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ABSTRACT. We consider the classification problem for rank 4 premodu-
lar categories. We uncover a formula for the 2°¢ Frobenius-Schur indi-
cator of a premodular category, and complete the classification of rank
4 premodular categories (up to Grothendieck equivalence). In the ap-
pendix we show rank finiteness for premodular categories.
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The theory of fusion categories is a natural generalization of representa-
tion theory — not only of finite groups, but of Lie groups and Hopf algebras
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and so, in some sense, their classification began with the classification of
groups and their representations. At the time of this writing, a complete
classification has only been completed for rank 2 and 3 fusion categories
[19, 21]. While the classification problem for fusion categories is largely be-
lieved to be intractable, several natural structures can be imposed on fusion
categories to make them more amenable to study.

One such structure is that of braiding. This gives rise to a kind of commu-
tativity and forces the underlying Grothendieck semiring to be commutative.
On the other hand, one might expect that the two natural notions of dimen-
sion in the theory coincide, leading to pseudo-unitary fusion categories. If
study is restricted to pseudo-unitary fusion categories, then it is known that
the category is also spherical [8]. The appearance of a spherical structure
is perhaps not surprising as there are no known examples of nonspherical
fusion categories at this time.

Even with the addition of these structures, a full classification is believed
to be out of reach as it would include a classification of finite groups. How-
ever, these categories admit a stratification by degeneracy of the S-matrix
into symmetric, properly premodular, and modular categories. The repre-
sentation categories fall naturally in the symmetric case and in fact com-
pletely fill it out [6]. At the other end of the spectrum, a large amount
of work has gone into understanding modular categories spurred by their
relationship to rational conformal field theories, quantum computation, link
invariants, and 3-manifold invariants [28, 25, 1]. However, recently premod-
ular categories have been shown to provide the algebraic underpinnings of
(3 + 1)-dimensional topological quantum field theories and thereby govern
topological insulators and some high-7, superconductors [27]. In addition
to their innate uses, premodular categories give rise to modular categories
through the double construction.

Classification of premodular categories has been completed for rank 2 and
3 [19, 20] and in this paper we extend the classification to rank 4. Since the
techniques commonly applied in the modular setting do not apply in the pre-
modular setting new tools are developed. Specifically, the following formula
for the 2" Frobenius-Schur indicator for a self-dual object is determined in
terms of the premodular datum.

]‘ a 9 2 aa
v (Xa) = 555 > Nidyde (el’) — 0o Y dyTr (RS,
b,c ~eC\I

We will begin by reviewing the theory of modular and premodular cat-
egories. Having dispensed with these preliminaries, a formula for the 274
Frobenius—Schur indicator will be derived in the premodular setting. As
an application of this indicator, the rank 4 premodular categories will then
be classified. In conjunction with [23], this will complete the classification
of rank 4 premodular and modular categories. Finally, in Appendix A we
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prove that there are only finitely many premodular categories of fixed rank,
up to equivalence.

2. Preliminaries

A premodular category C is a braided, balanced, and fusion category.
Furthermore, if the S-matrix is invertible then C is said to be modular.
Every premodular category C is a ribbon category and as such enjoys a
graphical calculus. A brief account of this calculus in addition to some
salient algebraic relations will be given and further detail can be found in
[1, 12, 25].

2.1. Pivotal structure and dimensions. By virtue of being a fusion
category, C is semisimple and we will denote the isomorphism classes of
the simple objects by I = Xy,..., X,,—1 where n is known as the rank of
C. Furthermore, C is balanced and hence pivotal. This structure manifests
itself through a duality * acting by X = X4+. Such a duality induces an
involution on the labeling set for the simple objects and can be encoded by
the charge conjugation matrix Cup = Sqp+. Graphically, a nontrivial simple
object X, is denoted by an upward arrow and its dual by a downward arrow,

o e

a a

For the trivial object, Xy = I, no arrow is drawn. Note that for a self-dual
object the arrow may be safely omitted. The pivotal structure of C further
provides a collection of evaluation and co-evaluation maps

(2.2) evx : X' ®@X =1,
coevy : I = X @ X*.
These maps are given by the cup and cap
(2.3) coev =\ ev= .

Compatibility of such maps give rise to the allowed graphical moves:

-}

A pivotal category also comes equipped with a family of natural isomor-
phisms jx : X — X**. The presence of these maps give rise to two canonical
traces called left and right pivotal traces [17]. In a spherical category, these
traces coincide and so, for f € End¢ (X)), one simply writes Tre (f). By the
coherence theorems, it is known that every premodular category is equiva-
lent to a strict premodular category and so we will, without loss of generality,
restrict our attention to strict categories. One benefit of focusing on strict
categories is that the isomorphisms jx can be removed, which greatly sim-
plifies the graphical calculus. For instance, taking the trace of idx, allows
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one to define the dimension of X, and the global dimension, D?>. These
dimensions are graphically given by

(25) dim(X,) =do= %), D*’=dim(@C)= ) = Y d ")

belrr(C)

2.2. Fusion and splitting spaces. C-linearity of C endows Hom¢ (V, W)
with the structure of a complex vector space for all objects V and W in C.
However, certain families of Hom-spaces are distinguished due to semisim-
plicity, they are the fusion spaces V.5 = Home (X, ® Xy, X.) and the split-
ting spaces Vc“b = Homg¢ (X¢, Xq ® X3). In the course of this work a basis of

the splitting space will be denoted by{wg’lz} and the dual basis of the fusion

t
space is given by { b ;= (wg‘g) } These bases are graphically depicted
by

a b C
(2.6) @L and é ,
c a b

respectively. The normalization of these bases will always be such that

a

)
(2.7) 0 (a, b, C) 51']‘ = 0

where 6 (a,b,¢) = V/dudpd. is the theta symbol. Further note that this
normalization is consistent with the graphical dimensions given in Equa-
tion (2.5), i.e., b = a* and ¢ = 0. This particular symbol appears in the
decomposition of idx,gx, as

q, b

d. )
(2.8) ab=ZZZW

celrrCievab jeV
a b

The dimension of the fusion space Home (X, ® X3, X¢), N, gives the
multiplicity of X, appearing in X, ® X3, and is called a fusion coefficient.

