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The signs in elliptic nets

Amir Akbary, Manoj Kumar and Soroosh Yazdani

ABSTRACT. We give a generalization of a theorem of Silverman and
Stephens regarding the signs in an elliptic divisibility sequence to the
case of an elliptic net. We also describe applications of this theorem in
the study of the distribution of the signs in elliptic nets and generating
elliptic nets using the denominators of the linear combination of points
on elliptic curves.

CONTENTS
1. Introduction 1237
2. Preliminaries 1246
3. Proof of Theorem 1.13 1249
4. Proof of Theorem 1.9 1254
5. Numerical Examples 1255
6. Uniform distribution of signs 1260
7. Relation with denominator sequences 1263
References 1263

1. Introduction

Definition 1.1. An elliptic sequence (W,,) over a field K is a sequence of
elements of K satisfying the nonlinear recurrence

(11) WernWmfn = Werle*lW'y% - Wn+1Wn71W7gL
for all m,n € Z. An elliptic sequence is said to be nondegenerate if
WiWoWs # 0.

Furthermore, if W7 = 1, we call it a normalized elliptic sequence.

We can show that for a nondegenerate elliptic sequence Wy = 0 (let
m=n=1in(1.1)), Wiy =+1 (let m =2, n=11in (1.1)), and W_,, = —W,,.
The nontrivial examples of elliptic sequences can be obtained by addition of

Received March 2, 2017.

2010 Mathematics Subject Classification. 11G05, 11G07, 11B37.

Key words and phrases. Elliptic divisibility sequences, division polynomials, elliptic
nets, net polynomials.

Research of the authors is partially supported by NSERC.

ISSN 1076-9803/2017
1237


http://nyjm.albany.edu/nyjm.html
http://nyjm.albany.edu/j/2017/Vol23.htm

1238 AMIR AKBARY, MANOJ KUMAR AND SOROOSH YAZDANI

points on cubics. Let E be a cubic curve, defined over a field K, given by
the Weierstrass equation f(x,y) = 0, where

(1.2) f(z,y) = v* 4+ arzy + asy — 2° — asx® — ayx — ag; a; € K.

Let E™(K) be the collection of nonsingular K-rational points of E. It is
known that E™(K) forms a group. Moreover, there are polynomials ¢, ¢,
and wy, € Z[a1, az, a3, aq, agl[z,y| such that for any P € E"(K) we have

B ¢n(P) wn(P)
"= (w%(P)’ wzw)) |

In addition, %), satisfies the recursion

(1.3) 1/1m+n¢m—n = ¢m+1¢m—l¢i - wn-i-lwn—ld}?n'

The polynomial v, is called the n-th division polynomial associated to E.
(See [4, Chapter 2] for the basic properties of division polynomials.) The
equation (1.3) shows that (¢, (P)) is an elliptic sequence over K. A re-
markable fact, first observed by Ward for integral (integer-valued) elliptic
sequences, is that any normalized nondegenerate elliptic sequence can be
realized as a sequence (¢, (P)). A concrete version of this statement is given
in the following proposition (See [12, Theorem 4.5.3]).

Proposition 1.2 (Swart). Let (W,,) be a normalized nondegenerate elliptic
sequence. Then there is a cubic curve E with equation f(x,y) = 0, where
f(z,y) is given by (1.2) and with

. Wy + W25 — 2WoWs 0 — W2W32 + Wy + W25 — WoWs
- W2Ws S W3Ws ’
as = WQ, a4 = 1; ag = 07

a

such that W,, = 1,,((0,0)), where 1y, is the n-th division polynomial associ-
ated to F.

We call the pair (F,(0,0)) in the above proposition a curve-point pair
associated with the elliptic sequence (W,,). Any two curve-point pairs asso-
ciated to an elliptic sequence (W,,) are uni-homothetic (see [11, Section 6.2]
for definition). A normalized nondegenerate elliptic sequence (W,,) is called
nonsingular if the cubic curve E in a curve-point pair (£, P) associated to
(W) is an elliptic curve (a nonsingular cubic).

Ward’s version of the above proposition is stated for normalized, nonde-
generate, integral elliptic divisibility sequences (i.e. an integer-valued elliptic
sequence with the property that W, | W,, if m | n). However, examining its
proof reveals that in fact it is a theorem for any normalized, nondegenerate,
elliptic sequence defined over a subfield of C. Moreover Ward represents the
terms of such elliptic sequences as values of certain elliptic functions at cer-
tain complex numbers. To explain Ward’s representation, one observes that
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for the n-th division polynomial 1, of an elliptic curve E, defined over a
subfield K of C, we have

n2_1 0(nz; A)

Yn(P) = (-1) oz M)

for a complex number z and a lattice A (See [8, Chapter VI, Exercise 6.15]
and [3, Theorem 2.3.5] for a proof). The lattice A is the lattice associated to
E over C and o(z;A) is the Weierstrass o-function associated to A defined

as
(A) = _2)ei+s(d)
U(z,A).—zH(l w)e 2 .
weA
w#0

More precisely, Ward proved the following assertion.

Theorem 1.3 (Ward). Let (W) be a normalized, nondegenerate, nonsingu-
lar elliptic divisibility sequence defined over a subfield K of complex numbers.
Then there is a lattice A C C and a complex number z € C such that

o(nz; A)
o(z; A"
Further, the Eisenstein series ga(A) and gs3(A) associated to the lattice A
and the Weierstrass values p(z; ) and @' (z;A) associated to the point z

on the elliptic curve C/A are in the field Q(Wa, W3, Wy). In other words
92(N), g3(A), p(2;A), 9 (2; A) are all defined over K.

(1.4) W, = for all n > 1.

The above version of Ward’s theorem is [9, Theorem 3|. In [9] Silverman
and Stephens proved a formula regarding signs in an unbounded, normalized,
nondegenerate, nonsingular, real elliptic sequence. (The results of [9] are
stated for integral elliptic divisibility sequences. However, their results hold
more generally for real elliptic sequences.) In order to describe Silverman—
Stephens’s theorem we need to set up some notation.

Notation 1.4. For an elliptic curve E defined over R, we let A C C be its
corresponding lattice. Let F(R) be the group of R-rational points of E. For
a point P € F(R) we let z be the corresponding complex number under the
isomorphism E(C) = C/A. From the theory of elliptic curves we know that
there exists a unique ¢ = 2™, where 7 is in the upper half-plane, such that
R*/q? = E(R) (see Theorem 2.4). Let u € R* be the corresponding real
number to the point P € E(R), where P # O (the point at infinity).We
assume that u is normalized such that it satisfies ¢ < |u| < 1 if ¢ > 0 and
¢®> < u < 1if ¢ <0 (see Lemma 2.1). Finally, for any nonzero real number
x, we define the parity of x by

Sign[z] = (—1)7*%] where Parity[z] € Z/2Z.
The following is [9, Theorem 1].
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Theorem 1.5 (Silverman—Stephens). Let (W) be an unbounded, normal-
ized, nonsingular, nondegenerate (integral) elliptic divisibility sequence. Let
(E,P) be a curve-point pair corresponding to (Wy,). Assume conventions
given in Notation 1.4. Then possibly after replacing (W,) by the related

sequence ((—1)"V'~YW,,), there is an irrational number 3 € R, given in Ta-
ble 1.1, so that if ¢ <0, or ¢ > 0 and u > 0,

Parity[W,] = |[nf] (mod 2),
and if ¢ >0 and u < 0,

InB] +n/2 (mod2) if nis even,

Parity[W,] = {(n —1)/2  (mod2) if nis odd.

