New York Journal of Mathematics
New York J. Math. 28 (2022) 1112-1136.

Amenable covers and integral foliated
simplicial volume

Clara Loh, Marco Moraschini and Roman Sauer

ABSTRACT. In analogy with ordinary simplicial volume, we show that in-
tegral foliated simplicial volume of oriented closed connected aspherical n-
manifolds that admit an open amenable cover of multiplicity at most n is zero.
This implies that the fundamental groups of such manifolds have fixed price
and are cheap as well as reproves some statements about homology growth.
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1. Introduction

An open problem by Gromov [22, p. 232; 24, p. 769 3.1 (e)] asks whether ori-
ented closed connected manifolds with vanishing simplicial volume have van-
ishing Euler characteristic. For the integral foliated simplicial volume such an
implication holds [42] (as suggested by Gromov [23, p. 305ff]). However, the
corresponding follow-up question is open:

Question 1.1. Let M be an oriented closed connected aspherical manifold with
vanishing simplicial volume. Does then also the integral foliated simplicial vol-
ume of M vanish?
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This question is known to have an affirmative answer in many cases [8, 14,
15,18]. In this article, we extend the class of positive examples by aspherical
manifolds that admit amenable open covers of small multiplicity: If M admits
an open amenable cover of multiplicity at most n, we write caty,, M < n. Usu-
ally the amenable category caty,,, of M is defined in terms of the cardinality of
amenable covers. However, in the case of CW-complexes the two definitions
are equivalent [10, Remark 3.13; 13, Lemma A.4].

Theorem 1.2. Let M be an oriented closed connected smooth aspherical man-
ifold with catyy M < dimM. Let a: m(M) ~ (X, u) be an essentially free
standard 7t,(M)-space. Then

|M|* = 0.
In particular, |M| = 0.

This is an extension of Gromov’s vanishing result: Every oriented closed con-
nected n-manifold M with cat,,, M < dim M has zero simplicial volume [21].
The bound on the amenable category is optimal because every smooth mani-
fold M satisfies caty,, M < dim M + 1 [10, Remark 2.8].

A similar statement was already known for the weightless version of integral
foliated simplicial volume [40] and in the presence of macroscopic scalar cur-
vature conditions [5]. Our proof of Theorem 1.2 also relies on a Rokhlin lemma
argument, but avoids delicate volume estimates in cubical nerves.

In the context of Gromov’s question, we arrive at the following problem:

Question 1.3. Do there exist oriented closed connected aspherical manifolds M
with |M|| = 0 butcaty,y M =dimM + 1 ?

We expect the answer to this question to be positive. However, exhibiting
such an example probably requires finding new obstructions against the exis-
tence of open amenable covers of small multiplicity.

Further information on Gromov’s problem and its ramifications can be found
in the literature [33].

1.1. Examples. Oriented closed connected smooth manifolds M that satisfy
at least one of the following conditions have cat,,, M < dim M:

« Manifolds with amenable fundamental group;

« Graph 3-manifolds [20];

« Manifolds that are the total space of a fibre bundle M — B with oriented
closed connected fibre N and caty,, N < dim(M)/(dim(B) + 1) [32];

« Manifolds of dimension n > 4 whose fundamental group I contains an
amenable normal subgroup A with cdz(I'/A) < n (Lemma 7.2);

« Manifolds that admit a smooth S!-action without fixed points (Corol-
lary 7.4);

« Manifolds that admit a regular smooth circle foliation with finite holo-
nomy groups (Proposition 7.3);

» Manifolds that admit an F-structure (of possibly zero rank) [4, Corol-
lary 2.8].
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In view of Theorem 1.2, aspherical manifolds of this type have vanishing
integral foliated simplicial volume; more precisely, we have vanishing for all
essentially free parameter spaces. In most of these cases, the corresponding
vanishing results already had been proved by alternative means [8, 14,16, 18].
Theorem 1.2 gives a uniform perspective.

1.2. Application to manifolds. Theorem 1.2 gives new examples of mani-
folds that satisfy integral approximation for simplicial volume [15; 16; 31; 36,
Section 6]:

Corollary 1.4. Let M be an oriented closed connected smooth aspherical mani-
fold with caty, M < dim M and residually finite fundamental group. Then

IM[|7 =0 = [[M]|.

More precisely, in this situation, the corresponding statement also holds for all
residual chains in the fundamental group.

Proof. As (M) is residually finite, the profinite completion 7{(_1\7) endowed
with its normalized Haar measure and the action by left translations constitutes
a free standard 7;(M)-space, and we have [18, Theorem 2.6; 34, Theorem 6.6
and Remark 6.7]

Ml = M0,
We can now apply Theorem 1.2 and the general estimate ||M|| < [|M||7.

This also works in the situation of general residual chains [18, Theorem 2.6].
O

1.3. Applications to homology growth and groups. From Theorem 1.2,
we obtain corresponding vanishing results for the L2-Betti numbers [23, p. 307;
42, Corollary 5.28] (and whence the Euler characteristic), logarithmic torsion
growth [18, Theorem 1.6; 41], cost, and the rank gradient [29].

The cost of a group [19] is a dynamical version of the rank gradient, which is
the gradient invariant associated with the minimal number of generators [27].

Corollary 1.5. Let M be an oriented closed connected aspherical manifold with
catapy M < dim M # 0.
(1) Then (M) is of fixed price and cheap. Thus, costT,(M) = 1.
(2) If, in addition, (M) is residually finite, then rg(m;(M),T,) = 0 for all
Farber chains T, of 7,(M). In particular, rg w;(M) = 0.

Proof. The first part follows from Theorem 1.2 and the cost estimate via inte-
gral foliated simplicial volume [30]. The second part follows from the first part
and the computation of the rank gradient via cost [1]. O

We can view Corollary 1.5 as an extension of the vanishing results for cost
and rank gradients of amalgamated free products of amenable groups [19, 39].
Moreover, we obtain a new proof of vanishing for homology growth and log-
arithmic torsion growth [41, Theorem 1.6]. Note that the statement for [ -
coefficients is equivalent to the statement for all principal ideal domains. Via
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the bounds of homology growth by the stable integral simplicial volume [18,
Theorem 1.6] and Theorem 1.2 we obtain:

Corollary 1.6. Let M be an oriented closed connected aspherical manifold with
catam M < dimM # 0 and residually finite fundamental group. Let (T';);en be
a residual chaininT := m,(M). Moreover, let k € N. Then:

(1) IfR is a principal ideal domain, then

rkg Hi(T'j;R)
limsup ———— =

(2) We have

log |t0rs Hy(T;; Z)|
lim sup =

Organisation of this article. Section 2 introduces basic terminology. An out-
line of the proof of Theorem 1.2 is given in Section 3. The Rokhlin chain maps
are developed in Section 4. The topological steps are carried out in Section 5.
Finally, Section 6 wraps up the proof of Theorem 1.2. Section 7 contains exam-
ples of manifolds with small caty,.

