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Reduced norms and the Riemann—Roch
theorem for Abelian varieties

Nathan Grieve

ABSTRACT. We explain how the Riemann—Roch theorem for divisors on
an Abelian variety A is related to the reduced norms of the Wedderburn
components of End®(A) the Q-endomorphism algebra of A. We then
describe consequences and examples.
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1. Introduction

Let A be an Abelian variety defined over a field k. Our purpose here is
to show how the Riemann—Roch theorem for divisors on A is related to the
reduced norms of the Wedderburn components of

R :=End’(A) := Q ®z End(A)

the Q-endomorphism algebra of A. We then turn to applications and exam-
ples.

The key point to what we do here is Theorem 4.1 and a special case of this
result applies to principally polarized Abelian varieties (ppav). To describe
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1088 NATHAN GRIEVE

it, suppose that
(1.1) A= AT x - x A
with each of the A; simple and pairwise nonisogenous Abelian varieties.
Assume further that A admits an ample divisor A which defines a principal
polarization of A. Let r) : R — R denote the Rosati involution determined
by A. Since A is a principal polarization, it determines an isomorphism
between the Néron—Severi group of A and the subgroup

Endy(A) := {a € End(4) : r\(a) = a}
of End(A) fixed by 7).

The decomposition (1.1) allows us to write
R=R; x--- X Ry

with R; ~ M,,(4;), for finite dimensional division rings A; over Q. In what
follows we let Z; denote the centre of A;, m? = dimyg, A, t; = [Z; : Q],
gi = dim A; and g := dim A. We also let Nrdp, o(-) denote the reduced

norm from R; to Q. In this notation, a consequence of Corollary 3.7 is that
the function

k
HNrdRi/Q(-)zgi/(timi) :R—Q
i=1
restricted to End{(A) := Q ®z Endy(A) is the square of a homogeneous

polynomial function of degree g on End(A) normalized so as to take value
1 when evaluated at 1g; we denote this polynomial function by

pNrd, (-) : End}(A4) — Q
in what follows. In this setting, a consequence of Theorem 4.1 is:
Theorem 1.1. If D is a divisor on the ppav A just described and
a = ®,(D) € Endy(4),
the image of the class of D under (1.2), then

(1.3) (1;9) = pNrd, (a).

We prove Theorem 1.1 in §4. To place this theorem and the more general
Theorem 4.1 into their proper context we should first emphasize that these
theorems are due to Mumford, [Mum?70a, §21, p. 209]. Our contribution
here is to make them slightly more explicit and then to indicate some con-
sequences, for example Theorems 4.4 and 5.2. A related question, which we
address to some extent in §5, §6, and §7, is to understand the righthand
side of (1.3) explicitly for a given A and principal polarization A. To place
these matters into perspective we recall that, especially when chark > 0, it
is already an interesting and subtle problem to understand those semisimple
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Q-algebras that are actually realized as End’(A) for some Abelian variety
A; see [Shi63], [Oor88] and [OvdP88, Cor. 1.2] for example, for more details
and very complete results in this direction.

Acknowledgements. This work benefited from correspondence with Ernst
Kani and conversations with Colin Ingalls. It was completed while I was
a postdoctoral fellow at the University of New Brunswick where I was
financially supported by an AARMS postdoctoral fellowship. Finally, I
thank an anonymous referee for carefully reading this work and for pro-
viding comments and suggestions which helped to improve the exposition
and strengthen the results.

2. Preliminaries

We fix some notation and recall some prerequisites which are important
in what follows. We refer to [Mum70a], [CR81], [CR87], and [Rei03], for

example, for more details.

2.1. If R is a simple finite dimensional Q-algebra with centre Z, then
R ~ M,(A) for A a finite dimensional division ring over Q and we let m
denote the Schur indexr of A. Then m? := dimga) A for Z(A) >~ Z the
centre of A, [CR81, Cor. 7.22] and [CR87, p. 732]. Put t := [Z : Q]. We
then have that dimy; R = r?>m? =: d® and also that dimg R = td?.

2.2. We recall the definition of the reduced norm and reduced trace from
a finite dimensional simple Q-algebra R ~ M,(A) to Q. Our approach
is similar to that of [Rei03, §9.a and §9.b]. To begin with, let Z be the
centre of A and choose an extension field F/Z which splits R. More pre-
cisely, choose an extension field F'/Z for which there is an isomorphism
F®z R~ My, (F) of F-algebras. For example, if F' is a maximal subfield
of A, then F' is a splitting field for R, [CR81, Cor. 7.21, p. 155]. Next
if @ € R, then let Nrdg,z(a) and Trdg,; () denote, respectively, the de-
terminant and trace of the image of 1 ® a under this isomorphism. Re-
call that Nrdg,z () and Trdg, () are well-defined elements of Z, [Rei03,
Cor. 7.23, Thm. 9.3]. We say that the functions Nrdg,z(-) and Trdg,z(-)
are, respectively, the reduced norm and reduced trace from R to Z. Fi-
nally, to define the reduced norm and reduced trace from R to Q, we let
Nrz/q(-) and Trzq(-) denote, respectively, the norm and trace from Z
to Q. Concretely, if o1,...,0, are the distinct embeddings of Z into C
and o € Z, then Nry/g(a) = [1i_, oi(a) and Trzp(a) = St oi(a).
The reduced norm and reduced trace from R to Q are denoted, respec-
tively, by Nrdgg(-) and Trdg,g(-). They are defined by composition:

NI‘dR/Q() = NTZ/QONrdR/Z(') and TI'dR/Q() = Trz/@OTI‘dR/Z(').

2.3. If R is a finite dimensional semisimple Q-algebra with Wedderburn
decomposition R = Ry X --- X Ry, for matrix algebras R; ~ M, (A;) over
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finite dimensional division rings A; with centres Z;, then we let m; denote the
Schur index of A;, t; := [Z; : Q], and d; := m;r;. As in [CR81, Defn. 3.23],
we refer to the simple Q-algebras R; as the Wedderburn components of R,
they are uniquely determined by R. The reduced norm and reduced trace,
respectively, from R to Q are defined as: Nrdg/g(-) := Hle Nrdg, () and

Trdg/o() == Y Trdg, /g(-), [Rei03, p. 121].

