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On numerical radius and Berezin number
inequalities for reproducing kernel Hilbert

space

Ulaş Yamancı and Mehmet Gürdal

Abstract. The fundamental inequality w (An) ≤ wn(A), (n = 1, 2, ...)
for the numerical radius is much studied in the literature. But the in-
verse inequalities for the numerical radius are not well known. By using
Hardy–Hilbert type inequalities, we give inverse numerical radius in-
equalities for reproducing kernel Hilbert spaces. Also, we obtain inverse
power inequalities for the Berezin number of an operator.
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1. Introduction

If p > 1,
(

1
p + 1

q = 1
)
, and if am, bn ≥ 0 are such that

0 <
∞∑
m=0

apm <∞ and 0 <
∞∑
n=0

bqn <∞,

then

(1)
∞∑
n=0

∞∑
m=0

ambn
m+ n+ 1

<
π

sin (π/p)

( ∞∑
m=0

apm

) 1
p
( ∞∑
n=0

bqn

) 1
q

.

An equivalent form is

(2)

∞∑
n=0

( ∞∑
m=0

am
m+ n+ 1

)p
<

[
π

sin (π/p)

]p ∞∑
n=0

apn.
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The constant factors

π

sin (π/p)
and

[
π

sin (π/p)

]p
are the best possible. Inequality (1) is called the Hardy–Hilbert inequality
(see [HaLP52, Yan11]). Hardy–Hilbert type inequalities are important in
operator theory and its applications (see [GaGO16, Han09, Kia12]). More-
over, this type of inequality has valuable applications elsewhere in analysis
(see [Jin08, KP06])

Inequality (1) may be expressed in terms of operators as follows: Let
`p be the usual sequence space of p-summable complex sequences. Define
Tp : `p → `p to be the linear operator, given by

(Tpa) (n) =

∞∑
m=0

am
m+ n+ 1

, (n ∈ N0)

where N0 = N ∪ {0}. For any sequence b = {bn}∞n=1 ∈ `q, set

〈Tpa, b〉 :=

∞∑
n=0

( ∞∑
m=0

am
m+ n+ 1

)
bn =

∞∑
n=0

∞∑
m=0

1

m+ n+ 1
ambn.

Writing the norm of a as ‖a‖p =

( ∞∑
n=0

|a|pn

) 1
p

, then inequality (1) may be

written as:

〈Tpa, b〉 <
π

sin (π/p)
‖a‖p ‖b‖q .

We call Tp the Hardy–Hilbert operator with the kernel
1

m+ n+ 1
.

A reproducing kernel Hilbert space (RKHS) H = H(Ω) on some set Ω
is a Hilbert space of functions on Ω such that for every λ ∈ Ω the linear
functional (evaluation functional) f → f (λ) is bounded on H. If H is
RKHS on set Ω, then by the classical Riesz Representation Theorem, for
every λ ∈ Ω there is a unique element kλ ∈ H such that f(λ) = 〈f, kλ〉 for
all f ∈ H. We call the family {kλ : λ ∈ Ω} the reproducing kernel of the
space H. It is well known that

kH,λ (z) =
∞∑
n=0

en (λ)en (z)

for any orthonormal basis {en}n≥0 of the space H (Ω) (see [Aro50, Sai88]).

Let k̂λ = kλ
‖kλ‖ denotes the normalized reproducing kernel of the space H.

For a bounded linear operator A on the RKHS H, its Berezin symbol T̃ is
defined by the formula (see [Ber72, NR94])

Ã(λ) :=
〈
Ak̂λ, k̂λ

〉
H

(λ ∈ Ω).
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It is clear that
∣∣Ã(λ)

∣∣ ≤ ‖A‖ for all λ ∈ Ω; that is Ã is a bounded function.
A thorough study of reproducing kernels and Berezin symbols, can be found
in, [Kar06, Kar13].