Acknowledgements. We would like to thank Caterina Campagnolo for use-
ful discussions about foliations. We are grateful to the anonymous referee for
the detailed and helpful comments.

2. Preliminaries

We recall basic notions on integral foliated simplicial volume, amenable open
covers, and resolutions.

2.1. Simplicial volume. The simplicial volume is a homotopy invariant of
closed manifolds introduced by Gromov [21]. Let M be an oriented closed con-
nected n-manifold and let R be a normed ring with unit, e.g., R or Z. For a

a;0; € C,(M;R), one defines the £!-norm by

k
lcly 1= layl.
i=1

This norm induces a seminorm on singular homology: Given a € H,(M;R),
the ¢1-seminorm of a is defined as

singular R-chain ¢ = Zle

lally = inf{|c|; | ¢ € C,(M;R) is a cycle representing a}.

By taking the ¢!-seminorm of a preferred class in homology we obtain the def-
inition of simplicial volume:
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Definition 2.1 (R-simplicial volume). Let M be an oriented closed connected
n-manifold. The R-simplicial volume of M is defined as

1Ml 2= ||[M1e

*1’
where [M ]z € H,(M;R) denotes the R-fundamental class of M.

When R = R we will simply write ||[M|| := ||[M||gr and we will refer to it
simply as the simplicial volume of M.

Remark 2.2. By definition, we have ||[M|| < ||M||z and 1 < ||M]||z (if M is non-
empty).

Simplicial volume is known to be positive in many cases: e.g. hyperbolic
manifolds [21, 44], locally symmetric spaces of non-compact type [7, 28] and
manifolds with sufficiently negative curvature [12,26]. Two major sources of
vanishing of simplicial volume are [21]:

« If M isan oriented closed connected n-manifold with cat,,, M < dim M,
then ||M|| = 0.
« If M isan oriented closed connected n-manifold that admits a self-map f
with | deg f| > 2, then ||M|| = 0.
A more comprehensive list of examples can be found in the literature [33].

In general integral simplicial volume and simplicial volume are far from be-
ing equal (Remark 2.2). The situation becomes more interesting after stabilisa-
tion [17,23]:

Definition 2.3 (stable integral simplicial volume). Let M be an oriented closed

connected n-manifold. The stable integral simplicial volume of M is defined as

Nz
d

Similarly to Question 1.1, working with stable integral simplicial volume the
leading question is the following:

IM||S = inf{ | d € N, N is a d-sheeted covering space ofM}.

Question 2.4. Let M be an oriented closed connected aspherical n-manifold with
|M|| = 0 and residually finite fundamental group. Then, do we have ||M||5 = 0?7

The question is known to have a positive answer in the the case of aspherical
surfaces [21], aspherical 3-manifolds [15,16], smooth aspherical manifolds ad-
mitting a smooth S!-action without fixed points [14], smooth aspherical mani-
folds admitting a regular smooth circle foliation with additional properties [8],
generalised graph manifolds [15], and closed aspherical manifolds with vanish-
ing minimal volume [5].

2.2. Integral foliated simplicial volume. Integral foliated simplicial volume
is defined via simplicial volumes with twisted coefficients in L*(X, Z). The ba-
sic idea is that L*(X, Z) provides enough rigidity through the constraint that
functions are integer-valued, but also enough flexibility through partitions of X.
We recall the terminology in more detail:
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Let T be a countable group. A standard I'-space is a measure preserving ac-
tion ' ~ (X, u) of T on a standard Borel probability space (X, u). We then
equip L*(X, Z) with the ZI'-module structure given by

y-fi=(xm fr-x)

forall y € T'and all f € L*®(X,Z). We consider homology of spaces with
fundamental group I" with twisted coefficients in L*(X, Z).

Definition 2.5. Let M be a connected CW-complex (or a path-connected space
that admits a universal covering) with countable fundamental group I" and let
a: '~ (X, u) be astandard I'-space.

Letn € N and let x € H,(M; Z). We write x* € H,(M;L®(X, Z)) for the
image of x under the change of coefficients map Z - L*(X, Z).

We define the a-parametrised norm of x by

|x|* := inf{|z|, ) z € L®(X,Z) ®zr C,(M; Z) is a cycle representing x*},
where

Zfi®5i

iel

for all chains Ziel fi ® o; € L®(X,Z) @1 C.(M; Z) in reduced form.

=3 [ 15 da

1 iel

Definition 2.6 (integral foliated simplicial volume [23,42]). Let M be an ori-
ented closed connected n-manifold with fundamental group I'.

o Ifa: T' ~ (X, pu)is astandard T-space, then the a-parametrised simpli-
cial volume of M is defined as

IM|* = |[M]z]*.

« The integral foliated simplicial volume |M| of M is defined as the infi-
mum of |[M|* over all standard I'-spaces .

For further background on the integral foliated simplicial volume, we refer
to the literature [31,42].

2.3. Amenable open covers. We recall amenable open covers; more infor-
mation on amenable groups and their dynamical properties can be found in
the literature.

Definition 2.7 (amenable subset, amenable open cover). Let M be a topologi-
cal space.

« A subset U C M is called amenable if the subgroup im(7,(U,x) —
71 (M, x)) of r;(M, x) is amenable for every x € U.

« An open cover of M is called amenable if each member is amenable in
the sense above.
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2.4. Resolutions from free actions. We fix basic notation concerning reso-
lutions and recall the fundamental theorem of homological algebra.

Definition 2.8. LetI" be a group and A, B be ZT-modules. Lete: C,, - A and
n: D, — B be augmented ZI'-chain complexes. We say that a ZI'-chain map
¢: C, = D, extends a ZT'-homomorphism f : A — Bif nogp, = foe.

