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On Fell bundles over inverse semigroups
and their left regular representations

Erik Bédos and Magnus D. Norling

ABSTRACT. We prove a version of Wordingham’s theorem for left regu-
lar representations in the setting of Fell bundles over inverse semigroups
and use this result to discuss the various associated cross sectional C*-

algebras.
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1. Introduction

Following an unpublished work of Sieben, the concept of a Fell bundle over
a discrete group was generalized by Exel in [11], where the notion of a Fell
bundle A = {A;}ses over an inverse semigroup S was introduced and the
associated full cross sectional C*-algebra C*(.A) was defined as the universal
C*-algebra for C*-algebraic representations of A. This construction may
be used to present other classes of C'*-algebras in a unified manner. For
example, Buss and Exel show in [4] that to each partial action 5 of an
inverse semigroup S on a C*-algebra A, one may associate a Fell bundle Ag
over S such that C*(Ag) is naturally isomorphic to the full crossed product
of A by 8. (In fact, Buss and Exel even consider twisted partial actions.)
In another direction, the same authors establish in [5] that any Fell bundle
B over an étale groupoid G gives rise to a Fell bundle A over S, where S
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is any inverse semigroup consisting of bisections (or slices) of G (as defined
by Renault in [18]), and show that, under some mild assumptions, the full
cross sectional C*-algebra of B is isomorphic to C*(A).

Exel also defines in [11] the reduced cross sectional C*-algebra C}(.A)
associated to a Fell bundle A over an inverse semigroup S. One drawback
of his construction is that it is somewhat involved (we summarize it in
section 3.4). Another approach has recently been proposed in [7] when A is
saturated and S is unital, relying on the result from [8] that .4 may then be
identified with an action of .S by Hilbert bimodules on the unit fibre A of
A, thus making it possible to define C(.A) as the reduced crossed product
of A by this action of S. We believe that it would be helpful to find a more
direct construction of C)(.A), at least in some cases. For example, such a
construction would make it easier to initiate a study of amenability for Fell
bundles over inverse semigroups, having in mind that, as for Fell bundles
over groups [12, 9], a natural definition of amenability for A is to require
that the canonical *-homomorphism from C*(A) onto C}(A) is injective.

Given a Fell bundle A over an inverse semigroup S, our main goal in the
present paper is to introduce a certain C*-algebra C} ; (A) which may also
be considered as a kind of reduced cross sectional C*-algebra for A, and to
compare it with Exel’s C(\A). Inspired by the approach used by Khoshkam
and Skandalis [14] in the case of an action of an inverse semigroup on a C*-
algebra, our first step (see Section 3) is to associate to A a full cross sectional
C*-algebra Cfg(.A) which is universal for so-called pre-representations of A
in C*-algebras, or, equivalently, for C*-algebraic representations of the con-
volution *-algebra C.(.A) canonically attached to A. Exel’s C*(A) is then
easily obtained as a quotient of Cj;q(A). Our next step (see Section 4) is to
show that C.(A) has a natural injective left regular C*-algebraic represen-
tation ®,. The injectivity of &5 may be seen as an analog of Wordingham’s
theorem for ¢1(S) (cf. [17]), and our proof is related to his original proof,
although some extra arguments are necessary. Letting C; ks(A) denote the
C*-algebra generated by the range of @4, C a1t (A) is then defined as the
quotient of Cy xs(A) by a certain canonical ideal. From the naturality of our
construction, it readily follows that there is a canonical *-homomorphism
U pare from C*(A) onto C7 ; (A).

In the case where S consists only of idempotents (hence is a semilattice)
and & is Fell bundle over S, we check in Section 5 that Cgg(€) = Cig(€)
and C*(&) = CF 1, (€) = CF(€). Next, given a Fell bundle A over an inverse
semigroup S such that S is E*-unitary (cf. Section 2) and such that Ag = {0}
if S har a 0 element, we let £ denote the Fell bundle obtained by restricting
A to the semilattice E of idempotents in S and show (in Section 6) that
there exists a faithful conditional expectation from C; ig(A) onto Cfg4(E).
In the final section, keeping the same assumptions, we describe C*(A) as
a quotient of C; ks(A) and show that there exists a surjective canonical *-
homomorphism ¥’ from C7 ), (A) onto C}(A). We also characterize when W’
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is a x-isomorphism and end by showing that this happens frequently when
S is strongly E*-unitary.

2. Preliminaries

We recall that a semigroup is a set equipped with an associative binary
operation, while a monoid is a semigroup with an identity. A commutative
idempotent semigroup is called a semilattice. We also recall that an inverse
semigroup is a semigroup S where for each s € S there is a unique s* € S
satisfying

ss*s = s and s*ss* = s*.

The map s — s* is then an involution on S. Every inverse semigroup S
contains a canonical semilattice, namely

E(S)={ecS:e*=¢}

satisfying E(S) = {e € S:e?=e=¢*} = {s*s:s5€ S} = {tt* : t € S}.
Throughout this article, S will be a fixed inverse semigroup and E = E(S)
will denote its semilattice of idempotents. We refer to [16] and [17] for the
basics of the theory of inverse semigroups. We recall below a few facts that
we will need later.

There is a natural partial order relation < on S given by s < t if and only
if s = et for some e € F, if and only if s = tf for some f € FE, where e may
be chosen to be ss*, and f to be s*s. For e, f € E, we have e < f if and
only if e = ef.

Many inverse semigroups have a zero, that is, an element 0 satisfying
0s = s0 =0 for all s € S. Such an element is necessarily unique and lies in
E. If S has a zero, we set S* = S\ {0} and E* = E \ {0}. Otherwise, we
set S* =85 and EX = F.

We will say that S is E*-unitary if the set {s € S : e < s} is contained in
E for every e € E*. If this holds for every e € E, then S is called E-unitary.
These two concepts clearly coincide if S does not have a zero. For inverse
semigroups having a zero, F-unitarity is a too strong requirement, only
satisfied by semilattices. We note that E*-unitarity is usually only defined
for inverse semigroups having a zero, in which case it is sometimes called
0- E-unitarity (and is defined as above). Our use of terminology will allow
us to unify some statements. The class of EF*-unitary inverse semigroups has
by far been the one who has received most attention from C*-algebraists,
most probably because they are easier to handle.

We will also need to refer to a stronger form of E*-unitarity. We recall
that a map o from S into a group with identity 1 is called a grading if
o(st) = o(s)o(t) whenever s,t € S and st € S*, and that o is said to be
idempotent pure if c=1({1}) = E. Then S is said to be strongly E*-unitary
[3] if there exists an idempotent pure grading from S into some group. It is
known that S is E*-unitary whenever it is strongly E*-unitary.
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A semigroup homomorphism from S into another inverse semigroup is
necessarily *-preserving, so this provides the natural notion of homomor-
phism between inverse semigroups. If X is a set, then Z(X) will denote
the symmetric inverse semigroup on X, consisting of all partial bijections
on X (with composition defined on the largest possible domain). An action
of S on X is then a homomorphism of S into Z(X). The essence of the
Wagner—Preston theorem is that there always exists an injective action of S
on some set.

When A is a C*-algebra, we will let PAut(A) denote the inverse subsemi-
group of Z(A) consisting of all partial x-automorphisms of A; so ¢ € PAut(A)
if and only if ¢ is a *-isomorphism between two ideals of A. Here, and in
the sequel, ideals in C*-algebras are always assumed to be two-sided and
closed, unless otherwise specified. An action of S on a C*-algebra A is an
homomorphism « from S into PAut(A). Khoshkam and Skandalis show in
[14] how to associate to such an action a full (resp. reduced) C*-crossed
product, which we will denote by A xXS S (resp. A >4KS S). In fact, their
construction goes through for a more general kind of action of S on A, and
the interested reader should consult [14] for more details, including a discus-
sion of the relationship between their full crossed product and the crossed
product construction previously introduced by Sieben in [19].

