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Generating functions and statistics on
spaces of maximal tori in classical Lie
groups
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and Jennifer C. H. Wilson

ABSTRACT. In this paper we use generating function methods to ob-
tain new asymptotic results about spaces of F-stable maximal tori in
GLn(F,), Sps,(Fy), and SOaz,+1(F,). We recover stability results of
Church-Ellenberg-Farb and Jiménez Rolland-Wilson for “polynomial”
statistics on these spaces, and we compute explicit formulas for their
stable values. We derive a double generating function for the characters
of the cohomology of flag varieties in type B/C, which we use to obtain
analogs in type B/C of results of Chen: we recover “twisted homological
stability” for the spaces of maximal tori in Sp,,, (C) and SOz2n+1(C), and
we compute a generating function for their “stable twisted Betti num-
bers”. We also give a new proof of a result of Lehrer using symmetric
function theory.
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1. Introduction

In recent work, Church, Ellenberg, and Farb [ChuEF14] and Jiménez
Rolland and Wilson [JRW16] proved asymptotic stability results for certain
‘polynomial’ statistics on the set of maximal tori in GLy,(F), Sps,(Fy), and
SO2n+1(Fy) that are stable under the action of the Frobenius morphism F.
In this paper we use generating function techniques to give new proofs of
these results, and moreover compute explicit formulas for the limiting values
of these statistics. We then compute a double generating function for the
characters of the cohomology of flag varieties in type B/C. With these com-
putations we derive analogs in type B/C of results of Chen [Chel6] in type
A: we prove “twisted homological stability” for the spaces of maximal tori in
Sp2,(C) and SO2,+1(C), and we give a generating function for the “stable
twisted Betti numbers”. The form of this generating function implies that
the stable Betti numbers are quasipolynomial and satisfy linear recurrence
relations.

1.1. Statistics on maximal tori in classical Lie groups. The paper
[ChuEF14] proved results on maximal tori in type A, and [JRW16] on maxi-
mal tori in types B and C, by using the following formulas. These formulas,
first obtained by Lehrer, relate the representation theory of the Lie groups’
associated coinvariant algebras with point-counts on the set of F-stable max-
imal tori. Each F-stable maximal torus T of GL,(F}) is naturally associated
to a conjugacy class of the symmetric group S,,; this correspondence is ex-
plained in Carter [Car85, Chapter 3] or Niemeyer—Praeger [NP10, Sections
2 and 3]. Hence any class function x of S,, can be interpreted as a function
on maximal tori, with x(7") defined to be the value of x in the corresponding
Sp-conjugacy class. Similarly, for each F-stable maximal torus 1" of Sp,,, (F)

or SOgy,+1(Fy) there is an associated conjugacy class of the hyperoctahedral
group B,,. Lehrer proved the following.

Theorem 1.1 (Statistics on maximal tori [Leh92, Corollary 1.10]).

(i) (Type A). Let x be a class function on S, and let T(n,q) denote
the set of F'-stable maximal tori of GLy,(Fy). Then

®
(1) LS M =Y g R,
7=0

an—n
TeT(n,q)
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where RY, is the it graded piece of the coinvariant algebra R, in type
A, and (—,—)s, 1s the standard inner product on Sy, class functions.
(ii) (Type B/C). Let x be a class function on By, and let T(n,q) denote

the set of F-stable mazimal tori of SOay+1(Fy) or Spay,, (Fy). Then

(2) Y @ = Ris,,
1=0

T rer(ng)

where R is the it graded piece of the coinvariant algebra R in
type B/C, and (—,—)p, is the standard inner product on By, class
functions.

It will always be clear from context whether T'(n,q) refers to type A or
to type B/C. In Section 2 we give a new proof of Lehrer’s result in type A,
Theorem 1.1(i), using symmetric function theory. See Church—Ellenberg—
Farb [ChuEF14, Theorem 5.3] for a proof using the Grothendieck—Lefschetz
Theorem.

To obtain their asymptotic stability results on polynomial statistics on
the space of maximal tori, Church-Ellenberg-Farb [ChuEF14] and Jiménez
Rolland-Wilson [JRW16] study the right-hand side of the formulas in The-
orem 1.1 as n tends to infinity. They use results from the field of rep-
resentation stability to show that for sequences of characters y, that are
determined by a character polynomial (Definitions 1.2 and 1.4), the quan-
tities (xn, R%)s, and (xn, R.)p, stabilize for n sufficiently large relative to
1. They then prove that the stable values are subexponential in i, and so
conclude that the series on the right-hand side of Equations (1) and (2) must
converge.

In this paper we study instead the left-hand side of the formulas in The-
orem 1.1, using generating function techniques analogous to the work of
Fulman [Full6] and later Chen [Chel6]. In Theorem 1.6 we give explicit
formulas for the limiting values of the left-hand sides of these equations for
sequences of characters defined by a character polynomial.

1.2. Character polynomials in type A and B/C. Character polyno-
mials for the symmetric groups are implicit in the work of Murnaghan and
Specht, and are studied explicitly by Macdonald [Mac95, 1.7.14]. Here we
recall their definitions and their analogs in type B/C .

Definition 1.2 (The functions X,; character polynomials in type A). For a
permutation o € S,, and integer r > 1, let X, (o) denote the number of cycles
of size r in the cycle decomposition of . A polynomial in the functions X,
is called a character polynomial for S,; a character polynomial determines
a class function on .S, for each n > 0. Character polynomials over QQ form
a graded ring with generator X, in degree r.

Definition 1.3 (The S,, character polynomials ())f)) Given a partition A,

let |[A| be the size of A\, and let n,(\) denote the number of parts of A of
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length r. In this notation, define a character polynomial ()/\() of degree |\
by
Al

<§) (0) = H (‘:((;))) for all o € S,,, for all n € Zsq.

Character polynomials of the form ()/\( ) span the space of character polyno-
mials with rational coefficients.