Here |.| denotes the greatest integer function.

q u g
u >0 log, u
¢>0 u<0 log,, |ul
1
q<0 u >0 510g|q|u

TABLE 1.1. Explicit expressions for 3

In this paper we give a generalization of Silverman—Stephens’s theorem
in the context of elliptic nets.

Definition 1.6. Let A C C be a fixed lattice corresponding to an elliptic

curve E/C. For an n-tuple v = (v1,v9,...,v,) € Z", define a function
(with respect to A) on C™ in variable z = (21, 22, ..., z,,) as follows:
n
va — Z viv; — 1
i=1 1<i<j<n

(15)  Qu(zA) =(-1)"~

o(viz1 +veza + -+ + vpzn; A)

. po s

HO'(ZH A)2vi2*2?:1 Vi V; H o (zi + zj; A)Uivs

i=1 1<i<j<n

where o(z; A) is the Weierstrass o-function.

In [11, Theorem 3.7] it is shown that if P = (Py, P, ..., P,) is an n-tuple
consisting of n points in E(C) such that P; # O for each i and P; + P; # O
for 1 <i < j<mn,and z = (21,292,...,2,) in C" be such that each z;
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corresponds to P; under the isomorphism C/A = E(C), then Qy := Qy(z; A)
satisfies the recursion
(1.6)

Qs s p—q s + QarisQaqrQprsQp + Drsprsr_pQarsq = 0,

for all p,q,r,s € Z™. In [11], Stange generalized the concept of an elliptic
sequence to an n-dimensional array, called an elliptic net.

Definition 1.7. Let A be a free Abelian group of finite rank, and R be an
integral domain. Let 0 and 0 be the additive identity elements of A and R
respectively. An elliptic net is any map W : A — R for which W(0) = 0,
and that satisfies

(1.7 Wp+q+s)W(p—-—qW(+s)W(r)
+W(q+r+s)W(q—r)W(p+s)W(p)
+WEx+p+s)W(r—p)W(q+s)W(q) =0,
for all p,q,r,s € A. We identify the rank of W with the rank of A.

Note that for A = Z, s = 0, r = 1, and W (1) = 1 the recursion (1.7)
reduces to (1.1). Also it is known that the solutions of (1.1) also satisfy the
recurrence (1.7). Thus elliptic nets are generalizations of elliptic sequences.
Moreover, in light of (1.6) the function

vP;E): 2" — C
v +— U (P;E)=Qv(z;A)

is an elliptic net with values in C. Observe that Ve, (P) = ¢, (F;), where €;
denotes the it" standard basis vector for Z".

Definition 1.8. The function ¥(P; F) is called the elliptic net associated
to £ (over C) and P. The value ¥ (P; E) = Qy(z; A) is called the v-th net
polynomial associated to E and P.

We note that if Py, P,,..., P, are n linearly independent points in E(R)
then by [11, Theorem 7.4] we have ¥ (P; E) # 0 for v # 0. We prove the
following generalization of Theorem 1.5 regarding the signs in ¥ (P, F).

Theorem 1.9. Let E be an elliptic curve defined over R and
P=(P,Ps...,P)

be an n-tuple consisting of n linearly independent points in E(R). Let A, q, zi,

and u; be as defined in Notation 1.4. Assume that ui,uo,...,u, > 0
or there exists a nonnegative integer k such that ui,uo,...,ur < 0 and
Ukt 1, Ukt 2y - - -, Up > 0. Then there are n irrational numbers By, Ba, ..., Bn,

which are Q-linearly independent, given by rules similar to Table 1.1, such
that the parity of Uy (P; E) (= Qy(2z; A)), possibly after replacing ¥ (P; E)
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iv? - Z viv; — 1
with (-1y’=t  1<i<isn U, (P; E), is given by

(1.8) Parity[¥y(P; E)] = \‘Z vi,ﬁiJ + Z |Bi + Bj|viv; (mod 2),
i=1 1<i<j<n

if all w; > 0, but if uy,ug,...,ur <0 and Ups1,Ugy2,. .., U, > 0, we have
two cases:

k
(1) If Zvi is even, we have

i=1
(1.92) Parity[Uy(P;E)l= > [Bi+Blvioy+ Y. B+ Biluw
1<i<j<k k+1<i<j<n
n k
+ LZvlﬂiJ + Z {%J (mod 2).
i=1 i=1
k
(2) If Zvi is odd, we have
i=1
(1.9b) Parity[Uy(PiE) = Y B+ BiJviej+ > [Bi+Bilvw;

1<i<j<k k+1<i<j<n

+ Zk: {%J (mod 2).
i=1

Note that in the above theorem all u; > 0 is the same as k = 0, which
leads to Zle v; = 0 always being even. Thus (1.9a) for £ = 0 reduces to
(1.8). The method of the proof of the above theorem follows closely the
techniques devised in the proof of Theorem 1 of [9] for the case n = 1,
however the proof of Theorem 1.9 involves analyzing more cases since the
expression (1.5), for n > 1, includes some new terms.

We also prove a generalization of Theorem 1.5 for sign of certain elliptic
nets that are not necessarily given as values of net polynomials. In order
to describe our result, we need to review some concepts from the theory of
elliptic nets as developed in [11].

Definition 1.10. Let W : Z™ — R be an elliptic net. Let
B ={e1,ez2,...,en}

be the standard basis of Z". We say W is nondegenerate if
W(e;i), W(2e;) #0

forall 1 <i<mn, and
W(ei + ej) 7é 0
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for 1 < 4,7 <mn, i # j.If n =1, we need an additional condition that
W (3e;) # 0. If any of the above conditions is not satisfied we say that W is
degenerate.

Definition 1.11. Let W : Z" — R be an elliptic net. Then we say that
W is normalized if W (e;) =1 for all 1 < i < n and W(e; + ;) = 1 for all
1<i<j<n.

In [11, Theorem 7.4] a generalization of Theorem 1.3 in the context of
elliptic nets is given. More precisely it is proved that for a normalized and
nondegenerate elliptic net W : Z" — K there exists a cubic curve E and
a collection of points P on E such that W can be realized as an elliptic net
associated to E and P. (Theorem 7.4 of [11] is also applicable to elliptic
nets over a field K that is not contained in C.) We call W nonsingular if E
in the curve-point pair (E, P) associated to W is an elliptic curve. We also
need the following concept for our second generalization of Theorem 1.5.

