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ABSTRACT. We give a survey of basic results on the cut norm and cut
metric for graphons (and sometimes more general kernels), with empha-
sis on the equivalence problem. The main results are not new, but we
add various technical complements, and a new proof of the uniqueness
theorem by Borgs, Chayes and Lovasz. We allow graphons on general
probability spaces whenever possible. We also give some new results for
{0,1}-valued graphons and for pure graphons.
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1. Introduction

In the recent theory of graph limits, introduced by Lovész and Szegedy [49]
and further developed by, e.g., Borgs, Chayes, Lovéasz, S6s and Vesztergombi
[14, 15], and described in detail in the monograph by Lovéasz [47], a promi-
nent role is played by graphons. These are symmetric measurable functions
W : Q2 — [0,1], where, in general,  is an arbitrary probability space. The
basic fact is that every graph limit can be represented by a graphon (where
we further may choose Q = [0,1] if we like); however, such representations
of graph limits are far from unique, see, e.g., [12, 13, 14, 24, 47, 49]. (This
representation is essentially equivalent to the representation by Aldous and



GRAPHONS, CUT NORM AND DISTANCE 3

Hoover of exchangeable arrays of random variables, see [43] for details of
this representation and [4, 24] for the connection, which is summarized in
Appendix D.) See Appendix B for a very brief summary.

It turns out that for studying both convergence and equivalence of gra-
phons, a key tool is the cut metric [14]. The purpose of this paper is to give
a survey over basic, and often elementary, facts on the cut norm and cut
metric. Most results in this paper are not new, even when we do not give a
specific reference. (Most results are in at least one of [12, 13, 14, 24, 47, 49].)
However, the results are sometimes difficult to find in the literature, since
they are spread out over several papers, with somewhat different versions
of the definitions and assumptions; moreover, some elementary results have
only been given implicitly and without proof before. Hence we try to collect
the results and proofs here, and state them in as general forms as we find
convenient. For example, we allow general probability spaces whenever pos-
sible. We thus add various technical complements to previous results. We
also give some new results, including some results on {0, 1}-valued graphons
in Section 10, and some results on pure graphons leading to a new proof of
the uniqueness theorem by Borgs, Chayes and Lovéasz [13] in Section 9.

We include below for convenience some standard facts from measure
theory, sometimes repeating standard arguments. Some general references
(from different points of view) are [6, 19, 42, 55].

Remark 1.1. The basic idea of graph limits has been generalized to limits
of many other finite combinatorial objects such as weighted graphs, directed
graphs, multigraphs, bipartite graphs, hypergraphs, posets and permuta-
tions, see for example [4, 14, 15, 24, 26, 36, 40, 44, 52, 53]. Many results
below extend in a straightforward way to such extensions, but for simplicity
we leave such extensions to the reader and concentrate on the standard case.

2. The setting

Let (92, F, ) be a probability space. (We will usually denote this space
simply by Q or (2, 1), with F and perhaps p being clear from the context.)
Often we take Q to be [0, 1] (or (0,1]) with g = A, the Lebesgue measure;
this is sometimes convenient, and it is often possible to reduce to this case;
in fact, in several papers on graph limits only this case is considered for
convenience. (See [38] for a general representation theorem.) However, it is
also often convenient to consider other 2, and we will here be general and
allow arbitrary probability spaces.

Nevertheless, we will often consider [0,1] or (0,1]. Except when we ex-
plicitly say otherwise, we will always assume that these spaces are equipped
with the Borel o-field B and the Lebesgue measure, which we denote by A.
(We denote the Lebesgue o-field by £; we will occasionally use it instead of
B, but not without saying so. Recall that £ is the completion of B, see, e.g.,
19].)
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Remark 2.1. Our default use of B is important when we consider mappings
into [0, 1], but for functions defined on [0, 1] or [0, 1]2, it often does not matter
whether we use B or L, since every L-measurable function is a.e. equal to a
B-measurable one. In fact, it is sometimes more convenient to use L.

In a few cases, we will need some technical assumptions on €2. We refer to
Appendix A for the definitions of atomless, Borel and Lebesgue probability
spaces.

We will study functions on 2, and various (semi)metrics on such func-
tions. Of course, 02 is itself a probability space, equipped with the product
measure 2 := p x g and the product o-field (or its completion; this makes
no difference for our purposes).

Remark 2.2. The definitions and many results can be extended to functions
of Q" for arbitrary » > 2, which is the setting for hypergraph limits; see,
e.g., [10] and [26].

All subsets and all functions on € or £? that we consider will tacitly
be assumed to be measurable. We will usually identify functions that are
a.e. equal. This also means that functions only have to be defined a.e.
(In particular, this means that it does not make any significant difference
if we replace F by its completion; for example, on [0,1] and [0, 1]?, with
Lebesgue measure, it does not matter whether we consider Borel or Lebesgue
measurable functions, cf. Remark 2.1. Moreover, in this case it does not
matter whether we take [0, 1], (0, 1] or (0,1).)

The natural domain of definition for the various metrics we consider is
LY(92), but we are really mainly interested in some subclasses.

Definition 2.3. A kernel on ) is an integrable, symmetric function W :
02 — [0, 00).

A standard kernel or graphon on  is a (measurable) symmetric function
W :Q? —[0,1].

We let W =W (Q) denote the set of all graphons on a given (.

We are mainly interested in the graphons (standard kernels), since they
correspond to graph limits. We use kernels when we find it more natural to
state results in this generality, but we will often consider just graphons for
convenience, leaving possible extensions to the reader.

Warning. The terminology varies between different authors and papers.
Kernel and graphon are used more or less interchangeably, with somewhat
different definitions in different papers. (This includes my own papers, where
again there is no consistency.) Apart from the two cases in the definition
above, one sometimes considers the intermediate case of arbitrary bounded
symmetric functions Q% — [0,00). Moreover, sometimes one considers W
with arbitrary values in R, and not just W > 0; for simplicity, we will not
consider this case here. (Extensions to these cases are typically straight-
forward when they are possible.)
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Remark 2.4. For consistency we here require W to be measurable for the
product o-field F x F, but it makes no essential difference if we only require
W to be measurable for the completion of F x F, since every kernel of the
latter type is a.e. equal to an F x F-measurable kernel.

Remark 2.5. A kernel is said to be Borel if it is defined on a Borel space,
and Lebesguian if it is defined on a Lebesgue space, see Appendix A for
definitions. We sometimes have to restrict to such special kernels (which
include all common examples). Note that the difference between Borel and
Lebesguian kernels is very minor: A Lebesgue probability space is the same
as the completion of a Borel probability space. Hence, if W is a Borel kernel
defined on some (Borel) space (€2, F, 1), then W can also be regarded as a
Lebesguian kernel defined on (€2, F , i), where F is the completion of F (for
w). Conversely, if W is a Lesbeguian kernel defined on (Q, F, u), then F
is the completion of a sub-o-field Fy such that (€, Fo, i) is a Borel space.
Hence W is a.e. equal to some Fy x Fp-measurable function Wy, which we
may be assume to be symmetric and with values in [0,1]; thus W = W,
a.e. where Wy is a Borel kernel. Consequently, up to a.e. equivalence, the
classes of Borel and Lebesgue kernels are the same, and it is a matter of
taste which version we choose when we introduce one of these restrictions.
Cf. Remark 2.1.

Remark 2.6. The definitions and results can be extended to the nonsym-
metric case, considering instead of W({2) the set of arbitrary (measurable)
functions Q2 — [0, 1] or, more generally, 1 x Qs — [0,1]. Such functions
(bigraphons) appear in the graph limit theory for bipartite graphs, see, e.g.,
[24] and [52].

Example 2.7. Let G be a (simple, undirected) graph. Then G defines
naturally a graphon W, which forms a link between graphs and graphons
and is central in the graph limit theory, see, e.g., [14]. In fact, there are two
natural versions, which we denote by W(\;/ and W(';

For the first version, we regard the vertex set V' of G as a probability space
with each vertex having equal probability 1/|G|. We define the graphon
W(\;/ : V2 = [0, 1] on this probability space by

1 if uw and v are adjacent,

(2.1) W (u,v) = {

0 otherwise.