Following [6], one may define partial actions of S on sets and on C*-
algebras. As mentioned in the introduction, Buss and Exel actually con-
sider twisted partial actions of S in [6], but we will restrict ourselves to the
untwisted case to avoid many technicalities. Partial actions were first in-
troduced in the case where S is a group, and the reader may consult [12]
for a nice introduction to this subject, including many references to the lit-
erature. We recall a few relevant definitions and facts from [6]. A partial
homomorphism of S in a semigroup H is a map « : S — H such that:

(i) m(s)m(t)m(t") = m(st)m(t),
(ii) w(s™)m(s)m(t) = m(s*)m(st),
(iif) m(s)m(s")m(s) = m(s),

hold for all s,¢ € S. Note that if H is an inverse semigroup, then (iii) implies

(iv) m(s*) = m(s)"
for all s € S; hence, in this case, 7 is a partial homomorphism if and only

if (i), (ii) and (iv) hold. Moreover, still assuming that H is an inverse
semigroup, this is equivalent to requiring that the three conditions:

(a) m(s*) = m(s)",
(b) m(s)m(t) < m(st),

(c) m(s) < m(t) whenever s <t,

hold for s,t € S, cf. [6, Proposition 3.1].
A partial action of S on a set X (resp. on a C*-algebra A) is then defined
as a partial homomorphism 5 from S into Z(X) (resp. into PAut(A)). As
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in [6], we will also require that a partial action 8 of S on a C*-algebra A
satisfies that the union UscgJs = Uses im(fs) spans a dense subspace of A.

3. Fell bundles over inverse semigroups

In [11], Exel defines a Fell bundle over S as a quadruple
A= ({AS}SESa {Ms,t}s,tesa {*s}sGSa {jt,s}s,tes,sgt)

where for s,t € S we have that:

(i) As is a complex Banach space.
(ii) psy: As © Ay — Ag is a linear map.
(iii) *5: Ay — A4+ is a conjugate linear isometric map.
(iv) jis : As = A is a linear isometric map whenever s < t.
It is moreover required that for every r,s,t € S, and every a € A,,b € Ag,
and ¢ € A;, we have:

(V) porst(prs(a®b) @ c) = pirsi(a ® ps(b® c)).
frs(fr,s(a @ b)) = pige px (x5(b) @ *p(a)).

s+ (xs(a)) = a.
(viii Hum(a®b)\| < lalflo]-

(vi)
) *
viii)
(1) [lptr= i (5r(a) ® a)|| = [lal|*.
(x)
i)
)

(vii

X) e (r(@) ® @) > 0 in Apsy.

(xi) Ifr <s <t then]tr—jts Jsr-

(xii) If » < 7" and s < &, then jyg ps 0 s = pyr 5 © (o r @ jor s) and

]s,so*s_* ’Ojs,s‘

As shown by Exel, axioms (i)—(ix) imply that A, is a C*-algebra whenever
e € E, with e¢d = piee(c ® d) and ¢ = *.(c) for ¢,d € A.. Hence, the
requirement in axiom (x) is meaningful. Exel also shows that the following
properties hold:

(xiil) js s is the identity map ida, for every s € S.

(xiv) If e, f € E and e < f, then j¢.(A.) is an ideal in Ay.

When no confusion is possible, we will use the simplified notation
a-b:=ps(a®b) and a* = *4(a)

whenever a € Ay and b € Ay, and just write A = ({As}ses, {Jis}stes, s<t)s
or even only A = {Ag}ses in some cases. If s € S and e := s*s € F, then
one easily verifies that As becomes a right Hilbert A.-module with respect
to the right action given by (as,ae) — as - ae € Aggrs = Ag for as € As
and a. € A., and the A.-valued inner product given by (as, bs) = a’ - bs for
as,bs € As. For later use, we also note the following fact:

(1) Ife,f e E,e< f,and c,d € Ac,then j(c) - d = cd.
Indeed, using properties (xii) and (xiii), we get

jf,e(c) d = jf,e(c) 'je,e(d) = jfe,ee(c : d) = je,e(c : d) =c-d=cd.
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We also recall that a Fell bundle A is called saturated when the span of
{as by : as € As,b € Ay} is dense in Ay for all s,t € S.

3.1. An important class of examples of Fell bundles over inverse semi-
groups arises from (twisted) partial actions of inverse semigroups on C*-
algebras (cf. [6, Section 8]). For the ease of the reader, we sketch this
construction in the untwisted case.

Let 5 : S — PAut(A) be a partial action of S on a C*-algebra A. For each
s €85, set Jg« = dom(fs) and Js = im(fs), so Bs is a *-isomorphism from
Jg« onto Js and B;' = Bs+. One may then show (cf. [6, Proposition 3.4,
Proposition 3.8 and Proposition 6.3]) that the family {J,} satisfy certain
compatibility properties, such as Bs(Jsx N Jy) = Js N Jg, Js C Jss= (and
Js = Jss= if B is an action), Js; C J; whenever s < ¢, and B, = id;, when
ec k.

Now, for each s € S, we set A, = {(a,s) : a € Js} and organize A, as a
Banach space by identifying a € Jg with (a,s) € As. Note that if s,t € S,
a € Js and b € J;, then

B a)b e Jo N Ty
Thus,

Bs (Bgl(a)b> €J,NJy and a* € J, s0 B (a*) € Jo;

hence one may define y,((a, s)® (b,t)) =: (a,s)- (b, t) and *,(a, s) =: (a, s)*
by

(a,5) - (b0:1) = (B,(871(@)b), st) € Ay,

(a,s)" = (ﬁ;l(a*),s*) € Age.
Moreover, if s < t, then s < (3, so Js = im(8s) C im(B;) = J;, and one
may then define j; s : A — A; by

Jts(a,s) = (a,t), forallae J,.

It may then be checked that A = ({As}ses, {Jt,s}stes, s<t) becomes a Fell
bundle over S with respect to these operations (cf. [4] for the case of a global
(twisted) action).

3.2. Still following [11], a pre-representation of a Fell bundle
A = ({As}ses; {Jt,s}s,tes, s<t)
in a complex x-algebra B is a family Il = {m,}scs, where for each s € S,
ms: Ay — B

is a linear map such that for all s,t € S, all a € A, and all b € Ay, one has:
(a) mse(a-b) = ms(a)m(b),
(b) e+ (a®) = 7s(a)”

If, in addition, II satisfies

(c) m o jis = ms whenever s < t,
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then IT is called a representation of A in B.

We recall that if II is a pre-representation of A in a C*-algebra B, then
for each s € S and a € A, we have ||75(a)|| < ||a|. Indeed, as 7 : Ac — B
is then a *-homomorphism between C*-algebras for every e € E, we get

Ims(@)l|* = [Ims(a) ms(a)]| = [|ms (a*)ms(a)]

= ||mss(a” - a)|| < [la” - af] = lal.

Consider now the direct sum of vector spaces

Ce(A) = P A

seS

We will often write an element g € C.(A) as a formal sum g = > ¢ a0,
where as € Ag for s € S and all but finitely many as are equal to 0. Then
Cc(A) can be given the structure of a complex *-algebra by extending linearly
the operations

(asés)a)t(st) = (as : bt)65t7
(asds)* = azdse.

Alternatively, if one prefers to write C.(.A) as

Cc(A) = {g € H As : g(s) =0 for all but finitely many s},
seS

one may define the product and the involution on C.(A) by

(fxg)r)="D_  fls)-g9(t) and [*(r)= f(r")"
s,teS,st=r

for f,g € C.(A) and r € S.
For each s € S, let 70 : A; — C.(A) be defined by

71'2((15) = a4

for each as € As. Then I1° := {0} cg 18 a pre-representation of A in Cc(A),
which satisfies the following universal property (cf. [11, Proposition 3.7]):

To each pre-representation II = {ms}scs of A in a x-algebra B one may
associate a x-homomorphism Py : C.(A) — B given by

Pyp <Z asds> = Z 7Ts(a8)7

ses seS

which satisfies @11 o 70 = 7, for all s € S. Moreover, the map II + &1 gives

a bijection between pre-representations of A in B and %-homomophisms
from C.(A) into B.
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Consider g = > gasds € C.(A). If B is a C*-algebra and II is a pre-
representation of A in B, then we have

= Y- msao)| <D Imsta)l <3 sl

seS seSs seSs

[P (g

Hence, if we define
gllu = Sup {29},

where the supremum is taken over all s-homomorphisms from C.(A) into
any C*-algebra, then

19|l = sup {[|®n(g)|| : I is a pre-representation of A in some C*-algebra}
< las]l < oo
ses
Hence || - || gives a C*-seminorm on C.(A). As we will show in the next

section, there always exists an injective x-representation of C.(.A) in some
C*-algebra (namely the one associated to the left regular representation of
Cc(A)). It follows that || - ||, is in fact a C*-norm, and we may therefore
define the full KS-cross sectional C*-algebra of A, denoted by Cig(A), as
the completion of C.(A) w.r.t. || - ||u.