The fusion coefficients are generally collected into fusion matrices

(Na)bc - Ncb

a
and furnish a representation of the Grothendieck semiring Gr (C) [10]. Since
the fusion coefficients are nonnegative integers, the Frobenius—Perron The-
orem can be applied to deduce the existence of a largest eigenvalue of



RANK 4 PREMODULAR CATEGORIES 779

Ng, such an eigenvalue is called the Frobenius—Perron dimension or FP-
dimension of X, and is denoted FPdim (X,). One says that a premodular
category is pseudo-unitary if FPdim (X,) = dim (X,) for all a. The global
FP-dimension of the category is defined by FPdim (C) = ", FPdim (Xq)2
If the global FP-dimension is an integer, the category is said to be weakly
integral and if FPdim (X,) € Z for all a then one says C is integral. Fi-
nally, duality and braiding endow the fusion matrices with the following
symmetries [1]:

(2.9) N& = NE, = NP = N&.,.

a
N%. =1, Ng =NI N,N,=N,N,.
2.3. Spherical structure. The braiding and spherical structure give rise
to canonical elements 6, € End¢ (X,) called twists. Since End¢ (X,) is one
dimensional, the twists are scalar multiples of the identity, also denoted 6,,.
Graphically, we have

The celebrated Vafa Theorem tells us these twists are roots of unity [26].
For convenience, the twists are collected into the diagonal matrix T, = d450p
called the T-matrix.

2.4. Braiding. The braiding in C is given by elements

Rup € Home (X, ® Xp, Xp @ X,;). Coupling these maps with the splitting
spaces, one can define the R-matrices (R.),, = R, where R is obtained
by “braiding X, with X; in the X. channel.” In fact, the bases of the
splitting space V2 can be chosen to diagonalize R% by R?bwgz = Rgg-@/}gf;
[12]. Pictorially, this is given by

a b q, b
ab o
R%, = .
c c

These braidings give rise to a family of natural isomorphisms ¢, = Rpg Rap
in End¢ (X, ® Xp) which can be traced to define the S-matrix

(2.10) Sap = Tre (c5) = @@

2.5. Algebraic identities. The S-matrix is highly symmetric and, in fact
we have

(211) §Z*b = Sab = Spa = Sa*b*, Sa0 = dg.
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In the course of this work the tuple (5' , T, Ng, ..., Nn> will be referred

to as premodular datum. Perhaps not surprisingly, the matrices compris-
ing premodular datum are strongly related. For instance, an elementary
application of the graphical calculus leads to the balancing relation [1]

(2.12) Sab = 0,10, 1Y Nyede.

Additionally, one can show that the columns of S-matrix are eigenvectors
of the fusion matrices. In a modular category, this leads to the well-known
Verlinde Formula, while in the premodular setting it is shown in [14] that

(2.13) SabSac = da »_NioSar.
¢
It can further be shown that the S- and T-matrices are related by
~ 3 ~
(2.14) (ST> —pt82,

(ST‘1>3 _ 3%

where Cyp = 04+ is the charge conjugation matrix, and pT are the Gauss
sums:

(2.15) pt =) 0=d.

If det (S) # 0 then C is said to be modular and the additional identities
(2.16) SST=D* and p'p = D?

are acquired, from which it is clear that S and T furnish a projective repre-
sentation of the modular group SL (2,7Z).

C is said to be symmetric if S, = dudp for all ¢ and b. One can view
symmetric categories as completely degenerate premodular categories while
modular categories are completely nondegenerate. It is between these two
extremes that we will be focusing our attention and so we define a properly
premodular category C to be a premodular category that is neither symmetric
nor modular. In this way, symmetric, properly premodular, and modular
categories partition the class of premodular categories.

2.6. The Miiger center and finiteness. The braiding can be used to
define the Miiger center of a premodular category by [14]
(2.17) C' = {X eC ‘ CXyYy = idX(g)y, VY € C} .

The elements of the center are often called central or transparent [14, 3].1
This center constitutes a full symmetric ribbon subcategory of C which is

"n the course of this work, simple objects in the Miiger center will be indexed by Greek
letters to distinguish them from simple objects in C which will be indexed by lower case
Latin letters.
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trivial if and only if C is modular. In fact, if C is not modular then some
column of the S-matrix is a multiple of the first [3]. Thus a premodular
category C is symmetric if C = C’, C is modular if ¢’ = Vec, and C is
properly premodular otherwise.

Given these abstract constructions one might wonder if premodular cate-
gories exist and indeed they do; for instance, quantum groups lead not only
to modular, but also to properly premodular categories [22]. Given their
existence, a classification program has been taken up. In [19], [21], and [20],
Ostrik has classified all fusion categories of ranks 2 and 3 and all premodular
categories of rank 3. However, until the time of this writing it was unknown
whether or not there are finitely many premodular categories of fixed rank,
up to equivalence.

Such a problem is referred to as a rank finiteness problem. In [23] the
rank finiteness problem was posed for modular categories while in [19] it
was posed for fusion categories. Over the years progress has been made in
various directions. For instance, direct classification of (pre)modular cate-
gories demonstrate the conjecture in low rank, while [8] showed rank finite-
ness for bounded FP-dimension and weakly integral categories. In a recent
paper, [4], the rank finiteness problem was solved for modular categories.
The proof for modular categories demonstrated connections between num-
ber theory and modular categories and heavily relied on the Frobenius—Schur
indicators via the Cauchy Theorem for Modular Categories. In this paper
we will extend the rank 4 premodular classification which depends strongly
on Frobenius—Schur indicators. This suggests that they are fundamental to
the theory of premodular categories. Finally, in Appendix A we will settle
the rank finiteness problem for premodular categories.

3. Frobenius—Schur indicators

As alluded to in the literature, e.g., [7], the study of fusion categories is
the correct generalization of the study of the representation theory of finite
groups. Each finite group, G, gives rise to a fusion category whose objects
are the representations of G and whose morphisms are intertwiners [7]. With
this connection, it is natural to ask if the techniques used in the study of
finite group representations can be generalized to arbitrary fusion categories
and often they can. For instance, the class equation was generalized in [§],
a rigorous study of Frobenius—Schur indicators was undertaken in [17, 18],
and the Cauchy Theorem was fully extended to modular categories in [4].

