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Noncommutative T-duality. The
dynamical duality theory and
2-dimensional examples

Siegfried Echterhoff and Ansgar Schneider

ABSTRACT. A duality theory for bundles of C*-algebras whose fibres are
twisted transformation group algebras is established. Classical T-duality
is obtained as a special case, where all fibres are commutative tori, i.e.,
untwisted group algebras for Z". Our theory also includes the bundles
considered by Mathai and Rosenberg in their work on noncommutative
T-duals, in which they allow twisted group algebras on one side of the

duality.
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1. Introduction

In classical (or topological) T-duality one starts with a circle bundle
p : E — B over a locally compact base space B together with a class
§ € H3(E,Z) (often called H-flux). Then T-duality provides an involution
(E,6) — (E*, %) of circle bundles over B with H-flux, satisfying a number
of interesting properties. We refer to Rosenberg’s CBMS memoir [Ro09]
for a detailed axiomatic definition of this classical notion of T-duality (see
[Ro09, Axiomatics 6.1.2]) and an explanation of how this relates to string
theory. There is a completely topological construction of T-duality due to
Bunke and Schick [BuS05]. Another approach due to Raeburn and Rosen-
berg in [RaR88] (see also [Ro09, Chapter 7]) is completely C*-algebraic in
nature: given the data (F,J) as above, there is a unique stable continuous-
trace algebra CT(E, §) (i.e., an algebra of continuous Cy-sections of a locally
trivial field of compact operators over E) with Dixmier-Douady invariant
§ € H3(FE,Z), and the results in [RaR88] show that there is an essentially
unique R-action on CT(FE,§) which covers the action of R on E given by
inflating the given circle action. Moreover, they show that there is a unique
circle bundle E# over B together with a class 6% € H3(E#,Z) such that

CT(E,§) x R CT(E¥*,6%).

Note that this C*-algebraic description of T-duality has the advantage that it
gives a direct connection of the (twisted) K-theories of (E,§) and (E#, §%):
by the Connes—Thom-isomorphism there is a natural isomorphism

K*(E,8) = K.(CT(E,?)) = K. 1(CT(E,§) x R) = K*TY(E# §#).
Note that Takai-duality provides an isomorphism
CT(E#,6%) xR~ CT(E,5) x Rx R~ CT(E, ) ® X(L*(R)) = CT(E, §).
which shows that this construction really provides an involution on the cat-
egory of circle bundles over B with H-flux.

Unfortunately, for higher dimensional torus bundles the theory becomes
much more involved since in general there does not exist a (classical) dual
pair (E%,6%) for a given pair (F,d) for a principal T"-bundle p : E — B if
n > 2. However, in [MaR05] Mathai and Rosenberg show that in case n = 2
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there always exist (nonunique) noncommutative T-duals which are section
algebras of bundles of stable noncommutative tori. Moreover, the possible
duality pairs can be classified with the help of a certain Mackey-obstruction
map. The construction extends the ideas explained above: recall that the
noncommutative 2-tori are just the twisted group algebras C*(Z? w) for
[w] € H*(Z%,U(1)) (and similarly for higher dimensional tori). Now given a
pair (E,§) as above in which p : E — B is a principal T2-bundle, there exists
(in general a nonunique) action of R?> on CT(FE,§) which covers the given
T2-action on E and then the T-dual is constructed as the crossed product
CT(E,$) x R%. Indeed, writing E locally as U; x T2, the action of R? on
the invariant ideal CT(U; x T2,6) C CT(E,§) is induced from an action of
the lattice Z? C R? on CT(U;,d|y,). Hence the ideal CT(U; x T2,8) x R?
is stably isomorphic to CT(U;,d|y,) x Z2, which is a section algebra of a
continuous C*-bundle with fibres K x,, Z? = K @ C*(Z%,w,) at € U;,
where [w,] € H?(Z?,U(1)) is the Mackey obstruction for implementing the
action ay on the fibre X at z as the adjoint action of a homomorphism U :
Z? — U(H) (if X = K(H)). Later, in [MaR06] the authors extended these
results to higher dimensional tori, where the obstruction for the existence of
a possibly noncommutative T-dual is given by the requirement that the class
§ € H3(E, Z) vanishes on the fibres of p : E — B (which is automatic if n <
2). Again, the Connes—Thom-isomorphism always provides an isomorphism
(up to dimension shift by n) of the relevant K-theories.

It is obvious that the resulting duality theory lacks symmetry: while on
one side we have a classical pair (E, ), there is often a noncommutative torus
bundle on the dual side. In this paper we start to investigate a symmetric
version of noncommutative T-duality in which we allow noncommutative
torus bundles on both sides of the duality.

The framework we develop in this article is general enough to work for
general locally compact abelian groups G with discrete and co-compact sub-
groups N C G and is not necessarily coupled to the motivating example
G =R",N = Z". Let us summarise some of its main content: we introduce
some notation and review some basic knowledge about C*-dynamical sys-
tems in Section 2. Then Section 3 starts with a recapitulation of Mathai’s
and Rosenberg’s T-duality over the one-point space. It serves as a moti-
vation for our framework for general noncommutative T-duality over the
one point space as it is given in 3.2. This means to identify a subcategory
NCT(N; 6—') ™ of the category of all C*-dynamical systems whose objects are
stable, twisted transformation group algebras of N, equipped with transverse
G-actions (Definition 3.9). This subcategory is dual to NCT(Nt;G)™ by
the duality functor _x G (Theorem 3.12). In particular, for G = R" N = Z",
we obtain a self-duality of the category of stable, noncommutative tori
NCT(Z™R™")™ with transverse R™-actions. In Section 3.3 we construct a
cohomological invariant

[NCT(N;G)" — H*(N,U(1))
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on the set of isomorphism classes of these objects. This allows us to re-
obtain the classical (i.e., commutative) subtheory inside our theory: it is
the kernel of this map (Theorem 3.20). Section 3.4 describes the complete
picture of noncommutative T-duality in two and three dimensions, i.e., for
G=R" N =2Z" n=2,3, over the one-point space.

In Section 4 we turn to the global situation of noncommutative T-duality.
The objects which we consider therein are bundles of C*-algebras whose fi-
bres are stable, twisted group algebras which satisfy a certain local triviality
property which we call w-triviality (Definition 4.2). For G = R", N = Z"
the theory over the one-point space directly generalises to the bundle case.
In particular, we establish a duality for these bundles, and we re-obtain the
classical T-duality as a subcategory characterised point-wise by a trivial co-
homological invariant. For more general groups some technical assumptions
have to be made.

Section 5 presents in detail some examples of noncommutative T-duality
over the circle. In particular, we give an example of a locally w-trivial bundle
which does not arise as a dual of a commutative bundle, thereby showing
that in our framework the class of objects is bigger than in the approaches
made so far.

2. Notation and preliminaries

2.1. Abelian groups. Throughout this paper G will always denote an
abelian, Hausdorff, second-countable, locally compact group. Its dual group,
the goup of characters G = Hom(G,U(1)), is equipped with the compact-
open topology. It is again an abelian, Hausdorff, second-countable and lo-
cally compact group [Ru90]. The bidual G is canonically isomorphic to G,
and we use both of the notations (g, x) and (x,g) to denote x(g) € U(1),
forge G,x € G. We assume that we have given a discrete and co-compact
subgroup N C G. Then its annihilator N+ := {y € G: XN = 1} is discrete
and co-compact in G and there are cannomcal identifications N = G JN+
and NI = G /N.

The most prominent and guiding example of groups that fit into this
situation is for n € N the self-dual example

Z" - R"—»T",
where T™ is the n-fold torus R"/Z". Another self dual example for n € N is
Q" — A" —» S",

where the (discrete) rational numbers Q sit inside the adeles A, and the
quotient is the solenoid S, the dual group of the rationals (see [HeR]).

2.2. C*-dynamical systems. By the term C*-algebra we will typically
mean a separable C*-algebra. The C*-automorphism group Aut(A) of a
C*-algebra A is equipped with the topology of point-wise convergence. An
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action @ : G — Aut(A) is just a continuous group homomorphism (usu-
ally called strongly continuous), and such a triple (A, G, «) is called a C*-
dynamical system.

If (A, G, a) is a C*-dynamical system (with G abelian), then its dualis the

system (A x4 G, @, &), where the crossed product A x,, G is the enveloping
C*-algebra of the Banach *-algebra L'(G, «,*) which is L'(G, A) equipped
with the product

:/fw%ww—mwh
G

and with involution f*(g) := ay(f(—g))*, for f, f' € L*(G,A). The dual
action @& is given on the dense subspace L!(G, A) just by point-wise multi-
plication: & (f) := (x, )f(L), for x € G, f € L}(G, A).

Recall the famous Takai duality theorem (e.g., see [W07, Theorem 7.1}):

Theorem 2.1. There is a G-equivariant isomorphism
(450 G) %4 G, G, &) = (A0 X(LX(G)), G, a @ (Adop)),

where K(L?(Q)) is the algebra of compact operators on L*(G), p is the right
regular representation of G on L?(G), and Ad denotes the conjugation action
of the unitary operators on the compacts.

2.3. Morita equivalent actions. Assume that (A, G, «) and (B, G, ) are
two C*-dynamical systems. Recall that a Morita equivalence (E,~) between
(A,G,a) and (B, G, ) consists of an A-B-equivalence bimodule E together
with an action v : G — Aut(E) which is compatible with the given actions
« and 3 in the sense that

ag(a(€,m)9(C) = vg(al€, <) = 19(En, Q) p) = 714(E)Bg((n, ) )

holds for all £,7,( € E and g € G. If (E,~) is such a Morita equivalence,
then C.(G, E) becomes a C.(G, A)-C.(G, B)-bimodule by defining the left
and right actions and the inner products by the convolution formulas

= [ et —nyan

@)= [ €A1 dn
e €n) @) = [ ate(h.zytanlg = 1) dn
(€1 eno.m(0) = | A-olls(h.nla + 1) p

for all £,n € C.(G,E), f € C(G,A) and f' € C.(G,B). With these oper-
ations, C.(G, E) completes to a (A X4 G)-(B xg G)-equivalence bimodule
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E x., G which equipped with the dual action 7 : G — Aut(E x, G) given
by point-wise multiplication,

(A€ (9) = (9. x)E(g), for all x € G, £ € Cu(G, B),

gives an equivariant Morita equivalence (E x, G,7) for the dual systems
(AxqG,G,a) and (B x3G,G,B) (see [Co84, E94] for further details).

Example 2.2. If there is an «a-S-equivariant isomorphism ® : A — B, we
consider A as an A-B-bimodule with inner products given by

ala,b) =ab® and (a,b)y = ®(a”d),

then (A, ) gives a Morita equivalence between (A, G, «) and (B, G, ).
Moreover, for any system (A, G, «), the system

(A ® K(L3(G)), G, a ® (Ad o p))
is Morita equivalent to (A, G, ) with bimodule A ® L?(G) and action
a®p:G— Aut(A® L*(Q)).

Thus it follows from Takai’s duality theorem that (A, G, «) is Morita equiv-
alent to the double dual system ((A X G) X & @, G, 54)

The Morita equivalence between o and Qs a primal case of an important
Morita equivalence which will play a fundamental role in this paper. Let us
review some other special cases of Morita equivalences which will appear in
this work. (For reference, see [Pe79, Section 8.11].)

Example 2.3.

(1) (Exterior Equivalence). If o and ( are actions on the same C*-
algebra A, then they are called exterior equivalent if there exists a
strictly continuous map to the unitary group of the multiplier algebra
of A, v: G — UM(A); g — vy such that

ag(a) = vgBy(a)vy, vgyn =vgBy(vp), forall g,h € G a€ A.
Let E = A be the canonical A-A-equivalence and define
v: G — Aut(E)

by v4(a) = vgf4(a) for g € G and a € E. Then it is easily checked
that this implements a Morita equivalence between (A4,G,a) and
(A, G, B). We say that v implements the exterior equivalence between
« and B. In this case there is a canonical isomorphism

Dy Axg G = Axa G, Pu(f)(9) = flg)vy, [ € Ce(G,A),

which is a-B-equivariant, hence induces an isomorphism for the dual
actions.
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(2) (Outer Conjugacy). Two systems (A4, G, «) and (B, G, 5) are outer
conjugate, if there exists an isomorphism ¢ : A — B such that 3 is
exterior equivalent to the action o/ = ® oo ®~ 1.

(3) (Stable Outer Conjugacy). This is rather the most general form of
Morita equivalence, in fact, it is an equivalent notion for C*-algebras
which have a countable approximate identity (or, equivalently, which
contain strictly positive elements) [Co84]. Two systems (A4, G, a)
and (B, G, 8) are stably outer conjugate if the two systems

(A®XK,G,a®id) and (B®X,G,[®id)

are outer conjugate, where X is the algebra of compact operators on
some separable Hilbert space.

If a: G — Aut(A) is an action, we can restrict it to the subgroup N C G,
and then C.(G, A) completes to give an (A x, N)-Hilbert module, EG(A),
if the right action of A x, N and the A x, N-valued inner products are
defined on the level of C.(N, A) as

(1) () = /G an(€(h))n(m — h) dh,
£ flg) = /N £(g + n)agin(f(—n)) dn

for &,m € C.(G,A), f € C.(N, A).

There is a canonical left action of the dual system (A x, G, N+, Q)
on E§(A) which is given by the covariant representation (®,U) in which
O(f) = fx€ for f,& € Co(G,A) and U, & = x - £ (point-wise multiplica-
tion). The integrated form ® x U : A x, G x5 Nt — L(EG(A)) defines
a left action of A x4 G x5 N+ on E]C\*',(A), which by [E94, Proposition 2.1]
implements an isomorphism onto K(ES(A)) (£(-) and X(-) denote the ad-
jointable and compact operators of a module, respectively). Of course, this
is just a reformulation of Green’s famous imprimitivity theorem [G78, The-
orem 17]. In [E94, Proposition 3.4 and Lemma 3.6] it is shown that the
resulting Morita equivalence between A X, G x5 N+ and A x, N is equi-
variant with respect to certain actions by G and G. For notation, given an
action « : G — Aut(A) for the abelian group G and N C G is a closed
subgroup of G we let a4 : G — Aut(A x, N) denote the action given by

ad(f)(n) = ag(f(n)) g€ G,neN,feCN,A)

and if 5 : G/N — Aut(B) is an action of the quotient group, we denote by
inf 8 : G — Aut(B) the inflation of § to G. Combining the results of [E94,
Proposition 3.4 and Lemma 3.6] we then get:

Proposition 2.4. In the above situation ES(A) becomes an (AxoGxgN=»)-
(A X N)-imprimitivity bimdule. Moreover, if we define actions v and 5 of
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~ G
G and G on EJ(A) by

(&) (h) = &g +h) and  (7E)(9) = {9, x)¢(9)
for € € C.(G, A), then (ESG(A),~) is a Morita equivalence between

(A %o G xg N, G infa|y.) and (A xa N,G,a%)
and (ESG(A),7) is a Morita equivalence between
(Axq G xz N& G,6%) and (A xq N,G,infaly).