2.4. Let R be a finite dimensional semisimple Q-algebra. By a positive
involution on R, we mean a Q-linear map ' : R — R which satisfies the
conditions that (af)" = f'a’ for all a, 8 € R, (¢/) = « for all @« € R and
Trdg,g(ea’) > 0 for all nonzero a € R, [Mum?70a, §21, p. 193]. By a norm
form on R over Q, we mean a nonzero polynomial function N(:) : R — Q
such that N(af) = N(a) N(5) for each o, 8 € R, [Mum70a, §19, p. 178].

2.5. We consider Abelian varieties defined over a field k. Recall that a
nonzero Abelian variety is said to be simple if it contains no proper nonzero
Abelian subvarieties. In what follows, all Abelian varieties will be tacitly
assumed to be nonzero. If A is an Abelian variety, then we let A denote its
dual and we let R := End’(A) := Q®zEnd(A) denote the Q-endomorphism
algebra of A. Recall that R is a finite dimensional semisimple Q-algebra and,
further, that R is a division algebra when A is simple, [Mum70a, §19, p. 174],
[Con06, Cor. 3.20], [CCO14, Thm. 1.2.1.3]. If a € A(k), then 7, : A — A
denotes translation by a in the group law. Every divisor D on A determines a
homomorphism ¢p : A — A defined by a — 7504 (D)®0 4(—D), [Mum?70a,
§13, Cor. 5, p. 132]. If ¢ € End’(A), then we let ¢ € End’(A) denote its
dual, [Mum70a, §8, Rmks., p. 80]. If A is an ample divisor on A, then we
let ) : R — R denote the Rosati-involution. Recall that 7y is defined by
o qb;l o&o@y and that ry is a positive involution, [Mum?70a, §21, Thm. 1,
p. 192], [CCO14, Lem. 1.3.5.3]. Here qS;l is the inverse of ¢, in the category
of Abelian varieties up to isogeny. If n € Z, then we let [n]4 : A — A denote
multiplication by n in the group law.

2.6. Let A be an Abelian variety of dimension g. We denote the g-fold
self-intersection number of a divisor D on A by (D9). Let NS(A) be the
Néron—Severi group of divisors on A modulo algebraic equivalence and

NSY(A) := Q ®z NS(A)

the Néron—Severi space of A. Note that the map D — ¢p induces an
inclusion NS(A) < Hom(A, A). In particular, NS(A) is free, [Mum?70a, §19,
Cor. 2, p. 178], [Mil86, Cor. 12.8], and the natural map NS(A) — NS°(A)
is injective. By abuse of terminology, we refer to elements of NS°(A) as
Q-divisors and elements of NS(A) as integral divisors. By abuse of notation,
we denote the class of a divisor D on A in NS(A) also by D.
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2.7. Every ample divisor A on an Abelian variety A determines a Q-linear
embedding @) : NS°(4) — End’(A) defined by D + ¢! o ¢p. As in
[Mum70a, §20, p. 190], see also [MovdGE, Prop. 12.25, Chap. XII], we check,
using the theory of Riemann-forms, that the image of ®, is the Q-vector
space

End{(A) := {a € End’(A) : ry(a) = o}

of elements of End’(A) which are fixed by ry. Note that if \ is a principal
polarization, that is if (A9) = g!, then ®) determines a Z-linear isomorphism
®, : NS(A) = Endy(A). Here Endy(A) := {a € End(4) : r\(a) = a}.
When )\ defines a principal polarization, we say that the pair (A, \) is a
principally polarized Abelian variety.

3. Isogenies and the degree function

In this section we record some facts about isogenies between Abelian vari-
eties and the degree function. The main point is to establish Proposition 3.5
and its corollaries which we need in §4.

3.1. Let a : By — B> be a homomorphism of Abelian varieties. Recall,
[Mil86, p. 114] or [Mum?70a, §6, p. 63], that « is an isogeny if it is surjective
and has kernel a finite group scheme. If « is an isogeny, then we define its
degree, which we denote by deg(a), to be the order of its kernel (as a finite
group scheme). Precisely, deg(a) equals the rank of a,Op, as a locally free
Op,-module. This concept can be extended to all homomorphisms from B;
to By. In particular, we have the degree function

(3.1) deg(-) : Hom(By, B2) — Z
defined by

deg(a) if v is an isogeny
0 otherwise.

(3.2) deg(a) = {

Such functions also have the properties that

(3:3) deg(f o a) = deg(3) deg(a)

for all triples of Abelian varieties, By, By, and Bz, and homomorphisms
a € Hom(By, Bs) and 8 € Hom(Bs, Bs), [Mil86, p. 115].

3.2. When A = By = By, the function deg(:) : End(A) — Z extends to
a degree function deg(-) : End’(4) — Q. Further, if g = dim A, then this
function is a homogeneous polynomial function of degree 2¢g, [Mum70a, §19,
Thm. 2, p. 174] or [Mil86, Prop. 12.4, p. 123]. The degree function (3.1)
also extends to give a degree function

(3.4) deg(:) : Hom®(By, By) := Q ®z Hom(B1, Bs) — Q.
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Indeed, given a € Hom(By, By) and n € Z, the morphism na € Hom(By, Bs)
is defined by x +— na(x). In particular, na = [n]p, o @ and so

deg(na) = deg([n]p, o a) = deg([n]p,) deg(a).

Now, given a € Homo(317 Bs), let n be an integer so that na is an element
of Hom(Bjy, B2) and define

(3.5) deg(a) := CSZ%[(:](;)).

The definition (3.5) is well defined and extends that given in (3.2). The
extended degree functions (3.4) also behave well with respect to composition
of morphisms as in (3.3).

3.3. In what follows, we fix an ample divisor A on an Abelian variety A.
We record the following for later use.

Lemma 3.1. If D is a divisor on A, we then have that

36 degtop) = “ERAD  deg(oy) deg(@r(D))
A

Proof. Since (D) = ¢, ' o ¢p, in light of the formula (3.3), it suffices to

note that
deg(®x(D)) = deg(¢y ') deg(¢p). .