Definition 1.12. A function f : Z" — R* is called a quadratic form if
(110) fla+b+e)f(a+b) ' f(b+ec) ' fle+a) ' f(a)f(b)f(c) =1,
for a,b,c € Z™.

An example of a quadratic form is the function

n
02 .
f(Ul,UQ,...,’Un):Hpil H ql';Ja
=1

1<i<j<n

where p;, ¢;; € R*. As we mentioned before, Theorem 1.9 can be stated as
a theorem for the sign of certain elliptic nets. Our next theorem establishes
such a result for nonsingular, nondegenerate elliptic nets.

Theorem 1.13. Let W : Z" — R be a nonsingular, nondegenerate elliptic
net. Assume that W(v) # 0 for v # 0. Then, possibly after replacing W (v)
with either g(v)W (v) or —g(v)W (v) for a quadratic form g : Z™ — R*, there
are n irrational numbers B1, Ba, . .., Bn, given by rules similar to Table 1.1,
that can be calculated using an elliptic curve associated to W and points on
it, such that

(1.11) Parity[W (v)] = {ZUBJ (mod 2),

(1.12) Parity[W (v)] -
LZR:UZB’J + zk: {%J (mod 2) if zk:m 1S even,
= =1 =1 i=1

Z [%J (mod 2) if Ek:vi 18 odd.

i=1 i=1
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Here (1.11) is applicable when all u; > 0 and (1.12) is applicable if
UL, U2, UL <0 and  Ugy1, Ukta, ..., Uy > 0.

Again note that for £ = 0 the formula (1.12) reduces to (1.11). Next we
describe some applications of Theorem 1.9 and Theorem 1.13.

Definition 1.14. For v = (v1,va,...,v,) € N*, let (S(v)) be an n-dimen-
sional array of integers. For j € {0,1,...,m — 1} and m > 2 denote

C(m,7; Vi, Va,..., Vp)
:#{v; 1<v; <V forl1<i<nandS(v)=j (modm)}.
The array (S(v)) is said to be uniformly distributed mod m if
Clm,j; Vi, Va,..., V) 1

lim = —
Vi,Va,...,.Vp—o0 Vl‘/Q . Vn TI’L7
for j =0,1,...,m — 1. We say that the signs in an n-dimensional array S :

Z" — R* are uniformly distributed if the array (Parity[S(v)]) is uniformly
distributed mod 2.

Note that here the restriction to v € N" is for the simplicity of presen-
tation and similar results will hold for v € Z". By employing formulas in
Theorem 1.9 and Theorem 1.13 we establish the following result.

Theorem 1.15. Let U(P; E) and W(v) be as in Theorem 1.9 and Theo-
rem 1.13. Then the signs in W(P; E) and W (v) are uniformly distributed.

In order to explain the second application of our results we first introduce
the concept of a denominator net. Let E/Q be an elliptic curve given by a
Weierstrass equation with integer coefficients. If P € E(Q) is a nontorsion
point (i.e., nP # O for any n) then we have that

. AnP BnP
nP = <D2’ D3> ,
nP nP
where A, p, B,p, and D,p > 0 are integers (See [10, Chapter III, Section
2]). The sequence (D, p) is called an elliptic denominator sequence asso-
ciated to the curve E and the point P. It can be shown that (D, p) is a
divisibility sequence. Several authors have studied the sequence (D,p). In
fact, Shipsey [6, Section 4.4] has shown a way of assigning signs to the se-
quence (D,p) so that the resulting sequence becomes an elliptic divisibility
sequence (Note that D,,p > 0 for all n by our definition). The concept of an
elliptic denominator sequence has been generalized to higher ranks and it is
called an elliptic denominator net. If P = (Py, Py, ..., P,) is an n-tuple of
linearly independent points in E(Q). Then for v = (vy,va,...,v,) € Z™ we
can write

Ay p By,
V'P_U1P1+U2P2+“'+’Unpn—< v-P vP)7

2 '3
DV-P DV-P



THE SIGNS IN ELLIPTIC NETS 1245

where Ay.p, By.p, and Dy.p > 0 are integers. Then (Dy.p) is called the
elliptic denominator net associated to an elliptic curve £ and a collection
of points P. As a consequence of Theorem 1.9 and Proposition 1.7 of [1], we
describe how in certain cases one can assign signs to a denominator net in
order to obtain an elliptic net. We first need to establish a connection be-

tween the denominator sequence (Dy.p) and an scaled version of the elliptic
net Uy (P; E). For v € Z", let

(1'13) \IIV(P5E) :FV(P)\IIV(P;E)a
where F(P) : Z" — Q* is the quadratic form given by
(1.14) F@®)= [[ "
1<i<j<n
with
-DPi-i-Pj . .
Vii = De; p = Dp,, and v = m for i # j.

The following assertion is proved in [1, Proposition 1.7].

Proposition 1.16. Let E be an elliptic curve defined over Q given by the
Weierstrass equation

y2 + a1zy + azy = 22+ asx® + agx + ag, a; € 7.

Let P = (P, Ps,...,P,) be an n-tuple of linearly independent points in
E(Q) so that each P; (mod ¢) is nonsingular for every prime £. Then we
have

(1.15) Dy.p =¥y (P; E)|
for allv e zZ™.

By employing Theorem 1.9, we have the following direct corollary of
Proposition 1.16, which gives a way for generating elliptic nets from de-
nominator nets.

Corollary 1.17. Assume the conditions of Proposition 1.16. Define a map
W.7" — Q by

(1.16) W(v) = (~1)FwtvBEID b,

where W(P; E) is the elliptic net associated to E and the collection of points
P. Then W 1is an elliptic net.

In the next section we will review preliminaries needed in the proofs and
in Sections 3 and 4 we prove our main results on the signs in elliptic nets.
In Section 5 we illustrate our results by providing several examples. Finally
in Sections 6 and 7 we give proofs of our results on uniform distribution of
signs and on relation with denominator sequences.

Acknowledgement. The authors would like to thank the referee for her /his
many helpful suggestions and comments.
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2. Preliminaries

We will follow the conventions described in Notation 1.4. We first show
that the claimed normalization in Notation 1.4 is possible.

Lemma 2.1. Let ¢ € R be such that 0 < |q| < 1 and ug € R>%\ ¢%. Then
the following statements hold:

(i) For 0 < q <1 there exists an integer k such that 0 < q < ¢*ug < 1.

(ii) For —1 < q < 0 there exists an integer k with 0 < ¢* < ¢Fug < 1.
Proof. (i) Let kg = min{k € Z | ¢*ug < 1}. Then

¢ug <1 and ¢ lug > 1.
We claim that ¢ < ¢*ug < 1. Clearly ¢"oug < 1. If ¢*oug < g then
¢ lug < 1

which contradicts the minimality of kg. So the claim holds.
(ii) If =1 < ¢ < 0, then 0 < ¢* < 1, so the result follows from part (i). O

Thus, letting u = ¢*ug in the above lemma will result in the desired
normalization.

