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Algebraic nonhyperbolicity of hyperkahler
manifolds with Picard rank greater than
one

Ljudmila Kamenova and Misha Verbitsky

ABSTRACT. A projective manifold is algebraically hyperbolic if the de-
gree of any curve is bounded from above by its genus times a constant,
which is independent from the curve. This is a property which follows
from Kobayashi hyperbolicity. We prove that hyperkéhler manifolds are
not algebraically hyperbolic when the Picard rank is at least 3, or if the
Picard rank is 2 and the SYZ conjecture on existence of Lagrangian
fibrations is true. We also prove that if the automorphism group of a
hyperkéahler manifold is infinite then it is algebraically nonhyperbolic.

CONTENTS
1. Introduction 489
2. Basic notions 490
3. Main results 491
References 493

1. Introduction

In [V2] M. Verbitsky proved that all hyperké&hler manifolds are Kobayashi
nonhyperbolic. It is interesting to inquire if projective hyperkéhler mani-
folds are also algebraically nonhyperbolic (Definition 2.5). For a given pro-
jective manifold algebraic nonhyperbolicity implies Kobayashi nonhyperbo-
licity. We prove algebraic nonhyperbolicity for projective hyperkahler man-
ifolds with infinite group of automorphisms.

Theorem 1.1. Let M be a projective hyperkdhler manifold with infinite
automorphism group. Then M 1is algebraically nonhyperbolic.
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If a projective hyperkéahler manifold has Picard rank at least three, we
show that it is algebraically nonhyperbolic. For the case when the Picard
rank equals to two we need an extra assumption in order to prove alge-
braic nonhyperbolicity. The SYZ conjecture states that a nef parabolic line
bundle on a hyperkéhler manifold gives rise to a Lagrangian fibration (Con-
jecture 2.4).

Theorem 1.2. Let M be a projective hyperkahler manifold with Picard rank
p. Assume that either p > 2, or p =2 and the SYZ conjecture holds. Then
M is algebraically nonhyperbolic.

2. Basic notions

Definition 2.1. A hyperkdhler manifold of mazimal holonomy (or irre-
ducible holomorphic symplectic) manifold M is a compact complex Kéhler
manifold with (M) = 0 and H*°(M) = Co, where ¢ is everywhere nonde-
generate. From now on we would tacitly assume that hyperkéhler manifolds
are of maximal holonomy.

Due to results of Matsushita, holomorphic maps from hyperkéhler mani-
folds are quite restricted.

Theorem 2.2 (Matsushita, [Mat]). Let M be a hyperkéihler manifold and
f: M — B a proper surjective morphism with a smooth base B. Assume
that f has connected fibers and 0 < dim B < dim M. Then f is Lagrangian
and dimc B = n, where dimc M = 2n.

Following Theorem 2.2, we call the surjective morphism f: M — B a
Lagrangian fibration on the hyperkahler manifold M. A dominant map
f: M --s B is a rational Lagrangian fibration if there exists a birational
map ¢: M --+ M’ between hyperkahler manifolds such that the composition
foe™!l: M' — B is a Lagrangian fibration. J.-M. Hwang proved that if the
base B of a hyperkahler Lagrangian fibration is smooth, then B = P™ (see
[Hw]).

Definition 2.3. Given a hyperkéhler manifold M, there is a nondegenerate
primitive form ¢ on H%(M,Z), called the Beauville-Bogomolov—Fujiki form
(or the “BBF form” for short), of signature (3,by — 3), and satisfying the
Fujiki relation

/ " = c-qa)” for € H*(M, Z),
M

with ¢ > 0 a constant depending on the topological type of M. This form
generalizes the intersection pairing on K3 surfaces. A detailed description
of the form can be found in [Be], [Bog] and [F].

Notice that given a Lagrangian fibration f: M — P", if h is the hyper-
plane class on P", and o = f*h, then « belongs to the birational Kéhler cone



ALGEBRAIC NONHYPERBOLICITY 491

of M and ¢(a) = 0. The following SYZ conjecture states that the converse
is also true.

Conjecture 2.4 (Tyurin, Bogomolov, Hassett—Tschinkel, Huybrechts, Sa-
won). If L is a line bundle on a hyperkdhler manifold M with q(L) = 0, and
such that c1(L) belongs to the birational Kdhler cone of M, then L defines
a rational Lagrangian fibration.