3.4. Every isogeny : B — A induces a ring isomorphism
(3.7) (8] : End®(B) = End®(A)
defined by

[B](2) = Boao ™!,
Here ~! denotes the inverse of 3 in the category of Abelian varieties up to
isogeny. Specifically, if n = deg 8 and ~ is the unique isogeny A — B so
that yo 3 = [n]p and Bo~y = [n]a, then 7! is the quasi-isogeny defined by
B~ = (1/n)y, [Mum?70a, §19, p. 172]. The homomorphism (3.7) behaves
well with respect to the degree homomorphism. In particular

(3.8) deg([8)(cr)) = deg(8) deg(r) deg(5™") = deg(a),

for all o € End®(B).

If we fix an ample divisor A on A, then functorial properties of the iso-
morphism @, with respect to 8 and the inverse of (3.7) are explained in
[Kan16, p. 50]. Here we record the following related remark which we will
need in what follows.

Proposition 3.2. Let 8 : B — A denote an isogeny of Abelian varieties,
fix an ample divisor A on A and let

rgex : End’(B) — End’(B)
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be the Rosati involution determined by the ample divisor B*\ on B. Then if
o € End(B), it follows that

(3.9) [B](rgeacr) = ra([B](«))-
Proof. We compute
[B](rgeacr) = Bodglyodoggrof
whereas -
rA([B)(@)) = ¢yt o Bl od o fo gy,

The conclusion of the proposition will follow if we can show that
(310) BO¢)\:¢5*)\05_1.
To establish (3.10), it suffices to show that

BogroB=dpex;
equivalently that
(3.11) 5*(7'5*@)014()‘) ® O0A(=N) 21 8704\ @ B*O4(—N),
for all b € B. That (3.11) holds can be checked using the fact that

Bot,=Tgp) 00
for all b € B. O

Proposition 3.2 has the following consequence.

Corollary 3.3. If 5 : B — A is an isogeny and X an ample divisor on A,
then the morphism [3] induces the following collection of linear maps

(3.12) NS(B) < NSY(B) = End%.,(B) = End}(A).

Proof. Immediate consequence of (3.9) and the definitions of End%* \(B)
and End{(A). O

For later use we also record:

Lemma 3.4. Let A= A} X --- X AZ’“ with the Abelian varieties A; simple

and pairwise nonisogenous. If f: B — A is an isogeny, if « € End®(B) and
[Bl(a) = (a1, ..., ar) with a; € End(A}?), then

k
(3.13) deg(ar) = Hdeg(ai).
i=1

Proof. Since, by (3.8), the degree function behaves well with respect to
the ring isomorphism [3], without loss of generality we may assume that
A = B and that § =idy4. Also, in light of the definition (3.5), without loss
of generality we may assume that o € End(A). If « is not an isogeny, then



1094 NATHAN GRIEVE

some q; is also not an isogeny and the formula holds. On the other hand, if
« is an isogeny, then each of the a; must be an isogeny and clearly

k
deg(a) = Hdeg(ai). O
i=1

3.5. We use our remarks made thus far to prove the main results of this
section. To prepare for these statements, let A = A7' x --- x A;* with each
A; simple Abelian varieties and pairwise nonisogenous. Let g; := dim A4;
and write
R:=End"(A) = Ry x --- x Ry,

with A; = EndO(Ai) and R; = M,,(A;); we adopt the notation of §2.3.

Compare the following remark, and its corollary, with [Mum?70a, §19,
Cor., p. 182].

Proposition 3.5. In the setting of §3.5 just described, the following asser-
tions hold true:

(a) 2¢;/(tim;) € Z, fori=1,... k.

(b) deg(a) = [Tiy Nrdg, g (aq)>/ ).
Proof. Because of the multiplicative nature of the degree function, namely
(3.13), it suffices to show that, for i fixed,

(&) 2¢;/(t;m;) € Z

(b,) deg(ai) = NrdRi/Q(ai)2gi/(timi).
To this end, we know that deg(-) : R; — Q is a norm function of degree

2g;r; while Nrdp, /Q(') is a norm function of degree t;d;. Thus by [Mum70a,
§19, Lem. on p. 179], we must have

(3.14) deg(-) = Nrdg, /()™

for some positive integer n;. In particular, n;t;d; = 2¢;r; and so

(3.15) n; = 2gi/(timi) ez

which proves (a’). Assertion (b’) follows from (3.14) and (3.15). O

If B is an Abelian variety then, by Poincaré reducibility, B admits an
isogeny 8 : B — A to an Abelian variety A of the form described in
§3.5, [Mum70a, §19, Cor. 1, p. 174]; see [Con06, Cor. 3.20] or [CCO14,
Thm. 1.2.1.3] for the case that k is not algebraically closed. When we fix
such an isogeny (8, we can use Proposition 3.5 to understand the degree
function as it pertains to elements of End®(B).

Corollary 3.6. Let A be as in §3.5 and let B : B — A be an isogeny. Let
o € End(B) and [B](a) = (o, ...,a;) € End®(A). Then

k
(3.16) deg(a) = HNrdRi/Q(ai)QQi/(timi)-
=1
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Proof. Combine (3.13) and Proposition 3.5(b). O

By combining Proposition 3.5 and Corollary 3.6 we obtain:

Corollary 3.7. Let A be as in Proposition 3.5 and B as in Corollary 3.6.
Fiz an ample divisor A on A. The functions

k
(3.17) [ Nrdg, ()% (timi)|End9\(A) : End}(4) — Q,
=1
k
(3.18) HNrdRi/Q(.ygi/(timi)‘Endgﬂ(B) : Endj.,(B) — Q,
=1

are both squares of rational valued homogeneous polynomial functions of de-
gree g on End(A) and End%* \(B), respectively, normalized so as to take
value 1 when evaluated at 14 and 1g, respectively.

Proof. The conclusions desired by Corollary 3.7 follow from Proposition 3.5
and (3.16) in conjunction with the Riemann-Roch theorem, [Mum?70a, §16,
p. 150]. Indeed, in order to establish (3.17), let a = (a1, ..., o) € End{(A).
Then a = ®,(D) for some class of a Q-divisor D. We first assume that D
is integral. Then o = ¢;1 o ¢p and so, by (3.6),

(3.19) deg(cv) = deg(¢y ') deg(ép).