In other words, Wé/ equals (up to notation) the adjacency matrix of G.
For the second version we choose the probability space Q = (0,1]. Let

n := |G| and partition (0, 1] into n intervals I, := (=1, £]. We assume that

the vertices of G are labelled 1, ..., n (or, equivalently, that V = {1,...,n}),
and define

(2.2) Wh(z,y) == W¥(i,5) if 2 € Lin, y € Lin.
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The graphons Wg{ and Wé are equivalent in the sense defined below, see
Example 6.8. Usually it does not matter which version we choose, and we
let Wg denote any of them when the choice is irrelevant.

3. Step functions

Recall that a function f on € is simple or a step function if there is a finite
partition Q = [JI_; A; of Q such that f is constant on each A;. Similarly, we
say that a function W on Q2 is a step function if there is a finite partition
Q=L Ai of Q such that W is constant on each A; x A;. Step functions
are also said to be of finite type. If W is a kernel or graphon that also is a
step function, we call it a step kernel or step graphon.

When necessary, we may be more specific and say, for example, that W
is a P-step function, where P is the partition {A;} above, or an n-step
function, when the number of parts A4; is (at most) n.

Step kernels (and graphons) are important mainly as a technical tool, see
several proofs below. However, they can also be studied for their own sake;
see Lovasz and Sés [48], which can be seen as a study of step graphons,
although the results are stated in terms of the corresponding graph limits
and convergent sequences of graphs.

Remark 3.1. Note that being a step function on Q2 is stronger than being
a simple function on that space, which means constant on the sets of some
arbitrary partition of 0?; it is important that we use product sets in the
definition of a step function on Q2. See also Example 5.3 below.

Warning. Some authors use different terminology. For example, when
studying functions on [0, 1], step functions are sometimes defined as func-
tions constant on some finite set of intervals partitioning [0, 1], i.e., the parts
A; are required to be intervals. We make no such assumption.

4. The cut norm

For functions in L!(Q?) we have the usual L' norm

(4.1) W = / W dy?
QQ

and the corresponding metric ||W; — Wal|1.

For the graph limit theory, it turns out that another norm is more im-
portant. This is the cut norm ||W|g of W, which was introduced for a
different purpose by Frieze and Kannan [29], and given a central role in the
graph limit theory by Borgs, Chayes, Lovasz, Sés and Vesztergombi [14].
(Its history actually goes back much further. For functions on [0, 1]?, the
version in (4.3) is the same as the Fréchet variation of the corresponding
distribution function F(z,y) := [ [{ W, see Fréchet [28]; more generally,
|W{o,2 equals the Fréchet variation of the bimeasure on Q2 corresponding
to W. See further, e.g., Littlewood [46] (where also the discrete version is
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considered), Clarkson and Adams [18] and Morse [54], and in particular Blei
[7] with further references.)

There are several versions of the cut norm, equivalent within constant
factors. Following [29] and [14], for W € L'(9?) we define

(42) Wl = sup| [ Waw) du(o) duto)|
S, T'JSxT

where the supremum is taken over all pairs of measurable subsets of ).
Alternatively, one can take

(4.3) W

2= swp W (,)f (2)g(y) () dpa(y)

floo,glloo§1’ Q2
taking the supremum over all (real-valued) functions f and g with values
in [-1,1]. (We let ||f|/co denote the norm in L of f, i.e., the essential
supremum of |f|.) It is easily seen that in taking the supremum in (4.3)
one can restrict to functions f and g taking only the values +1. Note that
(4.2) is equivalent to (4.3) with the supremum taken over only f and g with
values in {0, 1} (i.e., indicator functions); it follows that

(4.4) Wliaa < [Wloz < 4[Wlo.
Thus the two norms || - |01 and || - ||g2 are equivalent, and it will almost
never matter which one we use. We shall write || - || for either norm, when

the choice of definition does not matter. For further, equivalent, versions of
the cut norm, see Appendix E.

We usually do not indicate 2 or p explicitly in the notation; when nec-
essary we may add them as subscripts and write, for example, | - |00, or

H : HD797H71'

Remark 4.1. Similarly, it is easily seen that (4.2) is equivalent to (4.3)
with the supremum taken over only f and g with values in [0, 1].

One advantage of the version || - ||g2 is the simple “Banach module”
property: For any bounded functions h and k on §2,
(4.5) [A(2) k()W (2, y)llo2 < [|PllcollElloo W02

A similar advantage is seen in Lemma 4.5 below. (In both cases, using ||-||01
would introduce some constants.) On the other hand, ||-||o,1 is perhaps more
natural, and probably more familiar, in combinatorics.

Note that for either definition of the cut norm we have

(1.6 [ W] < Wl < 1w

Remark 4.2. The definition (4.3) is natural for a functional analyst. This
norm is the dual of the projective tensor product norm in L>(Q)&L>(£2),
and is thus the injective tensor product norm in L'(Q)®L!(Q2); equivalently,
it is equal to the operator norm of the corresponding integral operator



8 SVANTE JANSON

L>(Q) — L'Y(Q). This contrasts nicely to the L' norm on 92, which is
the projective tensor product norm in L1(Q)®LY(Q). (See, e.g., [60].)

Remark 4.3. We may similarly define the cut norm of functions defined
on a product of two different spaces.

Remark 4.4. The one-dimensional version of the cut norm coincides with

the L! norm. This is exact for || - ||g2: If f is any integrable function of €,
then
(47) 9= sup | [ f@)gte) duto)]
llgllo<1'/2
For the one-dimensional version of | - ||3,1, we may in analogy with (4.4)

lose a factor 2; we omit the details.
We define the marginals of a function W € L'(Q?) by

(48) WO () = /Q Wz, ) du(y),

—(2
(4.9) W)= [ Wiay) duto).
It a well-known consequence of Fubini’s theorem that
—(1
A P g P

for any W € L'(Q?). This extends to the cut norm on 02, even though this
norm is weaker. This is stated in the next lemma, which can be seen as a
consequence of Remark 4.4 and the fact taking marginals (in any product,
and in any dimension) does not increase the cut norm.

Lemma 4.5. If W € L'(92), then W 1), W N1 < IIW|o.s-
Proof. By symmetry, it suffices to consider w f € L>®(Q), then
—(1
|7 @@ duta) = [ W) @) aute) anty

and the result follows from (4.3), letting ¢g(y) = 1 and taking the supremum
over all f with [|f||c < 1, using (4.7). (Or simply taking f(z) equal to the

sign of W(l)(:x).) O

Remark 4.6. It is a standard fact that the step functions are dense in
L'(Q) and L'(Q?). As a consequence, they are dense also in the cut norm
in these spaces.

We finally note that the cut norm really is a norm if we, as usual, identify
functions that are equal a.e.

Lemma 4.7. If W € LY(Q2), then |[W|o=0 < W =0 a.e.
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Proof. Suppose that [|[W|g = 0. Thus [, . W(z,y) = 0 for all subsets
S, T C Q. It follows that [, W(z,y)f(z,y) = 0 for every step function f
on Q2.

Let g be any function on Q2 with ||g|lc < 1. Since step functions are
dense in L'(02), there exists a sequence g, of step functions such that
gn — ¢ in L'(Q?); by considering a subsequence we may further assume
that g, — ¢ a.e., and by truncating each g, at £1 that |g,| < 1. By
dominated convergence, [2 Wgn = [2 Wy, but each [, Wg, = 0 since g,
is a step function; hence fm Wg = 0. If we choose g := sgn(W), this shows
that [o2 [W] =0, and thus W = 0 a.e. O

5. Pull-backs and rearrangements

Let (1, F1, p1) and (Qg, Fa, pe) be two probability spaces.

A mapping ¢ : Q1 — Qo is measure-preserving if it is measurable and
p1(p~H(A)) = pa(A) for every A € Fy (i.e., for every measurable A C Q).