We will use the same notation to denote the norm on Cig(A) and will
identify C.(.A) with its canonical copy in Cfq(A). We may therefore regard
I1° as a pre-representation of A in Cfq(A), which is universal in the sense
that given any pre-representation IT of A in a C*-algebra B, then there exists
a unique *-homomorphism from Cj¢(A) into B, which we also denote by
@1y, satisfying @y o 70 = 7, for all s € S.

If for example A, denotes the Fell bundle associated to an action « of S on
a C*-algebra A, then it is straightforward to verify that Cfg (Aa) coincides
with the full KS-crossed product A xX5 S constructed in [14]. Thus, if 8
is a partial action of S on a C*-algebra A, it is natural to define the full
KS-crossed product by A N?S S = Ckg (Ag), where Ag denotes the Fell
bundle over S associated to 5 in 3.1.

3.3. In [11], Exel defines the full cross sectional C*-algebra C*(A) of a
Fell bundle A = ({AS}SGS, {jt,s}s,tes,sgt)- This algebra may be described
as a quotient of Cjg(A). To explain this, we first have to review Exel’s
construction. Let N4 denote the subspace of C.(.A) spanned by the set

{asés Jrs(as)oy s,t € S,s <t, aSEA}

Exel shows in [11, Proposition 3.9] that A4 is a two-sided selfadjoint ideal of
Cc(A). Tt follows that C.(A) /N 4 becomes a complex *-algebra in the obvious
way. Moreover, [11, Proposition 3.10] says that if I is a pre-representation of
A in a x-algebra B, then II is a representation of A if and only if ®1; vanishes
on N4, in which case we will denote the associated *-homomorphism from
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C.(A)/N4 into B by ®r1. The map II — &y gives then a bijection between
representations of A in B and x-homomorphisms from C.(A)/N4 into B.

Now, for any g = > . gasds € Cc(A) and any representation II of A in a
C*-algebra, we have

[®11(g + NI = [|Pn(9)] < llgllu-
It follows that if we define

lg + Mall. = sup {1 (g +Na) 1}

where the supremum is taken over all *-homomorphisms ¥ from C.(A)/N4
into a C*-algebra, we get

lg + Nall«

= sup {||®n(g)|| : I is a representation of A in some C*-algebra}

< llgllu,

0 || - ||« gives a C*-seminorm on C.(.A)/N 4. The full (Ezel) cross sectional
C*-algebra C*(A) is then defined as the Hausdorff completion of C.(A)/N4
w.r.t. to this seminorm.

Letting

QA : Ce(A) = C(A) /Ny

denote the quotient map and
Ry :C(A) /Ny — C*(A)

denote the canonical map, we get that 14 := Rgq o Q4 is a contractive
s-homomorphism from C.(A) into C*(A) having dense range. Thus, ¢4
extends to a *-homomorphism g4 from Cj(A) onto C*(A) such that

(2) C*(A) =~ Cis(A) / Ker ga.

Now, for each s € S, define 7t : A, — C*(A) by

A= ga o) (=14 0 2.

Then one checks (cf. [11, Proposition 3.12] and the proof of [11, Proposition
3.13]) that
A = {W;‘l}ses

is a representation of A4 in C*(.A) satisfying the following universal property:
given any representation IT = {ms}scg of A in a C*-algebra B, there exists
a unique x-homomorphism ¥ : C*(A) — B such that ¥p o 7r(;4 =
for all s € S. It follows immediately that &7 = ¥ o g4 for every such
representation II.

The ideal Ker g4 has a natural description in terms of N 4. Indeed, letting

M 4 denote the ideal of Cjg(A) given by M 4 := /\TA”"‘”, we have
Kergyqy = My.
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To prove this, we first note that since g4(N4) = ta(N4) = {0}, we have
My C Kergy.
Next, let s € S and define wy : Ay — Cj;g(A)/ M4 by
ws(as) = m)(as) + M

for every as € As. As M4 contains N4, one easily verifies that Q = {ws}ses
is a representation of A in Cjg(A)/M4. The associated *-homomorphism
Qg from Cig(A) into Cg(A)/M 4 is then nothing but the quotient map.
Since ®q = Vg o g4, it follows that

Kergy C Ker &g = M 4.
Thus we get Kergq = M4, as desired. It follows that
(3) C*(A) ~ Cks(A) /Ma.

3.4. In [11], Exel also constructs the reduced cross sectional C*-algebra
Cr(A) of a Fell bundle A = ({As}ses, {Jt,s}stes, s<t). His construction,
which is somewhat involved, may be summarized as follows.

Consider first e € E and s € S such that e < s. Then js. gives an
isometric embedding of A. into A, so one may view A. as a subspace of
As. Let ¢, be a continuous linear functional on A.. Exel shows in [11,
Proposition 6.1] that ¢, extends to a continuous linear functional @2 on A
satisfying [ 3]] = [l | and

Pe(x) = lim e (2u;) = lim @, (u;z) = lim @, (uizu;)

for every approximate unit {u;}; for A, and every = € As.
Next, let e € E and let ¢, be a state on A.. Define ¢, on C.(.A) by

Pe (Z as58> = Z Pelas).
seS seS, s>e

Then, as shown in [11, Proposition 6.9], @, is a state on C.(A) when C.(A) is

considered as a normed *-algebra with respect to the norm [|g||1 = > g [las]|

for g =), asds € Cc(A).

Now, let £ = {Ac}ecr denote the restriction of A to the semilattice E,
let TI¢ = {nf}.cp denote the universal representation of £ in C*(£), and
fix a pure state ¢ on C*(£). For each e € F, one has that 7¢(A,) is an
ideal of C*(&), and . := o ¢ is a state on A, as long as ¢, # 0, that

is, whenever ¢ does not vanish on 7¢(A.). Moreover, [11, Proposition 7.4]

says that there exists a positive linear functional ¢ on C.(A) such that:
(i) For every s € S and as € As, one has that

. P3(as) if there exists e € E such that ¢, # 0 and e < s,
P(asds) =

0 otherwise.
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(ii) For every e € E and every a. € A, one has that
~ £
P(acde) = pe(ac) = p(m (ac)).

(i) |2l < flell
(iv) ¢ vanishes on the ideal N 4.

For later use we note that if S is E*-unitary, then (i) and (ii) together just
say that

4) Ba:8.) = {SM(%» if s € B,

S
0 otherwise.

Let Hy be the Hilbert space completion of C.(A) with respect to the pre-
inner-product given by

(9,h)g = p(h*g) for g,h € Cc(A),

and let h — h denote the canonical map C.(A) — Hgz. The GNS represen-
tation of ¢, which is defined in the usual way by

Ys(g)h = gh for g,h € Ce(A),

gives a x-representation of C.(A) on Hg.
Exel’s reduced cross sectional C*-algebra C}(A) is then defined as the
Hausdorff completion of C.(A) with respect to the C*-seminorm given by

lglly = sup [ T(g)l
Y

where the supremum is taken over the set P(C*(£)) consisting of all pure
states of C*(&). Note that the kernel of T is given by

KerYgs = {g € Cc(A) : ¢(h*gh’) =0 for all h,h' € C.(A)}.
So if K4 :={g € C.(A) : ||g|l- = 0}, then

Ka= ﬂ KerY g,
PEP(C*(£))

and C}(A) is the completion of C.(.A)/IC 4 with respect to the norm

lg + Kally = llgll:-

Letting ¢’§% : C.(A) — C;(A) denote the canonical *-homomorphism, one

gets the left regular representation IT"4 = {xf*d} ¢ of A in C¥(A) by
setting

red _  red 0

T Lg om,

for each s € S. The associated *-homomorphism Wipea : C*(A) — CH(A) is
then surjective (cf. [11, Proposition 8.6]).
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4. The left regular representation of Cj4(.A)

Let A be a Fell bundle over S. In this section we will describe how
one may define the left regular representation ®, of C.(.A) in a certain C*-
algebra B naturally associated with A, and show that ®, is injective. We
will first construct the left regular pre-representation A of A in B. The
associated *-homomorphim ®, from Cjg(A) into B will then give the left
regular representation of Cfg(A).