Using (3.19) together with Proposition 3.5(b) and the Riemann-Roch the-
orem [Mum?70a, §16, p. 150], we obtain

(3.20) <<D9)>2 = (Qg))Q ﬁNrdRi/Q(ai)QQi/(timi).

! !
g: g: i=1

By Q-linearity, the formula (3.20) also holds for the case that D is a Q-
divisor. Finally, since the left hand side of (3.20) is clearly the square of a
homogeneous polynomial function of degree g on End}(A), the same is true
for the formula (3.17).

The formula (3.18) is established in the same manner by replacing A with
B*A and using the Riemann—Roch theorem for divisors on B. ([

3.6. Notation. In what follows, we denote the normalized degree g homoge-
neous polynomial functions whose squares are (3.17) and (3.18) respectively
by

(3.21) pNrd, (-) : End}(4) — Q
and

(3.22) pNrdg.,(-) : End%*A(B) - Q.
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4. The Riemann—Roch and index theorems for Abelian
varieties

In this section, we show how the Riemann—Roch theorem for divisors
on an Abelian variety is related to the reduced norm of the Wedderburn
components of its Q-endomorphism algebra. Specifically, in §4.1, we prove
Theorem 4.1 which has as a consequence Corollary 4.2, equivalently Theo-
rem 1.1 stated in §1. We then show, in §4.2, how Theorem 4.1 is related
to the index theorem of Mumford [Mum?70a, §16, p. 155] which concerns
understanding the cohomology groups of line bundles on Abelian varieties.

4.1. The Riemann—Roch theorem. Let A = A7* x --- X Azk with A;
simple and pairwise nonisogenous Abelian varieties. Let

g:=dimA, g;:=dimA,.

Write R := End®(A) = Ry x---x Ry, with A; = End®(4;) and R; = M, (A;).
We also fix an ample divisor A on A, an isogeny 3 : B — A, and we use the
other notational conventions described in §2.3.

We interpret the Riemann—Roch theorem, see [Mum?70a, §16, p. 150] for
example, in terms of the polynomial functions (3.21) and (3.22) determined
by the reduced norms of the Wedderburn components of R and the numbers
ms, t; and g;.

Theorem 4.1. In the setting of §4.1 just described, the following assertions
hold true.
(a) If D is a Q-divisor on A and ®(D) = a = (ay,...,a) € End§(A),
then
DI A9
(4.1) (g'> = (g')erd)\(a) = +/deg ¢»pNrd, ().
(b) If D is a Q-divisor on B and

[B1®5A(D) = a = (on, ..., ap) € [B] End3.,(B) C End}(A),

then

Nt @) = /e 6 o).

Proof. We content ourselves with proving (4.1) as the proof of (4.2) follows
similarly by replacing A\ with 8*\. To achieve our goal, we have, by (3.20)
and (3.21), that

(1;9) =Cx (z?erd/\(a),

for some constant C independent of D. To solve for C, we replace D by A in
(4.3). Since ®)(A) = 1r and pNrd,(1g) = 1, we conclude that C=1. O

(4.3)
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As a special case of Theorem 4.1 we have the following consequence which
we also stated in §1 as Theorem 1.1.

Corollary 4.2. If A is a principal polarization on A, D a divisor on A and
a = ®,(D), then

(1;9) = pNrd, ().

Proof of Corollary 4.2 and Theorem 1.1. Follows from (4.1) because
if A\ is a principal polarization, then (A9) = g!. O

4.2. The index theorem. Let A be an Abelian variety of dimension g.
We let A be an ample divisor on A and D a Q-divisor on A. The Hilbert
polynomial of D with respect to A is the polynomial

(1.4) Hp(Ds V) i= —((NA+ D)Y) € QIN].

In the case that D is integral, then the complex roots of the polynomial
(4.4) are real [Mum?70b, Thm. 2, p. 98] and [Mum?70a, §16, p. 155]. Fur-
thermore, the dimension of the scheme theoretic kernel of ¢p equals the
multiplicity of zero as a root of (4.4). Also, counting the (real) roots of
Hp, (D; N) with multiplicity, it follows that

H/(A,04(D)) =0 for 0 < j < # of positive roots,
HI9 (A, 04(D)) =0 for 0 <j < # of negative roots,

[Mum?70b, Thm. 2, p. 98]. (Note that when k is not algebraically closed we
reduce to that case by first applying the flat base change theorem, compare
with [Shil2, Lem. 2.4, p. 1727].)

Let i(D) be the number of positive roots of the polynomial (4.4). This
number is independent of the choice of ample divisor A, [Mum?70b, p. 99],
and we refer to it as the index of D. Since numerically equivalent divisors
have the same Hilbert polynomial, the polynomial (4.4) is well-defined on
numerical equivalence classes of divisors. As a consequence, the number
i(D) is also well-defined modulo numerical equivalence. In particular it is
well-defined modulo algebraic equivalence.

To define the index of a Q-divisor D, let n be a positive integer so that
nD is integral and define i(D) = i(nD).

Lemma 4.3. Let D be a Q-divisor on A. The number i(D) is well-defined
and equals the number of positive roots counted with multiplicity of the poly-
nomial Hpy(D; N).

Proof. We simply note
n9

1
Hp,z(nD; N) = —((NnA +nD)?) = —
g!

q! ((NX+ D)?) =nHp,(D;N). O
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We now return to the setting of §4.1. The following theorem and its
corollary are due to Mumford. Indeed, they can be seen as slightly more
explicit forms of calculations performed in [Mum?70a, §21, p. 209].

Theorem 4.4. In the setting of §4.1, the following assertions hold true.
(a) If D is a Q-divisor on A and (D) = a = (a1, ...,ax), the image of
D in EndS(A), then i(D) equals the number of positive roots counted
with multiplicity of the polynomial
(4.5) ppA(N) :=pNrdy(Nidg +a).
(b) If D is a Q-divisor on B and [B]®zx(D) = a € End}(A), then i(D)
equals the number of positive roots counted with multiplicity of the
polynomial

(4.6)  ppa(N) :=pNrdg\(Nidp +@g«x(D)) = pNrdy (N ida +a).