2.4. Actions on XK, twisted group algebras, and 2-cocycles. Con-
sider the short exact sequence

1 U®1) = UH) X Pu@o) — 1,

where U(H) is the unitary group of some separable Hilbert space H, and
PU(XH) is the projective unitary group, the quotient of the unitaries by its
center. It induces a (not very long) exact sequence in Borel cohomology

(1) oo HYG, U(H)) — HYG, PUT) 8 H2(G, U(1))

which terminates at H?(G,U(1)) due to the noncommutativity of the in-
volved coefficient groups. The (negative of the usual) connecting homomor-
phism' Ma is called Mackey obstruction. Now, because U(H) = UM(X), the
unitary group of the multiplier algebra of the compacts X = K(H), and be-
cause all automorphisms of X are inner, conjugation defines a canonical iso-
morphism PU(H) = Aut(X). Soif o : G — Aut(X) is an action on the com-
pacts, i.e., a € H(G,PU(H)), it defines a class Ma(a) € H?(G, U(1)), the
Mackey obstruction of a. The action « is said to be unitary if its Mackey ob-
struction vanishes. Note that any class [w] € H?(G, U(1)) arises as a Mackey
obstruction of some action a : G — Aut(X): Just put o, (g) := Ad(Ly(9)),
where L, : G — U(L?(Q)) is the left regular w-representation of G, i.e.,

(2) (Lw(9)€)(h) = w(g,h — g)¢(h —g), &€ L*G),g,h € G.

Then Ma(ay,) = [w™ ] = —[w].

The following shows that actions on X are classified up to Morita (or
exterior) equivalence by the Borel cohomology group H?(G, U(1)). We refer
to [CrKRW93, Section 6.3] for a more general result.

Proposition 2.5. Suppose a, f: G — Aut(X) are two actions of G on XK.
Then the following are equivalent:

(1) « and B are exterior equivalent.
(2) « and B are Morita equivalent.

(3) Ma(a) = Ma(B) € H?(G,U(1)).

1 We choose the convention Ma(a) := —[dV], for a Borel lift V : G — U(H) of
a: G — PUH).
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If Ma(a) = [w], then the crossed product X x, G is isomorphic to?
K ® (Cxy, G),

where C %, G denotes the twisted group C*-algebra of G with respect to
the cocycle w. This is the enveloping C*-algebra of the Banach *-algebra
L' (G, w,*) given by the Banach space L'(G) with convolution and involution
given by

3) 1+ £)(@) = [ F0)F (g = myolhg—=h) dh - and

[ (g) =wlg,—9) f(—9)
The isomorphism ¥ : X ® (C x, G) = K x, G is given on the level of
L'-functions by

(4) U(k® f)g) = f(9kV(9), keX, feL(q),

where V' : G — U(H) is a Borel lift of « (i.e., 1-cochain) such that its
boundary is w™! (see [E96, Theorem 1.4.15]). Note that this isomorphism is
equivariant with respect to the canonical (dual) actions of G on X x4, G and
on X ® (C x,, G) given by point-wise multiplication with characters. It is an
immediate consequence of Proposition 2.5 and of Takai duality that, up to
equivariant Morita equivalence, the twisted group algebra equipped with the
dual G-action is also classified by the cohomology class [w] € H2(G,U(1)).
One should regard the twisted group algebra C x,, G as a deformation of
Co(G) = C %1 G, where 1 denotes the trivial cocycle on G. In particular,
the twisted group algebras C %, Z" are deformations of C(T"), and they
are called noncommutative n-tori. In this picture, the dual action of T” on
C X Z" is the analogue of the translation action of T" on C(T") in the
commutative case. We have a natural isomorphism between the additive
group M"(n,R) of strictly upper triangular real matrices and H2?(R", U(1))
which is given by sending a matrix A to the class of the cocycle w4 given by

walz,y) := exp(2mi(Az)'y).
Under this identification, the restriction map
H?(R",U(1)) — H*(Z",UQ1)); [w] = [w]|znxzn],
which is surjective, has kernel given by the collection of all classes cor-
responding to the set M"(n,Z) of strictly upper triangular matrices with

integer coefficients. So the noncommutative n-tori are classified (up to T"-
equivariant Morita equivalence) by

H?(Z",U(1)) = M%(n,R)/M"(n,Z) = T*("=1/2,
2Here we see that our sign convention of Ma is the right one, for otherwise we would

obtain
K@ (Cx,-1G) 2K xa G



936 SIEGFRIED ECHTERHOFF AND ANSGAR SCHNEIDER

We refer to [BaK73] for further details. Moreover, for every action o of Z"
on X we can find an action § of R” on X such that the restriction 5|z»
is Morita equivalent to a (choose an action § corresponding to any class
[n] € H?(R™, U(1)) which restricts to Ma(a)).

If w € H?(G,U(1)) for the abelian group G, then w determines a contin-
uous homomorphism h,, : G — G given by

(5) (ho,(g), h) == w(g,h)w(h,g)~t, forall g,h e G.

h,, only depends on the class [w] € H*(G,U(1)) and h,, = 0 if and only if
[w] = 0. The kernel S C G of h,, is called the symmetry group of w. A cocycle
w is said to be totally skew if S = {0}, and w is said to be type I if the image
ho(G) is closed in G. Recall that for any C*-algebra A, Prim(A) denotes
the space of primitive ideals of A equipped with the Jacobson topology.
With these notations, the following results have been shown by Baggett and
Kleppner in [BaK73, Section 3].

Theorem 2.6. For w € Z?(G,U(1)) the following are true:

(1) There is a canonical bijection between S and Prim(C x,, G) given by
induction of representations. In particular, C x,, G is simple if and
only if w is totally skew.

(2) The image hy(G) is always a dense subgroup of St C G, thus w is
type I if and only if h,(G) = S*.

(3) The C*-algebra C x, G is type I if and only if w is type L.

Moreover, the map

(6) h_: H*(G,U(1)) <= Hom(G, G);  [w] — hy
18 injective.
Combining (1) and (3) of the above theorem we see that C x,, G is simple

and type I if and only if w is type I and totally skew, i.e., h, : G5@ is an
isomorphism. Since every separable, simple, type I C*-algebra is (isomorphic
to) an algebra of compact operators on some separable Hilbert space, we see
that C %, G = K(H) for some separable Hilbert space H if (and only if) w
is totally skew and type I. Then the dual action

G — Aut(C x, G) = Aut(K(H))
is again classified by a class [0] € H? (é ,U(1)). This class has been computed
by one of the authors in [E96, Lemma 3.3.5]:

Proposition 2.7. Suppose that w € Z*(G,U(1)) is a type I and totally skew
2-cocycle. Then the Mackey-obstruction for the dual action

G — Aut(C x,, G)
is given by the class of the cocycle (hy)ww ™ € Z2(G,U(1)), where the push-

forward is pullback along the inverse h.,, i.e.,

(ho)sw™ (6, ¥) = w(h5 (), h ()™, X, v € G
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We call (hy,)sw™! the dual cocycle of w, and we leave the following lemma
as an exercise for the reader.

Lemma 2.8. Suppose that w € Z?(G,U(1)) is type I and totally skew. Then
Ph)ow—1t = h;t which implies that the dual cocycle (hy,)sw™" is also totally
skew and type I. This also implies that the double dual cocycle agrees with
the original one:

(Ahoyw1), (ho)sw™) ! = w.

Example 2.9. Let G = R™ and let us identify R” with R" via the canonical
isomorphism x — y, with (x.,y) = exp(2mi x'y). Let

wa(z,y) = exp(2mi(Az)'y)
for some strictly upper diagonal matrix A € M (n,R). Then

(hua(2),y) = exp(2mi((Az)'y — (Ay)'z)) = exp(27mi(242)"y) = (X540, ¥)
with ¥4 := A— A? the skew symmetric matrix corresponding to A. Thus we
see that up to the identification R® = R™ the homomorphism h,,, is given
by the linear map x — Y x. It follows that w4 is always type I and wy4 is

totally skew if and only if >4 is invertible. The dual cocycle is then given
by wp with B = %1 A%,

3. Stable NC tori — NC T-duality over the one-point space

3.1. Introduction. We start our discussion of T-duality with bundles over
a point. The trivial principal T"-bundle over the point is the n-torus T"
equipped with the translation action of T" on itself. Suppose § € H3(T",Z)
allows an action « of R™ on the corresponding stable continuous-trace C*-
algebra C'T(T",d) which covers the inflated action of R™ on

T" = Prim(CT(T",9)).

Since T" = R™/Z", it follows from [E90, Theorem]| that CT(T",¢) is equiv-
ariantly isomorphic to the induced algebra Ind%, (X, &), where & denotes
the action of the stabiliser Z" on the fibre X = CT(T", )|, of CT(T",0)
over some chosen point z € T". Recall that for any action 8 : N — Aut(B)
on a C*-algebra B, the induced system (Ind% (B, 3), G,Ind(3)) is given by

Ind (B, 5)

={F e Cy(G,B): F(g+n) =B_n(F(g)),for all g € G, n € N,

and (9N = [[f(9)]l) € Co(G/N)},

equipped with the point-wise operations, and with G-action Ind(5) which
is just given by left (sign!) translation. By the discussion in the previous
section, we may assume, up to equivariant Morita equivalence, that & = p|zn
for some action p : R™ — Aut(X). But then we obtain an isomorphism

® : Ind%, (K, a) = C(TK) =K@ C(TY),  &(f)(9) = ue(f(9)),
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which transforms the induced action Ind(&) to the diagonal action® u ®
inf. Thus we learn the following facts (which have been observed before by
Mathai and Rosenberg in [MaR05, MaR06]): Firstly, the class ¢ is trivial,
ie, CT(T", ) 2 K®C(T"). Secondly, up to equivariant Morita equivalence
the action « is given by a diagonal action p ® inf.

Recall from [MaR05, MaR06] that in the above setting the (possibly non-
commutative) dual torus is given (again up to equivariant Morita equiva-
lence) by the crossed product X & C(T") X ,gint R”, equipped with the dual
action of R" = R™. By the equivariant version of Green’s imprimitivity
theorem (this is a special case of [EKQRO06, Theorem 4.11]), this system is
Morita equivalent to K ,Z" equipped with the action of R™ which is inflated
from the dual action of T" on K x4 Z". By the discussion in the previous
section we know that X x, Z" is equivariantly isomorphic to X ® (C x, Z")
equipped with the inflated action id ® inf if Ma(u) = [w].

To summarise the point-wise duality picture of Mathai and Rosenberg,
there are stabilised commutative tori K ® C(T") with a diagonal action
# ® inf of R™ on one side, and there are stabilised noncommutative tori
K ® (C xy, Z™) with action id ® inf on the other side. This motivates the
content of this section which is the investigation of C*-dynamical systems

(7) (9<®(c e, N),@,ﬂ@inf),

where we will typically assume that the 2-cocycle w on N has an extension
to G, and fi : G — Aut(X) is an action which is not necessarily trivial. By
Takai duality the study of (7) is equivalent to the study of its dual system

(8) ((:K @ (C %y N)) ot G, G, [f@ﬁf),

and we need to understand under which circumstances there is a Morita
equivalence

(8) ~ (SK ® (C %o NY), G, u® inf).

3.2. Iterated crossed products and transversality. For an action
i G — Aut(X),

let us analyse the iterated crossed product

(9) (K@ (C %y N)) X pint G,

where we assume that the 2-cocycle w has an extension to G which we again
denote by w. We need

Definition 3.1. Suppose that G is a locally compact abelian group.

3To keep notation down, whenever there is a canonical action 7 of a quotient G/N (or
G /N*) we will simply denote by inf (rather than by inf ) the inflated action of G (or G).
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(1) By the Heisenberg cocycle V on G X G we understand the 2-cocycle
given by
(h,¥) V (g, x) := (¥, 9).
(2) The Heisenberg cocycle on G x @ is denoted by A, i.e.,
(¥, h) A (X, 9) = (b, x)-
(3) For w € Z2(G,U(1)) and & € Z2(G,U(1)) we denote by w V & the
product w-V -@ in which we regard w and @ as cocycles on G x G by

pullback along the projections to G and @, respectively. Similarly,
we define @ Aw € Z2(G x G,U(1)).

Lemma 3.2. If [0] is the Mackey obstruction of fi, then (9) is G-equivari-
antly isomorphic to

(10) X @ (C e (N x G)),
where G acts dually on the second factor of N x G.

Proof. The product and the involution of the crossed product (9) on the
basis of the inflation action are given in terms of the pairing

(L, ):NxG—U(1)

which on the level of L!-functions can be expressed in terms of the cocycle
V. In fact, similar to (4), we can define an isomorphism

K@ LN x G,wV &) —= LY(N x G, X) = LG, X @ L} (N,w))

M M

~

N x G)) LYG,X @ (C %y N))

M

(K@ (C %y N)) Hpging G

K ® (Cx

wv@(

by W(k® f)(n,x) = f(n,x)kV(x) where V : G — U() is a Borel map with
ft = Ad oV and such that &~! = 9V. It is straightforward to check that this
isomorphism is G-equivariant with respect to the dual actions. O

Applying Proposition 2.4 to (10) for the subgroup N X G CGxG we
obtain the Morita equivalent system

(11) K ® (C Moo (G x G)) Xaual (N % 0),

whereon G acts by the dual action on the second group factor of the inner
crossed product. We want to apply Proposition 2.7 to this inner crossed
product, so we are interested in the properties of

hwv@:Gx(A}%@xG
defined in (5).
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Lemma 3.3. The homomorphism hgyg : G X G- GxGis given by
h ids
oo = ( ia 58) 000 (hafe) + xR0 - )

Proof. We have

(Puova(g, %), (B, 1)) = w V& ((9,X), (h, ) w V& ((h, ), (9,x)) "
= (hu(9), B} (P (X)) (x; h) (1, 9) ™
= (huw(9) + x; ) (he(X) — 9, ).
The canonical identification G %5 yields the result. U

Lemma 3.4. The following three conditions are equivalent:

(1) ¢ :==idg + hg o hy, : G — G is an isomorphism.

(2) qg ==1dg + hy o hg G — G isan isomorphism.