In the classical theory of the representations of finite groups one can form
the n**'-Frobenius-Schur indicator from the characters for any n € N. The
0*" Frobenius-Schur indicator gives the dimension of the representation,
the 1% indicator detects if the representation is the trivial representation.
The 2" indicator of an irreducible representation is 1, 0, or —1 depending
on if the representation is real, complex, or quaternionic. Frobenius—Schur
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indicators have also been developed for and applied to semisimple Hopf
algebras [13, 11].

The 2°¢ Frobenius-Schur indicator in the context of fusion categories
was first computed by physicists studying rational conformal field theories
[2]. The study of Frobenius—Schur indicators was furthered by Siu-Hung Ng
and Peter Schauenburg who applied the graphical calculus and categorical
considerations to derive graphical expressions for the n'" Frobenius-Schur
indicators of pivotal, spherical, and modular categories. In the modular case,
they recovered Bantay’s result and found similar formulas for computing the
n'™ indicator of a modular category in terms of the modular datum. If the
modularity assumption is dropped it is not known how to compute the n'h
indicator strictly in terms of the premodular datum; that is without recourse
to the graphical calculus. In this section, we will determine the following
formula for the 2"4 Frobenius-Schur indicator of a premodular category:

1 a 0 ? aaq
va (Xa) = 55 > Niedde (;) —0, Y d,Tr(R2).
b,e ~veC\I

If the modularity condition is enforced, one sees that C' = {I} and so the
above formula recovers Bantay’s result.

Examination of Ng and Schauenburg’s proof presented in [17] reveals that
modularity is only used indirectly when invoking [1, Corollary 3.1.11]. This
corollary can be modified to give a starting place for computing the 274
indicator in the premodular setting.

Proposition 3.1. If C is premodular and X, is self-dual then

al |a al |a al |a
dy | @
EQ: +Z\/aw

~yeC\Li 0
[} a

Proof. Applying Equation (2.8) and [1, Lemma 3.1.4] we have

b oy e,
b,c,i

z9(a,a,c)
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Since the columns of the columns of the S-matrix are eigenvectors of the
fusion matrices we know that (52)70 = d7D2 if X, € C’ and 0 otherwise;

this observation gives the desired result. ([

Recall from [17] that the n'" Frobenius-Schur indicator is defined by
v (X)=Tr (Eg?), where Eg?) is given by

f
V yen-1) yerm-1y

Applying techniques from [17] and our bases for the splitting and fu-
sion spaces, to this definition, we find that if X, is self-dual, then the 274
Frobenius—Schur indicator is given by

(3.1) vy (Xo) =

&

Otherwise we define it to be zero. Here the factor i appears due to renor-
malization of the basis elements of Home (X®2,1) and Home (I, X®?) to
have norm 1. With this definition and proposition in place we can prove the

following theorem.

Theorem 3.2. If C is a premodular category and X, is a simple self-dual
object then

1 0, \ >
vy (X,) = 2 ZN&dbdc (012) -0, Z d, Tr (R:a) )
b,c ~yeC\I

Proof. The proof proceeds by applying Proposition 3.1 to Equation (3.1)
and then making use of the graphical calculus. To simplify notation we
observe that since X, is self-dual the arrow on the ribbon corresponding to
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this object can be safely removed.

@ yeC\Li,j 0

b

Q.

§“\§°
B

60» aa
d Z \/@Rw

@ yeC\Li,j

Oa
= ﬁzdb
b

D2Zdb ) _Za Z \/>R“a9aa75

vyeC\Li,j

6@6@@

(92 dbd aa
D2 Habc —OCLZdwTr(Rv)
~veC\I

(&Y) C’L

= 1% 5@ b0 0 (a,b,¢)6i; — 0o Y d,Tr (R
b,C,i,j ’YGC’\H

92
= 25> dyd, (Rgl;Rf;aZ) —0, Y d,Tr (R

b,C,i ’YEC’\H

02 dbd RabRba
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Applying Equation (216) of Appendix E in [12] and noting that (52)7 =
d,D? for X, € C' gives

62 0. \?2
vy (X,) = D—%Zdbdc <Mb> — 0 Y dyTr(RX).
b,c,i ~eC\I

Making use of Equation (2.9) we have N$, = Nf, = Ng.. = N&,. How-
ever, Oy« = 0, and dp« = dj, so

1 O\
va (Xa) = 33 > Nfi.dyd,s (‘9b> —0a Y dyTr (RY).
b,c ~eC\I
Reindexing the first sum gives the desired result. O

Since the R-matrices appear in this indicator, it is of limited computa-
tional use. However, one can show that the two sums of Theorem 3.2 are
both rational integers. To do this, we first recall that the Miiger center of C
is a ribbon fusion category over C with fusion rules and twists descending
from C. Moreover, cy,y o cy,w = idygw on C' by its definition. So applying
[17, Proposition 6.1], we can deduce that if X., € C’ then 6, = £1. However,
OaReG = +1/0. and so, if X, € C’, we deduce that 0aR5% € {£1, +i}, which
leads to the following corollary.

Corollary 3.3. If C is premodular and X, € C simple, then
1 . 0\ °
T2 > Nidyde (90)
b,c

is real and if X, is self-dual then it is a rational integer.

Proof. Applying [17], we know that v (X,) € {—1,0,1}. Coupling this
observation with the aforementioned fact that 0, R%% € {1, +i} for X, € (',
we can conclude that

1 a 0\ .
T > Nidyde o) €2l
b,c ¢

However, Ng.. = N§, dy € R, and 0, = Hb_l for all a,b,c. So for any a

2

we have that ﬁ Zb, o NG dpd, (%;) is invariant under complex conjugation.
2

Consequently % > be Noedode (%) €ZliINR=Z. O

Remark 3.4. One can apply this corollary to show that the Miiger center
of a premodular category is integral as follows. Recall from [17, Section 6],
that if «, 8 € C’ then 0,03 = 0, ® 65 so 0(23@5 =602 ® 9/23. Consequently,
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Zﬁecl Ngﬂgdﬁ = 9(2102dad7 which can be rearranged to give

2
> NE dsd, < > = 02dad>.
’Y

Bec’

Summing over v € C’ and reindexing gives

This is equivalent to saying that the Miiger center is an integral sub-
category of C. Since the Miiger center is a symmetric category and hence
necessarily Grothendieck-equivalent to a representation category of a finite
group, we know that it is integral. However, this does provide a new (to
this author) route to this result.