Proof. To prove (a), by Lemma 4.3, we need to determine the number of
positive roots of the polynomial

Hp, (D; N) = ;«NA + D).

On the other hand, by Theorem 4.1(a), the roots of this polynomial are the
same as those of the polynomial

g
@erd)\(NidA +a)
g!
and (a) clearly follows. Assertion (b) follows similarly with A replaced by
B O

5. The index theorem for simple Abelian varieties

In this section we consider consequences of Theorem 4.4 when applied to
simple Abelian varieties. For convenience of the reader and to help keep
some of the following discussion self contained, we start by recalling Al-
bert’s classification of division rings with positive involution in §5.1. We
then explain, in §5.2, how this classification relates to the endomorphism
algebras of simple Abelian varieties. Having recalled some prerequisites in
§5.1, §5.2 and §5.3, in §5.4 we consider some consequences of Theorem 4.4
in some concrete special cases. Finally, in §5.5 we prove Theorem 5.2 which
is motivated by our previous works [Gril4a] and [Gril4b].

5.1. Division rings with positive involution. Albert classified pairs
(A) where A is a division ring of finite dimension n := dimgA and
"+ A — A is a positive involution. We recall here, following the presen-
tation of Mumford [Mum?70a, §21, p. 193-203] closely, some aspects of this
classification. To do so, the centre of a division ring A will be denoted by
Z and we let K := {a € Z : o/ = a} be the set of elements of Z fixed
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by the involution ’ : A — A. We also put e := [K : Q], ¢t :== [Z : Q] and
m? := dimz A. We then have n = tm?.

Before describing Albert’s classification, we fix some terminology and no-
tation. First, by a quaternion division algebra over a totally real algebraic
number field K we mean a central division algebra A of dimension 4 over
K. Second, if A is a central division ring over a number field K, v a place of
K and K, the completion of K with respect to v, then, as in [Mum?70a, §21,
Thm., p. 196], we denote by Inv,(A) the element of Q/Z corresponding to
the class of K, ®x A in the Brauer group Br(K,). Finally if K is a totally
real number field and o : K < R an embedding, then we denote by R,
the real numbers R considered as a K-algebra via o.

Having made these remarks, Albert’s classification is as follows.

Theorem 5.1 ([Mum?70a, §21, Thm. 2, p. 201], [Shi63, Prop. 1]). Let A be
a division algebra of finite dimension over Q with positive involution '. Let
Z be the centre of A and K the subfield of elements of Z fized by '. Then
(A)) is one of the following four types:

Type I. A = Z = K is a totally real algebraic number field and the involu-
tion ' is the identity
o = a.

Type 11. Z = K is a totally real algebraic number field and A is a quater-
nion division algebra over K such that for every embedding o : K — R we
have an isomorphism R, @k A = My(R). Furthermore, the involution
"+ A — A has the form

(5.1) o =y(Trdpa k() — a)y ™!,

for some v € A with ¥ € K and ¥* totally negative. Conversely, every
involution of the form (5.1) defines a positive involution on A.

Type III. Z = K is a totally real algebraic number field and A is a quater-
nion division algebra over K such that for every embedding o : K — R,
we have an isomorphism R ;) @k A S H for H the algebra of Hamiltonian
quaternions on R. In this case, the involution’ takes the form

o =Trdp k() —a.

Type IV. K is a totally real algebraic number field and Z is a totally
imaginary quadratic extension of K with conjugation 7 over Z. Then A is
a division algebra with centre Z so that the following hold true.

(a) If v is a finite place of Z fized by T, then Inv,(A) = 0.

(b) For every finite place v of Z, Inv,(A) + Inv,,(A) = 0.
In this case, there exists a positive involution * : A — A together with an
isomorphism
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which carries the involution * to the involution

7T T
(X1,.... Xe) > (X,,...

) Y@ ) )
for YZT the conjugate transpose of X;.

Furthermore, there exists v € A with v* = v so that the image of 1 ® ~
under (5.2) is of the form (Aq,...,A.) with A; Hermitian positive definite
matrices and so that the given involution’: A — A has the form

(5.3) !

o =yaty .
Conversely, every positive involution on A has the form (5.3) for some v €
A with v* = ~.

Proof. See [Mum70a, p. 193-209]. O

5.2. Albert’s classification and simple Abelian varieties. We now
consider Albert’s classification, Theorem 5.1, as it pertains to simple Abelian
varieties. Specifically, for a simple Abelian variety A, A := End%(A) is a
division ring of finite dimension over Q and every ample divisor A on A
determines a positive involution r) : A — A. The pair (A,r)) belongs
to one of the four types described in Theorem 5.1 but, as explained in
[Mum70a, §21, p. 202], the geometry of A places further restrictions on some
of the numerical invariants that we can associate to the pair (A, r)). These
restrictions are summarized in the table below which is only notationally
different from that of [Mum?70a, §21, p. 202] and [CCO14, §1.3.6.3].

dimg End{ (4)

Restriction if

Type |t |m dimg End0(4) Restriction if
chark = 0, chark > 0,
dimA =g dimA=g
I e |1 |1 tlg tlg
11 e |2 |3/4 2t|g 2tlg
111 2 |1/4 2t|g tlg
v 2¢e |m|1/2 em?|g eml|g

5.3. In light of §5.1 and §5.2, it is an interesting question to decide given a
division algebra with positive involution (A,"), of one of the types described
in Theorem 5.1 and satisfying the numerical constraints given in §5.2, if there
exists a simple Abelian variety A together with an ample divisor A so that
the pair (End’(A),ry) is isomorphic to (A,”). As explained in [Mum70a,
§21, p. 203], when chark = 0 it is classically known that such a pair (A, \)
exists except in the case that (A,") is of Type III and g/(2t) equals 1 or 2
or (A,) is of Type IV and g/(em?) equals 1 or 2. In these exceptional cases
it is known what further restrictions ensure the existence of such an (A4, ry),
see [Shi63, §4]. For the situation that chark > 0, we refer to [Oor88] and
[OvdP88] for more details, especially [Oor88, §8].
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5.4. We now consider some aspects of §4.2 in the context of §5.1 and §5.2.
To do so, let A be a simple Abelian variety of dimension g, A an ample
divisor on A, A := End’(A), Z the centre of A and K C Z the subfield
fixed by the Rosati involution 7. Then K, by Theorem 5.1, is a totally real
field. As in §2.5 we let m denote the Schur index of the division ring A,
t:=[Z:Q],e:=[K:Q] and oy,...,0. the embeddings of K into R.