4.1. We begin by recalling some notation and a few facts that will be useful
in our construction.
For each u € S, we set

D(u) ={s € S:ss* <u'u},
so D(u*) = {v € S :vv* <wuu*}, and for each e € E, we set
Se={seS:s"s=e}.
The Wagner—Preston theorem (and its proof), see for example [17, Propo-
sition 2.1.3], says that for each u € S, the map v, : D(u) — D(u*) given
by vu(s) = us is a bijection, with inverse given by =, : D(u*) — D(u).
Moreover, it says that the map v : u — -, is an injective homomorphism

from S into Z(S). A part of the last statement is that for uy,ug,s € S, we
have

(5) s € D(ujug) if and only if s € D(ug) and ugs € D(uq).
Consider u € S and assume s € S, N D(u) for some e € E. Then we have
(us)*us = s*u*us = s*u*u ss*s = s*ss*s =s*'s=e
sous € SeND(u*). Hence, if v € S;ND(u*), then u*v € ScND(u). It follows

that the map s — us gives a bijection from S. N D(u) onto S. N D(u*), with
inverse given by v — u*v for v € Se N D(u*).

4.2. Let now A = {As}ses be a Fell bundle over S. Given e € E, set

Xe = {§ € H As Z £(s)* - £(s) is norm convergent in Ae}.

SGSe SGSE
Note that the sum ) g £(s)* - £(s) makes sense since
£(s)" - &(s) € Ages = Ac
for each s € S.. Proceeding in the same way as for the direct sum of a family
of right Hilbert C*-modules over the same C*-algebra [15], it is not difficult

to check that X, is a subspace of the product vector space [, s, As, which
becomes a right Hilbert A.-module with respect to the operations

(€-a)(s) =&(s) -a € Ay = A,
(€ me =D &(s)" n(s) € A,

SES&
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for §,m e Xe,a € Ac and s € Se.
Consider e € E and u € S. For a, € A,, we let
Aeu(ay) + Xe = Xe
be the linear operator defined by
ay - E(uv) if v € D(u*),
(heau()€) (0) = { v tly) )

0 otherwise.

for £ € Xc and v € Se. To see that A ,(ay) is well defined, let § € X,. If
v € Se N D(u*), then u*v € S, and {(u*v) € Ayxy, SO wWe get

Gy - f(U*U) S Au . Au*v - Auu*v = Auu*vv*v = Av'u*v = Av-

Thus we see that A (ay)¢ lies in [[,cg Ay Moreover, if v € Se N D(u*),
then one readily verifies that the map b — a, - b is an adjointable linear map
from A+, into A, (with adjoint map ¢ — a;-¢); thus, using [15, Proposition
1.2], we get

(au - £ )"+ (au - E(w)) < Jaul? E(uv)* - E(u*v).
Now, since £ € X,, the sum
Y. &)t E(ut)
vE Se N D(u*)
is norm-convergent in A., and it follows that
Z (Ae,u(GU)g) (v)*- ()‘e,u(au)f) (v) = Z (au §(U*v))* : (au-f(u*v))
vESe vE Se N D(u*)

is also norm-convergent in A.. Thus, A¢ ,(ay,)€ € X, as desired.
Next, we show that A ,(ay,) € L(X.). For §,n € X., we have

O‘e,u(au)g’ 77)6 = Z ()\e,u(au)g) (U)* : 77(”)

VESe

= Y (@) )
vESND(u*)

= > W) ay )
v€SeND(u*)

= > &) -apn(us)
s€S.ND(u)

- Z £(s)" - (Aejur(ag)n)(s)
SESe

= (¢, Ae,ur (az)m)es

where we have used that the map v — w*v is a bijection from S. N D(u*)
onto Se N D(u). This shows that Ay (a,) is an adjointable operator on X,
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with adjoint given by
(6) Aeu(@u)™ = Aeur (ay,).

Thus we get a map A, : Ay — L(X) for each e € E and each u € S.
For each e € E we set

A° = {)\e,u}uES‘

To show that A° is a pre-representation of A in £(X.), in view of (6), we
only have to show that for u,u’ € S, a € A, and o’ € A/, we have

(7) Aequt (0 @') = Aeu(a) Aer ().
To prove this, consider £ € X, and v € S.. Then

a-d - &((u)*v) if v e D((uwu)*),
0 otherwise,

()‘e,uu’ (a- a/)é) (v) = {

~Ja-d - gFutv) if v e D(uuY),
N 0 otherwise,

while

()\e,u(a))\e,u’ (a,)g) (U)
(@)€)(u*v) if v e D(u*),

_ja- ()‘e,u’

n 0 otherwise

~Ja-d - EWutv)  if v e D(u) and u*v € D(u™),
n 0 otherwise.

Now, using (5) with u; = w* and ug = u* gives that v € D(u*u*) if and
only if v € D(u*) and u*v € D(u*), so we see that
(Ae,uu’(a : a/)g) (U) = (Ae,u(a))\e,u’(a/)g) (U)

It follows that (7) holds, as desired.

We can now form the product pre-representation A = [[.c5A° of A in
the product C*-algebra B := [[.cp £(X,). It is natural to call A the left
reqular pre-representation of A in B. It is given by A = {\,}yues, where
Ay Ay — B is defined by

Au(ay) = (/\e,u(au))

for u € S and a, € S. The associated *-homomorphism ®, : C.(A) — B
(resp. Cg(A) — B), which satisfies

D) (Z au5u> = (Z )\e,u(au)> y
ues ues ecE

ecE



REGULAR REPRESENTATIONS OF INV. SEMIGROUP FELL BUNDLES 1027

will be called the left regular representation of C.(A) (resp. Cg(A)) in B.
Note that ®5 = [[.cp Pae, since

(o) () = (2 () = (o)

4.3. Our aim is to show that @, is injective on C.(A) (cf. Theorem 4.3).
The following lemma will be crucial.

Lemma 4.1. Assume that g =", g ay0, € Cc(A) satisfies Pp(g) =0 and
lete, f € E withe < f.
Then, for each t € S and each b € A., we have

Z a, -b=0.
u€eS, f<u*u,ue=t

Note that here (and elsewhere), we use the convention that a sum over
an empty index set is equal to 0.

Proof. For each s € S and a € A, we will let a ® €5 denote the element of
Xg+s given for each t € Sg«5 by
a ift=s
®es)(t) = ’
(a@e:)(®) {0 i1+ s,
For every v € E, we set gy, = ), cq, @udu- Then g, € Cc(A), g, = 0 for all
but finitely many v in E, and
g= Z Gu-

veEE
Moreover,

(8) 0==®5(9) = Z Pp(g0) = (Z Z )\p,u(au)> :
pEFE

vERE veEE ueS,

Now, consider v € E, u € S, a € A, and o’ € Ay.
Note first that o’ © ey € Xy+5 = Xy. Moreover, if f < v, then

(uf)uf = fu'uf = fof = f,
souf € Sy and (a-ad') ©eyr € Xpypyrur = Xy. We claim that
(a-a')©eys if f <o,
0 otherwise.