For more reference on this conjecture, please see [HT], [Saw], [Hu3|] and
[V1].

This conjecture is known for deformations of Hilbert schemes of points
on K3 surfaces (Bayer-Macri [BM]; Markman [Mar]), and for deformations
of the generalized Kummer varieties K,,(A) (Yoshioka [Y]).

In [V2] M. Verbitsky proved that all hyperkahler manifolds are Kobayashi
nonhyperbolic. In [KLV] together with S. Lu we proved that the Kobayashi
pseudometric vanishes identically for K3 surfaces and for hyperkahler man-
ifolds deformation equivalent to Lagrangian fibrations under some mild as-
sumptions. In [De] Demailly introduced the following notion.

Definition 2.5. A projective manifold M is algebraically hyperbolic if for
any Hermitian metric h on M there exists a constant A > 0 such that for
any holomorphic map ¢: C — M from a curve of genus g to M we have
that 29 —2 > A [, ¢*wy, where wy, is the Kéhler form of h.

In this paper all varieties we consider are smooth and projective. For
projective varieties, Kobayashi hyperbolicity implies algebraic hyperbolicity
([De]). Here we explore nonhyperbolic properties of projective hyperkéhler
manifolds. Algebraic nonhyperbolicity implies Kobayashi nonhyperbolicity.

3. Main results

Proposition 3.1. Let M be a hyperkdhler manifold admitting a (rational)
Lagrangian fibration. Then M is algebraically nonhyperbolic.

Proof. We use the fact that the fibers of a Lagrangian fibrations are abelian
varieties ([Mat]). The isogeny self-maps on an abelian variety provide curves
of fixed genus and arbirary large degrees, and therefore they are algebraically
nonhyperbolic.

An alternative way of proving this proposition is by using the following
result whose proof was suggested by Prof. K. Oguiso.

Lemma 3.2. If a hyperkdhler manifold M admits a Lagrangian fibration,
then there exists a rational curve on M.

Indeed, in [HwO] J.-M. Hwang and K. Oguiso give a Kodaira-type classi-
fication of the general singular fibers of a holomorphic Lagrangian fibration.
All of the general singular fibers are covered by rational curves. The locus
of singular fibers is nonempty (e.g., Proposition 4.1 in [Hw]), and therefore
there is a rational curve on M.
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According to Lemma 3.2, M contains a rational curve, and therefore, M is
algebraically nonhyperbolic. This finishes the proof of Proposition 3.1. [J

Lemma 3.3. Let M be a projective hyperkahler manifold with infinite au-
tomorphism group I'. Consider the natural map

f:T — Aut(HM(M)).
Then the elements of the Kdhler cone have infinite orbits with respect to
f(@).
Proof. See the discussion in Section 2 of [O2]. O

Lemma 3.4. Let M be a projective hyperkdhler manifold, and I its auto-
morphism group. Consider the natural map

g: T — Aut(H2.(M)) x Aut(HYH(M)).
Then g(T) is finite in the first component Aut(HZ.(M)).

Proof. This has been proven by Oguiso, see [O1]. The idea is that the BBF
form restricted to the transcendental part H2.(M) is of K3-type. Then we
can apply Zarhin’s theorem (Theorem 1.1.1 in [Z]) to deduce that

g() C Aut(Hj,.(M))
is finite. O

Theorem 3.5. Let M be a projective hyperkdhler manifold with infinite
automorphism group. Then M 1is algebraically nonhyperbolic.

Proof. For any Kéhler class w on M, its f(I')-orbit is infinite by Lem-
ma 3.3. Fix a polarization w on M with normalization ¢(w) = 1. For a
given constant C' > 0 consider the set

De ={z e H"(M,Z) | q(z) >0, g(z,w)<C}.

Notice that D¢ is compact. Indeed, y = = — g(x, w)w is orthogonal to w
with respect to the BBF form g. The quadratic form ¢ is of type (1,b2 — 1)
on HY'(M,Z) and since q(w) > 0, the restriction q|,. is negative-definite.
A direct computation shows that

a(y) = q(z) = 2q(z,w)* + (2, w)*q(w) = g¢(z) — q(z,w)* > ~C*.
The set D¢ is equivalent to the set of elements {y € w|q(y) > —C?}, which
is compact because ¢l,,. is negative-definite. Since the set D¢ is compact,
SUp,er., degz = oo, which means there is a class of a curve n with ¢(n) > 0.