(3) hyve is an isomorphism.
Proof. The equivalence of the first two statements follows from the obser-
vation that gg is the dual of ¢. Alternatively, if ¢! exists, ‘Ehen a one-line

calculation shows that idz — hy, © ¢~ 1o hg is an inverse for ¢.
Now, if h,yg is an isomorphism, then

t A g [ he —idg
h‘w\/&; T ﬂlp © hUJVw 0 ﬂlp — <1dér hw )

is an isomorphism, where flip : GxG—GxGis transposition. Then the
composed ismorphism is

b (idg+hyohg 0 _(% 0
hw\/thw\/@—< 0 idg +hgohy)  \O ¢)°

Conversely, if gb,gﬁ are isomorphisms then
“1 gt ot 0
hw\/dz T h‘w\/uf) ° < 0 ¢—1)

exists and is obviously a right inverse. The property of being a left inverse
requires a small calculation. First we have

Bl b= (Pe 00T ohu o™t huogTi =g ohs)
wve e ¢7lohw_hwo¢71 ¢71+hwo¢7loh®

Inserting now (5*1 =idg —hy o ¢~ 1 o hg into this, we derive at

_ idg O
hye © huve = <1 . ) . O
v 0 idg

Let’s assume one of the equivalent conditions of Lemma 3.4. Then the
inner crossed product in (11) is isomorphic to the compacts. Having deter-
mined A} . we can compute the dual cocycle (hyyg).(w Vv &)~! according
to Proposition 2.7. The result helps us to understand the remaining outer
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crossed product with N+ in (11) and also the remaining G-action on it. To
state the result, some more notation is useful.

Definition 3.5. For a 2-cocycle w on G and a 2-cocycle @ on é, we define
new cocycles on GG and G by

WXG = w- AT OXw =& - hw L

Moreover, if ¢ = idg + hg o h, is an isomorphism, we define
WD 1= Py (WXW), 3w 1= Gy (Dxw).

Lemma 3.6. In HQ(@ x G,U(1)) the following equality holds:*

(12) [(havi)(w V@) '] = [@3w]+wRd]—(d x ida)s[A],

where the classes on G and G are understood as classes on G x G by pullback
along the projections.

Proof. Before we start with the actual computation we need to be aware of
some general cocycle properties. Let v be a 2-cocycle on any abelian group.
Twofold application of the cocycle identity gives

1 1

vz +y,—(v+y) =v(y, -z —y) viv,—x)" v(z,y)"
=v(0,2) v(—z,—y) " vy, —y) v(z,—2) " v(z,y)""

which means that c(z) = v(z,—z)r(0,0) is a cochain that implements

I/(Qi,y) ~ V(_y’ _x)_l'

Furthermore, a fourfold application of the cocycle identity gives
via+z,b+vy) =v(a,b) v(z,y)
- v(x,b) v(b,x)
cvla,z) wby) tvla+ bz +y).

Or, if we define a 2-cocycle 7 on the product of the group with itself by
v((a,z),(b,y)) :=v(a+z,b+y)~!, then

v((a,2), (b,9)) = v(a,b) " v(z,y) " (h(2),0) " (dv)((a, ), (b,y))
~ V(aab)_l V($7y)_1 (.”L‘,h,/(b»,

where d is the boundary operator on the product of the group with itself.
Let us now turn to the actual computation. By definition we have to
compute (h ). )*(w Vv @)7L, for

-1 he —idg (;AS_l 0
hw\/u}_ (ld@ hw ° 0 gb_l .

4We denote the group operation on U(1)-valued 2-cocycles multiplicatively, whereas
we denote the group operation on any cohomology group additively.
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Let us use the shorthands y/ := (;AS_IX and ¢ := ¢~'g. Then we have
(thQ)*(w \ d))_l ((X7 g)v (lb; h‘))

(13) = w(he(x') — g ha(W') = )~!
(14) (X + holg), hao(¥') — B)7!
(15) C O+ ho(g), ¥ + b (h) 7!

The middle term (14) decomposes to
(14) = (X3 B (ha(g') ho (@)1 (¢, ¢) @@ X))~ wig! 1) w(B',g') ™!

~ (1) (ha(g') s ho ()71 OO ) @(=x', —4") wig! 1Y) w(h',g")
But as ((x, 9); (1, h)) = (x, k) is cohomologous to ((x; 9) (1, h)) = (¢, )~
(just by the cochain (x, g) — (g, x)) this can be transformed to
(14) ~ {g",¢") 7 (hu(9), ho (W) TH (X ") @ X)) T w(g's 1Y) w(B',g")
To transform (13) and (15), we apply the above identity for 7. We find

(15) ~ (X, 9') 7 @(hu(9) b (W)™ ((hu(d'), ha(¢)
and
(13) ~ w(he(X), ho (V)™ w(=g', =1) 7" (=4, hu(ha(¥)))
~ wlha(X)s o)™ w(t',g') (=g hoha ('),
Multiplying these partial results we get
(16) (13) - (14) - (15) ~ (¢, ¢ + ho(ho ()
~w(g' ') Rw(g', B
C@(=x, =) hjw(x' ¢

which is the claimed formula up to the minus sign inside the argument of
@. However, the injectivity of the map [@] — h; € Hom(G, G) implies that
W(x,¥) ~w(=x,—). So the lemma is proven. O
Remark 3.7. It is very important for later purposes (Theorem 4.8) to
observe at this point that the computation done in the proof of Lemma 3.6
is based on explicit cochains (given in terms of &,w or (_,_)) up to and
including (16). Only the very last step @w(x, %) ~ &(—x, —%) required an
abstract argument. If @ is cohomologous to a bicharacter then this last

relation can also be made explicit: Let @ = dc 7 for some bicharacter 7,
then

Ui
de(—x, =) ™" de(—x, —¥)i(—x, =)
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for &(x) := c(x)c(—x)~!. These explicit cohomology relations are abstract
cocycle identities and do not depend on U(1) as a module. In fact, Lem-
ma 3.6 remains valid if (1) the involved cocycles are not just U(1)-valued
but C(B,U(1))-valued (trivial module structure) for some space B, if (2)
they are cohomologous to bihomomorphisms (rather than bicharacters), and
if (3) we have control over the continuity properties of the quantities h,, hy
which then should be regarded as bundle maps

BxG-“-BxG--BxaG

L

B B B.

This will ensure that if a cocycle with values in C(B,U(1))) is point-wise
pulled back by hy,, hg or pushed foreward by ¢ (which involves inversion in
Aut(G)!), then the resulting point-wise defined object is again mapping to

C(B,U(1)). Equality (12) then holds in H2(G x G,C(B,U(1))).

The structure of [(hwve)«(w V @)71] given by its three summands now
immediately yields the following corollary.

Corollary 3.8. If ¢ is an isomorphism, the crossed product (11) is G-

equivariantly isomorphic to

(17) K ®K® (Cxgn, N,

where G acts by id ® p ®in? for an action p with Mackey obstruction
Ma(p) = [wiw] € HA(G, U(1),

and

(in?(f))(n) := (9.~ (n)) " f(n).

So except from the part of the action given by in? we have found a struc-
ture rather similar to the one with which we have started. To manipulate it
a little further we need an extra assumption.

Definition 3.9.

(1) A homomorphism G — G is said to be an automorphism of (N, G)
if it is an automorphism of G and if it maps N bijectively to itself.
We denote by Aut(N, @) the set of all of those.

(2) A pair of cocycles w : GxG — U(1), @ : GxG — U(1) (or their coho-
mology classes) is called transverse if ¢ = idg + hg o h,€ Aut(N, G).
(Equivalently, one might require that é =1idg + hy o hg is an auto-
morphism of (N+,G).)

(3) The binary relation defined by transversality is denoted by

h c H2(G,U(1)) x H*(G,U(1)),

i.e., w M w if and only if w and @ are transverse.
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(4) Let 4®inf be a G-action on K® (C Xy, N'). The actions fi or 4®inf or
the dynamical system (KX & (Cx, N), G, i ®inf) are called transverse
if the cocycle n: N x N — U(1) has an extension w to G such that
w M Ma(fr).

Corollary 3.10. If the dynamical system <ﬂ< ® (C Xy N),@,ﬂ ® inf) 18
transverse, then its dual system
((X(CxuN)) eint G, G, i@ inf ) = (KEKD(CoxgruN 1), G, idopoin’)
is G-equivariantly isomorphic to
K @ (C Xgww N,

where G acts by p ® inf with Mackey obstruction

Ma(p) = [w36] (= [¢(w x @))).
Proof. Using X ® K =2 X and Corollary 3.8 it suffices to show that

(x ® (C X5 NY), G ® in¢) ~ (Jc ® (C Momw N1), G ® inf).
By transversality, (;AS induces an isomorphism of N1, so it induces an isomor-
phism
(18) ¢*:C X, (@xw) Nt 2 Cxgp N*

given by pullback: f — f o ¢. Similarly, the inversion on the group & :
N+ — Nt induces an automorphism by pullback

(19) 6% 1 C Xgyw N7 2 C X () N
Note that
(in® () (¢(—n)) = (g, —n) " f(p(—n)) = (g,n) f((—n)),

so the composition &* o ¢* turns in® into the ordinary inflation action.
However, pullback of a 2-cocycle along the inversion gives a cocycle that is
similar to the original one, i.e., they have the same cohomology class (see
Remark 3.7). Then their twisted group algebras are equivariantly isomor-
phic. O

By Takai duality, we know that the dual of the constructed system
(K ® (C Mo NT), 1 @ inf)

(i.e., the bidual of the original system) is Morita equivalent to the original
(transverse) system. The following lemma shows that the dual system of a
transverse system is transverse again.
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Lemma 3.11. The assignment (w,w) — (WX, 0 X w) defines a bijection
M — h such that

1R

M M

N

Aut(N, G) —9= Aut(N, G)

commutes, where the vertical arrows are given by the tautological map.

Proof. Firstly, ¢’ := id 4+ hguw © hyze 18 an isomorphism of (N, G): A
one-line computation gives hyx, -1 = hg o hy o hg : G — G, and so

how = hgps w1 = ho + hg 0 hy 0 hg = hg 0 @,

wherein as before gZ; =1id + hy, o hg. The same algebra gives

hyso = h¢*(w><1&1) = QAS_I 0 Py © ¢_1 = CZA)_I 0 hy.
Therefore
¢/ = id + how © husip =id + (hg 0 §) 0 (9™ 0 hy) = ¢

which is an automorphism of (NN, G) by assumption. This also shows that
the diagram of the lemma commutes.

Secondly, another straight forward calculation shows that the inverse of
(W, W) = (WX, W X w) is given by

(W, @) = (w X O, wXwW). O

Corollary 3.10 tells that transversality gives a sufficient condition to an-
swer the question raised in (8). Combining it together with Lemma 3.11
we have found a class of C*-dynamical systems which is closed under taking
crossed products: Let us denote by NCT(N; @) the 2-category of systems
(X @ (C x,, N), G, i @ inf), which has G-equivariant Morita equivalences as
1-morphisms and equivariant isomorphisms between them as 2-morphisms.
There is a proper subcategory NCT(N; @)m C NCT(N; @) which consists
of systems which are 2-isomorphic (i.e., Morita equivalent) to a transverse
representative. This whole section is summarised in the following theorem:

Theorem 3.12. The duality functor - x G defined on all C*-dynamical sys-
tems with group G restricts to a duality of transverse dynamical systems:

C*-Dynamical Systems ~  C*-Dynamical Systems

with Group G with Group G
U U
NCT(N+; @) NCT(N;G)

U U
NCT(N*-:G)" ~ NCT(N;G)"
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3.3. Classification remarks. Recall from Section 2.4 that the C*-dynam-
ical systems K x4 N or C X, N equipped with their canonical N-actions are
classified up to equivariant Morita equivalence by second Borel cohomology

Ma(a), [w] € H*(N,U(1)).
We start with an example that illustrates that the objects with which we
are dealing are more involved.
Example 3.13. Let G = R and N = Z2, and choose
12
33 ER/Z=T= H?(N,U(1)).
Denote by fi13 an action of G =R? on K with Mackey obstruction
3€R= H*R*U(1)).
Then there is a @—equivariant Morita equivalence
<J<® (C %2 N), i3 ®inf> ~ <J<® (C 1 N),id@inf).
3 3

Proof. A lengthy but direct proof is given in Appendix A. Using our theory
of transversality one can significantly shorten the proof. This is done in
Section 3.4 below. O

To understand why this example could possibly be true let us try to
understand what can be said in general about an equality of classes

[wl]a [wQ] € HQ(Na U(l))
if there is a (A;—equivariant Morita equivalence
(20) K@ (C Xy N) ~K® (C xy, N),
where G acts on both sides diagonally by actions on the compacts
fi: G — Aut(X), i=1,2,
tensor the inflated actions
inf; : G — Aut(C %, N), i=1,2,
on the respective twisted group C*-algebras. Denote by SA C N the symme-
try group of wy that is the kernel of the map hy,, : N — N. The dual group
S of S is homeomorphic to the primitive spectrum of K ® (C x,, N), and,
by the Daums-Hofmann Theorem (see [W07]), the U(1)-valued functions

thereon are isomorphic to the center of the unitary group of its multiplier
algebra, i.e., there is a short exact sequence

1 — C(8,U(1)) = UM(X ® (C xu, N)) 2 Inn(X @ (C 0, N)) — 1,

and this sequence is N -equivariant for the actions that are induced by the
dual action on X®(Cx, N). On C(S,U(1)) this action is just translation in
the argument after restriction N — S. Using the polish topology on Inn(A)
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induced from the polish strict topology of UM(A) together with [RaR88,
Corollary 0.2], this short exact sequence induces a (not very long) exact
sequence in Borel cohomology

HY(N,C(5,U(1)))

HY(N,UM(X ® (C %, N))) j

L)Hl(ﬁ,lnn(JC@(CngN))) ®—~ H2(N,C(8,U(1)))

which terminates at H2(N,C(8,U(1))) due to the noncommutativity of the
involved coefficient groups.

Now, let us tensor both sides of (20) with another copy of the compacts
which we then equip with an action ¥ which has the inverse Mackey ob-
struction of fiy: Ma(i?) = —Ma(fi1). As 477 ® fip is Morita equivalent
to the trivial action, we have to deal with the Morita equivalent actions
id ® id ® inf; and 7P ® fio @ infs. Because being Morita equivalent is the
same as being (stably) outer conjugate, we conclude that the action on the
left hand side (id ® id ® inf;) is conjugate to

Ad(u) o (4P ® iz ® infy) = Ad(u) o (47" ® fiz ®id) o(id ® id @ infs)

=17,

for some continuous 1-cocycle u : G — UM(X ® X ® (C Xy, N)). It follows
right from the definition of 4 that it vanishes on N-t. Indeed, we have the
following:

Lemma 3.14. The above defined map v factors over the quotient map

G—> (X @ X ® (C Xy, N))
N

and v satisfies the cocycle relation

~

YA+ 1) =4(R)o ((R-4(m)), n,meN,

where - is precisely the action ofN on the inner automorphisms that occurred
in the short exact sequence above.