Let A; be the normalized lattice with basis [, 1], where 7 is in the upper
half-plane. From [7, Chapter I, Theorem 6.4] we know that, the g-expansion
of the o-function o(z; A;) is given by

1 121y 1—q¢mw)(1—¢mw!
(21) (s hg) = —5 et (L y) mll ( . )_(qm)2 ).

where w = *™* g = ¢?™7 and 7(1) is the quasi-period associated to the
period 1 in the lattice A,;. The next proposition gives the g-expansion for
the numerator in the expression for €y (z; A;) in (1.5).

Proposition 2.2. Let

V= (UlaUQa"'vvn) GZna

z=(z1,22,...,2,) € C".

Let wj = €™ for j=1,2,...n and ¢ = €*™". Then

L 1 v-z)? —mi(v-z - vj
(22)  olvomAn) = —pebtmmen [T
j=1

T (1= g™ [Ty w,) (1= g™ [y w; ™)
o (1—qm)? ’

where v -z = v1z1 + V922 + + - + UnZn-
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Proof. The result is obtained by replacing z with
V-Z=0121 + V222 + -+ Un2p

n (2.1). Observe that the map z — v121 + v929 + + - - - Uy 2y, cOrresponds
to w —> HJ 1 w g

The next proposition provides a g-expansion for Qy(z; A;) defined in Def-
inition 1.6.

Proposition 2.3. Let
vV = (01,1)2,...,vn) S Zn,
z = (z1,22,...,2,) € C".

Let w; = e2™% for j=1,2,...n and g = e*™". Then we have

Qu(z; Ar) = (2mi)I=t 1si<ksn JJw;

Q( ﬁ w;)j,q>
j=1

: n
[T 6wy, @5k T Owywn,q)"

7=1 1<j<k<n

where

1-— mwj 1-— mw'_l
W) = (1 -y T[] -,

m>1

Proof. The proof is computational and follows by substituting the g-ex-
pansions (2.1) and (2.2) in (1.5). The one thing to note is that the product
expansion of )y (z; A;) is independent of 7(1). It disappears after substitut-
ing the g-expansions and simplifying the terms. ([l

For ¢ = €?™" with 7 in the upper half-plane, let E, be the elliptic curve
defined as
By iy +ay = 2° + as(q)r + as(q),

where 3 n

and




1248 AMIR AKBARY, MANOJ KUMAR AND SOROOSH YAZDANI

Let
(2.3) ¢: C*/q" = E4(C)

be the C-analytic isomorphism given in [7, Chapter V, Theorem 1.1]. We
are only concerned with elliptic nets with values in R. By [11, Theorem 7.4]
we know that such elliptic nets come from elliptic curves defined over R.
So from now on we assume that our elliptic curves are defined over R. The
following theorem will play an important role in our investigations.

Theorem 2.4. Let E/R be an elliptic curve. Then the following assertions
hold:

(a) There is a unique ¢ € R with 0 < |q| < 1 such that
E~; E,

(i.e., E is R-isomorphic to Eg).
(b) The composition of the isomorphism in part (a) with the isomor-
phism ¢ defined in (2.3), yields an isomorphism

) : C*/¢" = E(C)
which commutes with complex conjugation. Thus 1 is defined over
R and moreover,

¥ RY/q" = E(R)
1s an R-analytic isomorphism.

Proof. See [7, Chapter V, Theorem 2.3]. O

Let E/R be an elliptic curve and let A be the lattice associated with
E such that E(C) = C/A. We denote by = : E; — E the isomorphism
in Theorem 2.4(a). Let 7 be a complex number associated to ¢ such that
q = e*™7 and let A, be the lattice generated by [r,1]. Since E & E,,
there exists an o € C* such that A = aA;. Then the multiplication by «
carries C/A; isomorphically to C/A. If we let z; to be the corresponding
complex number to P; € E(R) under the isomorphism E(C) = C/A, then
z;/a will be the corresponding complex number to 7~1(P;) € E,(R) under
the isomorphism E,(C) = C/A;. From part (b) of Theorem 2.4, the map

Yp=m o ¢:C"/¢* =5 E,(C) = E(C)
is an isomorphism, moreover the map v (restricted to R*/¢%)
¥ R*/q" = Ey(R) — E(R)

is an R-isomorphism. Thus from the construction of %, we can consider
u; = e*™/® a9 g representative in R* /g% for ¢~1(P;). Since v is an R-
isomorphism we have that u; € R*.
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Next let ¥y (P, E) = Qy(z; A) be the value of the v-th net polynomial at
P. Then for v = (v1,v2,...,v,) € Z", fixed z = (21,22,...,2,) € C", and
A, we have

Zv —szv]—l

Qu(z;A) = Qu(zial,) = (o h)i=t 1si<isn Qv(az;AL).

Here we have used the fact that for a nonzero a € C* we have o(az;al) =
ao(z; A). Now substituting the value of €y, (o 'z; A.) from Proposition 2.3
yields

ZU — Zv]z}k—l

(24) Qu(z;A) = <2m> 1<j<hen

n
Vj
n Uz*”j 0<1_‘[1u] ,Q)
[Iw* =
. u -
J n )
i=1 [T 00w, 9> == T 0ujur, )

j=1 1<j<k<n

where

1—q™u;)(1— ma,~1
9(ujaQ):(1—uj)H( ) g, )-

_ 2
m>1 (1 qm)

In the following two sections, we compute the parity of terms in the right
hand side of (2.4).

3. Proof of Theorem 1.13

Proposition 3.1. Assume the assumptions of Theorem 1.9 and let

n
Vj
H Uj5m»9q
j=1

be as defined in (2.4). Then if there exists a nonnegative integer k such that

UL, U2, ..., up < 0 and ugrq, ugro, ..., Uy > 0, we have
Parity ﬁ W g _ | >or vifi | (mod 2) %f 22}1 v; %s even,
LY 0 (mod 2) if Y7 v is odd,

where B; is given in Table 1.1.

Proof. Let uy,us,us,...,ur < 0 and ugy1, Ugto, Ukts, ..., up > 0. (Note
that for & = 0, this reduces to u; > 0 for 1 < i < n.) For all u; < 0 we can
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write u; = (—1)]u;|. Thus the expansion for 0 ( [T ), q) can be rewritten
as

(3.1) (1 — (_1)2;21 v H |u1”01>
=1

1— g™ (=10 T a9 ) (1 — ™ (—1) 2= v T g~
‘H( ¢"(=1) Hz1|(’13(qm)2q( ) iy i)

We consider cases according to the sign of gq.

m>1

Case I. Suppose that ¢ > 0. Then from the above expression we deduce
that if Zle v; is odd then 9(]_[?:1 ufi,q) is positive. For the case that
Zle v; is even, the factor 1 — [ |u;|" may be positive or negative. Thus
we further split into two cases.