A mapping ¢ : Q1 — Q9 is a measure-preserving bijection if ¢ is a bi-
jection of €1 onto Qs, and both ¢ and ¢~ ! are measure-preserving. (In
other words, ¢ is an isomorphism between the measure spaces (21, Fi, pt1)
and (g, F2, pu2) in category theory sense.) Equivalently, ¢ is a measure-
preserving bijection if and only if it is a bijection that is measure-preserving,
and further ! is measurable (and then automatically measure-preserving).
Note that if ©; and 5 are Borel spaces, then measurability of ¢~! is au-
tomatic by Theorem A.6, so it suffices to check that ¢ is a bijection and
measure-preserving.

Note that if ¢ : Q3 — €y is a measurable mapping, then p ® ¢ : Q2 — Q2
defined by ¢ ® ¢(x,y) = (p(z),¢(y)) is a measurable mapping, and if ¢ is
measure-preserving or a measure-preserving bijection, then so is ¢ ® .

We define, for any functions f on Qy and W on Q32, the pull-backs

(5.1) f2(z) = f(p(x)),
5.2 W (x,y) == W(p(z), o(v));

these are functions on € and Q2, respectively.

We will only consider measure-preserving . In the special case that ¢ is
a measure-preserving bijection, we say that f¥ and W% are rearrangements
of f and W. (However, we will not assume that ¢ is injective or bijective
unless we say so explicitly.) We further say that W’ is an a.e. rearrangement
of W if W/ = W¥ a.e. where W¥ is a rearrangement of W. Note that the
relation “Wj is a rearrangement of Ws” is symmetric and, moreover, an
equivalence relation, and similarly for a.e. rearrangements.

Remark 5.1. Note that if W is symmetric, then W¥ is too by (5.2); recall
that this is the case we really are interested in.
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If we want to study general W, for example in connection with bipartite
graphs as mentioned in Remark 2.6, it is often more natural to allow different
maps 1 and 9 acting on the two coordinates.

Remark 5.2. Instead of measure-preserving bijections, it may be conve-
nient to consider measure-preserving almost bijections, which are mappings
¢ that are measure-preserving bijections Q1 \ N; — Q9 \ N2 for some null
sets V1 and N». This makes essentially no difference below, and we leave
the details to the reader. (See Theorem 8.6(vii) for a situation where almost
bijections occur.)

Example 5.3. A kernel is a step kernel if and only if it is a pull-back
W¢ of some kernel defined on a finite probability space. (The same holds
for general functions Q2 — R. Recall that step functions are the same as
functions of finite type.)

Remark 5.4. Let (1, 1) and (2, u2) be probability spaces. We consider
suitable maps between them. A closely related idea is to take a probability
space (€21, ¢11) and a measurable space 2y (without any particular measure).
A measurable map ¢ : Q1 — Q9 then maps the measure p1 to a measure uf
on y given by uf(A) := p1(¢~1(A)) for all A C Qy. Note that uf is the
unique measure on {29 that makes ¢ measure-preserving. This well-known
construction (called push-forward) can be seen as a dual to the pull-back
above; note that measures map forward, from €2 to o, while functions map
backward, from 25 to €.

Note that, on the contrary, given a measurable map ¢ : {21 — {29 between
two measurable spaces, and a probability measure ps on {29, there is in
general no measure p; on )3 which makes ¢ measure-preserving. This is a
source of some of the technical difficulties in the theory.

It is easy to see that the norms defined above are invariant under re-
arrangements, and more generally under pull-backs by measure-preserving
maps:

Lemma 5.5. If ¢ is measure-preserving, then, taking the morms in the
respective spaces, for any f € L'(2) and W € L1(9?),

(5-3) 1210 = 1Al W2 =W,
(5-4) W= [Wo.

Proof. The equalities (5.3) are standard.

The cut norm equality (5.4) is obvious if ¢ is a measurable bijection. In
general, it seems simplest to first assume that W is a step function, so that
W is constant on each A; x A; for some partition Qo = |J] A;, say W = w;;
on A; x Aj. Then A} := ¢~ 1(A;) defines a partition of {1, and W¥ is a step
function constant on each A/ x A;-, and equal to w;; there.

Consider first ||W||gz2. In the definition (4.3), we may replace f by its
average on each A; (i.e., by its conditional expectation given the partition)
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without changing the integral, and similarly for g. This shows that it is
enough to consider f and g that are constant on each A;, and we find

(5.5) [Wllo,2 = sup‘z wijaibipz(Ai)pa(Az)|,
irj

taking the supremum over all real numbers a; and b; with |a;], |b;| < 1. Since
pi(AY) = pa(A4;), the same argument shows that ||[WW¥||q2 is given by the
same quantity, and thus (5.4) holds in this case.

For || - ||o,1 we argue for step functions in exactly the same way, using
Remark 4.1 and taking a;, b; € [0,1] in (5.5).

For a general W, let ¢ > 0 and let W; be a step function on Q3 such that
|W — Wil <e. Then

W =Wilo < [[W = Wi <e.
Further, |[W{||o = ||[Whl|o by what we just have shown, and
[W* = WY llo < [[W¥ = WYl = [(W = W)?ll = [W = Wil <e.

The result [|[W?||g = ||W]|o follows by some applications of the triangle
inequality. (]

However, the distances |[W; —Ws||1 and ||W1 — Wa||o between two kernels
are, in general, not invariant under rearrangements of just one of the kernels,
since, in general, |W —W?|| # 0 for a kernel W on a space © and a measure-
preserving bijection ¢ :  — Q. In the graph limit theory, we need a metric
space where all rearrangements are equivalent (and thus have distance 0 to
each other); we obtain this by taking the infimum over rearrangements.

Given two kernels Wi, Wy on [0,1], the cut metric of Borgs, Chayes,
Lovasz, Sés and Vesztergombi [14] may be defined by

(5.6) 0o(W1, W2) = inf [W1 ~ Wy llo,

taking the infimum over all measure-preserving bijection ¢ : [0,1] — [0, 1];
in other words, over all rearrangements Wy~ of Wa. (If we wish to specify
which version of the cut norm is involved, we write do; or dm2.) Borgs,
Chayes, Lovész, S6s and Vesztergombi [14] showed that for kernels on [0, 1],
there are several equivalent definitions of dg, see Theorem 6.9 below. For
general probability spaces €2, we have to use couplings between different
kernels instead of rearrangements, see the following section; it then further
is irrelevant whether the kernels are defined on the same probability space
or not.

On the other hand, if we restrict ourselves to [0, 1], we can do with a
special simple case of rearrangements. Following Borgs, Chayes, Lovész,
S6s and Vesztergombi [14], we define an n-step interval permutation to be
the map o defined for a permutation o of {1,...,n} by taking the partition
(0,1] = U Lin, with I, := ((i—1)/n,i/n| and mapping each I;;, by translation
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t0 Iy (;),n- (For completeness we also let ¢(0) = 0.) Evidently, ¢ is a measure-
preserving bijection [0, 1] — [0, 1]. We shall see in Theorem 6.9 below that
it suffices to use such interval permutations in (5.6).

Example 5.6. To see one problem caused by using (5.6) for kernels on
a general probability space, let © be the two-point space {1,2}, and let
u{l} = %— e, u{2} = %—l—z—:, for some small ¢ > 0. Let Wi(z,y) :=
1{z =y = 1} and Wh(z,y) := 1{x = y = 2}. On this probability space
there is no measure-preserving bijection except the identity, so (5.6) yields
Wi —Wa|lo = (3 +¢)? > 1, while the coupling definition (6.1) below yields
oo(Wh, Wa) = 2e.

6. Couplings and the cut metric

Given two probability spaces (1, p1), (Q2, p2), a coupling of these spaces
is a pair of measure preserving maps ¢; : Q — ;, ¢ = 1,2, defined on a
common (but arbitrary) probability space (€2, u).

Remark 6.1. Couplings are more common in the context of two random
variables, say X1 and Xs. These are often real-valued, but may more gen-
erally take values in any measurable spaces €27 and 5. A coupling of X3
and X5 then is a pair (X7, X)) of random variables defined on a common

probability space such that X 4 X, and X} 4 X,. This is the same as a
coupling of the two probability spaces (€21, ¢11) and (22, p2) according to our
definition above, where u; is the distribution of X; and ps the distribution
of Xg.