Recall that the conjugacy classes of B,, are parameterized by double par-
titions of n, that is, ordered pairs of partitions (u, A) such that |u|+ |\ = n.
We adopt the convention that the parts of u encode the lengths of the pos-
itive cycles of a signed permutation, and the parts of A\ encode the lengths
of the negative cycles.

Definition 1.4 (The functions X, and Y,; character polynomials in type
B/C). For o € By, let X, (o) be the number of positive r-cycles of o, and let
Y, (o) be the number of negative r-cycles. A character polynomial for B,, is
a polynomial in the graded ring Q[X1, Y1, X»,Ys,...]. Its degree is defined
by assigning deg X, = deg Y, = r for each r > 1.

Definition 1.5 (The B,, character polynomials (if ) ();) ). The space of ratio-
nal character polynomials in type B/C is spanned by character polynomials
of the following form. Given a double partition (u, A), define a degree |p|+|A|
character polynomial (if ) (3;) by the formula

()= T () wmnemncr

1.3. Asymptotic results for polynomial statistics on F-stable max-
imal tori. Given an F-stable maximal torus 7 in GL,(F}) and a character
polynomial P, the value P(T) is given by evaluating P on the S,,-conjugacy
class associated to T'. Specifically, the statistic X, (T') counts the number of
r-dimensional irreducible F-stable subtori of T'; see Church—Ellenberg—Farb
[ChuEF14, Section 5].

For an F-stable maximal torus 7" in SOgy,+1(Fy) or Spy, (F,) we call the
associated double partition (ur, A7) the type of T'. The value of a character
polynomial P in T is given by the value of P on the conjugacy class (7, Ar).
The statistic X, (T") (respectively, Y,.(T")) counts the number of r-dimensional
F-stable subtori that are irreducible over F, and that split (respectively, do
not split) over Fyr. See Jiménez Rolland-Wilson [JRW16, Section 4.1.4] for
a more detailed explanation of this interpretation.

In types A, B, and C, we say that a character polynomial P defines a
polynomial statistic on the corresponding sequence of spaces of maximal
tori. In Theorem 1.6 we give formulas for the limits of the expected values
of polynomial statistics on F-stable maximal tori in type A and B/C. To
state this theorem, define the following notation.
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For a partition A of n, let
Al

Z\ = Hn nr()\

S0 z) is defined such that Z—; is the number of permutations in 5, of cycle
type A. Analogously, for a partition p, let

||
vy = H ny(p)! (2r)"r (1)
2" n!

SO Ly is the number of signed permutations in B, of signed cycle type
(1, A).
Theorem 1.6 (Asymptotics for polynomial statistics on maximal tori).

(i) (Type A). Let A be a fized partition. Let T(n,q) denote the set of
F-stable mazimal tori of GLy,(Fy;). Then

Al

1 X 1 g\
lim —5— Z < >(T) = — H < - > .
ey TeT(n,q) A & r=1 ¢ —1

(ii) (Type B/C). Fiz partitions ju and X. Let T'(n,q) denote the set of
F-stable mazimal tori of SOgy41(Fy) or Spo, (Fy). Then

tmoae 3 ()(0)@

TeT(n,q)

B 1 ﬁ ( qr )”T(H) ﬁ < qr >nr(>‘)
fU‘u,UArzl qr_l r=1 qr—i—l ‘

Theorem 1.6(i) is proved in Section 2 and Theorem 1.6(ii) in Section 3.

In particular, Theorem 1.6 implies that the left-hand side of both equa-
tions converge for any character polynomial and any field Fj,. Hence The-
orem 1.6 recovers a primary result of Church, Ellenberg, and Farb in type
A, a consequence of [ChuEF14, Theorem 5.6]. In types B/C, it recovers
a primary result of Jiménez Rolland and Wilson, [JRW16, Theorem 4.3].
Theorem 1.6 improves upon both convergence results by providing explicit
formulas for the limits. In Examples 2.3 and 3.6 below we use Theorem 1.6

to recompute the explicit asymptotic identities from [ChuEF14, Section 1]
and [JRW16, Table 1].

1.4. Cohomology of flag varieties and maximal tori in type B/C.
Chen [Chel6] uses generating function techniques to count F-stable max-
imal tori of GL,(F;) and uses the formula in Theorem 1.1(i) to extract
topological information about the complex flag manifolds in type A, and
the space of maximal tori in the complex group GL,(C). In Section 3 we
use Theorem 1.1(ii) and follow his approach to study the cohomology of
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generalized flag manifolds and the spaces of maximal tori of Sp,,(C) and
SO2,,1+1(C).

In what follows we denote by R} the complex coinvariant algebra of type
B/C. Consider the action of B, on the polynomial ring C[xy,...,z,] by
permuting and negating the n variables x;. The coinvariant algebra R} is
defined as the quotient R} = C[zy,...,z,]/I, by the homogeneous ideal I,,
generated by the B, -invariant polynomials with constant term zero.

Borel [Bor53] proved that R} is isomorphic as a graded C[B,,]-algebra to
the cohomology of the generalized complete complex flag manifolds in type
B and C. In type C, the flag manifold is the variety of complete flags equal
to their symplectic complements. The flag manifold in type B is the variety
of complete flags equal to their orthogonal complements. The cohomology
groups of these flag manifolds are supported in even cohomological degree,
and the isomorphism from R, to the cohomology ring multiplies the grading
by two.

Wilson [Will4] uses the theory of FLy-modules to prove that, in each
cohomological degree, the characters of the cohomology of these flag vari-
eties are given by a character polynomial — independent of n — for all n
sufficiently large.

Theorem 1.7 (Existence of character polynomials for R?, [Will4, Corollary
6.5]). For each i > 0, there exists a unique hyperoctahedral character poly-
nomial Q; such that xg: = Q; for all n sufficiently large (depending on i).
Moreover the degree of the polynomial QQ; is at most i.

Following a suggestion made by Chen, we obtain in Section 3.1 a gener-
ating function for the B,, characters of R},.