Subcase 1. Assume that 1 — ] |u;|" > 0. We observe that for all m > 1
we have ¢" < 1, and so 1 — ¢™ [[;, |u;|" > 0. However,

n n
l—qu]ui\_”i <0 = m<Zvilogq |wi] .-
i=1 =1
Hence for this case there are | Y7 | v, log,, |uil | negative signs in the ex-

pression (3.1) for H(H?:l ufi,q)-

Subcase II. Assume that 1 — ], |u;|" < 0. Following a similar argument
to that used in Subcase I we have that,

n n
0 | (LR y A

i=1 1=1
Observe that since 1 — J[iL, [us|* < 0, we have Y7, (—v;)log, [ug| > 0.
Hence there are in total L— > i vilog, |ul J +1 negative signs in expression
(3.1) for 9(1_[?:1 ufi,q). (The addition of 1 in the count of negative signs
comes from the factor 1 — [, |u;|".)
Note that since Py, Ps, ..., P, are linearly independent in F(R), then by
[11, Theorem 7.4] we have 0(1_[?:1 u?ﬂq) # 0. Thus the subcase

n
1= lwl" =0
i=1
does not occur.

Now we claim that )71 | v;log, us| is not an integer. More generally, we
claim that log, [u1l, log, |uz|,...,log, [u,|, and 1 are linearly independent
over Q. To see this suppose that there are integers ko, k1, ko, ..., k, not all
zero such that the sum )i | kilog, [u;| + ko = 0. Equivalently we have that
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>y kizi = —ko. Note that 1 € A, so under the isomorphism C/A, = E(C)
integers are mapped to the identity element of E(C). Thus Y " | kiz; = —ko
under the isomorphism C/A; = E(C) leads to ) ;" ; k;P; = O. This contra-
dicts our assumption that the points Py, P, ..., P, are linearly independent
in F(R). Hence we have that log, [u1],log, |uzl,...,log, [u,|, and 1 are lin-
early independent over Q. (This also shows that each number log, |u;| is
irrational.) Therefore the number )" | v;log, Ju;| can not be an integer.
Using this fact and the property of the greatest integer function that

{0 if r € Z,

(32) o)+l =0T L

we see that the number of negative signs in Subcase 1I is

— \‘Z v log, |u;l J .

=1

Therefore we can combine the results from these two subcases to get that

n n k

(3.3) Parity [9 (H u;’, q)] = { szﬂi J (mod 2) if Zvi is even,
i=1 i=1 i=1

where f; = log, |u;| for all 1 <4 <n.

Case II. Suppose that ¢ < 0. Let = [[;", u;". Note that in this case
u; > 0 for 1 <7 <n, hence z > 0. From definition of § we have

0 <H ufﬂq) = 0(£7Q)
=1

1—2¢") (1 —xg™
:(1_90)1_[( (qlz(qm)zq )

m>1

f2m)

_ (1 _ .%') H (1 — xq2m)(1 — 4

_ 2 2
e (1—q*™)

2m+1)(

H (1 —=xq 1—xzq
11 (1— g2m+1)2

—2m—1)

1—2 2m—+1 1—2 —2m—1
= 9(5[), q2) H ( q(l — )q(2m+1);] )

m>1

Note that 1 —z¢?"*! and 1 — 2¢~?™~! are both positive, since ¢ is assumed
to be negative. As a result

1—2 2m+1 1—2 —2m—1
H ( q(l _ 2](2m+1)g )

>0,
m>1
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and we get Sign [0(z, )] = Sign [H(x, q2)] . Since ¢® > 0 and u; > 0, applying
(3.3) we get

(3.4)
n n n

Parity [9(Hu317 q> = Parity [9(1‘[@3&)] = \‘ szﬁz J (mod 2),
i=1 i=1 i=1

where f; = logg2 u; = %logw Uj. O

We record two immediate corollaries from this proposition, which we will
use in the next section.

Corollary 3.2. Assume that u; and q are normalized so that if ¢ > 0 then
q < |u;| <1, and for ¢ < 0 we have ¢*> < u; < 1. Then 0(u;,q) > 0.

Proof. If ¢ > 0 and u; < 0, then by Proposition 3.1 for v; = 1 (odd) we
have

Parity [#(u;,q)] =0 (mod 2).
Also if ¢ > 0 and u; > 0 or ¢ < 0, then by Proposition 3.1 for £ =0 (even),
we have

Parity [0(u;, ¢)] = [8;] =0 (mod 2),

since 0 < 3; < 1. Thus in both cases 6(u;, q) is positive. O
Corollary 3.3. Assume that u;, q, and B3; are defined as in Proposition 3.1.
Then
; ; d2 if uiug; > 0,
Parity [0(u;uj, q)] = Bi+ B3] (mod 2) Zf Hitly
0 (mod 2) if usuy < 0.
Proof. It follows from the result of Proposition 3.1. U

We now proceed with the main proof of this section.

Proof of Theorem 1.13. First of all note that for a nonsingular nonde-
generate elliptic net W : Z™ — R there exists an elliptic curve F defined
over R and a collection P = (P, Ps,...,P,) of points in E(R), such that

W(v) = f(v)¥y(P; E)

for any v € Z". Here f : Z" — R* is a quadratic form and ¥(P; E) is the
elliptic net associated to P and E. Moreover, since W(v) # 0 for v # 0 we
have that Py, Ps, ..., P, are n linearly independent points in E(R) (see [11,
Theorem 7.4]). Next observe that in the expression (2.4) the numbers u; and
q are in R*. Therefore the products containing u; and ¢ are also in R. Also by
[11, Theorem 4.4], since E is defined over R then ¥, (P; E) € R. Hence from

T w2 =S e v — 1 «
(2.4) we conclude that (27mi/c)~i=1"1 l<i<gsn 7077 € R*. Note that
this statement is true for all v € Z", therefore for n > 2, taking v; = 1,v9 =
2 and v; = 0 for all 3 < i < n, we get that (27mi/a)? € R*. Furthermore,
taking v1 = 2 and v; = 0 for all 2 < i < n shows that (27i/a)3 € R*. Since
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(27i/a)? and (27i/a)? € R*, we have that 27i/a € R*. A similar result also
holds if n = 1, by choosing v; = 2 and 3. Hence 27i/« is either a positive
real number or a negative real number. Thus, after possibly replacing W (v)

) Z’U?— Z viv; — 1
with (—1)=t 1<i<i<n W(v), we have
(3.5)
n 2_1). n
Sign[W (v)] = Sign [g(v)] Sign [H v 1)/2] Sign |6 Hujj,q ,
i=1 j=1
where s
1\v
[T 005 o TT fujup. 0
j=1 1<j<k<n
. Zv?— Z viv; — 1 )
Here, if € = (-1)i=t  1t<i<i<n and if W (v) was replaced by eW (v), then

fi(v) = ef(v). Otherwise f1(v) = f(v). Observe that g(v) is a quadratic
form. From (3.5) we have

(3.6) Parity[W(v)]

= Parity [g(v)] + Parity [H ugv?_vi)/Q

i=1

n
+ Parity |0 Hu}}j,q
j=1
2_ ..
We next deal with Parity [H?Zl u§U7 vi)/ 2}. If all w; > 0 this value is zero.

