and
Minkowski’s theorem would imply that D = Oy, contains a non-zero element
with norm to Z less than 1 in absolute value, which is impossible. Hence
¢ > 1 and Theorem 5.1 exactly reproduces Lenstra’s result.
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6. An explicit example

In this section, we compute an explicit example of the bounds in Theorem
4.3. Let B denote the quaternion algebra over Q ramified exactly at {00, 2},
and let D be the Hurwitz order

1+1+J+1J
2 )
where I? = J? = —1. Since R ®p B = H, we have that the Tamagawa
measure on B is 4dxidzrodrsdry with respect to the basis {1,1,J,I.J}, and
dp = 2.
Recall that
X(e)={zeH : |z|{W/FER <} = {zecH : |z <c},
where |]oo = [Noo(z)|/4"). Since d(v) = 2 and
Neo(a+ bl +¢J +dIJ) = a® + b + ¢ + d?,

7|1,

we see that
X(e)={rx=a+bl+cJ+dIJeH : |z| <+ c},

where || || is the usual norm on R* with respect to the basis {1,1,J, IJ}. In
other words, X (c) is the ball of radius +/c.
We then see that X (c) has volume

/et B
4 r3)

with respect to the Tamagawa measure on H, where I'(s) is the usual Gamma
function. Since we want

Vol(X (¢)) > 24ime(B) gy, — 32,

we take ¢ = 4 /7. The constant mx is the largest square-norm of an element
of X(c), which is 16/72.

om2c?

6.1. S = {oo}. Since \/mx < 2, we see that Theorem 4.3 applies to any
set S containing {oo}. That is, the set of finite places that must be in S is
empty. In the case S = {oc}, we use the above to see that

Thy=T,=T3=Ty=1, T\ =Ts="Ts =4/r.

Since n = 1 and d = 2, plugging these into Theorem 4.3 gives a height
bound of % < 2. The height of an element of D is its reduced norm, so the
elements of height less than 2 are those with reduced norm 1. These are the
elements of the unit group

I

D* — {il,i],ij, ppg TEELF JHF”}

which is well-known to be the binary tetrahedral group (see Theorem 3.7 of

[11]).
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6.2. S = {oo} U {4}, for a finite set {¢;}!_, of odd primes. In
this section, we prove Theorem 1.2, the statement of which we now recall.

Theorem 6.1. Let B be Hamilton’s quaternion algebra over Q, that is, the
rational quaternion algebra with basis {1,1,J,1J} such that I*> = J? = 1
and IJ = —JI. Let D be the mazimal order

1+I+J+1J

Z\1,1,J.
i A 2

and S = {00, l1,..., L} be a set of places containing the archimedean place
oo and any set {Zi}?zl of distinct odd primes. Then the unit group D is
generated by the finite set of elements with reduced norm in {1,¢1,...,¢,}.

Proof. Let £, be the largest element of {Ei}?zl. Since all the ¢; are unram-
ified in B we see that mg, = m’Sf = /{;,. We can take T = ¢}, and Ty = 1
by (67) and (68), and we can also take T3 = T3 = 1 and 11 = T5 = 4/7.
This gives Tg = ¢p4/m, and we conclude that D* is generated by elements
of height bounded by

4
— L.
T
We can be more explicit by going back to the statement of Lemma 4.2.
Recall that

(14) Fx={(x,8)€Gs : z€ X, BDCD, [D:pD] <mx}.

Since mx = 16/7% < 2, we see that if (z, 3) € Fx then D = D. Thus if
¢ is an element of the set P of topological generators specified in §5.4, and
vyel'sn (FXPF)}l) as in Lemma 4.2, then for each finite place w there are
units w,,, ul, € D such that v, = wwly(u),) 1. Thus N, (7) equals a unit in
O, times Ny, (£y) when Ny, : By, — ky, is the reduced norm. By definition of
P, this means that the reduced norm N () lies in {1,¢1,...,¢,}. Therefore
I's = DY is generated by set of v € D such that N(y) € {1,41,...,4,}. O

The fact that the set F'x defined in the proof of Theorem 6.1 is a funda-
mental domain for the action of Dg on Gg implies the following.

Corollary 6.2. Let B, D, and S be as in Theorem 6.1. For each 1 < i < h,
let T; be the Bruhat-Tits tree associated with GLa(Qy,), and set

h
T:HTi.
=1

Then the action of Dy on T is vertex transitive. That is, given any pair
(x1,...,zp) and (Y1, ... ,yn), where each x; and y; is a vertex of the tree T;,
there exists an element v € DG so that y(x;) = y; for every 1 <i < h.

In comparison, we note that Mohammadi and Salehi Golsefidy [10] clas-
sified the maximal discrete subgroups with vertex transitive action on the
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Bruhat—Tits building B of a simply connected absolutely almost simple k-
group over a nonarchimedean field £ when 98 has dimension at least 4. In
particular, there are finitely many such maximal groups.

Members of the 2012 Arizona winter school on arithmetic geometry used
Corollary 6.2 to produce presentations for the groups D for various S. See
[4]. Unpublished work of Fritz Grunewald computed presentations of Dk
for some small S, but to our knowledge, [4] gives the first presentations
of groups acting faithfully, irreducibly, and cocompactly on a product of
Bruhat—Tits buildings. One such presentation is the following.

Theorem 6.3 ([4]). With B and D as above, the group Dl 3,5 has pre-
sentation with generators (the images in D?oo,:s,s)} of):

a=—-14+1-J-31J
b=-9-7T1—-J+71J
and relations:

ri=(b"ta  ba1)?

ro = (b ra " %ba b tah)?

r3 = (a v o o ta ha™1)?

ry = b tabab ta b2 ab taba?b tabab a?ba?bta tha 20 a2

rs = (ba*btaba'b)?

re = b taba’b tab la2ba b a

rr =b"2a a0 taba?b2a " 2ba !

rs = ab ta?ba b la2ba 20 Laba
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