The general definition of the cut metric, for kernels defined on arbitrary
probability spaces (possibly different ones), is as follows.

Given kernels W; on €;, ¢ = 1,2, or more generally any functions W; €
LY(92?), we define the cut metric by

(6.1) So(Wh, Wa) = inf | W7 — W52||o,

where the infimum is taken over all couplings (o1, p2) : @ — (21,2) of
and Q (with Q arbitrary), and W, is the pull-back defined in (5.2).
We similarly define

(6.2) 01 (W1, Wa) = inf [W7* — W52 11 (q2),
again taking the infimum over all couplings (¢1, @2) of 21 and Qs.

Remark 6.2. It is not obvious that the definition (6.1) agrees with (5.6)
for kernels on [0, 1], but, as shown in [14], this is the case; see Theorem 6.9
below. Note, in somewhat greater generality, that if W7 and W5 are kernels
of probability spaces 1 and s, and ¢ : Q1 — 9 is measure-preserving,
then (¢, ) is a coupling defined on ;. (We let here and below ¢ denote the
identity map in any space.) Hence, we always have

So(Wh, Wa) < |[W7 — Wy ||o.
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Note that ég and §; really are pseudometrics rather than metrics, since
(W1, Ws) = 0 and 6;(W1,W3) = 0 in many cases with Wy # Wa, for
example if Wi = Wy for a measure preserving ¢ (use the coupling (¢, ¢)
in (6.1), see Remark 6.2). Nevertheless, it is customary to call this pseu-
dometric the cut metric. We will return to the important problem of when
dn(Wy, Wa) = 0 in Section 8.

It is obvious from the definition (6.1) that ég and d; are nonnegative and
symmetric, and og(W, W) = 61(W, W) = 0 for every W. It is less obvious
that they really are subadditive, i.e., that the triangle inequality holds, so
we give a detailed proof in Lemma 6.5 below.

A coupling (¢1, p2) of two probability spaces (21, 1) and (Qg, u2), with
1, @2 defined on (2, i), defines a map ® := (p1,p2) : Q = Q1 x Qy, which
induces a unique measure g on €1 x Qg such that ® : (Q, u) — (Q1 x Qg, 1)
is measure-preserving (see Remark 5.4). Let m; : Q5 x Qo — €; be the
projection; then ¢; = m; o ®, i = 1,2. Note that if A C ;, then

At (A) = p (@7 (m71(A4)) = k(e 1 (A4) = (),

since ® and ¢; are measure-preserving; thus m; : (21 x Qo, 1) — (4, i) is
measure-preserving. Hence, (71, m2) is a coupling of (21, 1) and (Qa, p2).
If W; € LY(Q2), then W/ = (W/[*)® and thus, using (5.4),

(6.3) (WY = W2 lo = Il(W = W3)® o = W = W||o.

Consequently, in (6.1) it suffices to consider couplings of the type (71, 72)
defined on (21 x Q9, 1), where 1 is a probability measure such that 7w and
o are measure-preserving, i.e., such that i has the correct marginals pq and

2.
Before proving the triangle inequality, we prove a technical lemma and a
partial result.

Lemma 6.3. Let Q; and Qs be probability spaces and let Wy € L'(Q3) and
Wy € LY(Q3) be step functions with corresponding partitions Qy = Ule A;
and Qg = U}le Bj. If (p1,92) and (¢, ¢h) are two couplings of Q1 and Qa,
defined on (2, u) and (', 1') respectively, such that

(o7 (A) Ny (By)) = 1 (017 (Ai) Ny~ (By))

/ !
for every i and j, then |W{' =W ||o,. = Wy =Wy ||o,w and, similarly,
/ /
W= Wil = IWE = W

Proof. Recall that |W" — W5/ is given by (4.3), in case of ||-||o,1 further
assuming f,g > 0, see Remark 4.1. Since W' — W5 is constant on each
set Cyj := o1 (A;) Ny H(B;), we may as in the proof of Lemma 5.5 average
f and g in (4.3) over each such set, so it suffices to consider f and g that
are constant on each set C;;. Consequently, if W7 = w;; on A; x Ay and
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Wy = vj; on Bj x By, then

(6.4) WP =W |lou = max | > u(Cij)p(Cra) (wir — vj1) fijgn,
(fiz)-(gxt) Ty

taking the maximum over all arrays (fi;) and (gi;) of numbers in [0, 1] for
| -1 and in [—1, 1] for || - ||o,2. This depends on the coupling only through
the numbers ;(Cj;), and the result follows.

For the L' norm we have immediately, with the same notation,

Ly = Z 1(Ci) p(Crat) [uie — v
i7j7k7l

Wyt —wy

)

and the result follows. O

Lemma 6.4. Let 21 and Qg be probability spaces and W1, W € L*(Q2) and
Wy € LY(Q3). Then
oo(Wi, Wa) < do(Wi, W) + [W1 — Wil|o,
01(W1, Wa) < 01(Wi, Wa) + |[W1 — Wi]J1.
Proof. Let (¢1,2) be a coupling of 21 and Q9. Then, using Lemma 5.5,
Sa(Wi, Wa) < WY = W3 [|lo < [(W])#* = W |lo + WY — (W) o
= [|WD#* = W[l + (W1 = W)? |
= (WD) = WS [lo + Wi — Wi

The result for ég follows by taking the infimum over all couplings. The proof
for 61 is the same. O

Lemma 6.5. Let, fori=1,2,3, ; be a probability space and W; € L*(Q?).
Then

do(W1, W3) < éo(Wr, Wa) + éo(Wa, Ws),
(W, W3) < 61(Wh, Wa) + 61 (Wa, W3).

Hence d and 81 are (pseudo)metrics.

Proof. Roughly speaking, given a coupling of 2; and €2y and another cou-
pling of 29 and 23, we want to couple the couplings so that we can compare
pull-backs of W7 and W3. This simple idea, unfortunately, leads to tech-
nical difficulties in general, but it works easily if, for example, the spaces
are finite. We use therefore an approximation argument with step functions
which essentially reduces to the finite case.

Thus, suppose first that W7, Wy, W3 are step functions with corresponding
partitions Q; = UZ.I:1 A Qo = U;-le Bj, Q3 = Uszl C}, and assume for
simplicity that pi(A;), p2(B;) and p3(Cy) are nonzero for all 7,7, k. (e
denotes the measure on €.)
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We consider dg; the proof for §; is the same. Let € > 0. By the definition
of g and the comments just made (see (6.3)), there exist measures u' on
Q1 x Q9 and p” on Q9 x Q3, with marginals py on €, such that

(6.5) W =W low < oo(Wi, Wa) + ¢,
(6.6) W52 = W3 ||lour < 0o(Wa, W3) + €.

(We abuse notation a little by letting 7y denote the projection onto € from
any product space.)
Define a measure p on Q1 x Q9 x Q3 by, for £ C 2y x Qg x Q3,

Z,quB 1’ (Bj ka)_,ulx;@x,ug(Eﬂ(Al-xBijk))‘
o1 B;) w1 (Ai) o (Bj) 3 (Cr)
We have

(Ai) = i'(Ai x By),
J
— Z”/(Ai x Bj) = Zu"(Bj x C),
i k
= Z/,LN(B] X Ck)

J
It follows that the three mappings mp : (21 x Qg X Qg, ) — (Q, ) are
) =

measure-preserving since, for example, if F' C €y, then 7, (F FxQyxQg
and

p(mH(F)) = u(F x Qg x Q)
_ZIUAXB (ij’k).,ulxugx,ug((FﬂAi)xBij’k)
2(B

ik ) (A7) a2 (Bj)ps(Ck)
_ N H(A X B (B x Cy)  pa(F 0 Ai)
% p2(Bj) p1(A;)
=D _#(Aix B)MFQA Z“l FA) = m(F).
.5

In particular, u is a probability measure.