Lemma 2.9 (Fundamental theorem of homological algebra). Let T be a group,
let B be a ZT-module, let ¢ . C,, — Z be a projective ZT-resolution of Z, and let
n: D, — Bbea ZT-resolution of B (not necessarily projective). Ifp, ¢’ : C,, = D,
extend the same ZT-homomorphism Z — B, then we have ¢ ~,p ¢’.

Example 2.10. Let I" be a group and letI" ~ E be a free I'-action on a set E. For
each n € N, the product E"*! carries the diagonal I'-action. Then Z[E**!] with
the simplicial boundary operator given by

n
Bp(egs . €n) 1= D (=1) - (eg, ., &) e )
Jj=0

foralln € N, (e, ..., e,) € E"!, together with the augmentation

€g . Z[E°+1] -7
E3e -1,

is a free ZI'-resolution of the trivial ZI'-module Z.

Example 2.11. Let M be a path-connected aspherical space with fundamental
group I'. Then the singular chain complex C,(M; Z) of the universal cover-
ing M of M, together with the augmentation Co(M; Z) — Z mapping singular
0-simplices to 1, is a free ZT-resolution of the trivial ZI'-module Z.

Definition 2.12 (essential chains, essential norm). Let I" be a group, let E be a
free I'-set, and let n € N.

« A tuple (xg,...,x,) € E"! is degenerate if there are k,l € {0,...,n}
with k # [ and x;, = x;. Non-degenerate tuples are called essential.

« We write E"+1 for the set of all essential tuples in E"*1.

« For a normed Z-module A and a reduced chain ¢ = ),

A Q7 Z|E"], we set

lCless = D, laxl,

XEE(n+1)

lely t= D) lagl.

xeEn+1

xeEn+1 ax ® X €

Note that | - || . iS @ semi-norm on A ® Z[E"*!] whose restriction to
essential chains is a norm.
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3. Outline of the proof of Theorem 1.2

The proof of Theorem 1.2 is a dynamical version of the amenable reduction
lemma [2, 3,24]. As in Theorem 1.2, let M be an oriented closed connected
smooth aspherical manifold with caty,, M < dim M andleta : 7;(M) ~ (X, u)
be an essentially free standard 7;(M)-space. Let (U;);c; be a finite amenable
open cover of M with multiplicity at most n := dim M. Let (T;);c; be the
(amenable) subgroups of I' : = 7;(M) associated with (U;);er-

To prove that [M|* = 0, we proceed in the following steps: Let E :=T X I,
with the I'-translation action on the first factor. Because M is aspherical, we
can replace the ZI'-chain complex C,(M; Z) by Z[E**1].

« Refining the open cover (U;);c; and using a subdivision process, we ob-
tain a fundamental cycle

7= ) 4,80 € ZQ Z[E"]
oceEn+1
of M with the following property: If o = ((¥y, i), --- » (Vs i) is @ simplex
with a, # 0, then o satisfies the “colouring condition”

..... U
This is a pigeon-hole principle argument based on mult U < n.

« In the complex Z[E**1], we have an additional degree of freedom. Us-
ing Rokhlin partitions of X coming from the amenable groups I';, we
find good equivariant Borel partitions of the I'-space X X E; such par-
titions lead to the Rokhlin chain map Z[E**!] — L®(X, 2)®z Z[...**1].
We apply these Rokhlin chain mapsto z’. Because z’ satisfies the colour-
ing condition, each simplex in z’ has one edge that is susceptible to
amenability of the I;; thus, for each § € R, we find a fundamental
cycle zj that admits a decomposition

z’5 = a chain consisting of degenerate simplices

+ a chain of norm in o(9).

Here, the “almost invariance” property of the amenable groups I} is re-
flected in the fact that almost everything cancels, except for degenerate
terms.

As degenerate simplices can be neglected when considering the £1-semi-norm
on homology, taking § — 0 shows that |M|* = 0. This strategy can be sub-
sumed in the following diagram:

equivariant subdivision
C.(M; Z2) > Z[E*]
|

~incl | \L Rokhlin
A -7 AN

L®(X,7)®, C.(M;7) +— L¥(X,7) ®, Z|[.."*] )

/ essentialness
filling  C
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Section 4 is devoted to the Rokhlin map; Section 5 contains the subdivision
argument. The actual proof of Theorem 1.2 is given in Section 6.

4. The Rokhlin chain map

We construct the Rokhlin chain map, we determine its effect on homology,
and - most importantly - establish the key norm estimates.

We first explain how Borel partitions lead to chain maps. The Rokhlin chain
maps then are the chain maps associated with Rokhlin partitions.

4.1. Borel chains. Let ' ~ (X, i) be a standard I'-space and let S be a count-
able free I'-set. We endow X x S"*! with the diagonal I'-action and the product
measure of 4 and the counting measure on S. We write

LX(X x S™*1,7)
for the submodule of L®(X x S"*1, Z) consisting of those (equivalence classes

of) essentially bounded functions X x S"*! — Z whose support is contained in
a set of the form X x F, where F C S"*! is finite. For n € N, we let

0y LY(X xS, 7) - L2(X X S", Z)

((x 5) — Z( 1)/ - Zf(x Sgs - ,Sj_l,t,Sj,...,Sn_1)>.

tes

This turns L7 (X X S **+1 7) into a ZT-chain complex. We consider the augmen-
tation map

£ LY(X xS, 7) - L*(X, 2)
fe 20,9
SES

Furthermore, we equip L7(X X S **+1 7) with the essential norm given by

1flies 1= 2, | IfC-.9)] du(x)

seSin+1) JX
forall f € LY(X x S™*1, 2).
Lemma 4.1. Let T be a countable group, let S be a free T-set, and let T ~ (X, )
be a standard T-space. Then
§s1 L°(X,2) ®7 Z[S*] - LY(X x 51, 2)
(x) ift=s
f®s»—>((x,t)»—>{£ i?t;és)
and
{s: LYX x §*1,7) - L*(X, Z) @7 Z[S**]

fe 2 f(-.9)®s

ses*+1
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are well-defined mutually inverse ZT'-chain isomorphisms, where the left hand
side is endowed with the diagonal T'-action.
These chain maps are compatible with the augmentations id;«(x 7) ® z€s and

g as well as with the essential norms | - |, .-

Proof. This is a straightforward computation. O

Corollary 4.2. In thesituation of Lemma4.1,&s: LY(XxS*1,7) » L¥(X, Z)
is a ZT-resolution of L*(X, 7).