Theorem 1.8 (A generating function for the B, characters of R:). Fiz an
integer n > 1. For all signed permutations o € By,

n2 _ i (1722)(1*24)...(172271)
;XR;(O)Z T (1= o) (L 4 2V

Using this result we can recover Theorem 1.7 and give a generating func-
tion for the polynomials @;. Chen and Specter [CheS16] compute the cor-
responding result in type A.

Theorem 1.9 (Character polynomials for R?, in type B/C). Define char-
acter polynomials Q; by the generating function

i T (1-1%)
ZQit - H (1 — tF)Xk(1 + th) Y%

=0 k=1
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Then the character of the By-representation R!, the i'" graded piece of the
coinvariant algebra R} in type B/C, is given by

Xri, = Qi forall i<2n-+1

Equivalently, in fixed degree 7, the character of the group R! is given by
the character polynomial Q; for all n > [%] Theorem 1.9 is proved in
Section 3.

Remark 1.10. Theorem 1.9 significantly improves upon Wilson’s result
Theorem 1.7: not only does Theorem 1.9 present an explicit generating
function for the character polynomials, it also gives a quantitative range i <
2n+1 for when the equality xg: = @; holds. The bound ¢ < 2n+1 is sharp;
see Remark 3.7. Moreover, from the form of the generating function we can
infer that the polynomial @; includes the terms X; — Y;, hence deg(Q;) = 1.
Thus Theorem 1.9 implies that the bound on the degree of the character
polynomials @); in Theorem 1.7 is also sharp.

Expanding the generating function in Theorem 1.9, we recover and extend
the list of explicit character polynomials given by Wilson [Will4, Section 6].

1+ (X -7 )t

+ (—1+%X1+%Y1+%X12+%1/12—X1Y1+X2—Y2>t2

(=30 4 3 XF - YR X - Y - XY
X1 Xo + ViYa X0V - XYy — XiYa + Xy - V)88

F(-1- 3K - - X - R BXOY 4§ - 30+ i
+ VP = XY - X0 YE 4 5 XX — 5 X1 Ye — 5ViYe 4+ 5 XoV)
Xl g - g XY - g XYY + G XYY 4 g KT - XTY)
+ %X2Y12 - %YfYQ - %YEYQ - X1 XoY1 + X1Y1Ys + %XZQ + %YQQ
X1 X = X1Ys = XaVi + V¥ — KoYy o+ Xq = Vi )t -

1.5. Stable twisted Betti numbers.

Definition 1.11 (Twisted Betti numbers in type B/C). Let T'(n,C)
denote the space of maximal tori in Sps, (C) or (equivalently) SOg,+1(C).
For a Bj-representation V,,, the twisted Betti numbers of T'(n,C) in V,, are
the values

dime H*(T'(n,C),V,,) = (R, V) B,

For a virtual B,-representation V,,, we again call the values (R%, V,)pg, € C
the twisted Betti numbers of T'(n, C) in V.
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Theorem 1.9 and Jiménez Rolland-Wilson [JRW16, Proposition 3.1] im-
ply that if P is any hyperoctahedral character polynomial, then the inner
product (P, R!)p, is independent of n for n > deg(P) +i. We conclude the
following theorem.

Corollary 1.12 (Twisted homological stability for complex tori). Let P be
a hyperoctahedral character polynomial and VI the associated sequence of
virtual representations of By,. For every i > 0 and all n > deg(P) + 1,

<VnP7 R:"L>Bn = <Vn+17 R;;'L+1>Bn+1 :
For genuine representations V¥ this implies in particular
dim¢ (H*(T(n,C),V,')) = dime (H*(T(n + 1,C), V,E,)).

We remark that the stable range in Corollary 1.12 relies on the result of
Theorem 1.9 that the character of Rf agrees with its character polynomial
for all ¢ < 2n + 1, and in particular for all ¢ < n.

If P is the character polynomial associated to a sequence of irreducible
By,-representations (as constructed in Wilson [Will5, Theorem 4.11]), Corol-
lary 1.12 can be interpreted as the statement that the cohomology groups
of the flag varieties are representation stable in the sense of Church—Farb
[ChuF'13, Definition 1.1], a consequence of Wilson [Will4, Corollary 6.5].

Finally, in Section 3 we prove a type B/C analog of results of Chen [Chel6,
Theorem 1 (II) and Corollary 2 (II)]. First we give a double generating
function for the twisted Betti numbers of T'(n,C).

Theorem 1.13 (The twisted Betti numbers <()/f) (};),R2>B ). Fiz a double

partition (1, )). Let
w0 = () () %),

- Bi(n)z'u"
Z (1—22)(1—2%) - (1—22)

n=0 =0

1 lul u” (1) 1Al u” nr(A) 0 1
We obtain a generating function for the stable twisted Betti numbers of
T'(n,C). From the form of this generating function we can deduce properties
of these sequences such as linear recurrence relationships and quasipolyno-
maiality.

Then

Corollary 1.14 (Generating functions for stable Betti numbers). Given a
double partition (u, \), let

X Y )
T — li ) ;1 )
a=tm () ()7,
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where R is the it graded piece of the coinvariant algebra R}, in type B/C.

Then
1 nr(A)
(1 + z) '

Since character polynomials of the form (f) (};) form an additive basis
for the space of all hyperoctahedral character polynomials, the result of
Corollary 1.14 is sufficient to derive a generating function for the twisted
stable Betti numbers associated to any given character polynomial. Because
the generating function in Corollary 1.14 is rational with denominator of
degree |u| + |A|, we obtain the following consequence.

Al

00 . 1 || 1 nr (@)
Sad- (=) I

=0 r=1 r=1

Corollary 1.15 (Linear recurrence for stable Betti numbers). Given a hy-
peroctahedral character polynomial P, let
o i
ﬁ’t nh_>n(;10<P7 Rn>Bn7
where R is the it graded piece of the coinvariant algebra R} in type B/C.
Then there exist integers dy, -+ ,dn such that for all i > N,

Bi = diBi—1 + d2fi—2 + - + dnBi-N-
When P = (if) (3/\/), then N = deg(P). In general N < 2(deg(P))?.

To state the next consequence of Corollary 1.14, we recall the definition
of a quasipolynomial from Stanley [Sta97, Section 4.4].