The projections w12 : 21 X Q9 X Q3 — Q1 X Qg and w3 : Q1 X Qo X Q3 —
Q9 x Q3 map u to measures i’ on 1 X Q9 and " on Qs x Q3. We have, for
any ¢ and j,

I'(A; x Bj) = p(m5 (A; x Bj)) = p(A; x Bj x Q3)
_ Z ,LL/(AZ X BJ),U,”(BJ' X Ck) . M1 X g X ,ug(AZ X Bj X Ck)
- p2(Bj) p1(Ai) pa(Bj) s (Cr)
W (Ai X Bj)p"(Bj x Cy) _
2 12(5;) (i x Bs)
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Hence, by Lemma 6.3,
(6.7) Wit — w32

Further, since 712 : (1 x Q2 x Q3, 1) — (Q1 X Qg, i1 is measure-preserving,
Lemma 5.5 implies that (recall our generic use of )

0.0 xw = W = W3 o0, x0q -

(6.8) W = W oo xoxasu = W = W3 lo,0, <0, -
Combining (6.5), (6.7) and (6.8), we find

(6.9) HWlm —WQMHD,H <5[|(W1,W2)+6.

Similarly,

(6.10) HVVQTr2 —W;SHD’H < 5D(W27W3) + €.

We have reached our goal of finding suitable couplings on the same space,
viz. (21 x Q9 x Q3, 1), and we can now use the triangle inequality for || - ||g

and deduce
So(Wh, W) < [[WT = Wi[lo < (W = W3 [lo, + [[W3? — WP
< 5D(W1, WQ) + 5[|(W2, Wg) + 2e.

Since € > 0 is arbitrary, this implies the desired inequality oo(Wi, W3) <
oa(Wh, Wa) + 60(Wa, W3) in the case of step functions.

In general, we approximate first each W, by a step function W, such that
[We — Wlloe, < e. (We may assume, as we did above, that all sets in
the partition have positive measures by removing any null sets in them,
redefining Wy on a null set.) The result for step functions together with
several applications of Lemma 6.4 yield

So(Wy, Ws) < do(Wy, W3) + 2e < Sp(Wy, W) + do(Wy, W) + 2&
< (5[](W1, WQ) + 5D(W2, Wg) + 6e¢.
The result og(W1, W) < éa(Wi, Wa) + do(Wa, W3) follows. O

Corollary 6.6. Let, for i = 1,2,3, Q; be a probability space and W; €
LY Q3. If Sp(W1, W) = 0, then do(W1, Ws3) = éa(Wa, W3). (The same
result holds for 61.) O

Consider the class W* := [Jo W(Q) of all graphons (on any probability

~Y

space). We define a relation = on this class (or on the even larger class
Uq L1(2?)) by
(6.11) Wiy =W, if dg(Wi, W) =0.

Corollary 6.6 shows that this is an equivalence relation, and that dg is a
true metric on the quotient space W= Wr / =. We say that two graphons
Wy, Wy are equivalent if Wy = Wha, ie., if og(Wi, W) = 0. (We will see
in Theorem 8.10 below that 1 (W7, Ws) = 0 defines the same equivalence
relation.)

It is a central fact in the graph limit theory [14] that this quotient space
W := W*/ = is homeomorphic to (and thus can be identified with) the set

O,p
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of graph limits; moreover, the metric space (W, 0m) is compact. (See also
[24].) The compactness is closely related to Szemerédi’s regularity lemma,
see [50].

We will always regard W as a compact metric space equipped with the
metric §g, except a few times when we explicitly use d; instead. Note tbﬁt o1
is a larger metric and thus gives a stronger topology. In particular, (W, d1)
is not compact. (See Pikhurko [56] and Section 10. For example, if G, is
the random graph G(n,1/2), then W a.s. converges to 1/2 in dg, but not
in (51)

Example 6.7. If W : Q2 — [0, 1] is any graphon (or kernel) on a probability
space 2, and ¢ : Q' — Q is a measure-preserving map, then, as remarked
above, W is equivalent to its pull-back W¥.

Example 6.8. Let G be a graph with vertex set V. = {1,...,n}, and
consider the graphons Wg and Wé defined in Example 2.7. Let ¢ : (0,1] —
V be the map x — [nx]. Then ¢ is measure-preserving and (2.2) defines
W/, as the pull-back (WY)?. Hence WY = W{,.

We can now prove, following [14], that the definition (5.6) agrees with
our definition (6.1) of the cut metric for [0, 1], and more generally for any
atomless Borel spaces. We include several related versions; note that (i) is
(6.1) and (v) is (5.6).

Theorem 6.9. Let Wy and Wy be two kernels defined on probability spaces

(Q1,p1) and (Qo, p2), respectively. Then the following are the same, and
thus all define op(W7, Wa).

(i) For any 1 and Qa,

inf [|WF — W52
@111}@2H 1 2 ||D,Q,uv

where the infimum is over all couplings (pairs of measure-preserving

maps) 1 (2, 1) = (D1, 1) and o = (Q, 1) — (Q2, pi2).
(ii) For any 1 and Qq,

i%f ||I/V17r1 - ng |||:|,Ql X Qa0

where m; @ Q1 X Qo — Q; is the projection and the infimum is over
all measures p on 1 X Qo having marginals p1 and us.
(iii) For any Q1 and Qg, for do2,

inf  sup )/ (Wi(z1,y1) — Walza, y2))
Hl flloosllglloo <1 (21 x€22)2

: f($17$2)9(y1a y2) d,LL(.Tl,JZ‘Q) du(ylu y2) )

taking the infimum over all measures . on 1 X Qo having marginals
w1 and po; for éo.1 we further restrict to f,g > 0.
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(iv) Provided 1 and Q2 are atomless Borel spaces,

where the infimum is over all measure-preserving ¢ : 1 — Qo.
(v) Provided 0y and Q2 are atomless Borel spaces,

where the infimum is over all measure-preserving bijections ¢ :
Q1 — Qo, i.e., over all rearrangements of Wy defined on §21.
(vi) Provided € = Qg = [0, 1],

inf ||y — W ||,

where the infimum is over all interval permutations o : [0,1] —
[0,1], defined by permutations o of {1,...,n} with n arbitrary.

Proof. (i) <= (ii). We have shown this in (6.3) and the accompanying
argument.

(ii) <= (iii). Directly from the definition (4.3) (using Remark 4.1 for
d0,1), writing x = (21, 22) and y = (y1,%2). (The expression in (iii) is just
writing the definition explicitly in this case.)

For (iv) and (v), we first note that by Theorem A.7, Q; and Q9 are iso-
morphic to [0, 1] (equipped with Lebesgue measure), i.e., there are measure-
preserving bijections 1; : [0,1] — ;. It is evident that we may use these

maps to transfer the problem to the pull-backs W{" and W,? on [0,1]. In
other words, we may in (iv) and (v) assume that O = Q9 = [0, 1].

In this case, denote the quantities in (i)—(vi) by &;,...,6,. We have
0; < 0 < 6y < Oy, since we take infima over smaller and smaller sets of
maps. Further, we have shown that §; = d;; = d;;;. To complete the proof,
it thus suffices to show that d,; < §;;.

Let £ > 0 and let I;y denote the interval ((: — 1)/N,i/N], for 1 < i < N.
The set of step functions W : [0,1]> — R that correspond to partitions of
[0, 1] (or rather (0, 1], but the difference does not matter here) into m equally
long intervals Iy, ..., Imm for m = 1,2, ..., is a dense subset of L([0, 1]?).
Hence we may choose m > 0 and two such step functions W{ and W3 so
that ||W; — W/||1 <e,i=1,2. (We may first obtain such W/ with different
mq and msg, but we may then replace both by m := myms.) By Lemma 6.4

and its proof, which applies to all the versions 9d;, ..., d,;, we have
(6.12) S (W1, W) — 2e < §,(W{, W3) < 6. (Wq, Wa) + 2¢
for every x = (i),..., (vi).

Choose a probability measure y on €1 x Q9 = [0, 1]? such that
W™ = W™l < 6i(W1, Wa) +e.