Proof. Let’s denote the isomorphism which implements the stable outer
conjugacy between the two actions by @, i.e.,

Po(id®id®inf;) o @~ =y o (id ® id ® infs),
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and let (n, ), ;= (id ® id ® inf;)(n). We just compute:
Yx+9) = 2o (x+v, 1007 o (X +9,);"
=®o(y, ) 0@ odo (¥, )y o o (x+1, )5
= (@0t 0@ o 65" 0 (6

o <q> o (1, ), 0@ Lo (i, );1) o (x, 7"

=7(x) 0 (X, )y 0 ¥(¥) o (x, )3 -

The multiplication action on the unitary group of the multiplier algebra
turns into conjugation when passsing to the inner automorphisms by Ad,
so we obtain the cocycle identity v(x + ¥) = v(x) o (X|N . 7(¢)) for v. In
particular, it follows that y(n’ + ¢) = y(nt) o y(¥) = v(¥), for nt € N+,
i.e., v is constant on the cosets. (]

The cocycle  determines a cohomology class which — by abuse of notation
— we again denote by

v e H (N,Inn(ﬂc ® K ® (C x4, N))).
By the (not very long) exact sequence it defines an obstruction class
6(v) € H*(N,C(8,U(1))).

If this obstruction class vanishes, v has a unitary lift, and this lift then
implements a Morita equivalence between the two actions inf;,7 = 1,2. The
next lemma shows that in this case the classes [w1], [we] € H?(N,U(1)) agree
if we assume that these classes extend to G:

Lemma 3.15. Let [wi], [we] € H%(N,U(1)) be two classes in the image of
the restriction map H?(G,U(1)) — H?(N,U(1)). If

Cxyy N~Cxy N

s a @—equivam’ant Morita equivalence, where G acts on both sides by the
inflated actions, then

[wi] = [wa] € H*(N,U(1)).
Proof. If y; is a G-action on X with Mackey obstruction |w;], then
K@ C(G/N) with pu; ® (left translation)

is the (pre-)dual of C x,, N, i = 1,2. But these systems are induced sys-
tems Ind%(fK, wiln) by [E90, Theorem| which are classified up to Morita
equivalence by their actions p;|y : N — Aut(X). O

Under certain circumstances one might indeed conclude that the obstruc-
tion class d(vy) vanishes:
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Corollary 3.16. AssumeAthat N is torsion-free, and assume wa (or wi) is
totally skew. If there is a G-equivariant Morita equivalence
K@ (CHyy N) ~ K@ (C xy, N),
with diagonal G-actions on both algebras as assumed in (20), then
[wi] = [we] € H*(N,U(1)).

Proof. A totally skew cocycle has trivial symmetry group S = {0}, and if

N is torsion-free, then N is connected, and so the whole obstruction group
vanishes:

H?(N,C(5,U(1))) = H*(N,U(1)) = Hom(N, N) = 0. 0
In Example 3.13 both of the involved noncommutative tori were rational.

However, if one of the involved classes is irrational, then its symmetry group
is trivial, so one can apply the above corollary.

Example 3.17. Let G = R?, N = Z2, and let r € R/Z = H?*(Z?,U(1)) be
an irrational number, and let w, be a corresponding cocycle. If there is an
R2-equivariant Morita equivalence

K@ (Cxy2Z%) ~ K (Cxy, Z2),
where R? acts on both algebras diagonally as in (20), then
[w] = [w] € H*(Z%,U(1)).

Let us continue with some further analysis of the class () constructed
above. Consider the following diagram of induced maps

H*(N,C(8,U(1)) 2 4(7)

evy

where ¢ : U(1) — C(8,U(1)) is the obvious inclusion, and
ev: C(5,U(1)) = U(1)

is the evaluation at 0 € S which is N L_equivariant, because N1 acts trivially
on both sides. As evy o cy = id, cy is injective. It is easily seen that the
Mackey obstruction class Ma(f]” ® fiz) of the action

AP @ fig s G — Aut(K @ K),
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is connected to §(v) by® ¢*(6(7)) = —c.(Ma(S? @ fi2)). But the composition
i* o g* is zero, so by commutativity of the square and by injectivity of cx,
we see that i# (Ma({? ® fiz)) = 0, and we have just proven the following
statement:

Lemma 3.18. Let K ® (C x4, N) ~ X ® (C x4, N) be a G-equivariant
Morita equivalence, where G acts on both sides diagonally by actions on the
compacts fi; : G — Aut(X), i = 1,2, tensor the inflated actions

inf; : G — Aut(C %, N), i=1,2,

on the respective crossed products. Then the Mackey obstructions of the
restricted actions f[i;| 1 agree:

Ma(jua] . ) = Majizly1) € HA(N", U(1),

An instance of Lemma 3.18 already appeared in Example 3.13, wherein
the R%-action fi3 has trivial Mackey obstruction when restricted to Z2. In
general, Lemma 3.18 gives an obstruction map

(21) Ma vz ¢ [NCT(N;G)] — H*(N*,U(1))

(here the brackets [.] denote 2-isomorphism classes, i.e., Morita equivalence
classes). This map will enable us to identify the “commutative theory”
inside our theory as we explain next.

If i ® inf is a transverse G-action on K ® (C %, N), then the previous
section shows that its crossed product X @ (C X N) Xji@inf G together
with the dual G-action is Morita equivalent to an algebra X ® (C x; N1)
equipped with a transverse action p ® inf. Corollary 3.10 determines the
class [)] € H?(N+,U(1)) to a certain extend. Namely

(22) (7] € (Ma()|y+)" € HA(N*,U(1)),
where, for 6 € H2(N+,U(1)), we have used the notation

(23) oM =

O xwllye ¢ [@]lye = 6,0 M w}

—~

For  in the image of the restriction map res : H2(G, U(1)) — H2(NL, U(1)))
this set is never empty. In fact, the trivial cocycle 1 is transverse to any
cocycle @, so for § = [@]|y1 we have

0=[0)|yL =[@x1]|yL e
The element relation (22) restricts the possible classes for building the dual
algebra to the set (Ma(f1)|y.)™. This set is a Morita invariant of both the
original system (K ® (C x,, N), f®inf) and of its dual system. (Just because

of Lemma 3.18 which states that the class Ma(ji)|y. is a Morita invariant
of the original system.) However, the element [7] itself is not a specified

5The sign reflects the fact that the Mackey obstruction is defined to be the negative of
the actual connecting homomorphism in (1).
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element in (Ma(f1)|y.)™. In fact, it varies with the choices of the extension
of w from N to G, and these choices can make a difference (see Section 3.4
for a detailed example). Nevertheless, the following lemma shows that in a
very important case the set (Ma(f)|y1)™ reduces to a singleton.

Lemma 3.19. For § € H%(N+,U(1)) the following three statements are
equivalent:

(1) 6 = 0.
(2) 6™ = {0}.
(3) 0™

Proof. Let us compute the image of 8™ under
h_: H*(N+,U(1)) = Hom(N*,G/N).

Let x := [0 xw]|y1 € ™. In the proof of Lemma 3.11 we have already seen
that

hzf))dw = ¢ © hff)v

for ¢ = id + hg o h,,. By transversality, ¢ : GG induces an isomorphism

¢ : G/NSG/N. Now, the commutativities of the outer square, of the
bottom triangle and of the two trapezoids in

NJ_

N e G

G/N

|
PN

WOXw

/N

G

imply that the upper triangle commutes, i.e., h, = ngO hg. But as qS is an
isomorphism, h, vanishes if and only if hy vanishes. The lemma is then
obvious. [l

The important thing about this last lemma is that we have found an
invariant that can distinguish the commutative systems, i.e., those which
are equivariantly Morita equivalent to a system (K® C(G/N), u®inf), from
those who are genuinely noncommutative. Let us denote by CT(N; @) C
NCT(N ,CA?) the corresponding subcategory. Together with the results of
the previous section we have found:
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F s

Y

Ficure 1. h CcRxR

Theorem 3.20. The set of 2-isomorphism classes [CT(N; G)] is the kernel
of the composition [INCT(N;G)™ — [NCT(N+;G)™ — H?(N,U(1)) in

HY N U(1) <9 (NeT(n; G INCT(NL; GY] —= 9 g2 (v (1))
U U
[NCT(N;G)" == [NCT(N+;G)"|
U U
[CT(N; @) [CT(NG)).

3.4. Example: duality for the NC-torus in dimension 2. Let
G:=R*=CG, and N:=2Z>=N"

Recall the isomorphisms H?(Z2,U(1)) 2 T and H%(R?,U(1)) = R. Let us
identify the transversality relation M C R x R: A cocycle corresponding to
0 € R is given by wp(z,y) := exp(2mifxay1), so one obtains

hg: (_00 g) :R2—>R2.

Then for some 6 € R we have
¢ =idge + hgohy = (1 —00) - idge

which is invertible as long as 00 =# 1. Moreover, it restricts to an isomorphism
of Z2 if and only if 89 = 0 or 80 = 2. Therefore m C R x R consists of the
union of the coordinate axis and of the graph of = — % (see Figure 1).

We can now answer the following question about transverse actions com-
pletely:

Q: If § € T, what are the transverse actions /i ® inf on K ® (CxyN)?
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A: If § = 0 € T, then every action (i ® inf is transverse. If 0£0eT,
and 6 € R is some lift of 6, then every action fi ® inf is transverse
which has a Mackey obstruction

. 2

Let us compute the dual system of (K® (Cx;Z?), 4®inf), for a transverse
action /i with Ma(j) = 6:
(i) In the simple case of § = 0 we can choose f = 0 as a transverse lift
to . Then we have

K ® C(T) Hpgint RZ ~ K ® (Cx; 2%,

on which R? acts by id ® inf, and 0 is the restriction of 6 to Z2.
(ii) In case of 6 # 0, there are two subcases. First, if § = 0, then let 6
be any lift of 8, and we have

K ® (C x4 Z%) ¥pgint R? ~ K ® C(T?),

on which R? acts by p ® inf with Ma(u) = 6. Second, if 6 # 0, then
transversality means that there is a lift 6 of 6 such that § = 2/6. We
now only need to compute the cocycles occurring in Corollary 3.8:

hiw (@, y) = exp(2mif(—01)(0y2)) "
= exp(27i20z1y2)

~ exp(27ri2éx2y1)_l,

so [w; - hgwe_l] = —f, and similarly [wp - h;d}é_l] = —0. Pushing these
classes forward along ¢ = qg = —idge doesn’t change the class. So if

we denote by 6 € T the restricted class of § and if l_p is an action
with Mackey obstruction —6, then the dual is given by

(24) (K ®(Cx_;Z%), pg®inf).
Note that we re-obtain Example 3.13 at this stage: In fact, for § = % and
0 = 3 the dual system of (X ® (C X, Z%), i ® inf) is according to (24)
(X @ C(T?), p_2 @ inf).
Then we might take the bidual according to (i) which is
(K@ (Cx_g Z?%),id ® inf).

However, % = —% mod Z, and this is exactly what we observed in Exam-

ple 3.13.
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3.5. Example: duality for 3-dimensional NC-tori. We consider now
the standard lattice Z" C R™. Recall from [BaK73] that for every 2-cocycle w
on R™ there is a unique strictly upper triangular real n xn matrix A such that
w is cohomologous to w4 : R™ x R — U(1) given by wa(x,y) = e>HA%Y),
Moreover, every 2-cocycle on Z™ is cohomologous to the restriction of some
wy to

Z"xZ" CR" x R"
and two such restrictions lie in the same class in H%(Z", U(1)) if and only
if the difference A — A’ has integer entries. If we identify R"™ with R" via
T = X With xz(y) = e2™i{@:Y) then a straight-forward computation shows
that

hy, :R" = R"

is given by matrix multiplication with the skew symmetric matrix A — A’.
Now, given another strictly upper triangular matrix B defining a 2-cocycle
W = wp on Rn = R™, then the pair (wq,wp) is transverse if and only if the
matrix

®:=1I,+ (B — B (A - A"

lies in GL(n,Z). As a consequence, given an action i ® inf of R" = R” on
X ® (C x4, Z") such that Ma(zi) = [wpg], then the system

(X @ (C x, Z"),R", i @ inf)

is transversal if and only if there exists a strictly upper triangular matrix A
such that 7 ~ wa|znxzn and such that I,, + (B — B!)(A — A!) € GL(n, Z).

Of course, this will always be the case if B = 0, which results to give
Mathai—Rosenberg duality between commutative and noncommutative tori.
For the case n = 2 we completely solved this question in the previous ex-
ample. In particular we saw that every noncommutative 2-torus has non-
commutative duals. We shall now show that this is not always the case in
higher dimensions.