Proof. The chain complex Z[S**!] with augmentation g : Z[S**!] — Z isa
ZT-resolution of Z. The Z-module L*(X, Z) is torsionfree, thus flat. So

L®(X,Z) ®7 Z[S*] = L®(X, Z)

is exact. With the diagonal action on L®(X, Z) ® 7 Z[S**!] it becomes a Z[T]-
resolution of L*(X, Z). Lemma 4.1 concludes the proof. O

4.2. The chain map associated with a Borel partition. Borel partitionslead
to corresponding equivariant partition chain maps.

Definition 4.3. Let I be a countable group, let E be a countable free I'-set, and
letT' ~ (X, u) be a free standard I'-space. A T'-equivariant u-partition of X X E
isafamily P : = (Wj),es of Borel subsets of X X E with the following properties:
+ The sets (Wy),cs are pairwise disjoint.
« The union (J, cs Wy is u®d-conullin X X E, where & denotes the count-
ing measure on E.
« The set S is equipped with a free I'-action and forally € ', s € S, we
have
y Wy=W,,.
We say that P is of finite type if the following holds: For each e € E, there are
only finitely many s € S with W N X X {e} # 0.

Remark 4.4 (induced partitions). Let I be a countable group, let E be a count-
able free I'-set, let ' ~ (X, u) be a free standard I'-space, and let P = (Wy)seg
be a I'-equivariant y-partition of X X E.

Ifn e Nand sy, ..., s, € S, we write

W(SO ..... $,) - = Wso Xx = Xx Wsn

.....

Then, for each n € N, the family (W;)segn+1 is a I'-equivariant u-partition
of X x E"*L, If P is of finite type, then also (W)scgn+1 is 0.

Proposition 4.5. Let I' be a countable group, let E be a free T'-space, and let
' ~ (X, u) be a free standard T-space. Let P := (Wy)ses be a T'-equivariant
u-partition of X X E of finite type. Then

" : Z[E*] - LY(X x $**1, Z)



1122 CLARA LOH, MARCO MORASCHINI AND ROMAN SAUER

is a ZT-chain map that extends Z < L*(X, Z).

Proof. Letn € N,lete € E"*!, and let f := ®F(e).

We first show that f indeed lies in L (X x S**1, Z). Clearly, f is measurable
and essentially bounded by 1 because (Wy),cgn+1 is a u-partition of X x E"+1
(Remark 4.4). Moreover, f has finite support as P is of finite type.

For I'-equivariance, we compute for all (x,s) € X x S**! that (using that P
is I'-equivariant)

(7 - (@)%, 9) = xw,_, (™" - x,e)
= X,y x,€)
= )(WS(X, y-e)
= (®F(y - e))(x, ).

For the chain map property, we compute for all j € {0, ...,n}and all s € S"
that (using that P induces a partition on X x E"*1)

z DP(e)(X, S0s wvv» Sj—1 £ S5 s Spm1) = Z KWigoosiras oy (X2 ©)
tes tes Y

= ){Utes W@Owwsj—lvt’sjwﬂ-‘n—l) (x’ e)

Therefore, 3(®F(e)) = ®F(3e).

Finally, we consider degree 0: As €5 : L (X X S**1.7) - L®(X,Z)is a
ZT-resolution (Corollary 4.2), the notion of “extends” from Definition 2.8 is
available. To see that the extension condition is satisfied, it suffices to show
that Zg0®F(e,) is the constant function 1 for each e, € E®*!: By construction,

Eso®” (eg) = D (x = xw,(x,€))-

seS

Because (W),cs is a u-partition of X X E, this sum equals 1. ]

4.3. The Rokhlin chain map. The Rokhlin chain maps are chain maps ob-
tained by applying the construction of the previous section to Rokhlin parti-
tions.

We use the following version of the Ornstein—-Weiss Rokhlin lemma, which
allows us to perform divisions on the level of Borel sets:

Theorem 4.6 (Rokhlin lemma [11, Theorem 3.6]). Suppose I is a countable
amenable group. Let T ~ (X, u) be a free standard I'-action, let F C T be a finite
set,and let § € R,

Then, there exists a u-conull T-invariant Borel set X' C X, a finite set J, a
family (A;)es of Borel subsets of X', and a family (T ;) je; of (F, 8)-invariant non-
empty finite subsets of T such that (T - x)je],xeAj partitions X'.
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Here, a non-empty finite subset T C T is (F, d)-invariant if
|F-TAT|
T

Setup 4.7. Let T be a countable group, let (T';);c; be a non-empty finite family of
amenable subgroups of T, and let F C T be a finite set.

Moreover, let T ~ (X, u) be an essentially free standard T-space.

Let§ € Ry, foreachi € I, let (A ) jey,»(Ti j)jes,) be a (F N Ty, 8)-Rokhlin
partition of a T';-invariant u-conull subset X l’ of X with respect to F N T;, as pro-
vided by Theorem 4.6. Without loss of generality we also assume that each T; ;
contains the neutral element of T.

Let E :=T X I, with the I'-translation action on the first factor.

<é.

Remark 4.8. For later use, we record that in the situation of Setup 4.7, we have
u(Tyj - Ayj)

1T
foralli € I and all j € J;, by the partition condition.

Moreover, given i € I and jo, j; € J; with j, # j;, wehave A4;; NA;; =0
because T; j, and T; ; contain the neutral element.

u(A; ;) =

Definition 4.9 (the Rokhlin chain map). In the situation of Setup 4.7, the
Rokhlin partition gives a I'-equivariant u-partition of X X I" X I which has finite
type, namely

P .= (()/ . Ai,j) x(y- Ti,j_l) X {l})

We write S := {(y,1, j) ) y €I,i € I,j € J;}, equipped with the I'-translation
action on the first factor. For s = (7,1, j) € S, we set

W= A x(y- Tl-fjl) x {i}.