We may evaluate this cut norm by (6.4) (replacing W; by W/) and as asserted
in Lemma 6.3, the cut norm depends only on the numbers £(C};), where now
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Cij == Wl_l(Iim)ﬂﬂ’Q_l(Ijm) = Iym x Ijm, so we may assume that the coupling
measure g on [0,1]2 on each square C;; equals a constant factor \;; times
the Lebesgue measure. (Hence, 1(Cj;) = Xij/m?.) We adjust these factors
so that every u(Cjj) is rational; we may do this so that the marginals still
are correct, i.e., for every i and j,

(613) S (Ca) =S u(Cy) =
l l

The adjustment will change cut norm in (6.4) by an arbitrary small amount,
so we can do this and still have |[W{™ — Wi || < §;; (W7, W3) + e.

We now have ;(Cjyj) = a;j/N for some integers N and a;;, 1 < 4,5 < m.
Let b := N/m. By (6.13), for every i and j,

(6.14) Zaij = Z(IU = % =b.
J )

Hence, b is an integer, and thus every interval I;;, is a union Uzi:b(i_l) 11 len
of b intervals Iy of length 1/N. By (6.14), we may construct a permutation
oof{1,..., N} such that 0 maps exactly a;; of the indices k € [b(i—1)+1, bi]
into [b(j—1)+1,bj], for all ¢, 5. Hence, )\(Iimﬂa_l(fj ) = aij/N = /L(CU)
Thus, Lemma 6.3 applies to the couplings (71, m2) and (¢,0) (defined on
[0, 1]); hence,

Sui(WH, W3) < [W{ = Wi°||o = [W{™ — W3™ o < 6:(W1, W3) + .

Finally, (6.12) yields d,;(W1, Wa) < 8;;(W1, Wa) + be, and the result follows
since ¢ is arbitrary. ([

Remark 6.10. On spaces with atoms, the quantities d;, and §, defined in
(iv) and (v) are in general different from 0, see Example 5.6. (In this case,
they are larger than 0g, see Remark 6.2.) Furthermore, for two general
probability spaces 1 and €y, it is possible that there are no measure-
preserving maps ; — {2y at all, in which case the definitions in (iv) and
(v) are not appropriate; and even if we may interpret d;, as a default value
1 (for graphons; for general kernels we would have to use 00), in such cases,
Jdiv 1s not even symmetric in general. (For an example, modify Example 5.6
by replacing Wa by a pull-back defined on [0, 1]; then there are measure-
preserving maps 25 — 3 but not conversely. We have 0;,(Wa, W7) = 2 <
5iv(Wla WQ) = 1.)

Remark 6.11. In (iv), it suffices that €; and 5 are Borel spaces such that
21 is atomless. To see this, replace W by its pull-back W defined on the

atomless Borel space s := Qg X [0, 1], where 7 is the projection onto ;.

Remark 6.12. (iv) and (v) hold also for atomless Lebesgue spaces, since
then, for £ = 1,2, Qp = (4, Fs, pe) is the completion of some Borel space
QY = (. F), ), and we may replace Wy by a kernel W on QY with
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W, = W,P a.e., cf. Remark 2.5; note that every measure-preserving map
¢ : Q) — QY also is measure-preserving ; — s.

Remark 6.13. An obvious analogue of Theorem 6.9 holds for d;. (In (iii),
the integral is f(lem)g‘Wl(xl,yl) — Wg(xg,yg)‘ dp(z1, x2) dp(yr, y2), and
there are no f and g.) See Pikhurko [56] for some parts and related results.

Remark 6.14. In probabilistic notation, see Remark 6.1, (iii) can be written
as

it wup [B((W (XL XD) - WX X)) FXE X0 XD,
(XT5X2) || flloosllglloo <1

where the infimum is taken over all couplings (X1, X3) of two random vari-
ables X1 and X, such that X, is Qy-valued and has distribution g, and
(X7, XY) is an independent copy of (X], X}).

Corollary 6.15. Let Q2 be an atomless Borel spaces, e.g., [0,1], and let W be
a graphon on . Then the equivalence class of all graphons on € equivalent
to W equals the closure of the orbit of W under measure-preserving bijections
(or maps); i.e.,

{Wew®) : W2W}={W?:p€ Snp} ={W¥¢: ¢ € Smpb},

where Sy, is the set of all measure-preserving ¢ : 8 — €, and Sypp, is the
subset of all measure-preserving bijections. The closure may here be taken
either for the cut norm or for the L' norm.

Proof. For the closure in cut norm, this follows from Theorem 6.9(iv) and
(v). By Remark 6.13, the same holds for the closure in L' norm and the
equivalence class {W' € W(Q) : (W', W) = 0}. However, by Theorem 8.10
below, d; and dg define the same equivalence classes. O

Remark 6.10 shows that the (equivalent) definitions in Theorem 6.9(i)—
(iii) are the only ones useful for general probability spaces. Another ad-
vantage of them is that, as shown by Bollobas and Riordan [12], the infima
are attained, at least for Borel spaces. (This is not true in general for the
versions in (iv)—(vi), not even in the special case when the infimum is 0, see
Example 8.1 below.)

Theorem 6.16. Let Wi and Wy be two kernels defined on Borel proba-
bility spaces (Q,p1) and (Qa, p2), respectively. Then the infima in Theo-
rem 6.9(1)—(iii) are attained. In other words, there exists a probability mea-
sure o on 1 X Qo with marginals p1 and pe, and thus a corresponding

coupling (m1,m2), such that op(Wi, Wa) = ||[W™ — W52 ||0,0, xQ0,u-

Proof. By Theorem A.4 and Remark A.5, every Borel measurable space is
either countable or isomorphic to the Cantor cube C := {0,1}°°. Hence, we
may without loss of generality assume that each of the two spaces Q, (where,
as in the rest of the proof, £ = 1,2) is either a finite set, the countable set
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{0}U{l/n:n e N} or C, equipped with some probability measure z,. Note
that in every case €}y is a compact metric space.

For 01,05 € {1,2}, Let A(€y, x ,) be the set of all step functions on
Qp, x Qy, corresponding to partitions €, = |J, Aim where every part A,
is clopen (closed and open) in Qy,_, m = 1,2. (We extend here the definition
of step functions on € x 2 to products of two different spaces in the natural
way.) For the spaces we consider, A(Qy, x Qp,) is dense in L1(£y, x Qy,, )
for any probability measure p on the product. (This is the reason why we
replaced [0, 1] by the totally disconnected space C. It is possible to use [0, 1]
instead, with minor modifications, see [12].)

Denote the integral in Theorem 6.9(iii) by ®(Wq, Wa, f, g, ). By Theo-
rem 6.9, there exist probability measures v, on 21 x {9 such that

(6.15) " Shlfﬁ | D (W1, Wa, f,g,vn)| < oo(Wi, Wa) + 1/n.
f [o o} g OOSl

(For 0m 1, we tacitly assume that f,g > 0.)

Since €27 and )9 are compact metric spaces, {21 X €9 is too. Hence, the
set of probability measures on {21 x €9 is compact and metrizable (see [6]),
so there exists a subsequence of (v,) that converges (in the usual weak
topology) to some probability measure v on Q; x 3. We consider in the
sequel this subsequence only.

Let £ > 0. By the remarks above, we may find W, € A(Q%) with

[We — Wé”Ll(mxm) <g,
and hence, assuming || f||oo, [|g]lco < 1,

(6.16)

‘(I)(WlaW%fvgaV)’ < |<I>(W1,7W2,afag’ V)| + ||W1 - W{HD + HW2 - W2,||D
< |D(W, Wa, f,9,v)] + 2¢

and similarly, for every n and every f, g with ||fllco, [|gllcc < 1,

(6.17) (W, Wa, £, g, vn)| < [@(W1, Wa, £, vm)| + 2¢.

Since W7 and W3 are step functions, they are bounded, so there exists some
M with [[Wy|lse < M. For any f and g with || f|ls,||g9]lec < 1, we may
similarly find f’ and ¢’ in A(Q x Q2), with [|f|ec, [|9]lcc < 1, such that
1f = ooy lg — 9l < e/M. Tt follows that

(6.18) QW1 W3, £, 9, V)] < |R(W1, W5, f, g, v)| + de.