Examination of Theorem 3.2 reveals that R3* enters into the formula for
the second indicator. Since the R-matrices involve square roots of the twists,
we have that R% is a 2N root of unity where N = ord (T'). Coupling this
observation with Frobenius-Schur exponent of [17] motivates the following
conjecture.

Conjecture 3.5. IfC is premodular, X, is a simple object and N = ord (T'),
then d, € Z [(an].

This result is reminiscent of the Ng—Schauenburg Theorem for modular
categories, which tells us that for any simple object X,, d, € Z [(n] where
N = ord (T) [17]. One might wonder if this theorem holds in the premodu-
lar setting despite the appearance of the R-matrices. However, examination
of the premodular category C (sl (2),8),, reveals that the Ng-Schauenburg
Theorem fails, but that Conjecture 3.5 holds. Preliminary results indicate
that more complicated combinations of the R-matrices may appear in higher
indicators so more work is needed before the techniques of Ng and Schauen-
burg can be applied to Conjecture 3.5. However, this conjecture has been
verified for premodular categories of rank < 5.

4. Rank 4 premodular categories

To classify all rank 4 premodular categories, we would need to determine
the premodular datum — <§, T, Ny, . .. ,Nn) — in addition to the R- and

F-matrices. However, Ocneanu Rigidity tells us that there are only finitely
many braided fusion categories realizing a given fusion ring and so it suf-
fices to understand only the premodular datum. When classifying modular
categories, one has a full range of Galois techniques available in addition to
the divisibility of dimensions and the universal grading group. However, in
the premodular setting, all of these techniques fail. Indeed, examination of
C(sl(2),8),, reveals that the universal grading group need not be isomor-
phic to Cp, the full subcategory generated by the invertible objects. This
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category further illustrates that the Ng-Schauenburg Theorem fails.? If we
instead consider C (sl (2),6),,, then we see that the square of the dimensions
of the simple objects need not divide the categorical dimension. Finally, the
tensor category Fib x Rep (Z2) reveals that the Galois techniques fail in the
premodular setting.

Given the failure of many of the techniques used in modular classification,
what is left? To perform low rank premodular classification, people have, in
the past, examined the double Z (C) as a module category [19]. However,
in the rank 4 case, this approach is infeasible due to the number of simple
objects. To overcome these difficulties, we will make use of the equations
governing the premodular datum as well as cyclotomic and number theoretic
techniques; the minimal modularization developed by Bruguiéres; and the
27 Frobenius-Schur indicators.

Recalling our partition of premodular categories into symmetric, properly
premodular, and modular, we will discuss each of these classes in turn.
We begin with the symmetric case, which is readily dealt with using the
classification due to [6].

Proposition 4.1. If C is a rank 4 symmetric category, then it is Grothen-
dieck equivalent to Rep (G) where G is Z/AZ, /27 x /27, Dy, or .

Continuing onto the well understood setting of modular categories. We
recall that much of the classification has been completed in [23]. The omis-
sions will be filled in and the classification completed in the following result.?

Proposition 4.2. If C is a rank 4 modular category then it is Galois con-
Jugate to a modular category from [23] or has S-matriz

1-v5

7“2‘/5 is the golden mean and T = == is its Galois conjugate.

where T =

Proof. Using an argument due to V. Ostrik, [10, Appendix A], it suffices to
consider Galois groups such that the column of the S-matrix corresponding
to the FP-dimension and the 0-column reside in distinct Galois orbits and
neither are fixed. Since the Galois group of a rank 4 modular category is
an abelian subgroup of &4, we see that, up to relabelling, the only Galois
group that we need to consider is ((0,1) (2,3)). This is precisely case 5 of
[23]. Applying the standard Galois techniques present in [23] leads to*

1 d do ds
G — [ 91 e esdscoesdz
da e3d3 s22  s23 ’

d3 epezda s23 €ps22

2The dimensions of the simple objects need not live in the cyclotomic extension of Q
generated by the twists.

3The author would like to thank Eric Rowell for suggesting this approach.

4Here we index from 0 rather than 1 as in [23].
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Where e? =1 for all j, d; are the categorical dimensions, and s22 and so3
are unknown S-matrix entries. Since eg = +1 we consider these two cases
separately.

Case 1. ¢ = 1.

Orthogonality of the first two columns of S gives d; = —esdads. Applying
our Galois element to this equation gives that e3 = —1. Next, orthogonality
of the last column with the others gives us that So35990 = —dads and S99 = —1
or S99 = d%. We now examine these two subcases separately.

Case 1.1. s99 = d%.

Applying the orthogonality of the first and the fourth columns of the S-

matrix we find that d3 = +da, we can apply the Verlinde formula and this

relation to compute Nj| = ds — % and so d3 = nEVHNS V24+"2 for some n € N.

Examining the remaining V. fj we find that either n = 0 or d2 = d3. However,
if n = 0, we have d, = £1 for all a. Since rank 4 pointed modular categories
have been classified we may assume do = d3. Under this assumption the
S-matrix takes the form

1 d% ds ds

2 1 —d3 —d3

ds —d3 d3 -1

dg —ds —1 d2

S =

Applying the balancing relation — Equation (2.12), and the Verlinde
formula, we find
T 2
—1 = 893 = %. Taking the modulus of both sides and recalling
2
that |0,] = 1 gives the equation 4 = (n +V4+ n2) , whose only solution

over N is n = 0 and so we have that C is pointed.
Case 1.2. 599 = —1.