Suppose that D is a divisor on A with the property that ®,(D) = a € K.
We then have

Nrda g(@) = Nrgg(a)™# K] = H oi(a)mZE]
=1

and so the polynomial
ppA(N) = pNrdy (N idg +a)

takes the form
(5.4) poA(N) = pNrdy (N ida +a) = [ [(Vida +oi(a))9/e,
=1

where by [[5_,(Nida +04(a))9/¢ in (5.4) we mean the normalized polyno-
mial function from Z x K to Q whose square is [[{_, (N ida +0;(a))29/¢.
In what follows if a € K, then we let

(5.5) Y7 (a) :={0j: 0j(a) < 0}
denote the set of embeddings o; of K for which o;(«) < 0.

Examples.

(i) If the pair (A, ry) is Type I in the sense of Theorem 5.1, then A = K
and e|g, by §5.2. The polynomial (5.4) then takes the form

(5.6) poA(N) = pNrd, (N id +a) = Nrgo(N ida +a)9/°.

(ii) Suppose that the pair (A, 7)) is Type IV in the sense of Theorem 5.1
but with A = Z. Then A is a totally imaginary quadratic extension
of K and elg, in light of §5.2. As a consequence, the polynomial (5.4)
then takes the form

(5.7) poA(N) = pNrd, (N id +a) = Nrgo(N ida +a)9/°.

5.5. Next, we consider Theorem 4.4 as well as the discussion of §§5.1-5.4
in the context of our previous works [Gril4a] and [Grildb]. Specifically, we
prove Theorem 5.2 which, among other things, shows how these matters are
related to the pair index condition, a concept we introduced in [Gril4a]. To
motivate Theorem 5.2 and also to help further motivate some of what we
do in the present article, we start by summarizing some of our [Gril4al.
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In more detail, motivated in part by the index theorem discussed in §4.2,
as well as the study of cup-product problems of the form

(5.8) H(A,O4(D1)) x H(A, O4(D3)) SN H (A, O4(Dy + D)),

determined by pairs of divisors (D1, D2) on an Abelian variety A, in [Gril4a]
we defined the pair index condition for a pair of divisors (D1, D2) on A to
be the condition that the Euler characteristics of O4(D;), Oa(D3), and
O4(D1 + D3) are nonzero and i(D;) +i(D2) = i(Dy + Da).

The point is that if the Euler characteristics of O4(D1), O4(D2), and
O4(D1 + D) are nonzero, then the condition that i = i(Dy), j = i(D2) and
i(D1) +1(D2) = i(D1 + D) is necessary for the map (5.8) to be nonzero; as
shown in [Grilda, §7.1.3], this condition is not sufficient in general.

In [Gril4a, §2] we studied the pair index condition as it pertains to com-
plex Abelian varieties with real multiplication. For example, in [Gril4a,
Thm. 2.2, p. 1450036-8], we showed that this condition can be satisfied in
all possible instances by certain classes of simple complex Abelian varieties
with real multiplication by a totally real number field of degree g over Q.
We also established the more general [Grilda, Thm. 2.3, p. 1450036-9] which
concerns satisfying the pair index condition as it applies to certain simple
semihomogenous vector bundles on complex Abelian varieties with real mul-
tiplication.

Here, motivated by these results of [Gril4a], we use Theorem 4.4 to prove
Theorem 5.2 which gives a fairly complete characterization of the pair index
condition as it pertains to pairs of line bundles on simple Abelian varieties.

Theorem 5.2. In the setting of §5.4, and using the notation (5.5), the
following assertions hold true.

(a) If D € NS°(A) and ®\(D) = o € K, then i(D) = 2#%7(a).
(b) If D1, Dy € NSY(A) are such that
(I))\(Dl) =o€ K and CI))\(DQ) =9 € K,

then
if and only if
E_(Oq + 052) = Z_(Oél) L Z_(Oég).
(c) Let n = g/e. Then for all p,q > 0 with nqg + np < g, there exist
integral classes Dy, Dy € NSU(A) which satisfy the conditions that:
(i) (DY) #0, (D3) #0.
(ii) (I))\(Dl) €K, (I))\(DQ) € K.
(111) l(Dl) =np, I(DQ) = ng, and 1(D1 + Dg) = I(Dl) + I(DQ)

Proof. Part (a) is a consequence of (5.4) combined with Theorem 4.4(a).
Part (b) is an immediate consequence of (a). Part (c) can be proven in a
manner similar to the proof of [Gril4a, Thm. 2.2]. Indeed, first fix disjoint
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subsets I,J C {1,...,e} with #I = p and #J = ¢q. Next, let U C R®2¢
be the subset consisting of those (z1,...,%¢,y1,...,Ye) € RP2 with the
property that zp < 0if ke I, xp >0ifk &I, yp <0ifk € J, yp > 0if
k& Jand xp +yr <O0forall ke IUJ. Then U is a nonempty open subset
of R®2¢. On the other hand, by [Mar77, p. 135] for instance, the set

S :={(o1(a1),...,0e(ar),o1(az),...,celaz)) : (a1, a) € K¥%}

is dense in R®2¢ and we deduce that U N S # @.
Considering the definitions of U and S, we conclude that there exist
a1, a9 € K with the property that:

(@) op(an) < 0if k€ I and o(a1) >0if k & 1.
(b') ok(az) <0if k € J and of(a2) > 0if k & J.
(/) op(a1) + op(ae) <0if ke TUJ.

Consequently, if we fix Dy, Do € NS°(A) with
pA(D1) = a1 and  px(D2) = g,

then some positive scalar multiple of D and D5y will satisfy the conditions
desired by (c). O

Corollary 5.3. For each p, 0 < p < e, A admits an integral divisor D with
i(D) = gp/e.
Proof. Follows from Theorem 5.2 (c). O

6. Products of Abelian varieties

In order to describe the right hand side of (4.5) and (4.6) explicitly, we
need a clear understanding of End}(A). To get a sense for some of the
issues involved, in this section we consider the case of product polarizations
on products of Abelian varieties. The main point is to prove Proposition 6.1
and Corollary 6.2 which we use in §7 where we consider examples.