Definition 1.16 (Quasipolynomials; quasiperiods). A function p(t) is qua-
stpolynomial of degree d if it can be expressed in the form

p(t) = ca(t + cqg 1 ()t 4 - ey ()t + colt)

where the coefficients ¢;(t) are periodic functions of ¢t with integer periods,
and ¢g4(t) is not identically zero. Equivalently, the function p(t) is quasipoly-
nomial if for some M > 1 there are polynomials py(t),pi(t),...,pam—1(1),
such that

p(t) = pi(t) fort=4 (mod M).
The integer M is called a quasiperiod of p(t).

Corollary 1.17 (Stable Betti numbers are quasipolynomial). Given a hy-
peroctahedral character polynomial P, again let

B; = lim (P,R')p

29
n—o00 "

where R is the it graded piece of the coinvariant algebra R}, in type B/C.
Then for i > 1 the Betti numbers 3; are quasipolynomial in i, with degree at
most deg(P) — 1, and have a quasiperiod at most the least common multiple
of {2k | 1 < k < deg(P)}. If the character polynomial P has constant term
zero, then the above statement holds for all i > 0.
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Let C™ denote the canonical representation of B, by signed permutation
matrices. To illustrate Corollaries 1.14, 1.15, and 1.17, Example 1.18 gives
the character polynomial for the sequence of B,,-representations {Sme(C”}n
and their associated stable twisted Betti numbers.

Example 1.18. (Sym?C").
Character polynomial:

X Y;
X1+<21>+Y1+<21>+X2—Y2—X1Y1

()00 ()-()-B)0)

iﬂz" =4

d+3
= 1422242204320 438+ 4210 1 4212 4. 4 {—; J 24 ...
Recurrence: Ba = Ba—2 + Ba—a — Ba—e ford>"7.

Quasipolynomiality: For d > 0,
4 d=0 (mod 4)
Bai=4 L d=2 (mod 4)
0 d=1,3 (mod4).

Additional examples of stable twisted Betti numbers are given in Sec-
tion 3.2, with their associated generating functions, recurrence relations,
and quasipolynomials.

2. Maximal tori in the general linear groups

In this section, we let T'(n,q) denote the set of F-stable maximal tori of
GL,,(F;). Fulman [Full6, Theorem 3.2] proved the following:

(3) 1+Z‘GL Z Hx Hexp[ zit k]

TET (n,q) =1
Chen [Chel6] deduced from (3) that for any partition A,
Al

Zm 2 <X)(T):;,g<q':f1)wﬁu—i/qr>'

TeT(n,q)

Here if A is the empty partition, we take the constant n = 0 term on the left
hand side to be 1; otherwise, the constant term is 0.
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To analyze these formulas, we use the following elementary and well-
known lemma. We adopt the following notation: given a power series f(u),
we let [u"]f(u) denote the coefficient of u™.

Lemma 2.1 (The limit of a series’ coefficients). If the Taylor series of f(u)
around 0 converges at uw =1, then

tim [u7] L)

n—00 1—wu

= f(1).

Proof. Write the Taylor expansion f(u) = °  a,u™. Then observe that

[u"] S _ Z a;. O

1—wu ‘
=0

We can now prove Theorem 1.6(i), which gives formulas for the stable
values of polynomial statistics on the space of F-stable maximal tori in

GL,,(F;). Recall that the number of such tori is g

Proof of Theorem 1.6(i). It follows from (4) that
% > (f) (7)
q TeT(n,q)
is equal to
Ly (F)l o L

2
n<—n
q

gk -1 1—u/q

k=1 r=1

Since [u"]f(u) = [u"] f%q) for any function f, this expression is equal to
q

(Al ng (A 00
|GL,,(F,)| [u”]i H ukgk \™ 1 H 1
g 3wl " —1 I—u st 1—u/q"
Al k kN k(D) 00
1 u”q 1 1
—(1—1/q)--(1—1/¢" =TT ( 2L : -
ooy a-ue 1 (G) ey

The result now follows by taking the limit as n tends to infinity, and using
Lemma 2.1. To see that Lemma 2.1 is applicable, note that the Taylor series
of HTZI ﬁ around 0 converges at u = 1. Indeed, this Taylor series is
given by part 2 of Lemma 3.3, and

n _1 1
(1-1/g)---(1-1/¢") > 1 P

for all n, as is well known from Euler’s pentagonal number theorem (page
11 of [And98]). O
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Remark 2.2. We remark that there is an alternate approach to proving
Theorem 1.6(i). Chen computed a generating function for the stable twisted
Betti numbers for maximal tori in type A [Chel6, Proof of Corollary (II)].
Combining this with [ChuEF14, Theorem 5.6] proves the result.

Theorem 1.6(i) gives an efficient way to recover some computations of
Church-Ellenberg-Farb [ChuEF14].

Example 2.3 ([ChuEF14, Theorems 5.9 & 5.10]).

(a) lim — Y oxim) =L

n<—n .
T ret(ng) a1

o g [()-nm] = Gh) et
1

T —1/9)(1 - 1))

2.1. A new proof of Lehrer’s theorem. In what follows we give a new
proof of Theorem 1.1(i) using symmetric function theory. It should be pos-
sible to extend these methods to types B/C, but the argument is more
involved and we do not pursue it here. For the remainder of this section,
R!, denotes the ith graded piece of the coinvariant algebra R} in type A.
All necessary background in symmetric function theory can be found in
Macdonald [Mac95] or Stanley [Sta99]. The following two lemmas will be
crucial. Lemma 2.4 is stated in Fulman [Full6] and is immediate from
Springer—Steinberg [SpS70, Section 2.7].

Lemma 2.4 (Enumerating tori in GL,, () of a given type [SpS70, Full6]).

Fiz a partition X of n. The number of F-stable mazimal tori of GLy(Fy) of
type A is equal to

GLu(F)|
Z9) H?:l(qr - 1)"’"(’\)

Here n.(\) is the number of parts of A of size r, and z) = Hlf\:‘l N, (A)!