For this we have a look at the case n = 3: Suppose that

0 a1 a9 0 b1 b
A=|0 0 a3 and B=|0 0 b3
0o 0 O 0O 0 O

Then a short computation shows that

®:=1I3+ (B—B") (A A"

1 — (bra1 + baaz) —boag bras
= —bszas 1— (b1a1 + b3a3) —bias
b3a1 —b2a1 1-— (b2a2 + bgag)

A lengthy but straightforward computation gives
(25)  det® =1 —2(c1 4 co +¢3) + 2(c1e2 + cre3 + eac3) + 3 + 3 + 3,
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with ¢; := a;b;, i € {1,2,3}. In order that ® € GL(3,Z) we need det ® = +1.
Since all entries of the matrix ® need to be integers, it follows that all
mixed terms c;c; with ¢ # j are integers as well. Also, all sums ¢; + ¢;
with ¢ # j need to be integers. Using this, it easily follows that 2¢; € Z for
all i € {1,2,3} (e.g., we get 2¢1 = (c1 + ¢2) + (c1 + ¢3) — (c2 + ¢3) € 2).
But then it follows that ¢3 + 3 + ¢3 € Z. Tt is an easy exercise to check
that the sum of three squares of half-integers is an integer if and only if all
three numbers are integers themselves. Thus we get c1,c2,c3 € Z and we
need to search for integer solutions ci,co, cs for the equation det ® = +1.
Using standard forms for quadratic equations one can check that there are
precisely the following two sets of solutions

c3=—Cc]—Cy Or cg=2—c1—cy Vey,c0€Z,

in which cases the determinant will be 1. Moreover, the matrix ® will have
integer entries if and only if n;; := a;b; € Zforall 1 < 4,5 < 3. If B =0,
the conditions will always be fulfilled. On the other hand, if just one entry
b; # 0, this will force any of the pairs a;, a; to be rationally dependent, since
if both aj,a, # 0, then the equations 0 # a;b; = nj; and 0 # apb; = ny;
implies that a; = Ziz aj.
Thus, a general noncommutative 3-torus which admits a noncommutative
0 a1 2
dual will be attached to a matrix of the form A =60 0 «a3| with
0 0 0

0 B1 P
0#60cRand ay,a9,a03 €Q. Then B=1+ [0 0 B3| with 1, 82,83 € Q
0 0 O
such that ;-85 € Zfor all 1 <1i,j < 3 and a1 81 + a2f2 + a3f3 € {0, 2} will
match up with A to give a dual pair of noncommutative three dimensional
tori. As an example: if all a; = 1, then (51, 02,03) = (n,k,—n — k) as
well as (01, B2, 83) = (n,k,2 —n — k), with n,k € Z, will give compatible
parameters for B.

|

3.6. Example: tensor products of duality pairs. Duality pairs are
closed under taking tensor products: Suppose that (wa,wp) is a duality
pair for Z" C R™ and (wc,wp) is a duality pair for Z™ C R™. Then
(wa - we,wp - wp) is a duality pair for Z"*™ C R™t™ where wy - we is the
cocycle on R"™™ given by the product

wa-we((z1,91), (T2, 42)) = wa(@1, v2)we(y1,y2) YV (@1,91), (22, y2) € RPT™
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(and similarly for wp - wp). Note that wa - we = wWaiag(a,c) if We denote by

diag(A, C) the matrix <61 g) € My+m(R). Since

Inim + (diag(B, D) — diag(B, D)") (diag(A, C) — diag(4, C)")
- diag([n 4 (B~ BY(A— AY), I, + (D — DY(C — Ct)>

it follows that (w4 - we,wp - wp) is a dual pair if and only if (w4, wp) and
(we,wp) are both dual pairs.

4. Noncommutative C*-dynamical T-duality

In classical (commutative) C*-dynamical T-duality the objects are princi-
pal torus bundles £ — B equipped with a locally trivial bundle of compact
operators F' — FE that is trivialisable over the fibres E;, — b. The C*-algebra
of sections vanishing at infinity A := I'g(E, F) is a bundle of C*-algebras
whose fibres are stable commutative tori X @ C(T"). We consider more
general bundles whoses fibres are twisted group algebras.

In this section the word space will always mean a second countable, locally
compact Hausdorff space.

4.1. Cy(B)-algebras and continuous bundles of C*-algebras. Re-
call that a C*-algebra A is called a Cy(B)-algebra for a space B, if A is
equipped with a fixed nondegenerate x-homomorphism ® : Cy(B) — ZM(A),
the center of the multiplier algebra M(A) of A. If A is a Cy(B)-algebra, then
for any closed subset X C B we let Ix denote the closed ideal ®(Cy(B\X))A
of A and the quotient A|x := A/Ix is called the restriction of A to X. For
a single point {b} = X, AJ; is called the fibre of A over b. The elements of A
can be viewed as sections of a fibre-bundle over B with fibres Al;, by writing
a(b) :==a+ I € Alp, for a € Aand b € B. A Cy(B)-algebra A is called a
continuous bundle of C*-algebras over B if these sections are continuous in
the sense that b +— [|a(b)|| is continuous. We refer to [W07, Appendix C] for
a detailed treatment of Cy(B)-algebras.

An action a : G — Aut(A) on a Cy(B)-algebra A, is called fibre-preserving
if it is Co(B)-linear, i.e., if ag(f-a) = f-a4(a) for alla € A, g € G and
f € Co(B), where we write f - a for ®(f)a. If o is Cy(B)-linear, it induces
actions af, on each fibre A|, by setting (c[s(g))(a(b)) := (oy(a))(b). Then
« is completely determined by the actions on the fibres.

If Ay and Ay are two Cy(B)-algebras, then we say that an A;-As-equival-
ence bimodule E is Cy(B)-linear, if f-£ =¢ - f for all f € Cy(B), £ € E,
where the left and right actions of Cy(B) on E are given via extending the
left and right actions of A; and As to their multiplier algebras. We then say
that Ay and Ay are Cp(B)-linearly Morita equivalent.

We will typically deal with a situation in which the Morita equivalences
are assumed to be both, G-equivariant and Cy(B)-linear.
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4.2. Families of twisted group algebras and w-triviality. Let B be a
locally compact space, and consider a Cy(B)-linear action on X®Cy(B), i.e.,
a continuous homomorphism u : G — C(B,PU(H)), where C(B,PU(H))
is equipped with the compact open topology (this is the Cy(B)-linear auto-
morphism group of X ® Cy(B) with the topology of point-wise convergence).
We can construct such a homomorphism g literally by formula (2) from a
cocycle w € Z%(G,C(B,U(1))) by the left regular w-representation. ILe.,
one just has to apply (2) point-wise for w|, € Z2(G,U(1)) (the evaluation
of w at b € B). The resulting function indeed is continuous as a map
G — C(B,PU(H)) [HuORRS86, Proof of Prop. 3.1]. This gives rise to a

map

(26) ép.c - H*(G,C(B,U(1)) — Ec(B),

where Eg(B) denotes the Morita equivalence classes of systems
(K ® Co(B), 1, G).

It is shown in [CrKRW93] that E;(B) is a group by forming the balanced
tensor product over B, and the above map is a homomorphism. For the
one-point space B = pt, Proposition 2.5 tells that the above map is an
isomorphism, namely the inverse of the Mackey obstruction. Yet, for general
B this fails:

Proposition 4.1 ([CtKRW93, Sec. 6.3]). If the second Cech cohomology
H?(B,Z) is countable, then there is an exact sequence

0 = HX(G,C(B,U(1))) 5 £6(B) — Hom(G, H(B,Z)).

In the remainder of this article we will exclusively deal with actions u
on X ® Cy(B) which are in the image of {p . Instead of analysing the
crossed product (K ® Cy(B)) %, G we will therefore mostly consider twisted
transformation group algebras defined as follows: If w € Z2(G, C (B, U(1))),
then the Banach space L'(G,Cy(B)) is turned into a Banach *-algebra by
the same formulas as in (3). Its enveloping C*-algebra is denoted by

Co(B) Hw G.

It has a canonical action of the dual group G by point-wise multiplication
of characters. Furthermore, it is a C*-algebra over B and its fibres are
(Co(B) x4 G)|p = C x,,), G, where again wl, denotes the restriction of w to
b € B. (We refer to [EW02] for a more detailed discussion of twisted trans-
formation group algebras.) If now p: G — C(B,PU) is a given action in the
image of {p ¢, then there is a @—equivariant and Cy(B)-linear isomorphism

T K@ (Co(B) %y G) = (K@ Co(B)) %, G

given literally by formula (4). In other words, we can go back and forth
between families of twisted group algebras and their corresponding crossed
product algebras without losing information.
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FIGURE 2. A function for defining a bundle of algebras.

We are now coming back to our general situation in which N C G is a
cocompact discrete subgroup of the abelian group G.

Definition 4.2. Let B be a space and let A be a (separable and stable)
Co(B)-algebra.

(1) A is called w-trivial if there exists w € Z2(G,C(B,U(1))) together
with a Cy(B)-linear Morita equivalence A ~ Cy(B) %, N. The pair
of such a cocycle together with such a Morita equivalence is called
an w-trivialisation.

(2) A is called locally w-trivial if there exists an open covering (U;);er of
B such that for all 7 € I the restricted algebras A’E over the closure
U; D U; are w-trivial.

(3) The open sets together with their w-trivialisations are called charts,
and a collection of charts covering all of B is called an atlas.

(We use the term (local) &-triviality if we consider the groups Nt G instead
of N,G.)

Note that although the Morita equivalence in this definition only refers
to the cocycle on N, we require the cocycle to extend to G.

Example 4.3. Let G := R?, N := Z2. Let B := [0, 1] be the interval and
S1:= B/(0 ~ 1) be the circle.
(1) Let wM € Z2(R?,C(B,U(1))) be given by the class function®
t > [wV] € R= H2(R2,U(1))
which is defined by Figure 2.

OLe., wM (z,y) := exp(2mifw!M]zay1).
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F1GURE 3. Another function for defining a bundle of algebras.

Let X := C(B) %, Z2, which is a globally w-trivial (nonstable)
algebra over B. Note that w((]l)|zz><zz = w£1)|zzxzz, so the fibres
X|o and X|; over the two endpoints of B are canonically isomorphic
(they are equal after identifying X |; = Cx,,, Z? by the obvious map).
Let us denote by A' the algebra which is obtained by gluing along
this isomorphism, i.e., the pullback in

Al -X
g X4}

idxcan

v
Xlo——=X[o® X|;

and denote by AW its stabilisation K @ AL. If we let
n € Z*(N,C(s1,U(1)))

be the cocycle given point-wise by w®) |nNx N, then AW is canonically
isomorphic to KX ® C(S1) Xy Z2. This is not an w-trivial algebra any
more, yet it is still a locally w-trivial algebra over the circle S?.

Let us do a slightly more involved construction with the cocycle
w® € Z2(R?,C(B,U(1))) whose class function is given by Figure 3.

Let Y := C(B) %2 Z*. In this case, the fibres Y|y, Y|; over the
two endpoints of B are two nonisomorphic but Morita equivalent
noncommutative tori with classes 0 and % So there is a stable
isomorphism ¢ : X @ Y]p = KX ® Y|;. We use this isomorphism to

glue the stabilisation X ® Y over the endpoints to itself: Let A be
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the pullback in
A®) > KQY

ko ek
\Llo ><7,1

v id
KD Y]p—> (K@ Y|o) ® (K@ Y])

We claim that A®) is a locally w-trivial algebra over the circle S.
It is clear that Y itself gives a chart for, say, V := (%, %) c St
The critical issue is to find a local w-trivialisation around the gluing
point: For, say, U := [0, %) L (%, 1]/(0 ~ 1) C S we have

AP = {(£.9) € K@ Y]p_1) @ (K& Y3y | @(Flo) = gh }-
But the isomorphism ¢ extends to a fibre-wise isomorphism

QD . 9{ ® Y|[07%} — g< ® Y|[%’1}

just because all fibres are the same. So we obtain

AP |y = {(@fa g)e(XeY|s o XeY|sy) | (@Hh= 9|1}
~ C(U) Huwy Z27
2

and this means that V, U give an atlas for A,

4.3. Duality for polarisable pairs. Recall that for a fibre-preserving ac-
tion o : G — Aut(A), i.e., a Cy(B)-linear action, the crossed product C*-
algebra A x, G is again a Cy(B)-algebra.

Definition 4.4. Let B be a space.

(1) An action « : G — Aut(A) on a locally @-trivial Cy(B)-algebra A
is called locally transverse if there exists an atlas (Ui, @i)ier for A
and cocycles w; € Z%(G,C(U;,U(1))) which are point-wise trans-

verse to @; together with G-equivariant and Cy(U;)-linear Morita
equivalences

(A %o G, ~ Co(Us) Xginw; (Nt x Q).

(The G-equivariance is required for the dual actions on both sides.)
These local data U;,w;,w; and the Morita equivalences are called
transverse charts which altogether constitute a transverse atlas.

(2) A NC pair (A,«) over B is a locally @-trivial Cy(B)-algebra A to-
gether with a locally transverse action.

(3) We use the term NC' dual pair for a locally w-trivial algebra with a
locally transverse G-action.

Remark 4.5. Local transversality of an action a can be rephrased in
terms of the local actions alg, on Alg = K ® Co(U;) xg, N+ It is
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equivalent to require, firstly, that a]m factorises as p; ® inf, and, sec-
ondly, that the element in €g(U;) given by u; : U; — C(G,PU(H)) is
in the image of H%(G,C(U;,U(1))) < Eg(U;) such that its pre-image in
H?(G,C(U;,U(1))) is point-wise transverse to ;.

If (A,«a) is a NC pair, then the crossed product A x, G is a Cy(B)-
algebra and its fibres can be computed point-wise according to Section 3.2
which shows that the dual action of G on A Xo G 1s transverse in each
fibre. However, the crossed product algebra A x, GG need not to be locally
w-trivial, and even if it is, then the point-wise computation of Section 3.2
determines the dual action only up to Morita equivalence in each fibre which
is in general not enough to determine a unique action with these properties.
So we cannot simply conclude that the dual action is locally transverse.

Definition 4.6. Let B be a space.

(1) A local polarisation over U C B is just a continuous family of group
automorphims ¢ : U — Aut(G x G), where Aut(G x G) is equipped
with the Bracconier topology. This is the topology generated by
the compact open topology and the pre-images of the open sets by
inversion in Aut(G x G). By the exponetial law ([Br64]) this means
that ¢ is continuos if and only if

xGxG
(u, (u)(x; 9))

G

U x G x
u, X, 9)

(u,

is a homoeomorphism.

(2) Let (A, a) be a NC pair, and let (U;, w;,w;)ier be a transverse atlas.
The atlas is called polarisable if there exist local polarisations ¢; over
U; such that

(@5 A wi] = i[A] € HA(G x G,C(T;, U(1))).

_)
}_>

(3) A NC pair (A4, a) is called polarisable if it permits a polarisable atlas.

Polarisability is a slight restriction on the class of objects we consider.
In fact, if an atlas is polarisable, then it follows that the involved cocycles
w;,w; are cohomologous to bihomomorphisms, just because

(27) wi = (@i Awi)l(oxa)x(0xa) ~ (9 M) 0xG)x (0xG)>

and the latter cocycle is a bihomomorphism G x G — C(U;,U(1)). This
means that the bundle theory does not cover all the cases of the point-
wise theory in the previous sections. However, for G = R® and N = Z" all
cocycles are cohomologous to bicharacters, and, as we see next, polarisability
is no restriction at all:

Proposition 4.7. For G =R", N = Z" every NC pair is polarisable.
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Proof. Let U;,&;,w; be a chart. The first thing to note is that for R*" we
always have an isomorphism’ [EW01, Sec. 5]

H2(R™,C(U:, U(1))) = C(T;, H2(R*™,U(1))).

which is given by point-wise evaluation. Secondly, the Braconnier topology
coincides with the usual topology on Aut(R™ x R") = GI(2n,R).