Finally, we abbreviate ®° := @’ : Z[E*!] — L2(X x §**1,7) (Proposi-
tion 4.5).

yeliel,jer;’

Definition 4.10 (colouring condition). In the situation of Setup 4.7, we say that
atuple z = (4,,t,)re[n) € E "+1 satisfies the F-colouring condition if there exists
ani € I and k,l € [n] with k < I such thatt;, =¢t; = i and

A4 EFNT,
Here, [n] := {0, ..., n}.

In the situation of Setup 4.7, we always consider S to be the set described in
Definition 4.9.

Theorem 4.11 (properties of the Rokhlin chain map). Assuming the situation
of Setup 4.7, the Rokhlin chain map ®° : Z[E**'] — LE(X X S*+17) has the
following properties:

(1) The map ®° is a ZT-chain map that extends Z < L®(X, Z).
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(2) Let z € Z[E**!] be a chain that satisfies the F-colouring condition. Then
|<1>‘5(z)|1 ess < 0 - |zly; in particular,
; s _
gl_r}(l) ‘q) (Z)|1,ess =0.
Proof. Ad 1. This is a general property for chain maps associated with Borel

partitions (Proposition 4.5).
Ad 2. The proof is given in Section 4.4. O

4.4. The norm estimate for the Rokhlin chain map. We now prove the
second part of Theorem 4.11. In view of the triangle inequality, it suffices to
prove that

|q)5(z)’1,ess S 5

holds for all tuples z € E**! that satisfy the F-colouring condition. Since all the
involved terms are sufficiently I'-equivariant and symmetric in the coordinates
of z = (4,,1,)e[n], We may assume without loss of generality that 4, = 1 and
A € FNT;,wherei =ty =t;.

Setup 4.12. We assume Setup 4.7. In addition, we let n € N and we let
zZ = ((/10, to), veey (/‘ln, tn)) (S En+1

be a tuple that satisfies the F-colouring condition in the first two coordinates. More
specifically, let Ao = 1, and leti € I with i = ty = t; and

M EFNT,.
Furthermore, we set
SEY = {(rs ks ddretn) € STV [ Voen) b = b Veein) ¥r € A Ty}
By definition,

@), < 2w, (%, 2) du(x),
’ seSn+1) JX

As a first reduction, we show that only summands in Sé"H) contribute to this
sum:

Lemma 4.13. In the situation of Setup 4.12, let s € S+ \ S§"+1>. Then
f Xw,(x,z) du(x) = 0.
X
Proof. We write s = (y,, i, j,)re[n) and compute
f xw,(x,2) du(x) = u({x € X | (x,2) € W})
X

= ’u({x €X | Vre[n] (x’ﬂ'r’ tr) € Wyrair’jr})'

Ass & S;"H), we can distinguish two cases:
« there exists an 7 € [n] with ir # t7;
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« for all r € [n], we have i, = ¢, but there exists an R € [n] with y; &
AR * TtR’jR'

In the first case, (x, A5, t;) & Wy i in view of the I-coordinate, and so the
set in question is empty.
In the second case, we obtain

f xw,(x,2) dp(x) = u({x € X |Vrepm (0, 4) €7r- Ay, X, T, D)
X

this latter set is empty because of the R-th term.
Thus, in both cases, the integral is zero. O

Lemma 4.14. In the situation of Setup 4.12, we have

|(I)5(Z)|1,ess <3

Proof. By the reduction in Lemma 4.13 and the definition of S§”+1> and W, we
have

|(I)5(z)|1 ess < Z fXWs(x’Z) d:u(x)
’ X

S€S§n+1>

= Y A

ridrjp)reset reln]

n
= Z M(J’o “Apj, N1 A N m Yr 'At,,j,)-

Wrirsjr)reSTHY r=2

By the Rokhlin partition condition, for each r € [n], the sets in the family (y, -
A i)je 1, €L, T, aTe pairwise disjoint. Therefore, inductively (over r > 2),
we can simplify to

)CIJ‘S(Z)|LeSS <> > > > Mo - Aij, N Y1 Aijy)

Jo€Ji Yo€T jy j1€Ji v1€4:° T j; \{vo}

+Z Z Z u(yo - Aij, NYo " Aij)-

Jo€Ji Y0€T j, j1€T:\ o}

In the first sum, if y; € T, j,, then the intersection term is empty because we
have a Rokhlin partition. Similarly, in the second sum, only empty sets appear
(here we use the fact that in our setup A; j and A, ; are disjoint; Remark 4.8).
So, we obtain

D@, S0 2 X X Mo Ay Ny Ay).

Jo€Ji Vo€T i jy h€Ji €M Tijy\Tijy
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Again, using the Rokhlin partition, we see that the sets y, - A; j, are all pairwise
disjoint for j, € J;, vy € T; ; . Thus, the sum reduces to

L,Jo

2°@), S X 2 KAL)

hE€li €l T \Tij,

= Z Z M(A; j,)-

J€Jin €A T \Ti j,

Finally, we use the (F N T, §)-invariance of T; j (and Remark 4.8):

|q)5(z)|l,ess = Z M(Al',h) Ay Tij, \Ti’jll

J1€J;
(T j, - Aij,)

< # .5 |Ti,j1|

J1€; L
=8 D, Ty, - Aij)

J1€J;
=06-1.
This is the claimed estimate. O

This completes the proof of Theorem 4.11.

5. Fundamental cycles subordinate to open covers

To apply the Rokhlin chain map to obtain fundamental cycles of small norm,
we subdivide a fundamental cycle such that the resulting cycle is subordinate to
the given open cover. We formulate this subdivision in the language of equivari-
ant chain maps. Moreover, we show how these subdivisions can be integrated
into the norm estimates for simplicial volume.

Setup 5.1. Let n € N. We consider the following situation

« Let M be a path-connected finite CW-complex with fundamental group
T :=m(M);

e Let w: M — M be the universal covering map;

* Let (U;);c be a finite open amenable cover of M such that each U; is path-
connected. Foreveryi € I, letT; < T beim(m,(U;, x;) — 7 (M, x;)) for
some choice of x; € U; (up to conjugacy, this choice will have no effect).

o Let E :=T X1, equipped with the T'-action on the first factor.

5.1. From open covers to small equivariant open covers. As a first step,
we refine the given open cover and pass to an equivariant setting.