Now assume that wy,ug,us,...,ux < 0 and ug41, Ukt2, Ukt ... Un > 0.
Looking at values of v; modulo 4, we get that

n k
. (wZ—v;)/2| _ (%
(3.7) Parity Hul ] = Z [EzJ (mod 2).
=1 i=1
Next we define H : Z"™ — 7Z as follows. If uq,uo,us,...,ur < 0 and

Ukt 1, Uk+2, Ukt 3 - - - Up > 0, We set

Lgmﬂz} + Z {%J if gvi is even,

=1
Zk; L%J if zk;v is odd.

From (3.6), Proposition 3.1, (3.7), and the expressions for H(v), we conclude
that

H(v)=

Parity[g(v)W (v)] = H(v) (mod 2).
The proof is complete. U
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4. Proof of Theorem 1.9

Proof of Theorem 1.9. First, note that in the proof of Proposition 3.1 we
showed that (1,..., 3, are n irrational numbers that are linearly indepen-
dent over Q. Moreover, as described in the proof of Theorem 1.13, 27i/« in
(2.4) is a nonzero real number. From now on, without loss of generality, we
will assume that 27i/a > 0. (Note that if 27i/a < 0 we can compute the

n 2 _ ) —
sign of €y (z; A) by considering (—1)22’:1 Vi~ La<icj<n Vit 1QV(Z; A))
Since 2mia~! > 0, it does not play any role in determining the sign of (2.4).
Thus from (2.4) we have that Parity [Qy(z; A)] in Z/27Z is equal to

(4.1)
+ Parity [9 (ﬁ w’, q>]
i=1

n
2_ o,
Parity [H uz(vi v;)/2
=1
+ Parity [H g(u“ q)2v$—2?:1 ViVj

+ Parity H O(uiuj,q)""

i=1 1<i<j<n

The first two terms of the above sum were computed in (3.7) and Proposi-
tion 3.1 respectively. By Corollary 3.2, we get that 6(u;, q) > 0, so the third
summand is even. Thus,

(4.2) Parity [H 0 (us, q)2v?—2?:1 ”i”J'] =0 (mod 2).
i=1
Finally, for the last summand we have

Parity H O(uiuj, q)"" | = Z v;v; Parity [0(usuj, q)] (mod 2).

1<i<j<n 1<i<j<n
Note that in the range 1 <14 < j < n, we have u;u; < 0 only when 1 <14 <
k< j<mn. (Thatis, wju; >0 when 1 <i<j<kork+1<i<j<n)
By Corollary 3.3 we have

0 d?2 if1<i<k<j<
Parity [0(u;uj, q)] { (mod 2) if1<i<k<j<n,

|Bi + B;] (mod 2) otherwise.

Therefore we get

(4.3) Parity H 0(uiuj, q)"s

1<i<j<n

= Z v;v; Parity [0(uiuj, q)]

1<i<j<n

= > w848+ Y. viwlBi+8] (mod2).

1<i<j<k k+1<i<j<n
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Now applying (3.7), Proposition 3.1, (4.2), and (4.3) in (4.1) yield
Parity[Qy (z; A)]
Yo Bt Bilvvi+ Yo 1B+ Bjluw

1<i<j<k k+1<i<j<n
n k
—i—{ szﬂi J + Z L%J (mod 2) if Zle v; is even,
i=1 i=1
S B+ Bilvivi+ > [Bi + Bilviv;
1<i<j<k k+1<i<j<n
k
+ Z {%J (mod 2) if Zle v; is odd. O
\ =1

5. Numerical Examples

We now give illustrations of various cases of Theorem 1.9 with the help
of some examples. For sake of simplicity we only give examples for rank 2
elliptic nets. All the computations were done using mathematical software
SAGE.

Keeping the assumptions and notations used in Theorem 1.9, for the case
n = 2, the sign of either Uy (P;E) or (—1)"itvi—v1v2=1y_(P: E), can be
computed using one of the following parity formulas:

(5.1) Parity[¥y(P; E)]

= LU151 + U2ﬁ2J + [& + ﬁQJ vivy  (mod 2)
(5.2) Parity[¥y(P; E)]

v1f + UQﬁQJ + L%J (mod 2) if v; is even,
%J (mod 2) if vy is odd.
(5.3) Parity[¥y(P; E)]

v1P1 + vzﬁgJ + L%J (mod 2) if vy is even,
| (mod2) if vy is odd.
(5.4) Parity[¥y(P; E)]

_1)1/31 + vQﬁzJ + {51 + 52J V1v2

+ L%J + {%J (mod 2) if v1 + w9 is even,

[/31 + ﬁzJ v1V9 + {%J + L%J (mod 2) if v1 4 v9 is odd.
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Here the two irrational numbers 51 and (B2 are given by the rules in Table 1.1.
The formula (5.1) is used when u; > 0 and ug > 0 and formula (5.2) is used
for the case when u; < 0 and ug > 0. We use the formula (5.3) when u; > 0
and ug < 0. Finally the formula (5.4) is used when both u; < 0 and uy < 0.

We have verified the truth of the above formulas for several rank 2 elliptic
net W(vy,v2) in the range 0 < v; < 500 and 0 < vo < 500. Thus the results
have been verified for 25 x 10* of values of W (v1,v2) and the same for the
negative indices as well.

Example 5.1. Let F be the elliptic curve defined over R given by the
Weierstrass equation y? +2y = 23 — 22 —42+4. Let P, = (69/25, —532/125)
and P, = (2,—2) be two points in E(R). Let P = (Py, P»). The following
table presents the values of U (P; E) for v = (v, v2) in the range 0 < v; < 3
and 0 < vy < 5.

—832 1232600000 430685595625000000 3330569636331576171875000000

112 —12560000 —18772893750000 121093285553785156250000
—4 —165500 —141878687500 —1754232556789062500 - - -
-2 —150 196317500 —1270400610718750

1 95 152725 —181061702375

0 5 —3595 63803440

TABLE 5.1. Elliptic net ¥(P; E) associated to elliptic curve
E : >+ oy = 23 — 22 — 4z + 4 and points P, =
(69/25, —532/125), Py = (2, —2).