9) Arula)(d ©ep) = {

To prove this claim, let ¢ € Sy. Then we have t € D(u*), that is, tt* < uu*,
if and only if f ="t < u*u =wv. As

()\f,u(a)(a’ ® Ef))(t) _ {a : (al ® €f>(u*t) ifte D(u*)

0 otherwise,
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we see that A, (a)(a’ ©®ef) =0 when f £ v.
If f <w,thust € SyND(u*), then we have u*t € SyND(u), with u*t = f
if and only uf =t (cf. 4.1), so we get

(Arul@)(a’ @ep))(t) = a-(a' @ep)(u™t)
{a -a ift=uf

= = ((a ) o €uf)(t).

0 otherwise

We have thus shown that ¢, (a)(a’ ®ef) = (a-d') ® e,y whenever f < v,
and this finishes the proof of (9).

Let now b € A.. By the Cohen—Hewitt factorization theorem [13, Theo-
rem 32.22] we can write b as a product b = cd where ¢,d € A.. Ase < f,
we get from (1) that
(10) jre(e)-d=cd=b.

For each v € FE we get from (9) that

Z Afu(aw)(Jrelc) ©eyp) = {Zuesv(@u Jre(9) Oeuy i F <,

u€ESy
Using (8) it then follows that

0=>"3 Nula)Grel@oe) = > D (au-jrele) ®eus

vEE ueSy {veE: f<v} uesS,

0 otherwise.

By looking at individual coefficients we can then conclude that in C.(A),
(1) 0= Y Y (au-dsel©)) g
{veE:f<v}uesSy

Since e < f we get from (11) and (10) that

0= Z Z (a“ ’ jf7e(C)) 5uf (d(se) = Z Z (au : b) 5ue-

{veE:f<v} uesS, {veE:f<v} uesS,

We see that given t € .S, the t-coefficient of the sum on the right hand side
of the above equation is
S e

u€S, f<u*u,ue=t

which must then be equal to 0. O

We will need another lemma. Let F' be a semilattice and A be a Banach
space. As usual, we will denote the dual space of A, consisting of all con-
tinuous linear functionals on A, by A*. We let C.(F, A) denote the vector
space of all finitely supported functions from F' to A. We will describe an
element of Cc(F, A) as a formal sum ;. pafdy where each ay € A and
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ay = 0 for all but finitely many f in F. Given ¢ € A* and e € F', we define
Oyp.e : Co.(F, A) — C to be the linear functional given by

9¢,e<2af5f): Z P(ag).

feF fEF, fze

Lemma 4.2. Let A be a Banach space and F be a semilattice. Then the
set {Oype 1 € € F,1p € A*} separates the elements of C.(F, A).

Proof. Suppose ZfeF aydy # 0. Since ay = 0 for all but finitely many f
in F', we can choose e € F such that a. # 0 and ay = 0 for all f € F'\ {e}
satisfying f > e. We may then pick ¢ € A* such that ¢(a.) # 0, and this
gives

Ope | D apds | = D wlap) =v(ac) #0. D

feF feF, f2e

The following theorem is a generalization of Wordingham’s theorem [17,
Theorem 2.1.1], and our proof follows the pattern of Wordingham’s original
proof.

Theorem 4.3. Let A = {A;}scs be a Fell bundle over an inverse semigroup
S. Then the left reqular representation of C.(.A) is injective.

Proof. Let g € C.(A) and express g as a sum g = ) gayu0,, Where
supp(g) = {u € S : a, # 0} is finite. Assume Pp(g) = 0. We want to
show that a; = 0 for each t € S. Since g = > cp D ,cs. @udu it is sufficient
to show that for any e € E, a; = 0 when t € S,.

Fix e € F and consider t € S. Let F' be the subsemilattice of E given by

F={veFE:e<wv}
Also, let f € F and b € A,. For each v € F set
61t}: Z au'b EAtv

u€S, v=u*u, ue=t

B'=Y" BLd, €C(F,A).

veF

Note that 3! has finite support since 8% = 0 if v ¢ {u*u : u € supp(g)}, and
supp(g) is finite. Now, for each ¢ € (A;)*, we get from Lemma 4.1 that

Our(B) = D v(8)

veF, f<v

= > aw-b| =0.

ueS, f<u*u,ue=t
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Then 3¢ = 0 by Lemma 4.2, so 8! = 0 for each v € F. In particular, since
e € F, we get

(12) > ay-b=p=0.

UESe, ue=t
Assume now that t € S.. If u € S, satisfies that ue = ¢, then we have
ut*t = t and uw*u = t*t, which together imply that v = t. So (12) gives
that a; - b = 0. Choosing b = a} - a; € At = Ae, we get a - af - ay = 0,
so (a}f a;)® = a} -a; - af -a; = 0, hence a} - a; = 0, and axiom (x) in the

definition of a Fell bundle gives that a; = 0, as desired. (]
4.4. We define the reduced KS-cross sectional C*-algebra C;yg(A) of A
as the completion of C.(A) with respect to the norm || - ||, given by

gllx := [1®a(g)]l

for g € Cc(A). Alternatively, we may consider C}¢(A) to be given as the
norm-closure of ®,(C.(A)) in B, or, equivalently, as ®5(Cjg(A)).
Recall that N4 denotes the two-sided selfadjoint ideal of C.(A) spanned
by the set
{asds — Jis(as)op = s,t € S;s <t,as € As}.
We define Z4 to be the closure of N4 inside C;KS (A). In other words, we
set

Ta=DPp(Ny).
It is easy to check that T4 is an ideal of C}yg(A). Hence we may form the
quotient C*-algebra
rait(A) = Crgg(A)/La,

which provides an alternative version of the reduced cross sectional C*-
algebra of A. We will let ¢ : Crig(A) — C7 1, (A) denote the quotient
map. It is not clear whether C ) (A) is isomorphic to Exel’s reduced C*-
algebra C(A) (cf. 3.4). We will show in Section 7 that this is true whenever
S is strongly E*-unitary and Ay = {0} if S has a zero. For u € S let
At A, — C*  (A) be defined by

r,alt
2 (g) = Au(ay) +Ta

for all a, € A,. It is then almost immediate that A := {\21*} ¢ is a
representation of A in C7_; (A). Using the universal property of C*(.A) we
get a surjective *-homomorphism W yai from C*(A) onto C¥ ,, (A) satisfying

Wy (174 (an)) = A2 (@) = Nulau) +Za
for all w € S and a, € A,. Similarly, we get a surjective *-homomorphism
P pare from Cfg(A) onto C;  (A), which satisfies
<I>Aa1t = qf4 ody = \I/Aalt 0qgA.
The following commutative diagram sums up the relationship between
the various algebras and some of the x-homomorphisms defined so far.
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)
7‘i’/ T
qA « ay
WU alt
Ce(A)JNA —=— CH(A) — C2 1 (A)

\I’Hrcd

5. Fell bundles over semilattices

In this section we look at the case where S = F is a semilattice, and
consider a Fell bundle &€ = {A.}ecp. Since E, = {f € E: f*f = e} = {e}
for each e € FE, the Hilbert A.-module X, that occurs in the definition
of the pre-representation A¢ = ()\e,f)feE of £ in L(X,) is nothing but A,
itself (with its standard structure). Thus C}yq(€) can be viewed as a C*-
subalgebra of [[ ..z L(Ae), and fore, f € Eand ay € Af, Ae f(ay) : Ae — Ae
is given by
ap-b ife<f,

. for all b € A..
0 otherwise,

(13) Ae,plag)b = {

As before, let ®pe : C.(€) — L(Ae) be the corresponding *-homomorphism

given by
Dpe (Z af5f> = Z e flag).

feE fEE

Let (a') be an approximate unit for A., let f € E be such that f > e, and
let ay € Ay. Then for all b € A, we have

lim (a’ - af)-b=1lim a’- (ay-b) = ay - b,
and lim; ay - (a’ - b) = ay - b. Thus,
(14) Ae.f(ap) =lima'-ay =limay - a*

where the limits in equation (14) are taken in the strict topology of L£(A.).
We recall that a character (sometimes called a semicharacter) on E is a
nonzero homomorphism from E into the semilattice {0, 1}, see, e.g., [17].
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Lemma 5.1. Let m : Cig(E) — B(H) be a nonzero irreducible represen-
tation of Ckg(E) on a Hilbert space H. For e € E, let p. denote the or-
thogonal projection of H onto the norm-closure of w(Aede)H in H. Then
pe € {0,Ig}. Moreover, the map 7 : E — {0,1} defined by

~ _ 1 ifpe = Iy,
T(e) = )
0 pre = 07
1s a character on E.