In this case, we apply the Verlinde formula to compute N and N7, which
leads to

1 1
d2:§<n:|: 4+n2) and dgzﬁ(m:t 4—|—m2)

for some m,n € N. The balancing equation for So3 gives that 61 = 60203
which then leads to

—1+ 6y — 62 —1+ 65 — 62
dy=+y | P20 gy [0
D) 03

by the balancing relation for S5 and 333. However, these results im-
ply that 6 and 63 satisfy degree 4 integral polynomials and are roots of
unity. Applying the inverse Euler (totient) phi function, we see that 63,63
are +i or primitive 5" roots of unity and so ds,d3 € {£1,+7,+7} where 7
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is the golden mean % (1 + \/5) and T is its Galois conjugate. Simple com-

puter search leads to 48 (5’ , T ) combinations. Twelve of the S-matrices are

distinct with half of them Galois conjugate to the other half. Of these re-
maining six, two can be removed by relabeling. Thus, we have the following
four S-matrices and their Galois conjugates:

1 -17 1 1 -1-7 7 11 7 7 I
-1 1 —7 -7 -1 -1—-7—7 1-1-7 71 21 —7 -7
T —7-1-1 -7 -7 1 1 T—17 1 -1 T —7 —1 72 :
T —T —1 -1 T —17 1 -1 T 1T —1-1 2 _1

The second matrix can be discarded since there is no rank 2 modular cate-

gory with S-matrix ( _11 j ) .5 The last two matrices are pseudo-unitary and

hence appear in [23] which leaves only the first S-matrix which corresponds
to Fib XFib.

Case 2. ¢g = —1.

By resolving the labeling ambiguity present between the 2 and 3 labels we
can take e3 = 1. There are now two subcases:

Case 2.1. |d;| > 1.

Following the procedure of [23], we find that d; = % (n + \/m) and
da,b € Q and 7, s € Z such that
r = 2b+ an, s = bn — 2a,
do = ady + b, ds = bdy — a,
D* = (1+d;) (1 +a*+b?).
Additionally, their techniques lead to |di|* < 14 5]|d1| + 8|d1|> + 5 |dy .
Coupling these results with |d1| > 1 gives that 1 < |d;| < 1, where 1 is a

root of 2* — 523 —8x2 —5x — 1, and is approximately given by 6.38048. Thus
—T7 < dy < 7. We also find that

Aldy P +5|di|* +4di| +1
(14 | )

Given a bound on d; we now have a bound on a sum of squares of integers
and hence we can exhaust all possibilities. To do this we proceed in two
subcases:

(4.1) r? 452 < (n2 +4)

Case 2.1.1. n > 0.
The fact that di = % (n +vn? + 4) implies 1 < n < 6 and we have the case

considered in [23].
5To see this, note that Ni; = 0 by dimension count and the other fusion coefficients

are determined by Equation (2.9). However, these fusion coefficients violate the Verlinde
formula.
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In particular, we may apply inequality (4.1), these bounds for n, and our
formula for d; to produce a list of triples (n,r,s). Just as in [23] we may
enforce integrality of dgdg/dl, d3/d2 —dg/dg, §22/d2 +§23/d3, §23/d2 —522/d3,
and S92593/ (dads). This leads to 24 possible triples (n,r,s). The Verlinde
formula provides enough integrality conditions to further reduce these 24
triples to 8. Of these 8, only (n,r,s) = (1,—2,—1) or (1,2, 1) are compatible
with the balancing equation and the twists being roots of unity. In these
cases one finds, di = 7, d3 = +7 and do = 1. However, these lead to
relabelings of the S-matrices from Case 1.

Case 2.1.2. n < 0.

Proceeding as in Case 2.1.1, we find, by computer search, that there are 446
possible triples (n,r,s) of which only 24 pass the integrality tests of [23].
Applying the Verlinde formula to determine the fusion rules in these cases,
we find that all of these either violate the integrality or nonnegativity of the
fusion coefficients.

Case 2.2. |di] < 1.

Applying our Galois element, we see that o (d;) = —%. Setting 0, = o (d,),

we find a category ¢ , which is Galois conjugate to C; whence if C does not
exist, then neither does C. However, |01| > 1 and, since Galois conjugation
preserves all categorical identities used in Case 2.1, we see that we must
have 03 = 0201, 02 = 1 and &1 = 7. However, this is the same conclusion
as in Case 2.1.1. Ergo, C must be Galois conjugate to one of the Case 2.1.1
results. Since these were conjugate to the categories determined in [23], we

can conclude that C has an S-matrix Galois conjugate to one appearing in
Case 1. (]

Having dispensed with the symmetric and modular cases, we find that it
is useful to stratify the properly premodular categories by self-duality and
symmetric subcategory. It is known that that every properly premodular
category has a symmetric subcategory [14]. Since the rank has been fixed
the possible symmetric subcategories can be completely determined.

Proposition 4.3. If C is a rank 4 nonpointed properly premodular category,
then there are four cases:

(1) C is self-dual and has a symmetric subcategory Grothendieck equiva-
lent to Rep (G3).

(2) X7 = X5 and generate a symmetric subcategory of C Grothendieck
equivalent to Rep (Z/3Z).

(3) C is self-dual and has a symmetric subcategory Grothendieck equiva-
lent to Rep (Z/27Z).

(4) T and X1 generate a symmetric subcategory of C Grothendieck equiv-
alent to Rep (Z/2Z). Moreover, X5 = X3.

In each case, the symmetric subcategory is the Miger center.
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Proof. We know from [14] Corollary 2.16 and comments in the introduc-
tion,® that since C is nonsymmetric and nonmodular, then it must have a
nontrivial symmetric subcategory of rank 2 or 3. Rank 3 symmetric subcat-
egories are known to be Grothendieck equivalent to Rep (Z/3Z) or Rep (S3)
[20]. Rank 2 proceeds similarly and leads to Rep (Z/27Z).

In the rank 3 case, we take Xg = I, X1, and Xo to be representatives
of distinct simple isomorphism classes that generate the symmetric subcat-
egory, while, in rank 2, we take Xy = I and X7 to be the representative
generators. The result then follows immediately by standard representation
theory. O

Classification of the properly premodular categories now proceeds by
cases. The categories with high rank symmetric subcategories are, perhaps
not surprisingly, easier to deal with since more of the datum is predeter-
mined. As such, we will proceed through Rep (&3) and Rep (Z/3Z) first
and then discuss the Rep (Z/2Z) cases.