Definition 5.2. In the situation of Setup 5.1, a small equivariant open cover
associated with (U;);er is an open cover (¥ - K;)(, jerxs of M with the following
properties:
« Foralli € I, the set K; C M is relatively compact, open, and path-
connected.
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« Foreveryi €I, the sets y - K; with y € T are pairwise distinct.
« Foralli €I, thesetT; - K; is a path-component of 7~1(U;).
« Foralli € Tandally,A €T,wehavey-K;N1-K; #0 =y ' -1 €T,

Lemma 5.3. In the situation of Setup 5.1, there exists a small equivariant open
cover associated with (U;);cr.

Proof. Leti € 1. We choose a path-connected component V; of 771(U;); we
make this choice in such a way that the deck transformation action of I on M
restricts to an action of I'; to V;. The restriction 7|y, : V; — U, is a covering
map and we may choose a relatively compact, path- connected fundamental do-
main D; C V; for the deck transformation action I'; ~ V;. We enlarge D; to a
relatively compact, open, path-connected subset K; C V; with D; C K; and

Vier\iy ¥ Ki # K.

Such a set can, for instance, be obtained by selecting a point x, € D; and
then looking at relatively compact, open, path-connected neighbourhoods of
all points in D; that avoid the discrete set T - x, \ {Xo}; as D; is relatively com-
pact, finitely many such neighbourhoods suffice.

By construction, K; is relatively compact, open, and path-connected. More-
over, y - K; # A4 - K; for distinct group elements y,1 € T'.

We have I; - K; = V; because

= UV'DiC UV'KiC UV'Vi=Vi-

Y€l y€rl; y€r;

The last property is automatically satisfied because I'; - K; coincides with the
path-component V; of z71(U;) and T; is im(7r; (U;, x;) = 7(M, X;)). O

5.2. Equivariant subdivision. In the situation of Setup 5.1, let I" be torsion-
free (e.g., this holds if M is a closed aspherical manifold), and we let N denote
the nerve of a small equivariant open cover (y-K;), jyerxs associated with (U;);e;-
Thus, N is a I-simplicial complex and the obvious simplicial I-action on N is
free on the set of all simplices (since T is torsion-free).

Moreover, we denote the geometric realisation of a simplicial complex X
by |X| and we write C3(X; Z) for the ordered simplicial chain complex [43,
Chapter 4.3].

Lemma 5.4. In this situation, there exists a continuous T-map M — |N|.

Proof. Nerve maps associated with equivariant I'-partitions of unity are con-
tinuous I'-maps [35, proof of Lemma 4.8]. Therefore, it suffices to find a I'-
partition of unity of M subordinate to (y - K;)(y.i\erxr-

Starting with an open cover of M that refines (y -K;)y.ierx: and such that the
universal covering map 7 of M is a homeomorphism on each member, we find
a finite open cover V of M that refines (U;);c; with the following property: For
each member W of V, there exists an open set W C M such that 7T|W W-w
is a homeomorphism and such that there exists an i(W) € I with W ¢ Kiow)-
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Let (¢w)wey be a partition of unity of M subordinate to V. Then, for (y,i) €
I' X I, we set
Py = Z Xy - PwoOT.
WeV.,i(W)=i
A straightforward computation shows that each ¢, ;) is continuous and that
(@0.i))y.erxt is a partition of unity that is subordinate to (y - K;) jyerxs- More-
over, we have

Vieit @A X) = r1.,)(X)
forall (y,i) € I'xIandall 1 € I. This shows that (¢, ;))y,ierxs has the desired
properties. (]

Lemma 5.5. Let T be a group and let X be a simplicial complex with a simpli-
cial T-action that is free on the set of all simplices. Then the canonical chain
map Ci(X;7) — C,(|X];Z) [43, Chapter 4.4] is a ZT'-chain homotopy equiv-
alence.

Proof. The canonical chain map i: C}(X;Z) — C.(|X|;Z), given by affine
linear parametrisation [43, Chapter 4.4 on p. 173], induces an isomorphism on
homology [43, Theorem 8 in Chapter 4.6 on p. 191]. Moreover, C3(X; Z) and
C.(JX|; Z) are free ZT-chain complexes and i is a ZT'-chain map. Therefore, i
is a ZI'-chain homotopy equivalence [6, Theorem (8.4) on p. 29]. O

Letv: M — |N|be a I-map as provided by Lemma 5.4. We then write
B: C.M;Z) - CLUN; Z)

for the composition of C,(v;Z): C.(M;Z) — C.(|N|;Z) and of a ZT'-chain
homotopy equivalence C,(|N|; Z) - C5(N; Z) (Lemma 5.5). It should be noted
that in general § will not be a degree-wise bounded linear map because the
number of subdivisions cannot be uniformly controlled.

Moreover, leta : C3(N;Z) — Z[E**!] be the canonical ZI'-chain map, given
by viewing C3(N’; Z) as a subcomplex of Z[E**!].

Finally, we set

¢* 1= aof: C.(M;Z) - Z[E**!]

and call this an equivariant subdivision. By construction, ¢*® is a ZI'-chain map.

Proposition 5.6. In the situation of Setup 5.1, let (y - K;), pyerx: be a small equi-
variant open cover associated with U = (U,;);c; and let ¢* be an equivariant sub-
division as above. We set

F:=|Jirerly-Kink #@CT.
iel
Then:
(1) The set F is finite. _
(2) If mult(U) < n, then for each singular n-simplex o : A" — M and every
simplex occuring in ¢°(0), at least two entries have the same F-colour.
Here, (y,i),(A, j) € E have the same F-colour ifi = jandy™!-1 € FNI;.
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Proof. Ad 1. As the deck transformation action I' ~ M is propetly discontin-
uous, as [ is finite, and as each K; is relatively compact, the set F is finite.

Ad 2. Let (Yo, ip)s --- » (¥n» i) be an n-simplex that appears in ¢*(c). By defi-
nition of N and C$(N; Z), this means that

ﬂ Vr: Ki, #* @.
r=0

In particular, also ﬂ;I:o 71 (U;) # ¥. The multplicity of (77'(U;));er equals
the multiplicity of (U,);c;, which is < n. In particular, at least two of the n +
1 elements iy, ..., i, must be equal, say i, = i; =: i. By definition of small
equivariant open covers associated with (U;);c; (Definition 5.2), we have that
Yo - Kiny; - K; # @ implies y; 1.y, €T;. Moreover, we also have by definition
of F thaty L.y, € F. Thus, (¥, iy) and (1, i;) have the same F-colour. O

5.3. Thesimplicial volume estimate. We combine the previously developed
subdivision tools and take advantage of asphericity to get back from the com-
binatorial resolutions to the singular chain complex:

Lemma 5.7. Let M be a connected aspherical CW-complex with fundamental
group T" and let S be a free I'-set. Then there exists a ZI'-chain map

Y Z[S*] - C.(M;Z)
that extends the identity Z — Z and satisfies |||| < 1 with respect to | - |;.