6.1. Let A;, for i = 1,...,k, be Abelian varieties with ample divisors A;.
As in [Kanl16, p. 50], for each n;; € Hom®(A;, 4;), let

(6.1) T\ (nji) = (ﬁ;\ll o ﬁj\’l o (b)\j S HOH]O(Aj, Az)
If each of the \; determine principal polarizations of the A;, then
T, (ni) € Hom(Aj, A;)  whenever n;; € Hom(A4;, Aj).
6.2. Let A= Ay x--- X Ag, p; : A = A; the projection and ¢; : A; — A the

inclusion. Let A denote the ample divisor Zle pidion A If a € End’(A),
then define a;; := p;ae; € Hom®(A;, A;). We then have:

(6.2) End(A) = {(aij)1<ij<k + aij € Hom(Aj, 4;)},
(6.3) End”(A) = {(@ij)1<ij<k : iy € Hom® (4, A7)}
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6.3. The following proposition is useful for working with examples and is
an evident extension of [Kanl6, Prop. 61, p. 51]; see also [Kat15, Lem. 2.3,
p. 88] and [Bau98, p. 1003].

Proposition 6.1. In the setting of §6.2, we have that
(6.4) End} (A4) = {(ay) : aij = 7, (i), ai; € Hom® (A5, 45)}.

Also, if each of the \; determine principal polarizations of the A;, then it is
also true that

(6.5) End)\(B) = {(aij) Py = T)\i,Aj(aﬂ), Qij € HOm(AJ,AZ)}
Proof. See [Kanl6, p. 51] for the case k = 2 and \; principal polarizations.
The desired more general case is proved similarly. (]

A consequence of Proposition 6.1 is:
Corollary 6.2. If B = A" = Ax ---x A and \¥7 = S"I_ piA, for X an

r-times
ample divisor on A, then

(6.6) End?\gr(B) = {(cvj) : ij = ra(i), oy € End®(A)}.
If X determines a principal polarization, then
(67) End)\lzw(B) = {(Ozij) POy = m(aji), Qi € End(A)}

Proof. The conclusion desired by Corollary 6.2 follows from Proposition 6.1
because \; = A, for i = 1,..., &, and so 7y, x;(aji) = ra(i). O

6.4. Remark. As in [Kanl6, Prop. 61], the equality (6.4), and similarly
for (6.5), can be seen as an isomorphism

(6.8) D =Dy, : @ End}, (4;) & @ Hom"(4;, 4;) = End}(A)
i i<j
which induces an isomorphism
(6.9) D =Dy,,..x  EPNS°(4;) & D Hom®(4;, 4;) = NS'(A).
i i<j
When each of the A; are principal polarizations, we similarly have isomor-
phisms
(6.10) D =Dy, ., : End,, (4;) & @ Hom(A;, A;) = End,(A),
i i<j
(6.11) D =Dy, : PNS(4;) ® @ Hom(4;, 4;) = NS(A).
i i<j
When A = E; x Es, for E; elliptic curves, the isomorphisms (6.10) and
(6.11) are important in establishing the main results of [Kan16]. Here the
main focus is not the isomorphisms (6.8)—(6.11) but rather the useful (6.6)

which we use to illustrate some of our theorems here, for instance Theo-
rems 4.1 and 4.4.
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7. Examples

In this section we show how Theorem 4.1, Corollary 4.2 and Theorem 4.4
can be used to study the Néron—Severi space of the self product of certain
simple Abelian varieties. Our calculations, among other things, allow for a
more complete understanding of [Grilda, E.g. 7.1.1, p. 1450036-25].

7.1. Let us suppose that B = A" for (A, \) a principally polarized Abelian
variety with End(A) an order ox in K, a totally real number field of degree
g over Q. We then have that Endy(A) = End(A) = ox, [Mum?70a, §21,
p. 201], End(B) = M, (o) and End®(B) = M, (K).
Also, by Corollary 6.2, it follows that
End(g, (B) = {(aij) € My(K) : (aij) = (a;0)},
the space of symmetric matrices with entries in K. In addition, if
a = (ayj) € End{(B),
then
(7.1) deg(a) = Nrg/g(det(a));
here, in (7.1), we view « as a K-linear operator and so its determinant is
relative to K.

Note also that if @ = (a;;) € End}(B) has the form a = ®,x, (D) for
some D € NS(A), then

(1;!9) = Nrg g(det(a))

and the polynomial pp x(NN) has the form
ppA(N) = pNrd, (N ida +a) = Nrg /g det (N ida +a).

7.2. Let us now restrict the discussion of §7.1 to the case that ¢ = 1 and
r = 2. In this case we have that A = FE, an elliptic curve with End(FE) = Z.
Let A = Og the identity of E. We then have

x
End(;\®2(B): {(y i) : fE,y,U/EQ},
and if D € NS°(A) has image

in End), (B), then

. N+zx Yy A2 2
(7.2) pD7,\(N)—det< y N—i—w)_N + (z +w)N + wzx — y°.

Considering the roots of the polynomial (7.2) we deduce that N =0 is a
root of multiplicity 2 if and only if x = y = w = 0. On the other hand, if
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N = 0 is a root of multiplicity 1, then i(D) = 0 if and only if z +w > 0
and i(D) = 1 if and only if 2 + w < 0. Similarly, N = 0 is not a root if and
only if wx — y? # 0 and in this case i(D) = 0 if and only if wz —y? > 0 and
z+w > 0,i(D) =1 if and only if wr —y? < 0, and i(D) = 2 if and only if
wxr —y>>0and x +w < 0.