Now, if 7 An is a type I and totally skew cocycle on R??, then hang -
R2" — R?" is an invertible, anti-symmetric matrix. But if As(2n,R) denotes
the set of all anti-symmetric 2n x 2n-matrices, then

¢:Gl(2n,R) - GI(2n,R) N As(2n,R),
p = Sb © h/\ ° Y,

0 1
h/\: <_1 0)7

is surjective and admits local sections. (Here the dual map ¢ coincides
with the transpose map ¢'.) In fact, surjectivity is a standard fact about
anti-symmetric matrices. To conclude the existence of local sections, it is
sufficient to observe that c is a submersion, i.e., we claim that its derivative

where

de(p) : Mat(2n,R) — As(2n,R)
M s Mopohy+hpyopolM
is surjective for all ¢ € Gi(2n,R). But this is immediate: for any X in
As(2n,R) we can choose a Y € Mat(2n,R) such that X = Y — Y, then
My = ¢ loh toY satisfies
de(p)(My) =Y ohtohp+Y =Y o (=1)+Y = X.

So (after passing to a possibly finer covering, again called U;) we find lifts
in

Gl(2n,R)

E l

Gl(2n,R) N As(2n,R)

hﬁ;i Aw;

and so h(@ YA = @i 0 ha o @i = hg,aw; Which means that

i

[(@i)*A] = [@i A wil. 0

772 (G,U(1)) has the topology of almost everywhere point-wise convergence, and
H?(G,U(1)) has the corresponding quotient topology. Then H?(R™,U(1)) = R™"~1/2 g5
topological groups.
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If (A, o) is a C*-dynamical system over B (i.e., A is a Cp(B)-algebra and
« is fibre-preserving) and (4’, ') is a C*-dynamical system over B’, then a
morphism
(M) (A,a) > (A, o)
consists of a continous function f : B — B’ together with a Morita equiva-
lence oAMg« 4 over B. If

(fy,M):(A,a)— (4,a") and (f',M'): (4" d")— (A", ")

are two morphisms, then the composition is (f o f', M ®-4/ f*M') which
is only associative up to isomorphism. So define a 2-morphism between two
morphisms (g, L) and (g,L’) to be an isomorphism L = L’ over B, and
we have just defined the 2-category of C*-dynamical systems over spaces.
Apparently, NC pairs and polarisable NC pairs form 2-subcategories.

Theorem 4.8. The duality functor - x G defined on all C*-dynamical sys-
tems over spaces with group G restricts to a duality of polarisable NC' pairs:

C*-Dynamical Systems ~ C*-Dynamical Systems
. e . ~
over Spaces with Group G over Spaces with Group G

U U

NC Pairs NC Dual Pairs
U U

Polarisable ~ Polarisable

NC Pairs NC Dual Pairs

Moreover, if (A, a) is a polarisable NC pair with polarisable atlas U;, @;, wi,
then Us, w; X @, wiXw; (defined point-wise as in Definition 3.5) is a polaris-
able atlas for the dual.

Proof. Let (A, «) be a polarisable NC pair. We show first that A x, G is
locally w-trivial and that the dual G-action on it is locally transverse in the
sense of Definition 4.4(1). The proof is organised in 8 steps.

Step 0. Fix a polarisable atlas U;, w;, w; with polarisations ¢;, i.e.,
w; N\ w; ~ (901)* A
Step 1. We have an isomorphism
Co(T7) Mo pw, (G x G) — Co(T;) xp (G x G)
f = C- f o 902‘715

where ¢; : G x G — C(U;,U(1)) relates &; A w; ~ (¢;)*A. (Note: it is not
difficult to show that ¢; is measure-preserving. If it weren’t, there would
occur a positive factor in this isomorphism to rescale the Haar measure.)
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The dual action of G x G is transformed into the dual action pre-composed
with 7t
Step 2. We have to make a version of the Takai duality isomorphism ex-
plicit:

T : Co(T;) % (G x G) — K(LA(G)) @ Co(T;)
which is given for f € LY(G x G, Co(U;)) by

FOox) = /Gf(x = x',9)(9,X") dg € Co(Us),
where f is the integral kernel for T'f, i.e., for £ € LQ(@) and u € U; we have

(THO) () = /éf(x,x’)!u £ dy'.

In fact, it is a lengthy but straight forward calculation that T defines
a *-homomorphism which is injective, because T is composed by injec-
tive transformations such as the Fourier transformation. The image of
LYG x G,Cy(U;)) is dense in Cy(U;) ® K(L?*(G)) and thus T is an iso-

morphism.

Step 3. The dual action of G x G on Co(U;) xn (@ x () transforms under
T into®

(28)  ailg.x) =T o {(g:X), () o T4 = Ad({g, ROV ) @ id -
where R : G — U(L2(G)) is the right regular representation. d; is Morita

equivalent to the action &; ® idy(r2(q)) on K(LA(G)) @ Co(U;) ® K(LA(G)),
and this action is exterior equivalent to idx( £2(G)) ® & with

&i(g,x) =idg, @, ® Ad (L(9)<77 x>),

where L : G — U(L%(G)) is the left regular representation. The cocycle
which implements the exterior equivalence is given by

V(g,x) = <ga 7>R<X) ® idCO(ﬁi) ® <77 X>_1L(g)_1'
The important thing to notice here is that & is in the image of é@ GG from
(26): It is the image of V™1 € Z%(G x G, C(U;,U(1))) which reads explicitly
(g x) V™ () = (R, x) .

As a consequence a crossed product with the action &; (or &) precom-
posed with ¢; ! is Morita equivalent to a twisted group algebra with cocycle

(@i)Vt.

8We denote multiplication operators on L? by the same symbol as their defining func-
tions, e.g., (go, ) : € = {go, )&, for £ € L*(G).
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Step 4. Note that for the Heisenberg cocycle A on G x G we have

<h/\(X7 g)? W, h)> = <(ga _X)7 (wv h)>

which means that h is the map (x, g) — (g, —x) and so

((hn)e A )((g,%)s (R, 90)) = (g, =) ~ (9,X) V (B, ).

This relation holds in Z2(G x G, U(1)) but also in Z%(G x G,C(U;, U(1))),
where we consider the above cocycles as constant in the fibres. We can use
this intermediate step to compute the cocycle of &} from above:

-1

(@0ev) ™ ~ ((@0u(hn)en)
= (@)-(ha)(oa(o) )
= ((@i o hin o pi)s ((03)" A ))_1
= ((hern). (20" A))f1
~ (). @A)

So apart from an interchange of G and @, this is exactly the formula we
analysed in Lemma 3.6.

Step 5. By the continuity and openness of ¢;, the equality

. he i id
Pi(u) o hp o @i(u) = hg,nwy), = <—iég e, )

W'Llu
shows that (u, g) — (u, hy,,(g)) is continuous and open, so
QZ)Z‘ : Ul — Aut(G)

u = (97 g+ hey, (b, (9)))

is continuous for the Bracconier topology on Aut(G). We already remarked
in (27) that the involved cocycles are all bihomomorphisms, so as explained
in Remark 3.7 we have

~1
((@1)* vV ) ~ Wi XW; - Wi Xw; - (gf)Z X lda)* vh,

This relation holds in € Z%(Gx G, C(U;, U(1))), i.c., this is a local statement
rather than just a point-wise statement.
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Step 6. We can now locally compute the dual

(Ao Gy, ~ Co(Us) Ngnw, (N X G)
~ Co(T;) Mepne; (G X Q) Xgual (N x 0)
= Co(Ui) Xyrn (G x G) Xuar (N % 0)
~ Cy(T;) xn (G x G) (N % 0)
>~ K(L*(G)) @ Co(U;) X g0
~ Co(U;) Xz,).v-1 (N % 0)
= Co(Us) » 50, (N % 0)
>~ Co(U;) My aa; (N % 0),

where the last isomorphism is pullback by ¢;. This implies the local w-
triviality of A x, G and shows that w x w; gives an atlas.

>4dualog{:fl
-1 (N x0)

Step 7. Using these Morita equivalences, we can similarly compute the dual
action of G on (A xq G|, (note that all equivalences are G-equivariant):

(A Ao G)|U X dual G CO ﬁz (NJ_ X G) X dual G

(Ui) x
~ Co(Us) ey, (G % G) qual (N x G)
~ Co(U)) X (). v—1 (N X @)
= Co(Us) M i 3@ (¢ Xid g ) o VL@ Xw; (N x CAJ)
= Co(U) Humanv-1-si; (N % G)
2 Co(Ts) Nupysaiveisioo, (N % @),

where the last step is pullback along the inversion © in N together with
the isomorphism induced by the cochain that relates ©* (w; X @;) ~ w; X W;.
This again requires the computation of Remark 3.7. As w; X @; and @; Xw;
are point-wise transverse, this completes the proof. O

By Lemma 3.18, we can associate to a given NC pair (A, «) an obstruction
function

(29) 0:B— H*(N,U(1))
which at each point of B has the Mackey obstruction of the local and re-

stricted N-action as its value. This function is continuous. In fact, it is
locally continuous as it is given by point-wise evaluation®”

Z*(N,C(U;,U(1))) = C(U;, Z*(N,U(1))) — C(U;, H*(N, U(1))).

9Here evaluation is an isomorphism because N is discrete, so the topology of almost ev-
erywhere point-wise convergence on Z2(N, U(1)) coincides with the compact open topology
for which we can apply the exponential law for locally compact Hausdorff spaces X,Y, Z:
C(XxY,Z2)2C(X,C(Y,2))
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Similarly, to a NC dual pair we associate an obstruction function
(30) 0:B— H>(N*,U(1)).
Using these functions we can talk about the commutative subtheory inside

polarisable NC pairs:

Definition 4.9. A polarisable NC pair (A, «) is called (point-wise) commu-
tative if the obstruction function 0 defined by its dual (A x, G, &) vanishes.

If we restrict to the groups G = R, N = Z" the next proposition shows
that this notion of commutativity reproduces the familiar objects from clas-
sical T-duality.

Proposition 4.10. Let G = R", N = Z", and let (A, ) be a (polarisable)
NC pair. Then (A,«) is point-wise commutative if and only if there is a
locally trivial principal G/N-bundle E — B and a locally trivial bundle of
compact operators F' — E such that

(31) A=Ty(E,F).

Moreover, F' — FE is trivialisable over (a neighbourhood of ) all fibres E|p, b €
B, and there is a G-action on F' that covers the G/N action on E such that
the isomorphism in (31) can be chosen to be G-equivariant.

Proof. It is clear that if an isomorphism (31) exists, then 6=0.
Conversely, if §(b) = 0, then by Lemma 3.19 §(b)™ = {0} which deter-
mines the class of each fibre to be 0. So we have locally

Alg, ~ Co(Us) xg, N,
where the cocycle @; : Z2(G,C(U;, U(1))) is such that its restrictions
i = iy € Z2HNT,C(U;,U(1))) = C(U;, Z2(N+,U(1)))
are point-wise in the image of the boundary operator
d: CY(NL,U(1) = C*(N+L,UQ)) : 7]y € BA(NL,U(L)).

The kernel of d is Hom(N+, U(1)) 2 G/N = T" which is a Lie group. So
just as in the proof of [Ro86, Theorem 2.1] we apply the Palais cross-section
theorem [Pa61, 4.1] which implies that d : C*(N+,U(1)) — B2(N+,U(1)) is
a locally trivial G/N-bundle. Then, after passing to a possibly finer covering
of B which we again call U;, we have lifts 7; in

CHN*,U(D))

/id

Ui Zo- BV V()

which implies the existence of local G-equivariant isomorphisms
Alg 2K @ Co(U;) Hgop, N* 2K @ Co(U;) x1 N* = Co(U; x G/N, X).
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Now, consider the transition on the overlap U;; := U; N U; of two charts

C()(Uj X G/N, IK) Co(UZ X G/N, j(:)

i |

C()(Uji X G/N, fK) %Co(vw X G/N,UC)

It is G-equivariant, and it induces a G-equivariant automorphism on the
spectrum vj; : Usj x G/N =2 Uj; x G/N. By equivariance vj; is of the form
vji(u, 2) = (u, gji(u) + z) for some g;; : U;; — G/N. Clearly, the gj; define

a Cech cocycle and thus a principal G/N-bundle E — B. Precomposition
of pi; with (7]-;1)* yields then a spectrum fixing automorphism of

C()(Uij X G/N, fK),
i.e., a function ¢j; : U;; x G/N — PU such that
i () (u, 2) = G (u, 2)[f (u, gji(u) + 2)]

for f € Co(Uj; x G/N,XK) « Co(Uj x G/N,XK). The (;; satisfy the twisted
Cech identity

Chj (u, gji(u) + 2) Gi(u, 2) = Cri(u, 2)
and hence define a bundle of compact operators F' — E. It is then clear from
the construction that F' is trivialisable over a neighbourhood of each fibre
E|, C E, and F carries a G-action which covers the principal G/N-action
on F.

For any a € A the quotient maps A — Cy(U; x G/N,X) define a com-
patible family of functions, i.e., they define a section of F' — E. Hence we
get a G-equivariant map

A—=T(E,F).
Because this map is Cy(B)-linear, one can use a partition of unity on B as
an approximate identity on Cp(B) to show that this map takes values in the
sections vanishing at infinity only and that this assignment is injective and
surjective

AST(E,F) CT(E,F). O

4.4. NC bundles. If (A4, «) is a NC pair we have seen that it is not rea-
sonable to ask for the cohomology classes of the fibres of A rather than to
handle this issue with the ambiguity which is measured by the set 6™ as
defined in (23). So if we want to deal with bundles without actions the
following definition is appropriate.

Definition 4.11. A NC bundle (A, 9) is a locally @-trivial algebra together
with a continuous function 6 : B — H?(N1,U(1)) such that there exists an
altas Uy, &; of A which has the property that for all i we have [;]y]|v € 0(b)™,

for all b € U;. A NC bundle (4, 6) is called commutative if § = 0.
(The notion of (commutative) NC dual bundles is defined analogously.)
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These are the objects of the category of NC bundles. The morphisms
(A,0) — (A, @) are pairs (f, M) of a continuous function f : B — B’ such
that 0 = 0’ o f and a Cy(B)-linear Morita equivalence 4M pxar. Here we
assume that A’ is a Cy(B')-algebra.