Proof. Using asphericity of M, inductively filling simplices, one can construct
a ZT-chain map ¢ : Z[S**'] —» C,.(M; Z) that extends id .

This filling construction satisfies |||| < 1 because each tuple is mapped to a
single singular simplex. (]

Proposition 5.8. In the situation of Setup 5.1, let M be aspherical, let ¢* be an
equivariant subdivision as in Section 5.2, and let z € Z @ 1 C,,(M; Z) be a cycle.
Moreover, let S be a free T'-set, let « : T ~ (X, u) be a free standard I'-space, and
let ®: Z[E**!] - L®(X,Z) ®, Z[S**'] be a ZT'-chain map that extends the
inclusion Z & L*®(X, Z). Then

2] < |@og")r(2)]..

Proof. The methods of Section 5.2 and Section 4 apply because the fundamen-
tal group T of the finite aspherical CW-complex M is torsion-free and count-
able. Let ¥ : Z[S**'] — C,.(M;Z) be a ZT'-chain map that extends the iden-
tity Z — Z and satisfies ||¢|| < 1; such a chain map exists by Lemma 5.7. Then

¥ = (dpex,z) ®z9P)oPog?

is a ZT'-chain map C,(M; Z) — L®(X, Z) ® C.(M; Z) that extends the inclu-
sion Z & L*(X, Z); because M is aspherical, ¥ is thus ZT'-chain homotopic to
the change of coefficients map (Lemma 2.9 and Example 2.11) and the induced
map

Yr: ZQ®yr C.(M; 7)) - L¥(X,Z) Q1 C.(M; Z)
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is chain homotopic to the change of coefficients map. In particular, ¥1(z) is a
cycle representing [z]%; we thus obtain

l[z]I* < [¥1(2)], < I¥ll - |(@op*)r(2),
< |[(@og)(2)|
as claimed. O

5.4. The simplicial volume estimate, essential simplices. We refine the
simplicial volume estimate of Proposition 5.8 to a bound that only counts es-
sential simplices and ignores degenerate simplices.

Proposition 5.9. Let T be a torsion-free group and let S be a non-empty free
-set. Then there exists a T-equivariant chain map 7 : Z[S**'] — Z[S**!] ex-
tending idz : Z — Z (whence 1 ~zr idzg«+11) with following property: For all
chains c € Z[S**1], we have

|77k(c)|1 < (k + 1)! ’ |C|1,ess'

Proof. We argue similarly to case of integral singular homology [9] through a
barycentric subdivision: As S is non-empty, there exists a o, € S.

We write D for the set of all finite non-empty subsets of S. Because I is
torsion-free, the induced action on D is also free. Hence, Z[D**!] and Z[S**!]
are free ZI'-resolutions of Z.

First, choosing a I'-fundamental domain F C D, we have the ZT'-chain map
¢: Z[D**!'] - Z[S**!] defined as follows: Fory,, ..., yx € 'and x,, ..., x; € F,
we set

o(Yo " X0 > Yk * Xk) = (Yo - O0s -+ » Yk * O0)-

Conversely, we construct the barycentric subdivision map § : Z[S**1] —
Z[D**'] inductively as follows: In degree 0, we set §(x,) := {x,} forall x, € S.
Forz € Dlet (_,z): Z[D*] = Z[D**'] denote the linear extension of the map
DK = D*1 (31, ..., y1) = (V1 - » Vi 2). Inductively, for k € N, we set

k
8(Xgy e Xg) 1= D (=1 (8(xg, e, £y v Xp), X0, v X}
j=0
for all x,, ..., x;, € S. Note that in the previous formula §(x,, ..., J?j, ey Xp) IN-

ductively is a linear combination of elements in D¥, of norm at most k!; more-
over, we inductively see that § is compatible with the boundary operator. There-
fore, § is a ZI'-chain map with

16kl < (k + 1)!

for all k € N. Moreover, a straightforward inductive computation shows that §
maps (7(xp), ... , T(xx)) to =8(xy, ... , X} ) for every transposition 7. In particular,
d maps degenerate tuples to 0.

We now consider the ZT'-chain map

n =08 : Z[S**'] - Z[S*1]
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By construction, 7 extends idy. Moreover, ||7,|| < (k + 1)! and 7, maps degen-
erate tuples to 0. The claim follows. O

Corollary 5.10. In the situation of Setup 5.1, let M be aspherical with torsion-
free and countable fundamental group T, let ¢* be an equivariant subdivision as
in Section 5.2, and let z € Z @ C,(M; Z) be a cycle. Moreover, let S be a free
T-set, let a : T ~ (X, 1) be a free standard T'-space, and let

®: Z[E*] - L®(X,Z) @, Z[S**!]
be a ZT-chain map that extends the inclusion Z < L*(X, 7). Then
[IZ11% < (n + D! - [(@og*)r (D),

Proof. We apply Proposition 5.8 to the composition (id; «(x,7) ® zr1)o®, where
7 is a ZT'-chain map as provided by Proposition 5.9 and combine the resulting
estimate with the norm estimate of Proposition 5.9. (|

6. Proof of Theorem 1.2

We prove Theorem 1.2 following the outline of Section 3, i.e., by combining
the results from Section 4 and Section 5. More precisely, we prove the following
slightly more general statement:

Theorem 6.1. Let M be a finite connected aspherical CW-complex with funda-
mental group T, let n € N, and let U = (U;);c; be an open amenable cover of M
by path-connected subsets with mult U < n. Moreover, let T' ~ (X, u) be an es-
sentially free standard I'-space. Let x € H,(M; Z). Then

|x]* = 0.

Proof. By passing to a conull subspace, we may assume that ' ~ (X, u) is a
free standard I'-space.