However, all curves in the orbit I'-7n have constant genus. Since their degrees
could be arbitrarily high, then M is algebraically nonhyperbolic. O

Lemma 3.6. Let M be a hyperkdhler manifold such that the positive cone
does not coincide with the Kdahler cone. Then M contains a rational curve.

Proof. This is a classical result that Boucksom and Huybrechts knew in
the early 2000’s [Bou, Hu2]. O
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Theorem 3.7. Let M be a hyperkdhler manifold with Picard rank p. As-
sume that either p > 2 or p = 2 and the SYZ conjecture holds. Then M is
algebraically nonhyperbolic.

Proof. Notice that the Hodge lattice H!(M,Z) of a hyperkihler mani-
fold has signature (1,k). Therefore, for p > 2, the Hodge lattice contains
a vector with positive square, and M is projective ([Hul]). First, con-
sider the case when p > 2. If the Kéhler cone coincides with the positive
cone, then the automorphism group Aut(M) is commensurable with the
group of isometries SO(H?(M,Z)) (Theorem 2.17 in [AV]) preserving the
Hodge type. By Lemma 3.4, this group is commensurable with the group of
isometries of the Hodge lattice H%! (M, Z). By Borel and Harish-Chandra’s
theorem ([BorHC]), if p > 2, any arithmetic subgroup of SO(1,p — 1) is a
lattice. However, Borel density theorem implies that any lattice in a non-
compact simple Lie group is Zariski dense ([Bor]). Therefore, for p > 2,
SO(HY'(M,Z)) is infinite. In this case Aut(M) is also infinite and we can
apply Theorem 3.5. On the other hand, if the Kéhler cone does not coincide
with the positive cone, then by Lemma 3.6 there is a rational curve on M.
Therefore, M is algebraically nonhyperbolic.

Now let p = 2. Assume the positive cone and the Kihler cone coincide.
If there is no n € H%'(M,Z) with ¢(n) = 0, then by Theorem 87 in [Dil,
SO(HYY(M,Z)) is isomorphic to ZxZ/2Z. Therefore, both SO(H' (M, Z))
and Aut(M) are infinite and we can apply Theorem 3.5. If there is n €
HYY(M,Z) with q(n) = 0, then the SYZ conjecture implies that 7 defines
a rational fibration on M and we could apply Proposition 3.1. If p = 2
and the positive and the Kéhler cones are different (i.e., the positive cone
is divided into Kihler chambers), then there is a nef class n € H!(M, Z)
with ¢(n) = 0. Since we assumed that the SYZ conjecture holds, the class n
defines a Lagrangian fibration on M. Applying Proposition 3.1 we conclude
that M is algebraically nonhyperbolic. ([

Remark 3.8. We conjecture that all projective hyperkahler manifolds are
algebraically nonhyperbolic. However, our proof fails for manifolds with
Picard rank 1.

Acknowledgments. This work was inspired by a question of Erwan Rous-
seau about algebraic nonhyperbolicity of hyperkihler manifolds. The paper
was started while the first-named author was visiting Université libre de
Bruxelles and she is grateful to Joel Fine for his hospitality. It was finished
at the SCGP during the second-named author’s stay there. We are grateful
to the SCGP for making this possible.

References

[AV] AMERIK, EKATERINA; VERBITSKY, MISHA. Construction of automorphisms of
hyperkéhler manifolds. Preprint, 2016. arXiv:1604.03079.


http://arXiv.org/abs/1604.03079

494

[BM]

[Bog]

[Bor]

[BorHC]

(HT]

[Hul]

[Hu2]

[Hu3|

LJUDMILA KAMENOVA AND MISHA VERBITSKY

BAYER, AREND; MACRI, EMANUELE. MMP for moduli of sheaves on K3s via
wall-crossing: nef and movable cones, Lagrangian fibrations. Invent. Math.
198 (2014), no. 3, 505-590. MR3279532, Zbl 1308.14011, arXiv:1301.6968,
doi: 10.1007/s00222-014-0501-8.

BEAUVILLE, ARNAUD. Varietes Kéhleriennes dont la premiére classe de Chern
est nulle. J. Differential Geom. 18 (1983), no. 4, 755-782. MR0730926, Zbl
0537.53056, doi: 10.4310/jdg/1214438181.