Since W{, W3, f',¢" all are step functions in the sets A, the integral
O(W{, W3, f', ¢, ) can be written as a linear combination of integrals

/ dpa(wr, @) duy, y2) = p(Ai x By)u(Ag x Bu),
AiXB]' XAkXBm
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where further the sets A;, Bj, Ay, B), are clopen. Hence each term, and thus
(W, Wi, f', ¢, 1), is a continuous functional of y; consequently,

(6.19) SW{, Wy, £ g vn) — ®(W{, W5, f . g ,v).

By (6.17) and (6.15),

(6.20) |D(W{, W5, £, g vn)| < do(Wi, Wa) + 1/n + 2e,

and thus (6.19) yields

(6.21) [ (W1, W, [ g, V)] < on(Wh, W2) + 2¢

and, by (6.16) and (6.18),

(6.22) [@(W1, W2, f,g,v)| < |@(W1, W3, f', g',v)| + 6 < on(W1, Wa) + 8e.
Since ¢ is arbitrary, we thus obtain |®(Wy, Wa, f, g,v)| < 6o(Wh1, Wa), and

(623) ||W1 - W2HD,V = sSup |(I)(W17W27f’gay)‘ < 5D(W13W2)7
[[£llo0;llglloo <1

which shows that equality is attained in Theorem 6.9(ii)—(iii) by v, and in

Theorem 6.9(i) by the coupling (71, m2) defined on (€1 x Qo,v). O

The assumption that the spaces are Borel (or Lebesgue, see Remark 6.12)
really is essential here, even when the infimum og(Wy, Wa) = 0; in Exam-
ple 8.13 we will see an example of two equivalent kernels such that none of
the infima in Theorem 6.9 is attained.

7. Representation on [0, 1]

As said in the introduction, many papers consider only kernels or graphons
on [0,1] = ([0, 1], A). This is justified by the fact that every kernel [graphon]
is equivalent to such a kernel [graphon]. (See [38] for a generalization.)

Theorem 7.1. Every kernel [graphon] on a probability space (2, F,u) is
equivalent to a kernel [graphon] on ([0, 1], A).

Corollary 7.2. The quotient space W = Ua W(Q)/ > which as said
above can be identified with the space of graph limits, can as well be defined

w:=Ww(0,1])/ =.
Before proving Theorem 7.1, we prove a partial result.

Lemma 7.3. FEvery kernel [graphon] on a probability space (2, F,u) is a
pull-back of a kernel [graphon] on some Borel probability space.

Proof. Let W : Q2 — [0,00) be a kernel. Since W is measurable, each set
E, :={(z,y) : W(x,y) < r}, where r € R, belongs to F x F, and it follows
that there exists a countable subset A, C F such that E, € F(A,) x F(A,),
where F(A,) is the o-field generated by A,. Hence, if Fy is the o-field
generated by the countable set A := (J..qAr, then Fo C F and W is
Fo X Fp-measurable.
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List the elements of A as {43, Ag,...}. (If A is finite, we for conve-
nience repeat some element.) Let C := {0,1}* be the Cantor cube (see
Remark A.5) and define a map ¢ : @ — C := {0,1}* by

p(e) = (H{z € Ai})iZ;.

Let v be the probability measure on C that makes ¢ : Q@ — C measure-
preserving, see Remark 5.4.

The o-field on €2 generated by ¢ equals Fy, and thus the o-field on €2 x Q
generated by (p, ) : Q% — C? equals Fy x Fo. Since W is measurable for
this o-field, W equals V o (¢, ¢) = V¥ for some measurable V : C2 — [0, 00).
Since W is symmetric, we may here replace V (z,y) by %(V(az, y)+V(y,z))
and thus assume that also V' is symmetric. Hence, V' is a kernel on C and
W = V¥. If W is a graphon, we may assume that V : Q% — [0,1], and thus
V too is a graphon. This proves the result with the Borel probability space
(C,v). O

Proof of Theorem 7.1. Let W be a kernel on some probability space §2.
By Lemma 7.3, W = V for some kernel V on a Borel probability space
(1, v). (With Q1 = C in the proof above.) If v is atomless, the result follows
by Theorem A.7. In general, let Qy := Q x [0, 1], with product measure
vo. The projection 7 : 9 — €)1 is measure-preserving, so V = V, := V7.
Moreover, (€2, v2) is an atomless Borel probability space, so by Theorem A.7
there exists a measure-preserving bijection ¢ : [0,1] — Q. Hence U := VQw
is a kernel [graphon]| on [0,1] and U 2 Vo =V = W. O

Remark 7.4. If i is atomless, we may by Lemma A.1l find an increasing
family of sets B, C Q, r € [0, 1], such that u(B,) = r. In the construction in
the proof of Lemma 7.3, we may add each B, with rational r to the family
A. Then the measure v on C is atomless, because if x were an atom, then
E := o=z} would be a subset of  with u(E) > 0 such that for each
rational 7, either E C B, or EN B, = (), but this leads to a contradiction
as in the proof of Lemma A.3. Consequently, we then can use Theorem A.7
directly to find a measure-preserving bijection v : [0,1] — C, and a kernel
U:=V¥%on [0,1] such that W = V¥ =U vlop, Consequently, every kernel
on an atomless probability space (€2, ) is a pull-back of a kernel on [0, 1],
which combines and improves Lemma 7.3 and Theorem 7.1 in this case.
(Conversely, by Lemma A.3, no kernel on a space (€, ) with atoms is a
pull-back of a kernel on [0, 1].)

8. Equivalence

We have seen that if Wy and W5 are two kernels on some probability
spaces 1 and 9, and W7 = Wf (or just Wp = Wf a.e.) for some measure-

preserving ¢ : 1 — g, then W; = W,. The converse does not hold, as
shown by the following standard examples [13].
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Example 8.1. Let ¢ : [0,1] — [0,1] be given by ¢(x) = 2z mod 1.
Take Wi(z,y) = xy, and Wy = Wf . Then W; and W5 are graphons
n [0,1], and 0o(Wiy,Ws) = 0. However, there is no measure-preserving
¥ 1 [0,1] — [0,1] such that W; = WQw a.e., and as a consequence, the in-
fima in Theorem 6.9(iv)—(vi) are not attained. (See Lemma 4.7.) In fact, if
such a 1 existed, then Wy = (W7)¥ = Wfow a.e., which implies (e.g., by
considering the marginal fol W(z,y)dy = x/2) that ¢(y(x)) = = a.e., and
thus ¥ (x) € {x/2,7/2+ 1/2} a.e. However, if E := ¢~1([0,1/2]), it follows
that for any @ and b with 0 < a < b < 1, EN[a,b] = ¥ 1([a/2,b/2]), so
AME Nla,b])/(b—a) = 1/2. In particular, for every z € (0, 1), the density
lime o A(EN(x —e,2+¢))/2e = 1/2. On the other hand, by the Lebesgue
density theorem, this density is 1 for a.e. x € E and 0 for a.e. x ¢ E, a
contradiction.

Example 8.2. More generally, let ¢ : [0, 1] — [0, 1] be given by ¢, (x) = nx
mod 1, and define W,, := W%» with the same W as in Example 8.1. If
W, = W, a.e., then mip(z) = nz mod 1 a.e. Let E :=1~1(0,1/m). Then,
for 0 < a <b<1/m, $~([a,b]) = U5 E N ([ma/n,mb/n] + j/n) (a.c.)
and thus, if ¢ is measure-preserving,

n—1

b= a=A (o) = LA (B0 [ M),

- n n
j=0

Divide by b —a, take a = x —¢ and b = x 4 ¢, and let € — 0. The Lebesgue
differentiation theorem implies that for a.e. x € (0,1/m),

m s mx + j
1= 1{ eE}.