By hypothesis, in particular, we are in the situation of Setup 5.1. As M is
finite, M is compact and T is countable and torsion-free. We may assume that
I is finite. Therefore, Lemma 5.3 and Section 5.2 guarantee the existence of an
equivariant subdivision ¢°®.

Let z € Z ®,r C,(M; Z) be a cycle representing x in H,(M; Z) and let

z' 1= (¢")r(2) € Z ®zr Z[E"*]

be the corresponding subdivided cycle.
For each 6 € R.(, we can construct a corresponding Rokhlin chain map
®° : Z[E*!] - L2(X x §**1, Z) (Lemma 4.1 and Definition 4.9). Let

)
O :=(s0®°: Z[E*t] - L¥(X,Z) @, Z[S**].

5
Then @ isa ZI'-chain map that extends the inclusion Z < L*(X, Z). Because
M is aspherical, we therefore obtain

el < (o 1 @),
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from Corollary 5.10. By Proposition 5.6, every simplex in z’ satisfies the colour-
ing condition required in Theorem 4.11. Therefore, Theorem 4.11 shows that

[x|*<(m+1)-6-|2|;.
Taking § — 0 gives |x|* = 0. O

Proof of Theorem 1.2. We only need to note that every closed connected man-
ifold has the homotopy type of a finite connected CW-complex. Therefore, we
can apply Theorem 6.1 ton :=dimM and [M] € H,(M; Z). O

7. Examples of manifolds admitting small amenable covers

In this section, we recall standard techniques to produce small amenable
covers and we apply them to the manifolds in Section 1.1.
One key ingredient is the following elementary fact:

Lemma 7.1. Let X be a connected topological space and let Y be a connected CW-
complex. Suppose that there exists a continuous map f : X — Y whose r;-kernel
ker(m,(f)) is amenable. Then, we have

catp,(X) <dim(Y) + 1.

Proof. The CW-complex Y is homotopy equivalent to a simplicial complex of
the same dimension [25, Theorem 2C.5 on p. 182]. Thus we may assume that
Y is already a simplicial complex. The space Y is covered by the open stars
of its vertices. The multiplicity of this cover is dim(Y’) + 1. Each open star is
contractible. In particular, we have cat,,(Y) < dim(Y) + 1. By taking the pull-
back along f of every open amenable cover of Y, the amenability of ker 7z, (f)
gives caty,(X) < catp,(Y) [10, Remark 2.9]. O

This result allows us to compute the amenable category of a space in terms
of the cohomological dimension of certain quotients:

Lemma 7.2. Letn > 4. Let X be a connected CW-complex with fundamental
group I' := m(X). Suppose I' contains an amenable normal subgroup A such
that A :=T'/A has cohomological dimension cdy A < n. Then, caty,,(X) < n.

Proof. Because n > 4 and cd; A < n, there exists a model Y of the classifying
space BA with dimY < n [6, Chapter VIIIL.7]. We now apply Lemma 7.1 to the
composition Brocy : X — Y, where 7 : I' » Ais the canonical projection and
cx : X — BT is the classifying map. O

In particular, Theorem 1.2 applies to oriented closed connected aspherical
n-manifolds with n > 4, whose fundamental group I' contains an amenable
normal subgroup A with cd,(I'/A) < n.

The approach of constructing amenable covers as pullbacks dates back to
Gromov’s proof of Yano’s theorem [21, p. 41] and was recently generalized to
the case of F-structures by Babenko and Sabourau [4, Corollary 2.8].

Similarly, we can handle S!-foliations:
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Proposition 7.3. Let M be an oriented closed connected smooth manifold that
admits a regular smooth circle foliation with finite holonomy groups. Then we
have catp,(M) < dim(M).

Proof. Let F be a regular smooth circle foliation of M with finite holonomy
groups, and let X := M /¥ be the leaf space. Let 7 : M — X be the projection
map. Then the leaf space X is an orbifold of dimension dim(X) = dim(M) — 1
and can be triangulated [37, Theorem 2.15 on p. 40; 38, Proposition 1.2.1].

We explain how the open stars covering of a subdivision of X leads to an
amenable cover of M with small multiplicity:

Letn := dim(M), let L C M be a leaf of # and let H be its holonomy group.
Given x € L, there exists a sufficiently small open disk D! that is a transversal
section of F at x [37, Section 2.3 and Remark on p. 31] and such that each
element of H can be represented by a holonomy diffeormorphism of D", In
this situation we can define the following: If L — L is a finite covering of L
corresponding to the finite group H, we denote by Lxz D" the quotient space
of L x D""! under the identification (lh,d) ~ (I, hd) for all I € L,h € H, and
alld € D"!. Since each leaf is a circle, by construction, L Xy D"! has the
structure of a disk bundle over S [37, p. 17]. In particular, L Xz D"~ has an
amenable fundamental group.

By the local Reeb stability theorem [37, Theorem 2.9], every leaf L of # ad-
mits a saturated open neighbourhood V; C M that is diffeomorphic to the set
L x;; D" as above; a set V is saturated if for every y € V, the leaf passing
through y is entirely contained in V.

We now consider for each leaf L of & the projection 7(V;) Cc M /¥ . By con-
struction, the open sets 7(V;) = D"~ /H provide an atlas for the orbifold M / F.
Hence, passing to an iterated subdivision T of the triangulation of X = M /¥,
we can assume that each open star at a vertex of T is entirely contained in a set
of the form (V) with L a leaf of . Let U be the open cover of X correspond-
ing to the open stars at the vertices of T and let U’ be the pullback of U along 7.
By construction, we have mult(U’) = mult(U) = dim(M /%) + 1 = dim(M).
Moreover, the open cover U’ is amenable because each member of U is entirely
contained in some amenable set V;. This shows that caty,(M) < dim(M). O

As a corollary we deduce the case of smooth S!-action without fixed points:

Corollary 7.4. Let M be an oriented closed connected smooth manifold that ad-
mits a smooth S'-action without fixed points. Then, caty, (M) < dim(M).

Proof. Itissufficient to notice that every smooth S!-action without fixed points
gives rise to a regular smooth circle foliation with finite holonomy groups [37,
p. 16]. Therefore, the result is a direct consequence of Proposition 7.3. (]

It should be noted that every smooth non-trivial S'-action on a closed as-
pherical manifold has no fixed points [36, Corollary 1.43].
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