Proof. Let (a’) be an approximate unit for A.. It is straightforward to
check that 7(a'd.) converges strongly to pe.

Let f € E be such that f < eandlet a € Ay. Since j f(a’-a) = a'-je f(a),
and a’ - j. (a) converges to je r(a) in norm, it follows, using that je s is
isometric, that a’ - a converges to a in norm. Hence, for any ¢ € H, we have

pemt(ady)é = limm(a'se)m(ady)¢ = limm(a’ - ady)€ = w(ady)E.
It follows that pyH C p.H, that is, py < pe.

Consider now €’ € E. Then €’e < e, 50 pore H C p.H.
Hence for a € A we get

m(ade)peH = m(ade)w(Acbe) H
Cm(Ae - Aedere)H
C m(Aedere) H
= pere C peH.

This implies that p.H is a closed invariant subspace for m(Cjq(€)), hence
that p. € {0, Iz} since 7 is irreducible. Moreover, for any e, e’ € E, pepe =
PePe 18 then a projection, and, as seen above, we have pyro < pe, and similarly
Dele = Pee! < Pely S0 Pere < PerPe. On the other hand, for a € A, we know
that m(ade )peH C pereH. Hence, using an approximate unit for A/, one
easily deduces that pepe < pere. Thus we get pere = perpe. Since 7 is nonzero,
it clearly follows that 7 is a character on E. O

Given a character ¢ on E, we set Fyy = {e € E : ¢p(e) = 1}. Then Fy is
an example of a filter in E (and every filter on E can be obtained this way),
cf. [17]. We recall that a filter in E is a nonempty subsemilattice F' of E
such that if f € F and f > e for some e € F, then f € F.

Proposition 5.2. We have C is(€) = Cig(€)-

Proof. It suffices to check that every irreducible representation of C¢(€)
is dominated in norm by the left regular representation ®,. More precisely,
it suffices to show that given a Hilbert space H and a nonzero irreducible
representation 7 : Ciq(€) — B(H), we have

I (@Il < @A (g)]]
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for all g € C.(€). Let T be the character on E described in Lemma 5.1, and
let F' = F% be the corresponding filter in E. Note that if p. is defined as in
Lemma 5.1, then p. = Iy when e € F, while p. = 0 when e € E'\ F. Hence
for all e € E\ F and all a, € A, we have 7(acd.) = 0. Indeed, letting (a')
be an approximate unit for A., we then have

T(aebe)€ = im 7(aea’d,)€ = im 7w (aede)m(a'e)é = T(aede)pel = 0

for all £ € H. Consider now g = Y - ay0y € Cc(€). Using the observation
we just made, we get
w(g)= S mlagdy),
FEKNF

where K := {u € E : a,, # 0} is finite. Since F' is a semilattice and K N F’
is a finite subset of F', there exists some e € F' such that e < f for all
f € KNF. Let (a') be an approximate unit for A.. Since the restriction 7,
of m to Aede >~ A. is a nondegenerate representation of A.d. on H, it may
be extended to a representation 7, : L(A.) — B(H) (see for instance [1,
Theorem 11.7.3.9]). Moreover, if (b'5,) is a net in A.d. converging strictly to
some z € L(A), then m(b'5.) converges strongly to 7.(x) in B(H). Thus
for any £ € H, using equations (13) and (14), we get

m(9)§ = pem(9)¢ = limm(a'de) Y w(asdp)é

FEKNF

= lign Z 7r<(ai . af)56>§

fEKNF

= Z Te(Ae,p(ag))é

fEKNF
= Te(Pac(g))E.
It follows that m(g) = 7e(Pac(g)), so [[m(g)|| < [[ac(9)]l < [[@alg)l]- O

Proposition 5.2 implies that Mg = Zg, hence that C*(&) = Cy 1 ().

r

Since it follows from [11, Corollary 8.10] that C}(E) ~ C*(E), we get:
Corollary 5.3. C;,((€) = C*(E) = CX(E).

6. Conditional expectations onto the diagonal

Let A = {As}ses be a Fell bundle over S and let £ = {A.}ecr denote the
Fell bundle obtained by restricting A to the semilattice F of idempotents in
S. Recall that Cig(A) can be viewed as a C*-subalgebra of [[ . £(Xe)
and that C}4(£) can be viewed as a C*-subalgebra of [[ . L£(Ae). When
it is necessary to distinguish them, we will denote by <I>f the left regular rep-
resentation of C.(.A) and by ®§ the left regular representation of C.(£). Sim-
ilarly, we will write {)\és} and {)\f s} for the respective pre-representations.



1034 ERIK BEDOS AND MAGNUS D. NORLING

Let e € E and s € S, (so that s*s = e). Recalling that A, is a (right)
Ac-module, we define an A.-module map 7, : As — X by 7s(a) = a ® &g,

%wxwz{“ e

0 otherwise.

One readily checks that 7, is adjointable with adjoint given by (&) = £(s)
for every ¢ € X.. Then vivs is clearly the identity map on Ag, so vs is
isometric. Moreover, we have v,7:¢ = £(s) © g5 for every £ € X, and it
follows that > . 5, VsVs§ = § for every § € X, where the sum converges in
the norm topology on X..

Lemma 6.1. Let e € E, s,t € Se, w € S and a € A,. Then the map
Yireu(@)ve : Ay = As is given by

(7; )‘e,u (a)’yt) (b) =

0 otherwise

{a-b if u > st*,

for all b e A;.

Proof. For b € A; we have
Yideu(@)1i(b) = (Aeu(a)ye(b))(s)

_Ja-yw(d)(u's) if s € D(u*),
N 0 otherwise

_Ja-b ifu*s=tand ss" < uut,
0  otherwise.

Suppose first that u > st*. Then uu* > (st*)(st*)* = ss* since t*t = s*s.
Moreover, u* > ts*, so ts* = u*(ts*)*(ts*) = u*ss*, hence u*s = ts*s =
tt*t = t. Conversely, if ss* < wu* and u*s = t, then

w(ts™)*(ts™) = u*st™ts® = uruu*ss*ss* = uFss* = ts”,
so u* > ts*, hence u > st*. O

Lemma 6.2. Lett € S and b € A;. Then there exist ¢ € Ay and d € Ay
such that b = ¢ - d.

Proof. Let (u') be an approximate unit for Ay+. Since ||uf|| < 1 for all 4,
we get
[lu* - b= 0||* = [|(u; - b~ b)(u; - b )|
=|luj-b-b"—b-b"+ (u;-b-b"—b-b%) -]
<2|luj-b-b* —=b-b*].
So u' - b converges to b. Regarding A; as a left Ay« -module in the obvious

way, we may then apply the Cohen—-Hewitt factorization theorem [13, The-
orem 32.22] to b and deduce that b = ¢-d for some ¢ € Ay» and d € A;. O
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Lemma 6.3. Lett € S and b € A;. Let b = c-d be any factorization of b
with ¢ € Ay and d € A;. Let (Te)ecr € CZKS(A), and let s € S be such
that s*s = t*t. Then

(Vs Tereve) (0) = (= Theeyaee) (c) - d.
Proof. Note first that the expression on the right-hand side is well-defined
since (st*)*(st*) = ts*st* = tt* as s*s = t*t. By linearity and continuity, it
suffices to prove that for any v € S and a € A,, we have

(V5 Ae=tu(@)7e) (0) = (= Avte (@) e ) (c) - .

This follows immediately by applying Lemma 6.1 to both sides, and using
that st*(tt*)* = st*. O
Lemma 6.4. For anye, f € E, and ay € Ay we have

’Ye)\ef(af)% = )\i,f(af)-
Moreover, if S is E*-unitary and Ao = {0} (if S has a 0-element), then for
anye € E, uw e S and a, € A,, we have

X (ay ' E
(15) )\.A (au)’Ye — e,u(a ) qu € ) )
0 otherwise.