BocomoLov, FEDOR A. Hamiltonian Ké&hler manifolds. Sov. Math. Dokl. 19
(1978), 1462-1465; translation from Dokl. Akad.Nauk SSSR 243 (1978), no. 5,
1101-1104. MR0514769, Zbl 0418.53026.

BOREL, ARMAND. Density properties for certain subgroups of semi-simple
groups without compact components. Ann. of Math. (2) 72 (1960), 179-188.
MR0123639, Zbl 0094.24901, doi: 10.2307/1970150.

BOREL, ARMAND; HARISH-CHANDRA. Arithmetic subgroups of algebraic
groups. Ann. of Math. (2) 75 (1962), 485-535. MR0147566, Zbl 0107.14804,
doi: 10.2307/1970210.

BOUCKSOM, SEBASTIEN. Le cone kihlérien d’une variété hyperkihlérienne. C.
R. Acad. Sci. Paris Ser. I Math. 333 (2001), no. 10, 935-938. MR1873811, Zbl
1068.32014, doi: 10.1016/S0764-4442(01)02158-9.

Curtis, CHARLES W.; REINER, IRVING. Representation theory of finite groups
and associative algebras. Pure and Applied Mathematics, XI. Interscience Pub-
lishers, a division of John Wiley & Sons, New York-London, 1962. xiv+685 pp.
MR0144979, Zbl 0131.25601.

DEMAILLY, JEAN-PIERRE. Algebraic criteria for Kobayashi hyperbolic projective
varieties and jet differentials. Algebraic geometry (Santa Cruz, 1995), 285-360,
Proc. Sympos. Pure Math., 62, Part 2. Amer. Math. Soc., Providence, RI, 1997.
MR1492539, Zbl 0919.32014.

DicksoN, LEONARD EUGENE. Introduction to the theory of numbers. Dover
Publ. Inc., New York, 1954. viii+183 pp. Zbl 0084.26901.

Fuiiki, AKIRA. On the de Rham cohomology group of a compact Kéahler sym-
plectic manifold. Algebraic geometry (Sendai, 1985), 105-165, Adv. Stud. Pure
Math., 10. North-Holland, Amsterdam, 1987. MR0946237, Zbl 0654.53065.
HASSETT, BRENDAN; TSCHINKEL, YURI. Rational curves on holomorphic sym-
plectic fourfolds. Geom. Funct. Anal. 11 (2001), no. 6, 1201-1228. MR1878319,
Zbl 1081.14515, arXiv:math/9910021, doi: 10.1007/s00039-001-8229-1.
HuvyBRECHTS, DANIEL. Compact hyper-Kéhler manifolds: basic results. In-
vent. Math. 135 (1999), no. 1, 63-113. MR1664696, Zbl 0953.53031, arXiv:alg-
geom /9705025, doi: 10.1007/s002220050280.

HuyBRECHTS, DANIEL. The Kéhler cone of a compact hyperkdhler mani-
fold. Math. Ann. 326 (2003), no. 3, 499-513. MR1992275, Zbl 1023.14015,
arXivimath /9909109, doi: 10.1007/s00208-003-0433-x.

HuvYBRECHTS, DANIEL. Compact hyperkdhler manifolds. Calabi—Yau mani-
folds and related geometries, (Nordfjordeid, June 2001), 161-225. Universitext,
Springer, Berlin, 2003. MR1963562, Zbl 1016.53038, doi: 10.1007/978-3-642-
19004-9_3.

HwaNG, JuN-MUuk. Base manifolds for fibrations of projective irreducible sym-
plectic manifolds. Invent. Math. 174 (2008), no. 3, 625-644. MR2453602, Zbl
1161.14029, arXiv:0711.3224, doi: 10.1007/s00222-008-0143-9.

HwanNG, Jun-Muk; Ocuiso, KENI. Characteristic foliation on the discrim-
inant hypersurface of a holomorphic Lagrangian fibration. Amer. J. Math.
131 (2009), no. 4, 981-1007. MR2543920, Zbl 1191.32010, arXiv:0710.2376,
doi: 10.1353/ajm.0.0062.