The Berezin set and Berezin number of an operator A are defined by

Ber(A) := Range
(
Ã
)

=
{
Ã (λ) : λ ∈ Ω

}
and

ber(A) := sup
{∣∣Ã(λ)

∣∣ : λ ∈ Ω
}
,

respectively (see Karaev [Kar06]). Recall that

W (A) := {〈Af, f〉 : ‖f‖H = 1}

is the numerical range of the operator A and

w(A) := sup {|〈Af, f〉| : ‖f‖H = 1}

is the numerical radius of A. It is well known that

Ber(A) ⊂W (A) and ber (A) ≤ w(A) ≤ ‖A‖

for any A ∈ B (H) . More information about the numerical radius and nu-
merical range can be found, for example, in Halmos [Hal82] and Sattari et
al. [SaMY15].

The fundamental inequality w (An) ≤ wn(A), (n = 1, 2, ...) for the nu-
merical radius is studied in the literature. But the inverse inequalities
wn(A) ≤ C (w (An)) (n > 0) for numerical radius are not well known. Us-
ing Hardy–Hilbert type inequalities, we obtain an inverse numerical radius
inequality for reproducing kernel Hilbert spaces. Also, we obtain inverse
power inequalities for the Berezin numbers of operators.

2. The main results

Using the Hardy–Hilbert inequality (2), we will obtain the following in-
equality.

Theorem 1. Let p > 1 and f be a positive continuous function on an
interval ∆ ⊂ (0,∞). Then

〈f(A)t, t〉p
((

1 +
1

2

)p
+

(
1

2
+

1

3

)p)
< 2

[
π

sin (π/p)

]p
〈f(A)pt, t〉

for any positive operator A on H with spectrum contained in ∆ and for all
t ∈ H with ‖t‖H = 1.

Proof. If we put positive scalars a0, a1 and ai = 0 (i = 2, 3, . . . ) in inequality
(2), we get[

π

sin (π/p)

]p
(ap0 + ap1) >

∞∑
n=0

(
a0

n+ 1
+

a1

n+ 2

)p
≥
(
a0 +

a1

2

)p
+
(a0

2
+
a1

3

)p
.
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If we replace a0 and a1 with 〈f(A)t, t〉, where t ∈ H and ‖t‖H = 1, then we
get (

〈f(A)t, t〉+
〈f(A)t, t〉

2

)p
+

(
〈f(A)t, t〉

2
+
〈f(A)t, t〉

3

)p
<

[
π

sin (π/p)

]p
(〈f(A)t, t〉p + 〈f (A) t, t〉p) .

Whence

〈f(A)t, t〉p
((

1 +
1

2

)p
+

(
1

2
+

1

3

)p)
< 2

[
π

sin (π/p)

]p
〈f(A)t, t〉p .

Using the McCarty inequality for p > 1, we have

〈f(A)t, t〉p
((

1 +
1

2

)p
+

(
1

2
+

1

3

)p)
< 2

[
π

sin (π/p)

]p
〈f(A)t, t〉p(3)

≤ 2

[
π

sin (π/p)

]p
〈f(A)pt, t〉 .

Thus, we reach the desired inequality. �

Corollary 1. Let f be a positive continuous function on an interval ∆ ⊂
(0,∞). If p > 1, then

(4) wp (f(A))

((
1 +

1

2

)p
+

(
1

2
+

1

3

)p)
< 2

[
π

sin (π/p)

]p
w (f(A)p) .

In particular, if p = 2 we obtain

(5) w2 (f(A)) <
36π2

53
w
(
f(A)2

)
for any positive operator A on H with σ(A) ⊂ ∆.

Proof. Taking supremum over t ∈ H, where ‖t‖H = 1 in inequality (3), we
get

2

[
π

sin (π/p)

]p
w (f (A)p) = 2

[
π

sin (π/p)

]p
sup
‖t‖=1

〈f(A)pt, t〉

> sup
‖t‖=1

〈f(A)t, t〉p
((

1 +
1

2

)p
+

(
1

2
+

1

3

)p)
(since f (t) = tp is increasing for p > 1)

= wp (f(A))

((
1 +

1

2

)p
+

(
1

2
+

1

3

)p)
.

Hence, we obtain the desired inequalities (4) and (5). �

Corollary 2. Let f be a positive continuous function on an interval ∆ ⊂
(0,∞). Then

ber2 (f(A)) ≤ 36π2

53
ber

(
f(A)2

)
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for any positive operator T on H with σ(A) ⊂ ∆.