Recall that a standard tableau of shape A is a bijective labeling of the boxes
of the Young diagram for A\ by the numbers 1,--- ,n with the property that
in each row and in each column the labels are increasing. The descent set
of such a tableau is the set of numbers i € {1,--- ,n — 1} for which the box
labeled (i 4+ 1) is in a lower row than the box labeled i. The major index
maj(Y’) of a tableau Y is the sum of the numbers in its descent set. We let
fx,i be the number of standard Young tableaux of shape A and major index
i.
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For example, consider the Young diagram for the partition A = (2,1,1)
and its three associated standard tableaux

Y1:12\ Y2:13\ Y3=14‘
3 2 2
4] 4] 3]

Their descent sets are {2,3}, {1,3}, and {1, 2}, respectively. Hence
maj(Y;) =5 maj(Ys2) =4, and maj(Y3) = 3.

In this example,

1, i=3,4,5
f(2,1,1),i = {

0, otherwise.

Lemma 2.5 is due to Stanley, Lusztig, and Kraskiewicz—Weyman. See
Reutenauer [Reu93, Theorem 8.8] for a proof.

Lemma 2.5 (Decomposing the S,-representations R, [Reu93, Theorem
8.8])1 The multiplicity of the irreducible representation of Sy indexed by A
in Ry, is equal to f;.

We now prove Theorem 1.1(i).

Proof of Theorem 1.1(i). It suffices to prove Theorem 1.1(i) in the spe-
cial case that x is the class function which is equal to p, on elements of type
i, where p, denotes the power sum symmetric function corresponding to
a partition u. Indeed, taking the coefficient of the Schur function sy in p,
gives the irreducible character value Xﬁ of the symmetric group, and these
are a basis for the space of class functions.

By Lemma 2.4, the left hand side of (1) is equal to

1 GL,(F,
3 |GL (Fy)|

g 2 [ Tpey (6% — 1)”’“(“)1)“.

lul=n
On the other hand, since
Pu= D Xpsa,

[A|l=n

it follows from Lemma 2.5 that the right hand side of (1) is equal to
o Q-
IO SICHD SFREYES orab op ¥
=0 [Al=n [A|l=n =0 [A|l=n
1
- Z A Z qmaj(Y)’

[Al=n  sh(Y)=X
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where the sum is over standard Young tableaux Y of shape A. By Stanley
[Sta99, p. 363] this is equal to

n
D> sasa(,1/q, 1/, ) T - 1/4)
i=1

[A|=n
GL,(
’ n2,n ‘ZS)\S)\ 1/q71/q7)
4 Al=n
By Macdonald [Mac95, Section 1.4] this is
|GLy, (Fy)|
an_n Z pupu (1/a,1/¢%---)

|ul=n

1 |GLn (Fy)|
- qnz—n Z 2 Hn (qk _ 1)nk(,u)plu
laf=n 7H RS
Thus we have shown that the two sides of the formula in Theorem 1.1(i)
are equal, completing the proof. O

3. Maximal tori in symplectic and special orthogonal groups

In this section we use generating function techniques to study F-stable
maximal tori in Spy, (Fy), and (equivalently) in SOgy,+1(Fy). We prove The-
orem 1.6(ii) and use it to recover results from Jiménez Rolland-Wilson
[JRW16]. In the second half of the section, we derive analogs of results
from Chen’s lovely paper [Chel6] for the special orthogonal and symplectic
groups, as well as analogs of results in a personal communication from Chen
and Specter [CheS16].

The next two results are symplectic versions of results from Fulman

[Full6].

Lemma 3.1 (Enumerating tori in Sp,, (F;,) of a given type). Let (1, \) be
an ordered pair of partitions satisfying |u| + |\ = n. Let n.(u) denote the
number of parts of p of size v, and let n,.(\) denote the number of parts of
A of size . Then the number of F-stable mazimal tori of Sps,, (Fy) of type
(1, A) is equal to

SpPa,, (£5)|
[T ne () g (W) (2r) e (040 T (g7 — 1)) (g7 + 1)7r(N)
Proof. This is immediate from Springer—Steinberg [SpS70, Section 2.7], to-

gether with the fact that the centralizer size of an element of B, of type
(1, A) is equal to

H e () g (A (2)r () O
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In this section, T'(n,q) denotes the set of F-stable maximal tori 7' of
Spay (Fy) (or SOgnt1(Fy))-

Theorem 3.2 (A generating function for statistics on T'(n, q)).

1+Z’SP2n Z HwX o Y(T

TGT(n q)r=1
_ H exp [ It
1)2k (qk +1)2k
Proof. Lemma 3.1 implies that the left-hand side of the theorem is equal

to

nH T nr(/\)
1 r=
+nzl <Z> T, ), )] 2 7 ><q — ) 1O
[|+IX=

By the Taylor expansion of the exponential function, this is equal to

H exp uk ykuk 0
1)2k (qk+1)2k '

The following lemma will be helpful in manipulating the generating func-
tion of Theorem 3.2.

Lemma 3.3 (Two generating function identities).

(e}

O I Muﬂ it

= 1

(i) H 1—u/q +Z 1—1/q (L=1/q")

Proof. The first assertion is proved in the proof of Fulman [Full6, Theorem
3.4]. The second assertion is classical and goes back to Euler; see Andrews
[And98, Corollary 2.2]. O

As a corollary, we recover Steinberg’s enumeration of the number of F-
stable maximal tori of Spy, (F}) [Ste68, Corollary 14.16]. Recall that given
a power series f(u), we let [u"]f(u) denote the coefficient of u".