In the above array the bottom left corner represents the value ¥ g o) (P; E)
and the upper right corner represents ¥ 3 5)(P; E).
There is an isomorphism E(R) = R*/¢% such that P <+ u; and Py < us
with the explicit values
q = 0.0001199632944492781512985480142643667840. . . . .. ,
uy = 0.0803285719586868777961922659399264909608 .. . .. .,
ug = 0.03600942542966326797848808049477306988456 . . . . . .
Since u1,uz > 0, by employing Theorem 1.9, the sign of Uy (P; E) up to a
factor of (—1)vitv2—v1v2=1 can be calculated by (5.1). Since Theorem 1.9
gives either sign of ¥, (P; E) or (—1)”%+”§_”1”2_1\I/V(P; E).
By computing the sign of ¥, 5)(P; E) using (5.1) we conclude that in this
case the parity is given by the formula

Parity [V (P; E))
= [mﬁl + UzﬁzJ + {51 + 52J vivg + (v1 +v2 +viva +1)  (mod 2)

with
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B1 = 0.2793020829801927957749331343976812416467 . . .,
B2 = 0.3681717984734797193981452826601334954064 . . ..

Next we illustrate the truth of our formula using two special cases.
Sign[¥; 3)(P; E)] = (_1)L51+3,32J+3Lﬂ1+,32J+8 -1
and
Sign[¥ (3 4)(P; E)] = (_1)L3B1+462J+12L,81+62J+20 —1,
which agree with the signs from the above table.

Example 5.2. Let E be the elliptic curve defined over R given by the Weier-
strass equation y% +xy = 23 — 2% — 4z +4. Let P, = (—1,3) and P» = (3,2)
be two points in E(R) so that P = (Py, P,). The following table presents the
values of Uy (P; F) for v = (v1,v3) in the range 0 < v; < 3 and 0 < vy < 6.

—219900856 71486913947 48178148140103 —112925826309806338

—495235 58762243 3246745150 —20471103308793
—749 170718 —24093133 —16532329817

62 2291 —154139 —28273396

7 67 —1256 —101083

1 4 3 —1579

0 1 5 —-94

TABLE 5.2. Elliptic net ¥(P; E) associated to elliptic curve
E:y?+ay = 2% — 2% — 42 + 4 and points P, = (—1,3),
Py =(3,-2).

In this case there is an isomorphism E(R) 22 R* /g% such that Py <— u;
and P> +— ug with the explicit values
g = 0.0001199632944492781512985480142643667840 . . . . .. )
up = —0.283422955948679072053638499724508663516 . . . . . . )
ug = 0.00129667871977447963166306014589504823338 . .. . ..
Observe that ¢ is the same as in the previous example. Further since u; < 0

and ug > 0, by using Theorem 1.9, parity of ¥, (P; E) is either given by
(5.2) or

(5.5) Parity[¥y (P; E)]
Lvlﬁl + U252J + {%1
{%J (mod 2) if v; is odd

J +v2+1 (mod 2) ifwv; iseven
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with

B1 = 0.1396510414900963978874665671988406208233 .. .,
B2 = 0.7363435969469594387962905653202669908128 . . . .

By computing the sign of W, 9)(P; E) using (5.2) and (5.5) we conclude
that in this case the parity is given by formula (5.5). Next we illustrate the
truth of our formula using two special cases.

Sign[\lj(273)(P;E)] _ (_1)Parity[\P(2,3>(P§E)} — (_1)L251+352J+L1J+3+1 - 1

and
Sign[W 1,5 (P; B)] = (-1)12) =1
Again these agree with the signs from the above table.
Example 5.3. Let E be the elliptic curve defined over R given by the Weier-
strass equation y? +y = 2%+ 2% — 22. Let P, = (—1,1) and P, = (0, —1) be

two points in F(R). Let P = (Py, P,). The following table presents the val-
ues of ¥y (P; E) for v = (v1,v2) in the range —5 < v} <5 and —2 < vy < 2.

535 44 -7 -1 1 -1 -4 17 151 =55 -106201
1187 67 1 -2 -1 1 1 -5 26 709 —19061

-3376 129 9 -3 -1 0 1 3 -19 -129 3376
19061 —-709 —26 5 —1 -1 1 2 -1 =67 —1187

106201 55 —151 —17 4 1 -1 1 7T 44 —535

TABLE 5.3. Elliptic net ¥(P; E) associated to elliptic curve
E:y*+y=2%+2% 22 and points P, = (—1,1), P, =
(0,-1).

The above array is centered at 111(070)(P;E) = 0. The bottom left corner
represent the value 1’(_57_2)(P;E) and the upper right corner represents
W (59)(P; £). For this example we have the isomorphism E(R) = R* /q”
such that P; +— uq and Py +— uo with the explicit values

g = 0.00035785976153723480818280896702856223292. . .. .. ,
up = —0.2170771835085414203450101536155224134341 . . . . .. )
ug = —0.0077622720300518161218942441500824493219 . ......
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Since u; < 0 and ug < 0, by using Theorem 1.9, sign of ¥y (P; E) is given
by either (5.4) or

(5.6) Parity[Vy(P; E)]
Lvlﬁl + v2f32J + Lﬂl + 52J v1v2+

= L%J + {%J +viva +1 (mod 2) if v; + v is even
Lﬁl + ﬁQJ V102 + L%J + {%ZJ (mod 2) if v1 + vy is odd

with

B1 = 0.1924929051139423228173765652973000996307 . . . . .. ,
B2 = 0.6122563386959476420220464745591944344939 . .. . ...

By computing the sign of ¥, 9)(P; E) using (5.4) and (5.6) we conclude that
in this case the parity is given by formula (5.6).

Example 5.4. Let E be the elliptic curve defined over R given by Weier-
strass equation y? = 23 — Tz + 10. Let Py = (—2,4) and P, = (1,2) be two
linear independent points in E(R). Let P = (P, P»). The following table
presents the values of ¥y (P; F) for v = (v1,v2) in the range 0 < v; < 4 and
0 S V9 S 6.

—54525952 1086324736 81340137472 —15800157077504 —29481936481157120

—163840 —950272 131956736 30954979328 —31977195339776

—2048 —17408 280576 85124096 30585993216
32 —352 —9440 979488 449423648 - --

4 —4 —276 —-16028 8814788

1 3 -31 —1697 67225

0 1 8 —409 —65488

TABLE 5.4. Elliptic net ¥(P; E) associated to elliptic curve
E :y* =23 —T7x 410 and points P; = (—2,4), P, = (1,2).

In the above array the bottom left corner represents the value ¥ y(P; E)
and the upper right corner represents W 4¢)(P; ). In this case there is an
isomorphism E(R) & R*/¢” such that P +— wu; and P <— ug with
explicit values
g = —0.0004077489822343239057667854741817549172 ... ... ,
up = 0.001201936348983837429349696735400418601519.. . .. .. )
ug = 0.008992979917906651664620780969726498312814 . . . . ..

Since u,ue > 0, by using Theorem 1.9 and calculating the sign of

‘I/(2,2) (P; E),
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we observe that the sign of Uy (P; E) in this case is given by (5.1) with

B1 = 0.4307458699792390794239197192204249668246 . . . . .. ,
B2 = 0.3018191057841811111031361738974315389666 . . . . . ..