Proof. We prove the second statement. The proof of the first statement
follows from a small adjustment to the argument and is left to the reader.
Assume that S is E*-unitary and Ag = {0} (if S has a 0-element). Let
be A.. Lemma 6.1 gives that

(16) ( e)‘A (au)’ye)(b) _ {au -b ife<u,

0 otherwise.

Since S is E*-unitary, e < u implies that v is idempotent or e = 0. If e #£ 0,
the right hand side of (16) is equal to
{au b ife<uanducE, {Agu(au)b if ueE,
0 -

otherwise, 0 otherwise,

so we see that (15) holds in this case. If e = 0 (so S has a 0O-element), then
both sides of (15) are equal to 0 since Ay = {0} by assumption. O

Lemma 6.5. There is an embedding of Cxs(E) into Cyg(A) extending
the inclusion C.(E) C CC(A).

Proof. Let ) cpards € Cc(€). We need to prove that

o))

feE feE

Since C} q(€) = Ckg(E), cf. Proposition 5.2, the expression on the left-hand
side of (17) is the same as the universal norm of » ;. pasdy in Cig(E). As

(17)
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@f restricts to a x-homomorphism of C.(€), we see that the > inequality in
(17) must hold. On the other hand, since -, is an isometry for each e € F,
Lemma 6.4 implies that

sup )\ (a < su /\
sup|| > X plap)|| < sup)| > A2
feE Ellfer
This shows that < inequality in (17) holds. O

We will identify C}yq(€) with its canonical image in C; kg(A), and call
it the diagonal (C*-subalgebra) of C7ig(A). Define € : C.(A) — Cc(€) by

¢ (Z auau) = acbe

u€es ecl
for all 3~ c g audy € Cc(A). Moreover, define a positive linear map €kg from
Crks(A) into [[.cp L(Ae) by
GKS((Te)eEE) = (’Y:Te'Ye)eeE
fOI‘ all (TE)EGE 6 C’:‘(,KS (./4)

Proposition 6.6. The map €ks : C)ks(A) = [l.cp L(Ae) is faithful.
If S is E*-unitary and Ao = {0} (if S has a 0-element), then Exs satisfies

(18) exs(@(9)) = 25 (e(9))

for all g € C.(A). Moreover, in this case, €gs is a faithful conditional
expectation from Cis(A) onto C7 kg(E).

Proof. Let e € E, T, € L(X,) and a € A.. For each s € S,, we have
(V:TeW/e)(a) = (Te')’e(a))(s)a

so we get
((iT:Tere)(a).a) = (Terela). Teve(a >> e

= Z 676 (Te'Ve( ))( )

SESe

=Y (i Te) (@) (1 Tere) ().

SESe

So we see that if T Ty, = 0, then viT.v. = 0 for each s € S,.

Consider T' = (T¢)cer € C’nKS(.A) If v¥Teye =0 foralle € E and s € S,
then for any e € E and s,t € S,, we have in particular that v}.Ty=yy = 0,
so Lemma 6.2 and Lemma 6.3 imply that 7.+ = 0. Combining this with
our first observation, we get that if v 71Ty, = 0 for each e € E, then
viTey = 0 for each e € E and s,t € Se.
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Assume now that €xg(7*7T) = 0. This means that 7T, Tcv. = 0 for all
e € E. Hence, for e € F and £ € X, we get

T& =Y Tl =Y > v iTenyé=0.

SGSE SESe tESe

Thus T, = 0 for every e € F, so T = 0. This proves that kg is faithful.
Next, assume that S is E*-unitary and Ay = {0} (if S has a O-element).
To show that (18) holds amounts to show that for any e € E, we have

Ye (Z )\e,u<au)> Ye = Z )\e,f(af)

ues fer

for all 3, g audy € Cc(A). This follows readily from Lemma 6.4. It is then
clear that the image of €kg is C’j}KS(E). Note also that Ekg is contractive
since 7. is an isometry for each e € E. Moreover, it is immediate from (18)
that €kg is a projection map. Hence, Tomiyama’s theorem (see for instance
[1, Theorem I1.6.10.2]) gives that €kg is a conditional expectation. O

Remark 6.7. Suppose that S is strongly E*-unitary and and Ay = {0} (if
S has a zero). Let o be an idempotent pure grading from S* into a group
G. Then for each g € G one can form the Banach space

By:= P @a(Abs) C Crgs(A).

s€S,o(s)=g

It is straightforward to check that B := {Bgy}seq is a Fell bundle over G,
giving a G-grading for Cq(A) in the sense of [9, Definition 3.1]. More-
over, since o is idempotent pure, we have {s € S : o(s) = 1lg} = E, so
By, = CZKS(S ). Since €kg is faithful by the previous proposition, it then

follows from [9, Proposition 3.7] that C}q(A) is naturally isomorphic to
the reduced cross sectional C*-algebra C;(B) associated with 5.

The following covariance property of €kg will be useful later.

Lemma 6.8. Suppose S is E*-unitary and Ao = {0} (if S has a 0 element).
Then for all s € S, b € As and T € G is(A) we have

(19) €ks ()\s(b)*T)‘s(b)) = )\s(b)*QSKS(T))‘s(b)'

Proof. Let s € S and b € A,. Consider ), ga;d; € C.(A). Then for any
t € S we have that s*ts = 0 if and only if ss*tss* = 0. Moreover, s*ts € E if
and only if ss*tss* € F; thus, since S is E*-unitary and t > ss*tss*, we get
that s*ts € F if and only if t € E or s*ts = 0. Hence, using that Ay = {0}



1038 ERIK BEDOS AND MAGNUS D. NORLING

(if S has a 0 element), we get

tesS tesS, s*ts#0

= Z (b* s ag - b)(ss*ts

tes, s*tse EX

= (bd,)* € (Z at5t> (bds).
tesS
Using Equation (18), we then see that (19) holds whenever T = ®{(qg)
for some g € C.(A). By linearity and continuity of €xg and density of
D4 (Ce(A)) in Cfig(A), it then holds for all T € Cyyg(A). O

7. Comparison with Exel’s reduced cross sectional
C*-algebras

Throughout this section we consider a Fell bundle A = {As}ses over an
E*-unitary inverse semigroup S and assume that Ay = {0} (if S has a 0
element). Our aim is to show that Exel’s C7(A) is a quotient of C7 ), (A)
and that these C*-algebras are canonically isomorphic under certain assump-
tions.

As in the previous section, we let & = {A.}.cp denote the Fell bundle
obtained by restricting A to the semilattice £ = FE(S). From Proposi-
tion 6.6, we see that €xs(P3(Na)) = ®§(Ne), and it easily follows that
Cks(Za) = Ze.

For any ideal K of Cis(A) satisfying €xg(K) = Ze we can define a
surjective linear map €x : C)g(A)/K — Cr 1 (€) by

Ec(T + K) = €xs(T) + T

It is straightforward to check that € is contractive. Note also that for each
T € ®4(C.(€)) we have

1T+ Ze|| = € (T + )| < IT + K| < |1T + Ze|
where the last inequality uses that the map

g Px(9) + K

is a representation of C.(€) in Ckg(A)/K and that C;,, (€) = C*(€). It
follows that [|T"+ Z¢|| = [|T + K| for each T' € C}g(€), so we can identify
Cr 1 (€) with the image of C)yg(€) in the quotient Cfg(A)/K. Using

r,alt
Tomiyama’s theorem (see for instance [1, Theorem I1.6.10.2]), we get that

€x is a conditional expectation; in particular it is completely positive.

Proposition 7.1. Define
Ja={T € Crxs(A) : €xs(T"T) € e }.
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Then we have

Thus J4 is an ideal of C’:,KS(A), satisfying Ty C Ja and €xs(Ta) = Zs.
Moreover, the conditional expectation €7, from C;yg(A)/Ta onto C; 11 ()
is faithful.

Proof. Let K be the ideal of C;g(A) defined by the right hand side of
equation (20). Then by using an approximate unit for C}q(A) one easily
deduce that €xg(K) =Zg and K C J4.