Corollary 3.4 (Enumerating tori in Spy, (Fy) [Ste68, Corollary 14.16]). The
number of F-stable maximal tori of Spe,(Fy) is 2"
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Proof. By setting all variables x, = y, = 1 in Theorem 3.2, we find that
the number of maximal tori is equal to

|Sp2n(Fq)| [un] EeXp |:(q7“ —1)2r + (q" + 1)2T‘:|
_ ] T exp [—22] |
= [Sp2n (Fo)l [ ]Tl_Il p [r(qQT _ 1)]

Since [u"]f(u) = ¢"[u"]f(u/q) for any function f, this coefficient is equal to

[SP2n (Fy)| " [u"] exp [Z T(q;f_l)] .

r=1
By Lemma 3.3(i), this is

o0

1
S F n n -
| p2n( q)|q [u ]J;Il (1 7u/q2r)
and by Lemma 3.3(ii), this expression equals

n 1
|Sp2n(Fq)| q q2"(1 — 1/6_12) . (1 _ 1/q2n)'

Finally, we use the identity
Tl -
1

|Sp2n(Fq)’ = qn

n

)

to conclude that the number of F-stable maximal tori is q2"2 as claimed. [J

Table 1 of the paper Jiménez Rolland-Wilson [JRW16] gives explicit ex-
pressions for the average values of the following statistics on T'(n, q):

X1+
2

These average values can be derived more efficiently from the generating
function given in Theorem 3.5, and their limiting values are special cases of
Theorem 1.6(ii). Theorem 3.5, which we now prove, is an analog of Chen’s
Equation (4) from Section 2.

Xlu X1+}/17 ) _(X2+Y2)7 X2_Y2

Theorem 3.5 (Average values of the statistic (if) (};) on T(n,q)). Fiz a
double partition (u, ). Then

> i, 2, () ()

TeT(n,q)

is equal to

|l r ne(p) 1Al
1 U
1 (q’" - 1) 1;[

)
_ 2k—1"
U N q"+1 - 1—u/q
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If both i and A are the empty partitions, we define the constant n = 0 term
to be 1; otherwise, the constant term is 0.

Proof. We take the generating function of Theorem 3.2, and for each r > 1
we differentiate n, (1) many times with respect to the variable z,, and n,(\)
many times with respect to y,.. We then set all variables z, = y, = 1. The

result is that the quantity
X\ /Y
> ()0
I

TeT(n,q)

is equal to

‘SPQn(Fqﬂ [un] ﬁ ( u” )nr(u) ﬁ ( u” >nr()\)
VLU q-—1 q-+1

r=1

- uk 'LLk
',}1@@ [<qk “2k (T 1)21@} '

By Lemma 3.3(i), this is

|u r n(p) | r nr(A) 0
|Sp2n(Fq)| n u u 1
{U]H q’"—l H qr_|_1 Hl—u/q%*l

v, U
nEA r=1 k=1

as claimed. O

With the result of Theorem 3.5, we can now prove Theorem 1.6(ii), which
gives explicit formulas for the stable mean values of the polynomial statistics
(if) (1/\/) on T'(n,q), in the limit as n tends to infinity.

Proof of Theorem 1.6(ii). By Theorem 3.5,

=, 2 ()0

TeT(n,q)
is equal to
|Sp2n(Fq)’ n 1 u” nr (k) Al u” np(\) oo 1
S [T (= e ML
q n ’U,U,’UA r=1 q 1 1 q +1 1_u/q

k=1

Since [u"]f(u) = [u"] f(tiq) for any function f, this can be rewritten as
q

Uz A T Ny 00
|Sp2n(Fq)’ [un] ﬁ urqr ) h u q ) H 1
g2nitn N g —1 g +1 1—u/q?-2

r=1 r=1 k=1
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which is equal to
(1-1/¢*) (1 =1/g")--- (1= 1/¢*")

1 ﬁ urg” \™ W ﬁ wgn \"™ 1 ﬁ 1
e GE) IS
Uy Uy o \g" -1 o \g"+1 l—ukzll—u/q
Now applying Lemma 2.1 proves the theorem. ([

With Theorem 1.6(ii) we recover the following four results from Table 1
of Jiménez Rolland—Wilson [JRW16].

Example 3.6 ([JRW16, Table 1]).

(@) lm Y X (1) =

n—00 q2”2 TeT(ma) 2((] - 1) .
1 ’
" nh_{%o ‘]27 Te%;l a) A= Q(Qq— 1) * 2(61({*’ 1) - q2q_ 1
. . 1 Xi(T)+v(T)\
© Jmas 3 (5T - o )|
. X\ (Yi(T)
B ”1—”0 q2n2 TG;(;WI) ( 2 > " ( 2 > N XI(T)YI(T)

— (X2(T) + Ya(T))

B 1 q 2 1 q 2 q q
T2 [Q(q — 1)] T3 [2(q+ 1)} EEESEIVESY
7 q°
A -1) A2 +1)
(- -1)
o1 'S ¢
@ Jim e 2 @ -NM)= g - g
€T(n,q)
q2
T2t 1)

3.1. Maximal tori in Sp,,,(C) and SO2,+1(C). Next we follow Chen
and Specter’s approach [Chel6, CheS16] and use our statistical computa-
tions on maximal tori in Spy,(Fy) and SOg,4+1(F,) to obtain information
about cohomology of the spaces of maximal tori T'(n,C) in the complex
algebraic groups Sp,,,(C) and SOg,,11(C). The bridge between the combi-

natorial and the topological data is given by Lehrer’s Theorem 1.1(ii). In
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the remainder of this section R! always denotes the i*" graded piece of the
complex coinvariant algebra R} in type B/C. We first prove Theorem 1.8.

Proof of Theorem 1.8. Fix n and ¢ € B,,. In Theorem 1.1(ii) let x be
the class function on B,, which is 1 on elements of type ¢ and 0 else. Since
the centralizer size of ¢ is equal to

[T ()1 (o)1(2r) X ()Y (@)

r=1
it follows that the number of maximal tori of type o is equal to

n2
2n2 ) —i 1
! ;XR% (7)a [Tr_; X, (0)!Y;(0)!(2r) Xr(@)+Yr(o)”

On the other hand, Lemma 3.1 indicates that the number of maximal tori
of type o is equal to

[SPan (£
[T X (o)WY (o) (2r) Xr @Y (@) TN, (7 — 1)Xr(0) (g7 + 1)Yr(o)”

Thus

2
2n?2 o —i |Sp2n(Fq)|
q XRri\o)q = .
; 7(7) [Tr= (" = D)X (g + 1)¥r(@)

r=1

Since |Sp, (Fy)l = ¢ +™(1 = 1/¢%)(1 = 1/¢*)-+- (1 = 1/¢*"), it follows
that

i ) —i (1_1/(]2)(1—1/q4)...(1_1/q2n>
;XR%(U)Q = H?:l(l _ 1/qT)XT(U)(1 + l/qT)Yr(o)‘

Since this equality holds for any prime power ¢, we can set z = 1/q to
complete the proof. O

Now we prove Theorem 1.9, giving a generating function for the character
polynomials associated to the cohomology groups of the generalized flag
varieties in type B/C.