Proposition 4.4. There is no rank 4 nonpointed properly premodular cat-
egory with C' Grothendieck equivalent to Rep (S3).

Proof. Applying the known representation theory of &3, Equation (2.9)
and dimension counts, we find
0100 0010 000 1
= (F0) = (08) m=(311).
0001 0002 112 M
by [14, Proposition 2.5]. Coupling
2

1
1
1
0
Recall that 5,, = dudp for 0 < a,b < 2
this with Equation (2.12), we find §; = 63 = 1. Denoting 65 by 6, this gives

1 1 2 M+ 34+]\/12
~ 1 1 9 M++/244+M2
S = 2

2 2 4 M=+/244M?2

124 (]\li\/24+1\/12 ) M6

262

12 3
M:t\/§4+1\1 AI:!:\/§4+JW M4/215 012

Since ;gg must satisfy the characteristic polynomial of N3, we can de-
duce that 6 must be a primitive root of unity satisfying a degree integral 3
polynomial. Employing the inverse of Euler’s totient function, we find that
§ = +1 and M = 0. Thus d = £1/6. Having removed the free parame-
ters from this datum, we are in a position to prove that such a category
cannot exist. In this case the Miiger center, Rep (83), constitutes a Tan-
nakian subcategory of C. By [15] and [7, Remark 5.10], we can form the
de-equivariantization, Cg,, which is a braided &3-crossed fusion category.
However, FPdim (Cg,) = #FPdim (C), dim(Cs,) = ¢dim(C) = 2, and
FPdim (Cg,) = 2 [7]. Thus Cg, is weakly integral braided S3-crossed fusion

6c' = z, (C) is a canonical full symmetric subcategory of C.
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category and we may apply [8, Corollary 8.30] to deduce that Cg, is equiva-
lent to Rep (Z/2Z) and hence pointed. Consequently, C is group-theoretical
and in particular integral, contradicting d = /6 [15, 7]. O

Proposition 4.5. If C is a nonpointed properly premodular category such
that (Xo, X1, Xo) = C’ is Grothendieck equivalent to Rep (Z/3Z), then:

o (11 Ny
S:<1113> T:<0010)
333-3 000 —1
310 10 3001
Ny = 1000 0100 N3 = 0001 J>
0001 0001 1112

and C is realized by C (s1(2) ,6),4-

Proof. Applying Proposition 4.3, we know that C is self-dual and so apply-
ing the representation theory of Z/3Z and Equation (2.9), we find that the
fusion matrices are determined up to N3j;. Making use of Equation (2.12),
the fact that S = ST, and the fact that in a properly premodular category
some column of S is a multiple of the first, one finds that

11 1 ds

B 111 ds 1000

s=(iid B ) r= (M)
d3 d3 ds 73”39];3303 00063

3

By dimension count, we see that d3 = % (N§33 + /12 + N§3). So it re-

mains to determine N§’3 and #3. For notational brevity, we let M = N§3.
Applying Equation (2.13) we find that

(4.2) (05 —1) (1805 (03 + 03 + 1) + O5M* + 303(03 + 1) (65 + 2)M* + 18)
= (05— 1) (305 (63 + 05 +2) VMZ 120 + 63/M? + 1204%)

We first note that if f3 = 1, then C = C’ contradicting the nonsymmetric
assumption. Thus, 63 satisfies a degree 6 integral polynomial. However, 63 is
a root of unity, so applying the inverse Euler phi function to determine a list
of potential values for #3. Combing the possible cases, one finds V. :;?’3 € {0,2}
and 03 € {+i,—1}. Applying Corollary 3.3 with a = 3, we find that only
N3, = 2 gives a rational integer. Evaluating Equation (4.2) at N3, = 2
reveals that § = —1 is the only solution.” O

Having dispensed with the large symmetric subcategories, we need to
consider the case that Rep(Z/27Z) appears as a symmetric subcategory.
We first consider the non-self-dual case which can be dealt with by cy-
clotomic/number theoretic techniques.

"If one proceeds without appealing to the Frobenius—Schur indicators then the
Tambara- Yamagami with dimensions 1,1,1,+/3 appear. This can of course be excluded
since such categories do not admit a braiding [24].
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Proposition 4.6. There is no rank 4 nonpointed properly premodular cate-
gory such that (Xo, X1) = C' is Grothendieck equivalent to Rep (Z/27Z), and
X5 = Xs.

Proof. Given the standard representation theory of Z/2Z and the equation
(2.9), we immediately obtain:

01 0 0 00 1 O 00 0 1
N 10 0 O N 0 0 Ni, Ni N 0 0 Ni; Ni
g 1 1 — —
1 00 N3i2 N313 2 0 N33 N3 N353 3 1 N3y N33 N33
00 N33 N3, 1 Ni, N3, N3, 0 Nl N2, N3,

Demanding that the fusion matrices mutually commute reveals that either
N1, or Ni; is 0 and the other is 1. Hence, the proof bifurcates into two
cases.

Case 1. N?}Q =1 and N§3 =0.

Returning to the commutativity of the fusion matrices, we are reduced to
one equation:

2= (N:??))Q - (N??:?,)Q = (N33 — N3;) (N33 + N33) .
Of course the fusion coefficients are nonnegative integers and so
N — N3y =1 and Ni; + Nj; =2
Of course this system has no solution in Z.
Case 2. N, =0 and Ni; = 1.