6. Uniform distribution of signs

Definition 6.1. Let (S(v)) be an n-dimensional array of real numbers. For
any a and b with 0 < a < b < 1 and for any positive integers Vi, Vo,..., V,
denote

C([a,b); Vi,Va,..., Vy)
= #{V = (v1,v2,...,0,); 1 <v; <V for 1 <i<nand {S(v)} € [a,b)},
where {S(v)} is the fractional part of S(v). Then the array (S(v)) is said

to be uniformly distributed mod 1 if

e Oy Ve, Va)

=b—a.
V1,Va,...,Va—00 WWWo... V,

Lemma 6.2 (Weyl Criterion). The array (S(v)) is uniformly distributed
mod 1 if and only if

th%l.;vn_m V1V2 Z Z Z e2mihS(v) _

1<v1<V1 1<v2<Vs 1<v, <V

for all integers h # 0.

Proof. The proof follows along the same lines as the proof for 2-dimensional
case. See [2, Chapter 1, Theorem 2.9]. O

Proposition 6.3. Let 01 be an irrational number and let 05,05, ...,0,, and
0o be arbitrary real numbers. Then the array (v161 + v2ls + - - - + vp0, + 6p)
is uniformly distributed mod 1.

Proof. This is a direct consequence of Theorem 6.2. See also [2, Example
2.9]. O

The following proposition is a generalization of a part of Theorem 3.1 of
[5] for sequences to arrays.

Proposition 6.4. For an irrational number 01 and real numbers 05, .. .0,
0o, the array

(6.1) (161 + v + -+ 0a60 + 60 )
is uniformly distributed mod m.

Proof. Proposition 6.3 for the irrational number 6 /m and real numbers
O2/m,...,0,/m,0y/m yields that the array of real numbers (v1 + ’1)2 2 4
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S vn%" + %0) is uniformly distributed mod 1. Thus we conclude that the
array of fractional part

0, 0 0, 0
{m1+m2+m+%”+°}
m m m m

01 02 0

n 0 0 0 0, 0
= V1 Ve e Uy L : 2 ﬁJ
m m m

— —|v1— +vo—+-FU,— +
m m m m  m
is uniformly distributed in the unit interval [0, 1). By multiplying the terms
of the array ({vi61/m-+wvaba/m+---+v,0,/m+6y/m}) with m we see that
the array of real numbers

01601 +U2(92+"'+Un9n+00*m\‘vlﬁ+’02@ ++Un9£+@J

m m m  m

is uniformly distributed over the interval [0, m) on the real line. Hence by
taking the integer parts of the terms of the above array we conclude that
the terms of the array

(6.2)
0 0 0, 0
M&+w®+m+%%+%—mherT3+~+%—+£H
m m m m
0 0 0, 0
:@ﬂ+w@+m+w%+%ywﬂmi+wﬁ+m+%—+ﬁj
m m m m

are uniformly distributed modulo m. Furthermore, the removal of the terms
m|vi01/m+velba/m+ - - - +vp0,/m+ 60y /m], from the array (6.2), does not
effect the uniform distribution mod m. O

Corollary 6.5. Let (S(v)) be an array of integers that is uniformly dis-
tributed mod m. Let (¢(v)) be an integer array which is constant mod m.
Then the array (S(v) 4+ ¢(v)) is uniformly distributed mod m. In particular,
under the assumptions of Theorem 6.4, the sequence

(6.3) (0161 + 282+ + vl + 6| +c(v))
is uniformly distributed mod m for a fixed real number g.

Proof. The first assertion follows from Definition 1.14. The second one
follows from Proposition 6.4 and the first assertion. ([

Proof of Theorem 1.15. Let (S(v)) be the n-dimensional array given by
the formulas at the right-hand side of the congruences (1.8), (1.9a), and
(1.9b). We show that (S(v)) is uniformly distributed mod 2. In order to
do this, we consider (S(v)) as union of 2" subarrays (Sy(v)) (1 < ¢ < 27)
according to the parity of v;’s. It is enough to prove that (Sy(v)) is uniformly
distributed mod 2.

For fixed ¢, the expression for Sy(v) is one of the three formulas given in
the right-hand side of the congruences (1.8), (1.9a), and (1.9b). We consider
three cases.
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Case I. From (1.8) we have
n
Se(v) = {Z ’UzﬂiJ + ) 1B+ Bilvivy.
i=1 1<i<j<n

Since f;’s are fixed irrational numbers and the parity of v;’s are fixed,
(X i<icj<nlBi + Bjlvivj) is a fixed array (c(v)) mod 2 and thus, by Corol-
lary 6.5, (Sg(v)) is uniformly distributed mod 2.

Case II. Similar to Case I,
Yo WBitBiluwi+ Y L8+ Biluiw
1<i<j<k k+1<i<j<n
is a fixed array (c¢(v)) mod 2. Thus, from (1.9a), we have

Se(v) = {i viﬁiJ + L%J +¢(v) (mod 2)

i=1

{Xk: L%J (26: +1) + Zn: {%J (28;) +Zn: mﬂiJ +¢(v) (mod 2),
i=1

i=1 i=k+1

where n; € {0,1} according to the parity of v;. Since f3;’s are fixed irrational
numbers and the parity of v;’s are fixed, Y i ; 1;0; is a fixed real number 6
and thus, by Corollary 6.5, (S¢(v)) is uniformly distributed mod 2.

Case III. Similar to Case II,

Yo WBitBiluwi+ Y 18+ il

1<i<j<k k+1<i<j<n

is a fixed array (c¢(v)) mod 2. Thus, from (1.9b), we have

%

Se(v) = Zk: [EJ +¢(v) (mod 2),
=1

which is uniformly distributed mod 2 by Corollary 6.5 and the fact that
<Zf:1 L%J) is uniformly distributed mod m. This completes the proof. [
Remark 6.6. We remark that inclusion of the factor

n

2
E vy — E vivj — 1
=1

(_1)'7 1<i<j<n
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does not affect the result of Theorem 1.15. Note that

n
S Y e
Parity |(—1)%=! lsi<jsn = Z vvj +1 (mod 2),
1<i<j<n

which is a constant for v;’s with fixed parities. Thus, we can apply Corol-
lary 6.5.
7. Relation with denominator sequences

Proof of Corollary1.17. First of all observe that since all the terms of a
denominator net is positive hence the quadratic form given by (1.14) is also
positive. Therefore from (1.13) it follows that

(7.1) Parity [0, (P; E)] = Parity[¥, (P; E)].
Now consider W (v) : Z" — Q such that
|W(v)| = Dy.p for all v e Z",
and define
Sign[IV (v)] = ()P v EE)]
where the Parity[W ( E)] is given in Theorem 1.9. Thus,
(7.2) (v) =
By employing (1. 15) and (7.1) we rewrite (7.2) as
W(v) = (-t EEl G, (P )
= Sign[y (P; £)]| I (P; )|
=V, (P;E).

Hence W (v) is an elliptic net by [11, Proposition 6.1] and the fact that
U, (P; E) is an elliptic net. O

( )Parlty[\Ilv(P E)]D P.
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