Proof of Theorem 1.9. Fix a positive integer n and signed permutation
o € By. Let @Q; be the character polynomial defined by the generating
function

> o =TT =i
(o)t = .
= Pl (1 _ tk)Xk(U)(]_ + tk‘)Yk(U)
Our goal is to show that the terms in the series

D xw (@)t = Qi)
i=0 i=0
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vanish for i < 2n + 1. By Theorem 1.8 this difference is equal to

1 — t2k) (1- t2k)

_ H (1) (1)
(1 — tF)Xk(0) (1 4 tk)Yr(0) 1—tk) k(@) (1 4 tk)Ye(o) |

Since o € By, the class functions X} (0) and Yy (o) vanish when k > n, and
so this series equals

() 2k
H (1 — th)Xk(0) (1 4 tk)Yi(o) 1—H(1—t )| -

k>n

The smallest power of ¢ in this series is t*”+2, which completes the proof. [0

Remark 3.7 (The stable range in Theorem 1.9 is sharp). The bound given
in Theorem 1.9 is optimal: since for all o € B,, the power series

- H (1 o t2k>]

k>n

1 (1 #2%)
_ +k\ Xk (o kY (o
k:l(l tk) k( )(1_|_t ) (o)
appearing in the proof includes the term t?"+2, the equality y ri = Qi holds
only for i < 2n 4+ 1. We can see this concretely in small degrees: the spaces
R2 and R} are both zero, but by inspection the character polynomials Q2
and Q4 for the sequences {R2 },, and {R2},, (given explicitly in Section 1.4)
do not vanish identically on the groups By and Bj, respectively.

Next we prove Theorem 1.13, which gives a double generating function
for the twisted Betti numbers of T'(n, C).

Proof of Theorem 1.13. For g a prime power,

oSS Biln) i
22 T

n=0 i=0
00 n?
— Z # q2”2 Z Bi(n)qfi (ugq)™.

By Theorem 1.1(ii), this is

Z\szn | 2 () ()| war

TeT(n,q)

which (by evaluating the series in Theorem 3.5 at ug) equals

1 ﬁ ( urq" )nr(u)ﬁ ( urq” )nr(/\)lo_OI 1
VuUx r=1 ¢ = 1 r=1 ¢+ 1 r=1 1- u/q2r_2
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Since the equality holds for all prime powers ¢, the equality also holds when

¢! is replaced by a formal variable z. O

We now prove Corollary 1.14, a generating function for the stable twisted
Betti numbers associated to the character polynomial (f ) (z\/) We are grate-
ful to Weiyan Chen for help with filling in the details of this proof.

Proof of Corollary 1.14. Fix a double partition (i, A), and let

zmm=<<iﬂ§>m>&'

For each n > 0, define the power series f,(z) by
2 .
. = Bi(n)z"
W= Ay

1=0

By Theorem 1.13, we have equality

;fn(z ZZ (1-22) 1—2);“ (1—22n)

nOzO

B 1 ﬁ u” nr(p) ﬁ u” nr(X) ﬁ 1
N B 1427 1 —uz2r—2"

r=1 r=

Let f(z) denote the pointwise limit of the sequence {f, (z)} on the open
unit disk {z € C : |z| < 1}. Then for fixed z with |z] < 1,

f(z) = lim [u Z fulz

n—)oo
| 1] ne(p) Al nr(A) 00
1 u” u” 1
— L n
_nlggo[u]v v H<1—z7"> H<1+z7"> Hl—uz%*?'
K Ar:l r=1 r=1

By Lemma 2.1 this pointwise limit is

1 || 1 ne(p) 1Al 1 nr(X) 00 1
f(z):vuv/\rll<1—z’”> Tl;[l<1+z’"> gl—zz’"'

Next, recall that by Wilson [Will4, Corollary 6.5] and Jiménez Rolland—
Wilson [JRW16, Proposition 3.1], for each fixed i the sequence §;(n) is even-
tually constant, with stable value ; := lim,_,~ 8;(n); see Corollary 1.12.
It follows that the sequence {f,(2)} also converges as a sequence of formal
power series, that is, for each i > 0 the coefficient [2"]f,,(2) is eventually con-
stant in n. Its limit, the power series g(z) with [2']g(2) = limp—eo[2"] fn(2),
is

_ zadic o Bi(n)?*
9<Z)_JH&Z; (T— (1 2). - (1 =2 ZHT N 1—22’")

1=
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To complete the proof, we wish to equate the pointwise limit f(z) and the
formal power series limit g(z) of the sequence { f,(2)}. (These limits need not
be equal in general, even when both limits exist and are analytic functions
on the unit disk.) In order to do this, we will prove that the sequence
{fn(2)} converges uniformly to f(z) on the closed disk {z € C : [z] < %},
and then equality f(z) = g(z) follows from an application of the Cauchy
integral formula.