Let T € J4. Then we have

(21) 1€ (T*T + K)|| = |€xs(T™T) + Ze|| = O

since €xs(T*T') € Zg. Consider now Q € Cgg(A). Then, by using the
Cauchy-Schwarz inequality (cf. [15]) and equation (21), we get

1€ks ((QT)*(QT)) + Ze|I” = |€x (QRT)*(QT) + K) |I?
=& (T + K)*(Q*QT + K))|I?
< e (T*T + K)||ex (Q*QT)*(Q*QT) + K|
=0.

So Exs((QT)*(QT)) € Z¢, hence QT € J 4.
Next, consider R = A4(b) for s € S and b € A,;. Lemma 6.8 gives that

Cxs(R*T*TR) = R*€xs(T"T)R.
So Exs(R*T*TR) € Iy since Cxg(T*T) € Zg C T4 and Z4 is an ideal. As
the range of €xg is C)kg(€) we also get that Exg(R*T™TR) € C;yg(E),

so Exs(R*T*TR) € Zg. By the Schwarz inequality (sometimes called the
Kadison inequality), see for instance [1, Proposition 11.6.9.14], we have

Eks(TR)"€Eks(TR) < €ks((TR)'TR) = Exs(R*'T*TR) € L.
Hence €kg(TR)*€ks(TR) € Zg¢ since Zg (being an ideal) is a hereditary
subalgebra of C;¢(€), and it therefore follows that €xs(T'R) € Zg (cf. [1,
Proposition 11.5.1.1]). By linearity and continuity of €kg and density of
d4(Ce(A)) in Crxs(A), we get that €xs(T'R) € Zg for all R € C}is(A).
Ifnow T € J4 and Q, R € C:7KS(A), then we get that T := QT € J4,
and this implies that €xs(QTR) = €ks(T'R) € Zg. This shows that Jy C

K, hence that J4 = K.
Since we have shown that J4 is an ideal of C}¢(A) satisfying

Cks(Ja) = Ie,

the canonical conditional expectation €z, from C}(A)/JTa onto C; 1 (€)
is well defined. Showing that €y, is faithful amounts to verifying that
T*T € J4 whenever Exg(T*T) € Zg. This readily follows from the definition
of J4 and the fact that Ju is an ideal of C7 g (A). O
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Proposition 7.2. Let q5, denote the quotient map from C’;’,‘,KS(.A) onto
Crks(A)/Ta. Then there exists a canonical isomorphism

-
U Crxs(A)/Ta— Cr(A)
satisfying Vo qz, o <I>“/§l = ijd.

Proof. The strategy for proving the proposition is to show that there ex-
ists a *-homomorphism ¥ : CJrs(A)/Ja — C7(A) and a linear map
¢ : CF(A) — C*(€) making the following diagram commute:

&
hS
&
&
=
0
&
S

Ce(€) — Crks(€)

c(€) Ol (€)
It will then follow that ¥ is an isomorphism by considering the outer square
in this diagram and using that €y, is faithful, as shown in the previous
proposition.
Let ¢ be a pure state on C*(&). It is easy to deduce from equation (4)
that the functional ¢ on C.(.A) defined in section 3.4 is given by

p=ypowot

where (g denotes the canonical map from C.(£) to C*(€). Moreover, it is
straightforward to see that we have (e 0 € = €7, 0q7, © @f, so we get

P =00Cz, 047, 0%
Let ¢' = ¢ o€z, 0q7,. Then ¢ is a state on C}rq(A). As before, let
(Y, Hz) be the GNS representation associated to ¢, with  — & denot-
ing the canonical map C.(A) — Hgz. Form also the GNS-representation

(myr, Hyr) associated to ¢f, with T — T denoting the canonical map from
Crs(A) into H,. For any z € C.(A), we obtain

r

—

2] = @(a*2) = ¢ (PA(a"2)) = |24 (2)]*.
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Since {3 : x € C.(A)} is dense in Hy, the assignment & — ®1'(z) extends to
an isometry V' : Hy — H.

Consider now g € C.(A). For any z,y € C.(A) we get

(
= <T¢(9)56,Q>-
So T3(g) = V*m,/(‘bf(g))v, and it follows that || Tz(g)|| < |[my (@ﬁ(g))”
since V' is an isometry. Moreover, as ¢’ annihilates J4, the kernel of 7

contains Ja, 0 we get |my (92(9))| < a7, (#4(g))ll- Hence we conclude
that

1T (@) < laga (@R (9)]-
Since this holds for all ¢ € P(C*(€)) we get |[54(9)|| < [lg7.(2x(9))]-
It follows that there exists a *-homomorphism W : C}5(A)/Ta — CF(A)
satisfying ¥ (g7, (®4(9))) = ¢55%(g) for all g € C.(A), as desired.

Next, we will show that the map € : §4(C.(A)) — C*(€) given by
¢L(54(g)) = te(€(g)) is well defined, linear and contractive. By density,
it will then extend to a (contractive) linear map &, : C*(A) — C*(£), as
desired.

To see that €, is well defined, note that if g € C.(A) and ){%(g) = 0, then
0 = o(z*gy) = e(e(E(xz*gy))) for all z,y € C.(A) and all p € P(C*(E)).
Letting = and y range over C.(&) so that &(z*gy) = *€(g)y (which follows
from Proposition 6.6 since €xg is a conditional expectation), and using the
density of 1g(Cc(€)) in C*(E) we get tg(€E(g)) = 0. It readily follows that &
is well defined, and its linearity is then obvious.

Further, consider g € C.(A). For z,y € C.(€) with |leg(z)]], [|es(y)|| < 1,
we have

lee (=" €(@)y)ll = lle(€(z"gy))| = sup  p(we(E(x"gy)))
PeP(C*(£))
< swp Tl =[5 9)I-
PEP(C*(£))

For every € > 0 it is not difficult to see that we can find x and y as above
such that

lee (€GN < llee (=" E(9)y) + &,
so we get

€ (E )] = lee (€@l < llee(z" €@yl +< < 254 9)] +e.

Thus we conclude that €. is contractive.

The reader will have no problem to check that the maps ¥ and €&, we
have constructed make the above diagram commutative, thus finishing the
proof. O
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From Proposition 7.2 and its proof we get the following result which may
be worthy of being stated separately. It is proved for saturated Fell bundles
over unital inverse semigroups in [7] using a different approach.

Proposition 7.3. There exists a faithful conditional expectation
¢ :Cr(A) = C*(€E)
satisfying &, o ijd =140€.

Since Z4 C Jg4, there is a natural surjective *-homomorphism p4 from
Tai(A) = Clgg(A)/Za onto Cfxg(A)/Ta. Using Propositions 7.2 and

r,alt

7.3, the relationship between the reduced C*-algebra C’;f’alt(.A) introduced
in the present article and Exel’s C(A) can be described as follows:

Theorem 7.4. There exists a surjective canonical *x-homomorphism
U O (A) = CF(A)

satisfying W' o Wpae = Yppred -
Moreover, the conditional expectation €t : C* | (A) — C* .(€) = C*(€)

r,alt
given by ¢ = & o W' is canonical in the sense that

e (DR (9)) = PRan (€(9))
for all g € C.(A), and the following conditions are equivalent:
o U’ is an isomorphism.
® Ty=Ja.
o &l s faithful.

Proof. It suffices to set ¥/ = ¥ opy4 and observe that ¢t = Eropa. O

We don’t know whether C7*;; (A) is isomorphic to C;(A) in general. When
S is strongly E*-unitary this happens quite often.

Corollary 7.5. Assume S is strongly E*-unitary and let o : S* — G be
an idempotent pure grading into a group G. Let B be the associated Fell
bundle over G defined in Remark 6.7. If G is exact [2], or if B satisfies
FEzel’s approximation property [9], then C* .. (A) is canonically isomorphic

r,alt
to Cx(A).

Proof. By using [10, Theorem 5.1] if G is exact, or [9, Proposition 4.10] if
B satisfies Exel’s approximation property, one deduces easily that Z4 = J4
after making appropriate identifications of these ideals in C(B). Hence, the
result follows from Theorem 7.4. U
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