If (A, «) is any polarisable NC pair, we can use the obstructions function
0: B — H2(NL,U(1)) of its dual (A xq G, @) to define an assignment on
objects (A, a) — (A, ) which extends to a functor

Polarisable
O: NC Pairs NC Bundles
that gives the underlying NC bundle of a polarisable NC pair. Similarly,
there is a functor

o Polarisable . NC Dual

" NC Dual Pairs Bundles

that gives the underlying NC dual bundle of a polarisable NC dual pair.
An extension of a NC (dual) bundle (A, ) is a polarisable NC (dual) pair
(A, @) such that ©(A,a) = (4,0), and a NC (dual) bundle is called dualis-
able if it has an extension. Now, if (A,#) is a dualisable NC dual bundle,
one might ask the question whether it has an extension that is the dual of
a commutative polarisable NC pair. In other words, we ask whether the
functor

— . Polarisable  ~ Polarisable ® NC Dual
~ " NC Pairs NC Dual Pairs Bundles

and its restriction

Commutative .
_ ) Polarisable
E|com :  Polarisable C NC Pair
NC Pairs alrs

Polarisable © NC Dual
NC Dual Pairs Bundles

have the same (essential) image. If the answer to this question were yes, then
the theory we developed wouldn’t be significantly richer than the classical
commutative and semi-comutative theory of Mathai and Rosenberg, because
all NC bundles could be understood as crossed products of classical bundles
(with all their possible G-actions). However, this is not the case:

Proposition 4.12. Let G := R? and N := Z%. Then the essential images
of the functors Z and Z|om do not coincide.

Proof. In Section 5.2 below we give an example of a NC bundle that cannot
be obtained as the dual of a commutative polarisable NC pair. ([
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5. Example: The Heisenberg bundle and its relatives

In this section we always let G := R? and N := Z? and we use the
canonical identifications R2 22 R? and (Z?)* = Z2. We will typically denote
elements in T = R/Z or T? = R2/Z2 by x,y,z or by ¢ if g is in R or R%.

By S! we denote the unit interval [0,1] with glued end-points 0 ~ 1.
Sometimes it is convenient to have one of the endpoints, say 1, thickened
to a whole (nonempty) interval 1 := [1_, 1], i.e., we then consider the
space ST := ([0,1] U 1)/, where 1 ~ 1_ and 0 ~ 1, which, of course, is
homeomorphic to S'. For ¢t € R we denote by w; the 2-cocycle on R? given
by wi(g,h) := exp(2mwitgahi). We will use the notation X, t € R, for the
actions R? — Aut(X) which are given by A, := Ad(L_(g)) for the left
regular w_;-representation

(L-1(9)(©))(h) == we(g.h — 9)é(h — g), €€ L*(R?).
The actions A! have Mackey obstruction +t € R =2 H2(R%,U(1)).

5.1. The Heisenberg bundle. Consider the function
wgr : ST = Z3(N,U(1))
given by wgi($) := ws|nxn which is well-defined as wy|nvxny = 1, for n € Z.
The Heisenberg bundle is the C*-algebra over S' given by
Ap =K ® (C(S") %y, N).

Its fibres are the stable noncommutative tori A|; = X ® (C My vxn V). We

equip it with the canonical G-action Qo := id®inf. The following proposition
is immediate.

Proposition 5.1. (Ag, &) is a (polarisable) NC dual pair.

The obstruction function 6y : S — H?(Z2,U(1)) defined by (Ao, &o) is
just the composition of the canonical identifications S* = T = H?(Z2,U(1)).

Let us construct a (commutative) NC pair which will turn out to be the
dual of the Heisenberg bundle. Consider the trivial principal T2-bundle
Ey := S' x T2 — S'. Its total space Ej is a compact orientable three
manifold so its 3rd (Cech) cohmology is H?(Ey,Z) = Z. Let Fy — E
be a locally trivial K-bundle representing the canonical generator of 3rd
cohomology:

H3(Ey,Z) = Z.
[Fl] — 1
Let I'(Ep, F1) be the section C*-algebra of F; — E. We construct an action
on this algebra which covers the principal T?-action on
E() = Prim(I‘(EO, Fl))
To do so, observe first that one can describe the bundle F slightly different.
Up to isomorphism any X-bundle over Fy can be obtained from a function
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T2 — Aut(X) which is used to glue the two boundary parts of the trivial
K-bundle
(32) [0,1] x T x K — [0,1] x T?

to each other. In particular, the bundle F} is obtained by using a classifying
map T2 — BU(1) = PU(H) = Aut(X) of the canonical U(1)-bundle over T2,
i.e., a function whose class in 2nd cohomology H 2(T?,Z) = Z corresponds
to 1.

Let us identify such a function T2 — Aut(X) by the following construc-
tion. Choose X = K(L?(R?)) and define a C([0, 1])-linear action 3 on the
sections C([0,1] x T%,K) of (32) by By(f)(t,z) = N y(f(t,x — g)). Fort =1
the cocycle involved in A\', w_1 : (g, h) — exp(27i(—1)g2h1), becomes trivial
when restricted to N = Z2. To continue we need a lemma:

Lemma 5.2. The canonical isomorphism
H?*(R?* L>(R*/Z%,U(1)) — H*(Z*,U(1))
of [Mo76, Thm. 6] makes the diagram
H?(R?,U(1))

|

H2(Z2,U(1)) =— H2(R%, L=(R?/Z2,U(1)))

commute, where the vertical map is restriction and the diagonal map is
induced by the inclusion of coefficients.

Proof. See Appendix B. O

Because of this lemma there is a Borel function®

c:R* = L™(T%U(1)) C U(L*(T?)
such that w_; = dc, i.e.,

(33) w-1(g,h) = c(h)(z = g) (g +h)(2) ™" e(g)(2),

for almost all z € T2. Note at this point that (33) implies that the restriction
c|z2 + Z2 — L>(T?,U(1)) is a homomorphism, i.e., there is a measure-one
set S C T2 such that n — c(n)(z) is in Z2, for all z € S. The function ¢
determines a function ¢ € L>®°(R? x T2, U(1)) € U(L?*(R? x T?)) which for
each g satisfies

(34) w-1(g,h) = &(h,z = §) &g + h,2) ™" c(g)(2),

for almost all (h, z) € R? x T2. (By choosing a Borel representative of &) we
consider for z € T? the unitary multiplication operator &(_, z) € U(L?*(R?))

10We always consider L®(X,U(1)) as a subspace of U(L?(X)) by associating to an
L°°-function the multiplication operator that multiplies L?-functions point-wise with the
given L°°-function.
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which sends a funtion ¢ € L?(R?) to h + &(h, 2)€(h). These operators define
a Borel function z + n9(z) := Ad(é(_, 2)) € PU(L?(R?)).
Lemma 5.3.
(1) There ezists a continuous function
n:T? = PU(L*(R?))

which agrees almost everywhere with ng.

(2) The class of n in H*(T?,Z) = Z is the generator +1, i.e., 1 is a
classifying map for the canonical line bundle over T2.

(3) The equality

n(z) AT = Ay n(z — §) € PU(L*(R?))
holds, for allk € Z, g € R?,z € T2.

Proof. (1) Consider the countable dense subgroup Q? C R?. By (34) there
is for each g € Q? a set Sy C T2 of measure one such that

w-1(g,) = &2 — gr) &lgr + - 2) 7" e(gr)(2) € U(L*(R?))
holds for all z € S;. Choose some 2z € SN[ g2 S5 Then

w-1(g,-) = & 20 — §) &g+ - 20) " ¢(g)(20) € U(L*(R?))
holds for all g € Q?. The map
g~ Ad(e(-, 20 — 9))
= Ad(w-1(yg, -)é(g + - 20))
= Ad(w-1(g,-) Lo(—9)¢(-, z0) Lo(9))

is clearly continuous on Q? (as one can see in line three) and clearly factors
over the quotient Q?/Z? (as one can see in line one). Then define

N @ T2 — PU(LA(R?))

to be its continuous extension (which is just given by the formula in line
three, for all g € R?), and let (2) := n,,(20 — ¢). By construction it’s clear
that 7 satisfies (1) of the lemma.

(2) The Cech classes of  and of z +— 1(z — zp) agree. We compute the
Cech class of the latter. Choose continuous, local sections o, : Vj, — R? of
the quotient map R? — T2 such that the open domains Vi, C T? cover T2.
Then by line two from above

(2) 1= wor(=0k(2),-) &(—on(z) + -, 20) € U(L*(G))
are continuous unitary local lifts of z — n(z — 2p), so its class in

HY(T?,U(1)) = H*(T?,2)
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is given by the cocycle
e (2) =n(2)m(z) ™

:w_l(—O'k(Z), *) 6(_O-k(z) + ZO) 6(_01(2) + ZO)_l

cwoi(=o(2), )"
=w_1(—0k(z) + 01(2),-) &(—0ok(z) + - 20)
A(—on(2) + ) + (on(2) — 01(2)), 20)
2),.) w_1(ok(z) — 01(2), 0% (2) + )

=w_1(ok(2) = a1(2), 01(2)) e((on(2) — 01(2)))(20) " € U(D).
We claim that ¢((o%(2) — 01(2)))(20) ! is a coboundary term. In fact,
ak(z) — Ul(Z) c Z27

and so choose by surjectivity of R2 — Z2 an extension y € R2 of the char-

acter n +— c(n)(z) which gives x(o1(2))x(0:(2)) ™! = c((ox(2) — 01(2))) (20)-
This indeed is a coboundary term and does not effect the class of . The
expressions

z = (z1,22) — w_1(0y(2) — ok (2),

0(2)) = (ok(2)2 — 01(2)2, 21),

are transition functions for the canonical line bundle on T x T [S07, Sec.
2.6, i.e., they give the class of the canonical line bundle.

(3) Just multiply both sides of (33) by the left regular representation
L_1(g) and apply Ad : U(L?*(G)) — PU(L?(G)) to both sides. O

Part (3) of the lemma just says for £ = 0 that

o1 x 72,%) 219 o« T2, %)

" "
Blo(9)

C(0x T3 X)—=C(0 x T2, X)

commutes, where (|o, 8|1 are the actions on the fibres over ¢t = 0,1 given by
the fibre-wise action 3, and n.(f)(1, 2) := n(2)(f(0,2)). So by construction
we have shown the following proposition.
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Proposition 5.4. Let (Ag, ) be the pullback in the category of C*-dy-
namical systems of the diagram

(Ao, ao) = (C([0,1] x T2, %), B)

Sk K
19 X’Ll

Y

(C(1 x T2,%), B,) — =21

(CO0x T2 XK)® C(1 x T2, K), Blo x B1)

then there is a canonical isomorphism Ay = T'(Ey, F1).

It is clear that (Ao, o) is a polarisable NC pair with a trivial obstruction
function 6y = 0 : S — H?(Z,U(1)), so its dual is commutative:

Proposition 5.5. (Ag, ag) and (Ag, éo) are dual to each other, i.e.,
Ao Xay R?
with its dual R2-action is Morita equivalent to (1210, Q).
Proof. Consider the function wyg : [0,1] — Z%*(Z%,U(1)) given by
wio,1)(t) = wi|z2x 22,

then the Heisenberg bundle Ag with its induced action dg is the pullback in
(35)

(Ao, &) = (KX @ (C([0,1]) Ay, Z?),id @ inf)

0,1]

ko ok
) ><’Ll

\

(C(1 x T2,%), inf) — 22

(C(0x T2, X)® C(1 x T2, X),inf ® inf).

In the diagram of Proposition 5.4 we can take crossed product with R?. Be-
cause taking crossed products is a continuous functor, this leads to another
pullback diagram. But this new diagram is stably isomorphic to diagram
(35). O

Remark 5.6. The duality stated in Proposition 5.5 has already been ob-
served in [MaR06, Section 4]. However, they follow a different approach
which is less explicit then the one presented here, and we can use the inter-
mediate steps of our approach for the construction of the twisted Heisenberg
bundle which we do next.
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5.2. The twisted Heisenberg bundle. Let us use the pullback descrip-
tion of the two NC (dual) pairs from above to construct a chimaera out of
the two. Consider the algebra K @ (C([0,1]) g, Z?), where wy 1) is as
in (35). This algebra carries the fibre-wise action ~ that is given in each
2
fibre by 7|; := AT+ ®inf. As ¢ moves from 0 to 1, the Mackey obstuction
2
of AT+ moves from 2 to 1. For k = 1 part 3. of Lemma 5.3 implies that
n(z))\2g = Algn(z - g)a i'e'a

) 7l1(9)

C(1xT%X C(1 x T2, X)

* *

n n

C(0 x T2, K) Jlots) C(0 x T2, K)

commutes, for n*(f)(1, 2) := n(2)~1(£(0, 2)). So naively, what we now could
consider is the pullback in

(Alv dl) . (ﬂ{ ® (C([07 1]) Hwio,1] 22)7 ’7)

ko ok
) ><’Ll

\
(C(1xT%,%),9h)

n* xid

(C(0xT2,%K) & C(1 x T%,K),vlo x 7|1)-
Indeed A, is a bundle over Sl with fibers A1]; = K@ (Cx,, N). However, it
fails to be w-trivial around 0 = 1 € S'. We can get around this by thickening

the gluing-point to the interval 1: We define the twisted Heisenberg bundle
Aj together with its action a3 to be the pullback in

(A17 6‘1) > (K @ (C([07 1]) >qW[o,l] 22)7 7)

ko ek
) Xll

v (n*oi )it _

(CAxT%%),7/1)

(COXx T3 K)® C(1 x T%,%K),7]o x V1),
where the action 7|y is just «y|; in each fibre.

Proposition 5.7. The twisted Heisenberg bundle (Ay, ) is a (polarisable)
NC dual pair over St.

Proof. Let 1+ € 1 be the middle. We consider the open cover of ST given
by the two open sets U := ((0,1]U[1_,14))/~ and V := ([0, 2)U(1_, 14])/~.
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Then
Aalg ~{(£,9) € CU0,1]) 3 Z2x O 1] T) | Sl =g}
~ C(U) My, 22,
where we let wi(s) 1= wiys, for s € [0,1] and wi(s) := we, for s € [1_,14].
If we let W(s) := w2, for s € [0,1] and Wp(s) = wy, for s € [1_,14],
1+s
then wy and @7 are point-wise transverse (cp. Section 3.4). Moreover, by
construction of the action &g we have
(A1 %4, R)g 2 K@ (C(U) %upvisy (Z2 x R?)).

We have shown that U is a chart for (Ay,dq). To show that V is a chart
we need one more step in between. In fact, we use that we can extend the
isomorphism n* (fibre-wise) to an isomorphism

(36) O x T2 K) = C(0 x T2, K),

where @ := [0_,04] := 1 — 1 is just the intervall 1 shifted by 1. This
isomorphims turns the action |y into v|g, which in each fibre s € @ just is
v|ols = 7|o. Then we find

N
=
<

{(1,9) € X @ (C(10,3]) Mgy Z) x CAXT,K) | flo =g, }
(frg)=(fm*g)

{(10) € X @ (C(10,3]) %y, Z2) X CO x T,K) | flo = Ao, }

1R

IR

K@ (C(V) N, Z%)

wherein w(s) 1= wi4s, for s € [0, 3] and wi(s) == wy, for s € 1. We have
~ 1 ~

01ly = [wyrlz2xz2], and we let @y-(s) := w2, for s € [0, 5] and Wy (s) := wo,

for s € 1. By construction wys and @y are point-wise transverse, and by

construction of the action &g we have

(A1 x5, Ry 2K @ (C(V) X vay, (2% x R?)). 0
Remark 5.8.