7.3. Next we consider the case that B = A" for (A4, \) a principally polarized
Abelian variety with End®(A) = Z a totally imaginary quadratic extension
of a totally real field K = End{(A) with [K : Q] = g. We then have
End®(B) = M,(Z), and also, by Theorem 5.1 Type IV and Corollary 6.2,
that

End}g, (B) = {(ai;) € My (Z) : aij = @},

for @;; the complex conjugate of c;;. As a consequence it follows that
deg(a) = Nry/g(det(a))
for a € End"(B).
Also, if a = @&, (D) for some D € NS(B), then

(l;'g) = pNrd(a) = NrK/Q(det(Oé))-

7.4. As in §7.2 we can restrict the discussion given in §7.3 to the case that
g = 1 and r = 2. In particular, A = E an elliptic curve with End(F) an
order in Z = Q(\/f), for f € Z.p; we let A = Og the identity of E. We then

have
End)g, (B) = {(Z_ﬂ;\/? z+;u\/7> ;m,y,z,weQ}.

Also, if

za1 + Y21V [ w2+ Yo/ f
then deg(a) = Nry/g(det(a)), while if

B T z4+w\/f
o= <z—w\/f Y > GEnd())\m(B),

o= <IE11 +yuVf T2+ y12\/f> c EndO(B),

then
(7.3) ppA(N) :N2+(a:+y)N—z2+w2f+xy.

Considering (7.3) we deduce that N = 0 is a root with multiplicity 2 if
and only if x = y = w = z = 0. On the other hand, if N = 0 is a root of
multiplicity 1, then i(D) = 0 if and only if x+y > 0 and i(D) = 1 if and only
if z+y < 0. Similarly, N = 0 is not a root if and only if —22 +w?f +zy # 0
and in this case, i(D) = 0 if and only if —2%2 + w?f +zy > 0 and z +y > 0,
i(D) = 1if and only if —2? + w?f + 2y < 0, and i(D) = 2 if and only if
22+ w?f+ay>0and x4y <0.
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7.5. As our final example we suppose that p := chark > 0 and consider the
case that A = F x FE for E a super-singular elliptic curve. We then have
that End(E) is an order in the quaternion algebra

End’(E) = K = Q@ Qa® Qb ® Qab,
that the multiplication in K satisfies the conditions that
a? b? e Q,a%? <0,b%? <0, and ba = —ab,

and also that K is ramified exactly at {p, oo}, see for instance [Sil09, p. 100-
102 and Ex. 3.18].

Additionally, if « = x 4+ ya + zb + wab € K, with x,y, z,w € Q, then
o =1z —ya—zb—wab, Trdg/g(a) = a+ o/, and Nrdg g(a) = aa’; here
" denotes the Rosati involution r) determined by A = O0g the identity of E.
Let a? = @ and b? = b.

Now let R = End’(A) = M3(K), and’ : R — R the Rosati involution rgs.
Keeping with the conventions of §2.1, we have that d*> = [R : Q] = 16, and
t =17 :Q] =1, for Z the centre of R, and m = 2 the Schur index of K.
The field F = Q(V/b) is a splitting field for R and an isomorphism

(7.4) F®g R = My(F)
is determined by identifying
_ (ru +tyna+zub+wnab x13 +ypa+ 219b + wizab
Z21 + Y2182 + 221b + wazab w92 + y22a + z00b + woab / ’
with
r11 + 211\@ Y11 — ’w11\/5 T2 + 212\@ Y12 — w12\/5
Y116 + wna\/l; T11 — Z11\/l; Y120 + w12a\/5 T12 — 212\/5

T91 + 221Vb Y21 — wn Vb T2 + 2220V Y22 — wa1 Vb
Y210 + w21a\/5 To1 — 221\/5 Y220 + w22a\/5 T2 — 222\/5

By Corollary 6.2, the elements of End(/)\,g2 (A) have the form:

(7.5) o — u T +ya+ zb + wab
. =lz—y ,

a— zb — wab v

for v, u, w, z, z,y € Q, and it follows that dimg Endgm(A) = 6. In addition,
using (7.4), we have the identification, for « as in (7.5),

U 0 r+2vb  y—wVb
o — 0 U ya—}—wa\/l; ZC—Z\/B
N r—z2vb —y+wVb v 0 ’
—ya—wa\/l; z+ 2vVb 0 v

for u,v,z,y, z,w € Q.
We also have, for such «, that

Nrdg/g(a) = det(a) = (ab®w? — b?2% — ay?® — uv + 22)?
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and it follows, using our normalization conventions (3.17), that

(7.6) pNrd, (o) = —w?ab + 2%b + y?a + wv — 22
Equation (7.6) implies that if D is a divisor on A with

o U x4+ ya+ zb 4+ wab
(7.7) Py (D) = a = (ZL‘ —ya — zb —wab v ) ’
then
(7.8) (D?)/2 = —w?ab+ 2*b + y?a + uv — 2°.

In particular, for a divisor D as in (7.7), the polynomial pp (V) takes the
form:

(7.9) poA(N) = N? + (u+v)N +uv — 22 — w?ab + 2%b + y?a.

Considering (7.9) we deduce that N = 0 is a root with multiplicity 2 if and
only ifu =v =2 =y =w = z = 0 and that if N = 0 is a root of multiplicity
1, then i(D) = 0 if and only if u+v > 0 and i(D) = 1 if and only if u+v < 0.
On the other hand, N = 0 is a root if and only if uv—x2 —w?ab+22b+y%a # 0
and in this case, i(D) = 0 if and only if —w?ab + 2%b + y%a + uv — 22 > 0
and u+v > 0, i(D) = 1 if and only if —w?ab+ 22b+ y?a +uv — 2% < 0, and
i(D) = 2 if and only if —w?ab+ 22b+ y?a +uv — 2% > 0 and u + v < 0.

Let also also note that (7.8) can be used to compute intersection numbers.
Indeed, suppose that D7 and D are divisors on A with

B uy r1 +yia+ z1b + wiab
Q\w2(D1) = <x1 —y1a — z1b — wiaby; U1
and
B Us T9 + yoa + zo0b + weab
Dy (D2) = <$2 —y2a — 22b — woab v2 ‘

If we fix indeterminates 1" and S, we then have

((TDy + SD2)?)/2 = (—wiab + 2{b + ayi + wyvy — 21)T%+

(2wiweab + 22129b + 2y1y2a + urve + ugvy — 2x122) ST+
(—w3ab + bz3 + ay3 + ugve — x3)T2,
from which we deduce

Dl.D2 = 2w1w2ab + 2Z122b + 2y1y2a + u1v2 + ugv1 — 21‘15[)2.
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