Proof. By placing p = 2 and t = k̂η, we acquire from inequality (3) that〈
f(A)k̂η, k̂η

〉2
<

36π2

53

〈
f(A)2k̂η, k̂η

〉
for all η ∈ Ω. Therefore[

f̃(A) (η)
]2
≤ 36π2

53
f̃(A)2 (η) , η ∈ Ω,

and hence [
f̃(A) (η)

]2
≤ 36π2

53
sup
η∈Ω

f̃(A)2 (η) =
36π2

53
ber

(
f(A)2

)
for all η ∈ Ω. This implies that[

sup
η∈Ω

f̃(A) (η)

]2

≤ 36π2

53
ber

(
f (A)2

)
and hence

ber2 (f(A)) ≤ 36π2

53
ber

(
f(A)2

)
. �

In the following result, we give an inequality analogous to (1) for operators
acting on a RKHS H = H(Ω).

Proposition 1. Let f, g be a positive continuous functions on an interval
∆ ⊂ (0,∞). If p > 1, then

f̃(A) (η) f̃ (B) (ξ) +
g̃(A) (η) f̃ (B) (ξ)

2
+
f̃(A) (η) g̃ (B) (ξ)

2
+
g̃(A) (η) g̃ (B) (ξ)

3

<
π

sin (π/p)

[
(f(A)p + g(A)p)

1
p

]̃
(η)
[
(f (B)q + g (B)q)

1
q

]̃
(ξ)

for all positive operators A,B on H with σ (A) , σ (B) ⊂ ∆ and all η, ξ ∈ Ω.

Proof. Let a0, a1, b0, b1 be positive numbers. In inequality (1), we place
an = bn = 0, n ≥ 2. Using (1), we get

a0b0 +
a1b0

2
+
a0b1

2
+
a1b1

3
<

π

sin (π/p)
(ap0 + ap1)

1
p (bq0 + bq1)

1
q .

Let x, y ∈ ∆. By taking into consideration the inequalities f, g ≥ 0 and
placing a0 = f (y), a1 = g (y), b0 = f(x), b1 = g(x), we have

f (y) f(x) +
g (y) f (x)

2
+
f (y) g(x)

2
+
g (y) g(x)

3
(6)

<
π

sin (π/p)
[f (y)p + g (y)p]

1
p [f(x)q + g(x)q]

1
q
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for all x, y ∈ ∆. Applying the functional calculus for A to inequality (6) we
have

f(A)f(x) +
g(A)f (x)

2
+
f(A)g(x)

2
+
g (A) g(x)

3

<
π

sin (π/p)
[f(A)p + g(A)p]

1
p [f(x)q + g(x)q]

1
q

and, consequently,〈
f(A)k̂η, k̂η

〉
f(x) +

〈
g(A)k̂η, k̂η

〉
f(x)

2
+

〈
f(A)k̂η, k̂η

〉
g(x)

2
+

〈
g(A)k̂η, k̂η

〉
g(x)

3

<
π

sin (π/p)

〈
[f (A)p + g(A)p]

1
p k̂η, k̂η

〉
[f(x)q + g(x)q]

1
q

for all η ∈ Ω and x ∈ ∆.
Applying the functional calculus to the positive operator B, we obtain

f̃(A) (η) f (B) +
g̃(A) (η) f (B)

2
+
f̃(A) (η) g (B)

2
+
g̃(A) (η) g (B)

3

<
π

sin (π/p)

˜
(f(A)p + g(A)p)

1
p (η) [f (B)q + g (B)q]

1
q .

Therefore, we get from above inequality that

f̃(A) (η) f̃ (B) (ξ) +
g̃(A) (η) f̃ (B) (ξ)

2
+
f̃(A) (η) g̃ (B) (ξ)

2
+
g̃(A) (η) g̃ (B) (ξ)

3

<
π

sin (π/p)

[
(f(A)p + g(A)p)

1
p

]̃
(η)
[
(f (B)q + g (B)q)

1
q

]̃
(ξ)

for all positive operators A,B on H and all η, ξ ∈ Ω. �
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