(1) The possibility of finding the extension (36) is the crucial step in
proving the local triviality of Ay. This extension exists on a bundle
of commutative tori, but could not have been found if we had not
thickened 1 to 1.
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(2) The essential point for point-wise transversality is that the point-
wise cocycles wig1j(s) : Z2 x Z* — U(1) have extensions

wiis : RZx R? = U(1)

whose cohomology classes vary in the interval [1,2] which (together
with [—2, —1]) is the only interval of integer length which is preserved
by the map s — % The relevance of the second interval [—2, —1]
becomes clear below: It is the interval from which the (pre-)dual of
(fll, Gq) takes its Mackey obstructions.

Let us identify the pre-dual of the twisted Heisenberg bundle. Knowing its
local structure from the proof of Proposition 5.7 and knowing the calculation
in Section 3.4 it is rather clear how the pre-dual looks like. Let (Ax, 1) to
be the pullback in

(Al,al) > (fK &® (C([O, 1]) N@[ ZZ), 5)

0,1]
;% ;K
7’0 ><’Ll

v (n°oit )%t

(C(L xT?,%),8|1) (C(0x T2, K)® C(1 x T2, %K), 5|0 x 8|1),

where the action § is point-wise given by 8|; := \~"0+) @ inf, t € [0, 1], the
action d|y is just 6] in each fibre, and the cocycle wjg ) is defined by

~ — _ 52

W[O,l](t) = wl;-ft NLxNL’ te0,1] and N =2Z°.
Then one can prove that (Ay, 1) is a (polarisable) NC pair over ST just
along the lines of Proposition 5.7. Moreover, the computation of its dual is
a point-wise repetition of Section 3.4:

Proposition 5.9. The NC pair (A, a1) is dual to (Ay,é).

Let (Aq,01) := ©(Ay,a1) be the underlying NC bundle of the twisted
Heisenberg bundle as explained in Section 4.4. Note that
6, : St — H*(Z2,u(1) =T

has winding number 1, and this is the key to proof what we have claimed
in Proposition 4.12. Let us denote by F,, — FE a locally trivial X-bundle
on E := ST x T2 such that [F,] € H3(E,Z) = Z corresponds to n € Z.
Then (up to isomorphism) all commutative NC pairs over ST are given by
I'(E, F,) with suitable R?-actions.

Proposition 5.10. (1211, 01) is not in the essential image of Z|com.

Proof. The proof makes use of the K-theory bundle introduced in [ENO09].
This is the group bundle over ST whose fibres are given by the K-theory of
the fibres. According to [ENO09, Sec. 5], the Ky-bundle of the Heisenberg
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bundle A is the Z2-bundle over ST which is given by gluing the trivial
Z2-bundle over the interval with the matrix

w- (1)

The Heisenberg bundle is a crossed product of I'(E, F}) by a fibre-preserving
RZ-action, so by Connes’ Thom isomorphism their fibres have the same K-
theory, and thus the K-theory bundles are the same (see [ENO09, Theorem
3.5 and Remark 4.4]). This implies that 7, induces the above map M in K-
theory. The twisted Heisenberg bundle then has a trivial Ky-bundle, because
it has the additional gluing with n* (rather than with 7,). (The bundle A_4
which is obtained from the Heisenberg bundle with twist 7, has Kp-bundle
glued by M?2.) Therefore, if I'(E, F,) is a crossed product of the twisted
Heisenberg bundle it also must have a trivial K-theory bundle. But as F},
is obtained by gluing with 7", the Ky-bundle of T'(E, F},) is given by gluing
the trivial Z2-bundle with M™ which is trivial if and only if n = 0. Now,
consider I'(E, Fy) = X ® C(FE) with any (transverse) R?-action a. Since
E = S x T? is a trivial T%-bundle, it follows from [E90, Theorem] that
the crossed product X ® C(FE) x4 R? is equivariantly Morita equivalent to
K ®C(ST x {0}) Xal,s Z? with the R%-action that is inflated from the dual
action of T2 (see the discussion in Section 3.1). However, X ® C(S1) x,, Z2
with the dual T2-action is a NCP-torus bundle in the sense of [ENO09] which
has a trivial K-theory bundle. Then [ENOO09, Theorem 7.2] implies that the
Mackey obstruction function

S - H*(Z?,U(1) =T

of alzz € Aut(X ® C(ST x {0})) is null-homotopic. Since every null-
homotopic map St — T = H?(Z2 U(1)) can be lifted to a continuous
map S — R = H?(R?,U(1)), this implies that there exists an action
p o R? — Aut(X ® C(ST x {0})) such that p|z» is Morita equivalent to
a|z2. But this implies (see Section 3.1) that « is Morita equivalent to the
R2-action p ® inf on (X ® C(S1)) ® C(T?). This means we have a global
chart, and so the Mackey obstruction function of «|z2 coincides with the
obstruction function #; defined by the polarisable NC pair (K @ C(E), «)
which has winding number 1. This is a contradiction. U

Appendix A. Example 3.13
Let G = R? and N = Z2, and choose 3,2 € R/Z = T = H?*(N,U(1)).
Denote by fi13 an action of G =R? on K with Mackey obstruction

3€R= H*R*U(1)).

Then there is a @—equivariant Morita equivalence

(9<®c % N,ﬂ3®inf> ~ <J<®C %1 N,id®inf).
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Proof.

Step 1. The symmetry groups S C N of the two classes %, % agree, i.e., the

maps hi,h2 : N — N have the same kernel S = (32)2. The annihilator of
3 3

Sin G =R%is S+ = (3Z)?, and the annihilator of S in N is Sy = (3Z/2Z)*.

We are in the following situation:

NJ_

f

St~ G— G5t

.

W:SL/NL:SJ%CHZ/\\T‘»N/SI#

g

The quotient map N = Z? — (Z/3Z)? = N/S induces a map in cohomology,
and let us denote by % also the pre-image of % in

€lz/z-=- H2(N/S,U(1))

{\inclusion linduced map

eT H?(N,U(1)).

W= < W=

The action of G on § = Prim(C x1 N) = Prim(C x2 N) has stabiliser
3 3

S+ which acts via the quotient S+ — Sy = N/\S and the dual actions on
Cx1 N/S and Cx2 N/S on these two algebras. Let us denote these actions
3 3

by ¢ and 7, respectively. Then there are @—equivariant isomorphisms
<J<® (C %2 N), i3 ®inf)
3
o (Jc @ 1ndG. (C 2 N/S,7), iy © Ind(7)>

o~ (Indgﬁ (K@ (Cxz N/S), fislse ©7), Ind(jis|se @ T))

and
(J<® (Cx N),id®inf>
~ <9< ®nd%, (C x1 N/S,0),id @ Ind(o))

= <Ind§i (K@ (Cx1 N/S), id® o), Ind(id @ a)>.
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Step 2. The product in C x1 N/S is given by
3
1
(f*fH(n)= Z f(m)f'(n —m)exp (27rzgm2(n1 - m1)> .
meN/S

It is a straight forward computation to see that the mapping which assigns
to a function f: N/S — C the matrix f with entries

~ 1
f(a,b) := Z f(e,b—a)exp (2m’36a> , a,b=0,1,2,
¢=0,1,2

defines an isomorphism “: C x1 N/S & M3(C) = K(L*(Z/3Z)). The action
3
o transforms under this isomorphism to a conjugation action

&8t = Aut(K(L%(Z2/32))),
i.e., s = Ad(V(s)), where the unitary V(s) € U(L*(Z/3Z)) is given by
1 -1
(V(s)¥)(a) = exp <2m’30(a + d)) Y(a+d),

for s = (3¢, 3d) € S* = (32)?,¢ € L*(Z/3Z). One can then start calculat-
ing

(OV)(s,8) = V(s )V (s +8) "V (s) = exp <2m';dc’> ~ exp <2m§da> o

So after identifying % 7% (%Z)2 = S+, we find the Mackey obstruction
of & satisfying

H2(S+,U(1)) (f)* H2(Z2,U(1)) —~T
W W
Ma(c) t 2

Step 3. The Mackey obstruction of fig|g. is given by the cocycle
1
w(s,s) = exp (27ri 3 323'1) = exp <27ri3dc’> ,

for s =(s1,52) = (3¢, 3d),s' = (s}, s5) = (3¢, 1d') € S*. So here we find

H2(S+,U(1)) = H2(Z2,U(1)) ——

-
(37

W ),

Ma(jils: ) L.
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Step 4. A similar isomorphism to that found in Step 2 can be used to
identify C x 2 N/S also with K(L?(Z/3Z)). In fact, the product in C x 2 N/S

agrees with the product in C x2 N/S up to a sign:
3

(G = 5 Fm) s m)exp (2nimans )

meN/S

= > f(m)f'(n—m)exp <27ri;m2(n1 - m1)>1 :

meN/S

Following this sign in the construction made in Step 2 one finally finds that
the Mackey obstruction of 7 is exactly the inverse of o:

H2(S+,U(1)) (f)* H2(Z2,U(1)) —=T
3=

Y, V),

Ma(7) t z.

Step 5. Summing up all the Mackey obstructions, we see that the two
C*-dynamical systems

(K@ Cxz N/S, 8%, fi3lgr ®7) and (K@ C X1 N/S,S8+,id ® o)
are equivalent. This implies that also their induced systems are equivalent
which proves the claim. O
Appendix B. Lemma 5.2
The canonical isomorphism H?(G, L>(G/N,U(1)) — H?(N,U(1)) of ([Mo76,
Thm. 6]) makes the diagram

(37) H*(G,U(1))

LT

H2(N,U(1)) <— H(G, L*(G/N, U(1)))
commute, where the vertical map is restriction and the diagonal map is
induced by the inclusion of coefficients.
Proof. Let us introduce some notation used in ([Mo76]). Let
I(X):={N = X}
for any X. It has the structure of an N-module by left translation:
n-f:=f(.—n)e€I(N).

Let us denote by A the quotient of I(U(1)) by the constants U(1), i.e., we
have an N-equivariant short exact sequence

(38) 1—-U@1)—I(U1) - A—1,
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where U(1) has the trivial N-structure and A has the quotient structure.
We obtain an N-equivariant embedding i : A — I(A) by (ia)(n) := (—n)-a,
for a € A,n € N. The quotient of I(A) by i(A) is denoted by U(A), i.e., we
have another N-equivariant sequence

1-A—-IA)—-UA) — 1L

By definition (cp. the axioms of group cohomology as a derived functor
([Mo76, Sec. 4])) we have an exact sequence

1 AN 5 1(AY U - HY(N,A) -0,

where the exponent denotes taking invariants. Let I§(Y") denote the induced
G-module for any Y-module, i.e., equivalence classes of functions f : G — Y,
such that for all n € N (f(g9 —n) = n- (f(g)) holds for almost all g € G.
Two functions are identified if they agree almost everywhere. Iﬁ(Y) is a
G-module by left translation. Note that I{(U(1)) = L>®(G/N,U(1)) as G-
modules. The functor I$(_) from N-modules to G-modules is exact ([Mo76,
Proposition 19]) and again by the axioms and ([Mo76, Proposition 18]) we
have an exact sequence

1= IG(A)Y = IG(I(A)Y - IS(UA))Y — HYG,IG(A)) — 0.

The canonical isomorphism H2(N,U(1)) — H%(G,I$(U(1))) is defined by
the diagram:

Here the top three isomorphisms are given by sending an invariant element
v to the constant function 7 : g — v (cp. [Mo76, Proposition 19]). The
dotted isomorphism is induced by the one above and the two isomorphisms
to the left and right are the connecting morphisms in the long exact sequence
induced by (38).
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Let us describe the dotted arrow. To do so, start with some element
x € HY(N, A) and choose some v € U(A)"N which maps to z. Following the
isomorphism to the right we get 7 € IG(U(A))Y C IG(U(A)). Let us denote
by 7 € IG(I(A)) an element that maps to 7. Then the image y of x under
the dotted arrow is (the class of) dgv : G — I$(A) defined by

G3g—0(-—g) v()7" € I§(i(A)) = IF(A).

Let us now describe the element z in terms of 7: We consider for each
n € N a co-null set S,, C G such that 7(g — n) = n - (g) holds for all
g € Sp. Then let S* := (", oy Sn. So 7(g —n) =n-(g) holds for all n € N
and all g € S'. Moreover, there is another co-null set S? C G such that
7(g) mod A = v for all g € S%. Let s € S'NS?, then ©(s) € I(A) is a lift of
v € U(A)N, and z is represented by the class of dy(7(s)) : N — A defined
by

N s n-(0(s)) o(s) L = (s —n) i(s)"! €i(A) = A.

Note that that the operation restriction to N and evaluation at s transforms
dav into dy(9(s)): (dgp)(n)(s) = dn(P(s))(n).

Let 0 : A — I(U(1)) be a Borel section of the quotient map. Then the
element [wy, 5] in H2(N, A) corresponding to x = [d,(7(s))] is given by

WNz,s(n,m) = o(dy(P(s))(m) o(dn((s))(n +m)) ™ o(dn(7(s))(n)).
The element [wg 5] in H2(G,IG(U(1))) corrsponding to y = [dg?] is given
by

we,i(9,h) = 0. ((de?) (W) (- = 9)) 0x((daP)(g + 1) ()™ 0:((de?)(9) (1))
where o, : IG(A) — IG(I(U(1))) is just composition with o. Note again
that that the operation restriction to NV and evaluation at s transforms wg »
into wy p,s0 wap(n,m)(s) =wnps(n,m).

Now let us turn to the commutativity of (37). Let [w] € H?(G,U(1)), and
consider its image y (also given by w) in H?(G, I$(U(1))). We can represent
y as above by finding some v, I such that for all g, h

w(ga h) (dGC) (ga h) = wG,ﬂ(gv h)

holds in I§(U(1)), for some cochain ¢ : G — I$(U(1)). So there is another
co-null set S? such that

w(n,m) (de)(n,m)(s) = wg,s(n,m)(s)
holds for all n,m € N and all s € S3. If we choose 5o € S'N.5?NS3, then by
the above construction we have that the image of [w] along the composition
in diagram (37) is given by the cocycle
WN,i,50 (1, M) = wa,p(n, m)(s0)
= w(n,m) e(m)(so) e(n+m)(so) " ¢(n)(s0)-

It follows that wy s, ~ w|nxn by the cochain n +— ¢(n)(sg). This proves
the lemma. O
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