In this case the commutativity of the fusion matrices reveals that N§3 = N§3,
which we will simply call M for brevity. Applying Equation (2.12), and
dimension count, we can determine the S-matrix to be

5’ 1 M=A/14+M?2 11
= 142( M+v/1+M2 )Mo .
M4vV1+M2 +< 62+ ) (1 1)

Where 0 := 0, = 03 and 6; = 1, which follows from the fact that some
column of the S-matrix must be a multiple of the first [3]. However, gig
must satisfy the characteristic polynomial of Ns, which factors into two
quadratics. Inserting this quotient into the factors, we find that 6 must
satisfy either a degree 4 or degree 8 polynomial over Z. Since 6 is a primitive
root of unity we can apply the inverse Euler phi function to bound the degree
of the minimal polynomial of #. Proceeding through all cases, we find that

M =0 and C is pointed. O

While this cyclotomic analysis has been quite fruitful, the remaining,
properly premodular case proves to be resistant and so other approaches
are necessary. We begin by recalling that every fusion category admits a
(possibly trivial) grading. Since the category has small rank, the grading
possibilities allow for further stratification of the problem.
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Proposition 4.7. If C is a self-dual rank 4 nonpointed properly premodular
category (Xo, X1) = C' is Grothendieck equivalent to Rep (Z/2Z), then there
are three cases:

(1) C admits a universal Z /27 grading.
(2) C does not admit a universal Z/2Z grading and X; @ Xo = Xs.
(3) C does not admit a universal Z/2Z grading and X; @ Xo = X3.

Proof. If C admits a nontrivial universal grading, then it must be by Z/27Z.
On the other hand, if C does not admit a universal grading, then C,q = C
[7]. Since X; generates C' = Rep (Z/27Z), we can conclude that if Coq = C
then either X7 ® Xo = X5 or X7 ® X9 = X3. O

With this proposition in hand we again proceed by cases. First, we con-
sider with the relatively simple case: C admits a universal Z/27Z grading.

Proposition 4.8. Suppose C is a self-dual rank 4 nonpointed properly pre-
modular category admitting a universal Zo grading such that C' is Grothen-
dieck equivalent to Rep (Z2), then C is a Deligne product of the Fib with
Rep (Z/2Z) or sVec.

Proof. Dimension count coupled with the representation theory of Z/27Z
completely determines the fusion relations up to N222. However, we can apply
[20] to conclude that N3, € {0,1}. N2, = 0 leaves a pointed category and so
we must have N3, = 1, and d := dy = d3 = %ﬁ Applying Equation (2.12)
and the fact that a column of the S-matrix must be a multiple of the first
we find that 6; = &1, 8 := 6y = 6103, and

11 d d
- 11 dde dde 6&88
S=|daizge g0 | T =
02 02 006 0 .
dd Ege 1+do 00 046
6 0

Since the normalized columns of the S-matrix are characters of the fu-

sion ring, it must be that 13;59 is a simultaneous root of the characteristic

polynomials of Ny and N3. This gives the desired result. O

Finally, we come to the last two cases where C’ is Grothendieck equivalent
to Rep (Zz) and the universal grading group is trivial. These are by far the
most complicated cases. To dispense with the first case we make use of the
minimal modularization [3].

Proposition 4.9. Suppose C is a self-dual, rank 4, nonpointed, properly
premodular category such that C' is Grothendieck equivalent to Rep (Z/27),
C does not admit a nontrivial universal grading, and X1 ® Xo = Xo, then

11 2 2
11 2 22 100 O
o 2420 2420 _ 010 O
S=|z22 55 =5 T—(ooeo)
00061

2
2420 2420
22 220° 243

000 0010 0001
Ni=1{6010 No= {7701 N3=1{0011)>
0001 0011 1110
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5th

and 0 is a primitive root of unity. Such datum are realized by C =

C(s0(5),10),4-

Proof. The representation theory of Z/27Z, dimension count, Equation (2.9),
and Equation (2.12) give

0100 00 1 0 00 0 1

— 1000 — —
N1_<0010> Ny = 11 N3, N3, N3 = 00 N3, Nij
0001 00 N3, N2, 1183, N,

11 do ds
i d2 ds 100 0
S’— do d 24+dyN2y0y+d3N3y63  dgNagOo+dz N2403 T_ 010 0
= 2 d2 02 0503 — 100620 |-

00 0 63

2 2 2 3
doN2,00+d3N3503 2+dyN3509+d3N3s03
2

ds d
3@3 0203 03

Applying [3, Proposition 4.2], we can deduce that C admits a modulariza-
tion C. We can now apply [3] Proposition 4.4 and the equivalence between
Bruguieres modularization and the de-equivariantization to deduce that C
is a rank 5 modular category with simple isomorphism classes of simple ob-
jects I,Y1,Ys, Zy, Z such that Y;* € {Y1,Y>} and Z} € {Z1, Z>}. Applying
the classification of rank 5 modular categories, [5], we can conclude that C
is pointed and hence do = +2 and d3 = 4+2. Dimension count then allows
us to eliminate all fusion coefficients except for N3;. Applying [16, Theorem
4.2], we know that C is Grothendieck equivalent to Rep (D,,) and is group-
theoretical. This gives do = d3 = 2, and determines the fusion coefficients.
Applying Equations (2.13) and (2.14), we find 03 = 92_1 and that 65 is a
primitive 5th root of unity. U

The final case requires not only the minimal modularization of Bruguieres
but also the second Frobenius—Schur indicators.

Proposition 4.10. Suppose C is a self-dual rank 4 nonpointed properly
premodular category such that C' is Grothendieck equivalent to Rep (Z/27),
C does not admit a nontrivial universal grading, and X1 ® Xo = X3 then

1000

g_( 1 1i\/§)®(11) T_<0—100>
= _ 11 =\looio0
1=v2 -1 00 0—i
9852 Y

Ny = 1011 N3 = 0111 />
0111 1011

such a datum is realized by C = C (s1(2),8),, and its conjugates.

Proof. Applying dimension count, Equation (2.9), and the usual repre-
sentation theory for Z/2Z, we can determine the fusion rules up to two
parameters:

b8 Ty 054 3
Ni=1{6001 No=1|30nN it Ns=\o1imnN |-
0010 01MN 10N M
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Furthermore, we can deduce that M, N # 0 lest we reduce to the fusion
rules of Proposition 4.8 or a pointed category. Next, we may use Equa-
tion (2.12), dimension count, and that 5;; = Asjo for some j and some
A € C*, to find the S- and T-matrices:

1 N+M+er/4+(M+N)2
2 ® ( 11 )
N+ Mter/ar (M2 2+H(NO+3MO) (N+M+e\/4+(1\4+N)2) 11
2

262
0300
T:(ooeo)v
00080

where ¢, = £1. We treat 6 = 1 and 6§ = —1 in separate cases.