http://www.ams.org/mathscinet-getitem?mr=3279532
http://zbmath.org/?q=an:1308.14011
http://arXiv.org/abs/1301.6968
http://dx.doi.org/10.1007/s00222-014-0501-8
http://www.ams.org/mathscinet-getitem?mr=0730926
http://zbmath.org/?q=an:0537.53056
http://zbmath.org/?q=an:0537.53056
http://dx.doi.org/10.4310/jdg/1214438181
http://www.ams.org/mathscinet-getitem?mr=0514769
http://zbmath.org/?q=an:0418.53026
http://www.ams.org/mathscinet-getitem?mr=0123639
http://zbmath.org/?q=an:0094.24901
http://dx.doi.org/10.2307/1970150
http://www.ams.org/mathscinet-getitem?mr=0147566
http://zbmath.org/?q=an:0107.14804
http://dx.doi.org/10.2307/1970210
http://www.ams.org/mathscinet-getitem?mr=1873811
http://zbmath.org/?q=an:1068.32014
http://zbmath.org/?q=an:1068.32014
http://dx.doi.org/10.1016/S0764-4442(01)02158-9
http://www.ams.org/mathscinet-getitem?mr=0144979
http://zbmath.org/?q=an:0131.25601
http://www.ams.org/mathscinet-getitem?mr=1492539
http://zbmath.org/?q=an:0919.32014
http://zbmath.org/?q=an:0084.26901
http://www.ams.org/mathscinet-getitem?mr=0946237
http://zbmath.org/?q=an:0654.53065
http://www.ams.org/mathscinet-getitem?mr=1878319
http://zbmath.org/?q=an:1081.14515
http://arXiv.org/abs/math/9910021
http://dx.doi.org/10.1007/s00039-001-8229-1
http://www.ams.org/mathscinet-getitem?mr=1664696
http://zbmath.org/?q=an:0953.53031
http://arXiv.org/abs/alg-geom/9705025
http://arXiv.org/abs/alg-geom/9705025
http://dx.doi.org/10.1007/s002220050280
http://www.ams.org/mathscinet-getitem?mr=1992275
http://zbmath.org/?q=an:1023.14015
http://arXiv.org/abs/math/9909109
http://dx.doi.org/10.1007/s00208-003-0433-x
http://www.ams.org/mathscinet-getitem?mr=1963562
http://zbmath.org/?q=an:1016.53038
http://dx.doi.org/10.1007/978-3-642-19004-9_3
http://dx.doi.org/10.1007/978-3-642-19004-9_3
http://www.ams.org/mathscinet-getitem?mr=2453602
http://zbmath.org/?q=an:1161.14029
http://zbmath.org/?q=an:1161.14029
http://arXiv.org/abs/0711.3224
http://dx.doi.org/10.1007/s00222-008-0143-9
http://www.ams.org/mathscinet-getitem?mr=2543920
http://zbmath.org/?q=an:1191.32010
http://arXiv.org/abs/0710.2376
http://dx.doi.org/10.1353/ajm.0.0062

[KLV]

[Mar]

[Mat]

[01]

[02]

[Saw]

(V1]

2]

ALGEBRAIC NONHYPERBOLICITY 495

KAMENOVA, LJUDMILA; LU, STEVEN; VERBITSKY, MISHA. Kobayashi pseudo-
metric on hyperkéahler manifolds. J. London Math. Soc. (2) 90 (2014), no. 2, 436—
450. MR3263959, Zbl 1322.53045, arXiv:1308.5667, doi: 10.1112/jlms/jdu038.
MARKMAN, EYAL. Lagrangian fibrations of holomorphic-symplectic varieties of
K3 type. Algebraic and complex geometry, 241-283, Springer Proc. Math.
Stat., 71. Springer, Cham, 2014. MR3278577, Zbl 1319.53102, arXiv:1301.6584,
doi: 10.1007/978-3-319-05404-9_10.

MATSUSHITA, DAISUKE. On fibre space structures of a projective irreducible
symplectic manifold. Topology 38 (1999), no. 1, 79-83. MR1644091, Zbl
0932.32027, arXiv:alg-geom/9709033, doi: 10.1016/S0040-9383(98)00003-2; Ad-
dendum, Topology 40 (2001), no. 2, 431-432. MR 1808227, arXiv:math/9903045.
Ocuiso, KE1. Automorphisms of hyperadhler manifolds in the view of topolog-
ical entropy. Algebraic geometry, 173-185, Contemp. Math., 422. Amer. Math.
Soc., Providence, RI, 2007. MR2296437, Zbl 1116.14038, arXiv:math/0407476.
Ocuiso, Kewi. Bimeromorphic automorphism groups of non-projective hy-
perkdhler manifolds - a note inspired by C. T. McMullen. J. Differential Geom.
78 (2008), no. 1, 163-191. MR2406267, Zbl 1141.14021, arXiv:math/0312515.
SAWON, JUSTIN. Abelian fibred holomorphic symplectic manifolds. Turk-
ish J. Math. 27 (2003), no. 1, 197-230. MRI1975339, Zbl 1065.53067,
arXiv:math/0404362.