To show uniform convergence, by Dini’s theorem, it suffices to show that
at each point z in the closed disk, the sequence { f,(z)} is monotone increas-
ing. But

o0 [e.e]
S ()~ Far (D" = (L) 3 ful2”
n=0

n=0

B 1 ﬁ u’ nr (1) ﬁ u” nr(A) lo_o[ 1
_UNU)\Tzl 1— 2" 1+ 2" T:llfuzQ’”’

r=1

and by inspection, for each n > 0 and z with |z| < 1, the coefficient (f,(z)—

fn—1(z)) of u™ is positive as desired. We can therefore equate f(z) = g(z),
and we conclude

0 i 1 |1l 1 ne(u) 1Al 1 nr(X)
(I (=

U, v
R r=1

as claimed. O

Remark 3.8. Corollary 1.14 can also be proven using Theorem 1.6 and
results of Jiménez Rolland and Wilson [JRW16]. Specifically, combining
Theorem 1.6(ii) and Lehrer’s identity Theorem 1.1(ii), we obtain the formula

n2 A 1 || 7 nr (@) Al q nr(N)
li “'Bi(n) = '
nl_{lologq Bi(n) vng<qr_1> Tl;[l<q7“+1>

By [JRW16, Theorem 4.3] the left-hand side of this formula is equal to

oo oo

: —in () —ig.
anggoq Biln) => ¢ 'Bi,
i=0 i=0
and so by the substitution z = % we conclude Corollary 1.14. The proof of

Corollary 1.14 given above avoids the nontrivial combinatorial and analytic
work performed in [JRW16].

Using the generating function from Corollary 1.14, we now prove Corol-
lary 1.15, on linear recurrence relations satisfied by the stable twisted Betti
numbers.

Proof of Corollary 1.15. A general character polynomial P may be writ-
ten as a linear combination of character polynomials of the form (if ) ()/\/)
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with |u| + |A| < deg(P). Hence, its generating function can be written as
a rational function with denominator given by the common denominator of

the generating functions
1 nr(N)
(1) W+ <)

1Al

1 |l 1 nr (1)
VU H (1 — z’") H

r=1 r=1

A coarse bound on the degree of this denominator follows from the obser-
vation that, for each 1 < r < deg(P), the corresponding factors (1 — 2")

and (1+ 2") each appear in this common denominator with multiplicities at

most degf(P), and hence together contribute at most 2r (degT(P)) = 2deg(P)

to its degree. This gives a total degree of at most 2 deg(P)?. O

The form of the generating functions in Corollary 1.14 also implies that
the stable twisted Betti numbers 84 will be quasipolynomial, as in Corol-
lary 1.17.

Proof of Corollary 1.17. Stanley [Sta97, Proposition 4.4.1] proves that
an integer function p(t) is quasipolynomial with period M if and only if the
associated generating function > 2, p(n)z"™ is a rational function A(z)/B(x)
(reduced to lowest terms) such that all roots of B(z) are M roots of unity,
and deg(A) <deg(B). Moreover, the degree of p(t) is strictly bounded above
by the largest multiplicity of a root of B(x).

If the character polynomial P has constant term zero, we may write P
as a linear combination of character polynomials (if ) (E() with |p| + || > 0.
Then by Corollary 1.14, the generating function for the associated stable
Betti numbers is given by a linear combination of functions of the form

1 ﬁ 1 ni(p) ﬁ 1 ni(A)
UpUx 1—28 14 2

=1

such that 0 < |u|+|\| < deg(P). Since the denominators (1—z%) and (1+2%)
have positive degree and all roots are (2i)"" roots of unity, we conclude that
these stable Betti numbers are quasipolynomial, and have a quasiperiod
bounded by the least common multiple of the numbers 2,4, ...2deg(P).
Moreover, in the common denominator for this generating function the max-
imum multiplicity of any root is deg(P), and so the quasipolynomial has
degree at most deg(P) — 1 as claimed.

Now suppose that P has constant term ¢. Only the graded piece RO
of the coinvariant algebra contains the trivial B,, representation, hence the
stable Betti numbers for P and (P — ¢) will be the same for all ¢ > 0. This
concludes the proof. O

Oth

3.2. Examples of stable twisted Betti numbers in type B/C. We
end the paper using Corollary 1.14 to compute some examples of stable Betti
numbers. Let C™ denote the canonical n-dimensional B,-representation by
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signed permutation matrices; this is the irreducible representation associ-
ated to the double partition ((n — 1), (1)). Below we describe combinatorial
properties of twisted Betti numbers with coefficients in C™, and some sym-
metric and exterior powers of C™ in small degree.

Example 3.9. (Example: C").
Character polynomial:

o

Zﬂ T A-2)(+2)

=2+ BT 2

Betti numbers:

Recurrence: Ba = Ba—2 for d > 3.
= 2
Quasipolynomiality: For d >0, 64 = {(1] jz (1) EZZS 2;
Example 3.10. (\*>C").
Character polynomial:
pA*Cr :<X;> + <1;1> -Xo+ Y —X1Y]
(0)+(0)- ()2 -0
\H\H) ) o) \oJ o)

Betti numbers:
4

%) . -
iz;ﬁiz T - 2R+ )

d
=24 120 4228 12210 13212 13 L {J 2

2
Recurrence: Ba = Ba—2 + Ba—4 — Ba—e for d > 6.
Quasipolynomiality: For d > 0,
% d=0 (mod 4)
Ba = % d=2 (mod 4)
0 d=1,3 (mod 4)
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Example 3.11. (/\3 Ccm).
Character polynomial:

X1 Y: Y1 X1
- X - Y]
(3) - (5)+ 2 (3)-1(3)
- X1 Xo + XoY1 + Yo X5 — V1Yo + X3 — V3.

Betti numbers:
9

o ) Py
> 5 =
— (1—2)2(1+2)2(1 4+ 22)(1 — 23)(1 + 23)
—_ 29+Z11 +2213—|—3215 —|—4zl7—|—5219—|—7z21 +8223
+102%° + 12227 4 1422 + 16231 + 19233 + 21230
+242°7 4+ 272% + 302* 43320 + ..

Recurrence:
Ba = Ba—2 + Bia—a — Ba—s — Ba—10 + Ba—12  for d > 12.
Quasipolynomiality: For d > 0,
(& 415 4=1,5 (mod12)
@ _dy 9 §=3 (mod12)
Bi={ %L -d_T ¢=711 (mod 12)
€412 g=9 (mod 12)
0 d=0,2,4,6,8,10 (mod 12).
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