S =

Case 1. § = 1.
Here we can apply [3] to deduce that C is modularizable. Letting
H:C—>C
denote its minimal modularization then we have Xy € M X3 and so
H (X2) 2 H (X3).
Furthermore, ||Staby, X || =1 for all simple X and thus,
dim H (X32) = dim (X3).

Consequently, the trivial object in C as well as H (Xs) account for 1 + d?
of the dimension of C. However, dimC = +dim () = 1+ d* and so Cis a
rank 2 modular category with simple objects I and H (X3). Such categories
have been classified in [23] and are the Semion and the Fibonacci. In these
situations, we find either that C is pointed or that M = N = 0 and so we
can exclude the case of § = 1.

Case 2. § = —1.

A straightforward application of (2.13) and (2.14) in a computer algebra
system is used to further reduces the solution space. Discarding any solu-
tions where either M or N is 0 or C is symmetric leaves 7 possible families of
solutions. One of these families contains a Pythagorean triple with 1 which
forces N < 0 and hence can be discarded. Two of the other families of
solutions have M and N related by

SN2 /-0 (14 62) (L= (1 + N?) 6 +62)
M =
0(14+6(0—-1))
Since 6 # 0, this can be arranged into a monic integral degree 6 polyno-
mial 8. Since 0 is a root of unity we can apply the inverse Euler phi function
to find a possible list of values for #. Direct calculation reveals that none of

these roots of unity can satisfy this polynomial in a manner consistent with
M,N > 0.




RANK 4 PREMODULAR CATEGORIES 797

The remaining four families can be reduced by resolving a labeling ambi-
guity to give

1000

& _ 1 N+eV1+N2 ®(1 1) T—(0-100
N+eV/1+N2 —1 11 8 8 éfi

483 ¢ 4593

Ny = 10N N N3 = 01NN
01NN 10NN

Applying Corollary 3.3 to Xo, we find that N + \/]\]f\jT__:l € Z. Denoting

this integer by L and simplifying we find
4= (N?+1) (34 L*—2LN)

However, N2+ 1 # 0 and so, reducing modulo N? + 1, we find that 4 = 0
mod N2 + 1.

This only occurs for N € {—1,0,1}. Since N = 0 leads to C being pointed
and we know N > 0, we can conclude that N = 1. ([l

The results of this section can be compiled to give the following theorem.

Theorem 4.11. If C is a nonpointed rank 4 premodular category, then ex-
actly one of the following is true.

(1) C is symmetric and is Grothendieck equivalent to Rep (G) where G
is ZJAZ, 7./27 X 7./27, D1g, or 2y.

(2) C is properly premodular and is Grothendieck equivalent to a Ga-
lois conjugate of one of the following: C (sl (2),8),4, C(s1(2),6),4;
C(so(5),10),4, FibXRep (Z/2Z), or FibKsVec.

(3) C is modular and is Galois conjugate to a modular category from [23]
or has S-matrix

_ 1-/5

H'T\@ is the golden mean and T = =52 is ils Galois

where T =
conjugate.

Appendix A. Premodular rank finiteness

By: Paul Bruillard, César Galindo, Siu-Hung Ng, Julia Plavnik, Eric Row-
ell, and Zhenghan Wang.

In this appendix we will consider the rank finiteness problem for premod-
ular categories. First we will review the rank finiteness result for modular-
izable premodular categories presented in [4]. The remaining case will be
reduced to the situation in which the premodular category is slightly degen-
erate at which point the general rank finiteness result will be produced by
an inductive argument.

First we recall from [4]:
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Lemma A.1. There are finitely many modularizable premodular categories
of rank r, up to equivalence.

By this lemma it suffices to consider only premodular categories which
are not modularizable. Such categories are characterized by the presence of
sVec.

Lemma A.2. If C is a premodular category and Rep (G) is a maximal
Tannakian subcategory in C’, then C is nonmodularizable if and only if
(Cq) = sVec

Proof. First we will show sufficiency. To this end we assume that C is not
modularizable. Now let £ 22 Rep (G) be the maximal Tannakian subcategory
of C’. Then by [7] we have C; = CX¢ Vec. Applying [7, Proposition 4.30(iii)]
we see that (C Xg Vec)' = C'Kg Vec = (C') 5. Referring to section 5 of [7] we
see that (C') is the core of of C' corresponding to £ because Miiger center
of £in C" is C'. We further observe that (C’). is weakly anisotropic and
hence is either Vec or sVec. Since C is not modularizable we can conclude
that Cg is not modular and hence (C'), = sVec.

To show necessity we note that if C is modularizable, then C’' = Rep (G)
and (Cg)" = Vec % sVec. O

With this characterization in hand, we are positioned to show rank finite-
ness for nonmodularizable premodular categories.

Lemma A.3. There are finitely many nonmodularizable premodular cate-
gories of rank at most r up to equivalence.

Proof. The proof proceeds by induction on the rank. The base case is
handled by the low rank classification of premodular categories. So we
assume that: there are finitely many nonmodularizable premodular categories
of rank at most r — 1.

Suppose C is a nonmodularizable premodular category of rank r. Then,
by Lemma A.2 and the induction hypothesis, we may assume, without loss
of generality, that C’ = sVec.

In this case we know that if xy € sVec C C, then x ¢ Cuq by [9]. Thus Cuq
is a premodular subcategory of C of strictly smaller rank. Now note that if
Cqa is modularizable, then it has bounded global dimension by [4]. On the
other hand, if C,4 is nonmodularizable, then it has bounded dimension by
the induction hypothesis.

Next note, by [7, Proposition 2.3] that C is faithfully graded by the univer-
sal grading group and the trivial component under this grading is C,q4. Since
the universal grading group has bounded order and the grading is faithful,
we can conclude that C has bounded dimension. Finiteness then follows by
standard arguments, e.g., [4, 8]. O

Lemmas A.1 and A.3 can be collected into the following theorem.
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Theorem A.4. There are finitely many premodular categories of rank r,
up to equivalence.
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