VERBITSKY, MISHA. Hyperkahler SYZ conjecture and semipositive line bundles.
Geom. Funct. Anal. 19 (2010), no. 5, 1481-1493. MR2585581, Zbl 1188.53046,
arXiv:0811.0639, doi: 10.1007/s00039-009-0037-z.

VERBITSKY, MISHA. Ergodic complex structures on hyperkdhler manifolds. Acta
Math. 215 (2015), no. 1, 161-182. MR3413979, Zbl 1332.53092, arXiv:1306.1498,
doi: 10.1007/s11511-015-0131-z.

YosHIOKA, KoTA. Bridgeland’s stability and the positive cone of the moduli
spaces of stable objects on an abelian surface. Preprint, 2012. arXiv:1206.4838.
ZARHIN, YURI G. Hodge groups of K3 surfaces. J. Reine Angew. Math. 341
(1983), 193-220. MR0697317, Zbl 0506.14034, doi: 10.1515/crll.1983.341.193.

(Ljudmila Kamenova) DEPARTMENT OF MATHEMATICS, 3-115, STONY BROOK UNIVER-
SITY, STONY BROOK, NY 11794-3651, USA
kamenova@math.stonybrook.edu

(Misha Verbitsky) LABORATORY OF ALGEBRAIC GEOMETRY, NATIONAL RESEARCH UNI-
VERSITY HSE, FAcULTY OF MATHEMATICS, MOSCOW, RUSSIAN FEDERATION; ALSO UNI-
VERSITE LIBRE DE BRUXELLES, CP 218, BD DU TRIOMPHE, 1050 BRUSSELS, BELGIUM
verbit@mccme.ru

This paper is available via http://nyjm.albany.edu/j/2017/23-21.html.


http://www.ams.org/mathscinet-getitem?mr=3263959
http://zbmath.org/?q=an:1322.53045
http://arXiv.org/abs/1308.5667
http://dx.doi.org/10.1112/jlms/jdu038
http://www.ams.org/mathscinet-getitem?mr=3278577
http://zbmath.org/?q=an:1319.53102
http://arXiv.org/abs/1301.6584
http://dx.doi.org/10.1007/978-3-319-05404-9_10
http://www.ams.org/mathscinet-getitem?mr=1644091
http://zbmath.org/?q=an:0932.32027
http://zbmath.org/?q=an:0932.32027
http://arXiv.org/abs/alg-geom/9709033
http://dx.doi.org/10.1016/S0040-9383(98)00003-2
http://www.ams.org/mathscinet-getitem?mr=1808227
http://arXiv.org/abs/math/9903045
http://www.ams.org/mathscinet-getitem?mr=2296437
http://zbmath.org/?q=an:1116.14038
http://arXiv.org/abs/math/0407476
http://www.ams.org/mathscinet-getitem?mr=2406267
http://zbmath.org/?q=an:1141.14021
http://arXiv.org/abs/math/0312515
http://www.ams.org/mathscinet-getitem?mr=1975339
http://zbmath.org/?q=an:1065.53067
http://arXiv.org/abs/math/0404362
http://www.ams.org/mathscinet-getitem?mr=2585581
http://zbmath.org/?q=an:1188.53046
http://arXiv.org/abs/0811.0639
http://dx.doi.org/10.1007/s00039-009-0037-z
http://www.ams.org/mathscinet-getitem?mr=3413979
http://zbmath.org/?q=an:1332.53092
http://arXiv.org/abs/1306.1498
http://dx.doi.org/10.1007/s11511-015-0131-z
http://arXiv.org/abs/1206.4838
http://www.ams.org/mathscinet-getitem?mr=0697317
http://zbmath.org/?q=an:0506.14034
http://dx.doi.org/10.1515/crll.1983.341.193
mailto:kamenova@math.stonybrook.edu
mailto:verbit@mccme.ru
http://nyjm.albany.edu/j/2017/23-21.html

	1. Introduction
	2. Basic notions
	3. Main results
	References