Since the sum is an integer for each x, this implies that n is a multiple of
m. Conversely, if n = m/{ for an integer ¢, then ¢, = @, o @y, and thus
W, = (Wem)¢e = Wt. Consequently, all W, are equivalent (being pull-
backs of W), and there exists a measure-preserving 1 : [0,1] — [0, 1] such
that W,, = W a.e. if and only if n is a multiple of m. In particular, W5
and W3 are equivalent, but neither of them is a pull-back of the other.

However, equivalence is characterized by sequences of pull-backs. We
begin with a simple result.

Theorem 8.3. Let W’ and W be kernels defined of probability spaces
and Q. Then W' =W i.e., og(W',W") =0, if and only if there exists a
finite sequence of kernels W; defined on probability spaces 2;, i = 0,...,n,
with Wo = W' and W,, = W, such that for each i > 1, either W;_y = W/
a.e. for some measure-preserving p; : Qi—1 — Q;, or W; = W;bjl a.e. for
some measure-preserving ; : 2; — ;1.
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Proof. Suppose that W' = W”. We show that we can construct such a se-
quence with n = 4. We thus take Wy := W’ and Wy := W”. By Lemma 7.3,
we can find W7 and W3 on Borel probability spaces €21 and €23 such that
Wy = Wl‘p Yand Wy = Wf * for some measure-preserving ¢ and 4. Then
Wy = Wy = Wy = Wi, so do(Wi,Ws) = 0. By Theorem 6.16, there exists
a probability measure 1 on € x Q3 such that ||[W™" — W33 |00, xqs,u = 0,
where 7; is the projection onto ;. Thus, by Lemma 4.7, W™ = W3

a.e. Hence, we can take Qg := (5 X Qs,p), 2 := mo, @3 = w3 and
Wy = W2 = W2,
The converse is obvious by Example 6.7 and Corollary 6.6. O

Example 8.2 shows that we cannot in general do with a single pull-back
in Theorem 8.3. However, we can always do with a chain of length 2 in
Theorem 8.3. In fact, Borgs, Chayes and Lovész [13] proved the following,
more precise and much more difficult, result. (We will not use this theorem
later; the simpler Theorem 8.3 is sufficient for our applications.)

Theorem 8.4. Let Wi and Ws be kernels defined of probability spaces 1
and Q9. Then Wi = Ws, i.e., do(Wi, W) = 0, if and only if there exists
a kernel W on some probability space Q) and measure-preserving maps ¢; :
Q; — Q such that W; = W% a.e., j = 1,2.

We can always take €2 to be a Borel space. If Q1 and Qs are atomless,
we may take Q = [0, 1].

Proof. It suffices to prove the theorem for graphons W and W5; the general
case follows easily by considering the transformations W7/(1 + Wi) and
Wa/(1+ Wa).

We give a proof in Section 9. (Except for the final statement, which is
shown below.) See also Borgs, Chayes and Lovasz [13] for the long and
technical original proof. In their formulation, the space §2 is constructed
as a Lebesgue space, and the maps ¢; are only assumed to be measurable

from the completions (Qj,]?j, i) of ; to Q. However, this is easily seen
to be equivalent: If Q is such a Lebesgue space, then Q = (Q, F, u) is the
completion of some Borel space Qg = (Q, Fp, ). We may replace W by
an a.e. equal kernel that is Fy X Fp-measurable, i.e., a kernel on the Borel
space )y. Further, since every Borel measurable space is isomorphic to a
Borel subset of [0, 1], see Theorem A.4, the map ¢; : Q; — Qg which is
ﬁj—measurable, is a.e. equal to an Fj-measurable map <p;». Replacing 2 by
Qo and ¢; by cp;, we obtain the result as stated above, with €2 Borel.

For the final statement, suppose that €27 and 29 are atomless, and let W,
¢; and 2 be as in the first part of the theorem, with 2 Borel. Suppose that
Q2 has atoms, i.e., points a € Q with u{a} > 0. Replace each such point
a by a set I, which is a copy of the interval [0, px{a}] (with Borel o-field
and Lebesgue measure), and let 2’ be the resulting Borel probability space.
There is an obvious map 7 : ' — Q, mapping each I, to a and being the
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identity elsewhere, and we let W' := W7™. For each atom a, and j = 1,2,
let Ag; = ij_l(a) C ;. Then A,; is an atomless measurable space, and
by Lemma A.2 (and scaling), there is a measure-preserving map A,; — I,.
Combining these maps and the original ¢;, we find a measure-preserving
map ¢ : € — Q' such that p; = 7o ¢, and thus W; = W¥i = (W’)‘pg a.e.
Finally, € is an atomless Borel probability space, and may thus be replaced
by [0, 1] by Theorem A.7. O

Remark 8.5. With a Lebesgue space €, it is both natural and necessary to
consider maps €2; — () that are measurable with respect to the completion
of Q;, as done in [13]. For example, if Q; = Qy = [0, 1] with the Borel o-field
and Wi(z,y) = Wa(z,y) = xy, we can take Q = [0,1] and ¢; = ¢, but if
we equip 2 with the Lebesgue o-field, then ¢; is not measurable €2; —
(and cannot be modified on a null set to become measurable). This is just a
trivial technicality that is no real problem, and as seen in the proof above,
it can be avoided by using Borel spaces.

Theorem 8.4 says that a pair of equivalent graphons always are pull-backs
of a single graphon. We may also try to go in the opposite direction and try
to find a common pull-back of two equivalent graphons. As shown by Borgs,
Chayes and Lovasz [13], this is not always possible, see Example 8.13 below,
but it is possible for graphons defined on Borel or Lebesgue spaces. We state
this, in several versions, in the next theorem, together with conditions under
which W is a pull-back or rearrangement of Ws. (Recall that Example 8.2
shows that this does not hold in general, not even for a nice Borel space like
[0,1].)

If W is kernel defined on a probability space €2, we say following [13] that
x1, w2 € Q are twins (for W) if W(x1,y) = W(z2,y) for a.e. y € . We say
that W is almost twinfree if there exists a null set N C €2 such that there
are no twins z1,z2 € Q\ N with z; # 9.

Various parts of the following theorem are given, at least for the standard
case of graphons on ; = Q9 = [0, 1], in Diaconis and Janson [24] (as a conse-
quence of Hoover’s equivalence theorem for representations of exchangeable
arrays [43, Theorem 7.28]), Bollobds and Riordan [12], and Borgs, Chayes
and Lovész [13]. A similar theorem in the related case of partial orders is
given in Janson [40].

Theorem 8.6. Let Wi and Wy be kernels defined on Borel probability spaces
(Q1, 1) and (Qo, p2). Then the following are equivalent.
(i) Wp = Wh.
(ii) There exist a coupling (p1,¢2), i.€., two measure preserving maps
wj Q= Qy, j = 1,2, for some probability space 1, such that
W{t = W52 aee., ie., Wl(wl(x),apl(y)) = Wg(g@g(x),goz(y)) a.e.
(iii) There exist measure preserving maps ¢; : [0,1] — Q;, j = 1,2, such
that W' = W5* a.e., i.e., Wi (gol(m),gol(y)) = Wg(gog(x),gog(y))
a.e. on [0,1]%.
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(iv) There exists a measure-preserving map v : Q1 X [0,1] — Qo such
that Wt = W;l) a.e., where m : Q1 x [0,1] — Q1 is the projection,
i.e., Wi(z,y) = Wg(w(x,tl),d)(y, tg)) fora.e. x,y € Q1 and ty,ts €
0,1].

(v) [The]re exists a probability measure p on 2y x Qo with marginals
and iz such that W™ = W72 a.e. on (Q1 x Q9)?, i.e., Wi(z1,y1) =
Wo(x2,y2) for p-a.e. (x1,22), (y1,y2) € Q1 X Qs.

If Wy is almost twinfree, then these are also equivalent to:

(vi) There exists a measure preserving map ¢ : 1 — o such that
Wi =Wy5 ae., i.e., Wi(z,y) = Wa(p(z), 0(y)) a.e. on Q.

If both W1 and Wy are almost twinfree, then these are also equivalent to:

(vil) There exists a measure preserving map ¢ : Q1 — Qg such that ¢
is a bimeasurable bijection of Q1 \ N1 onto Qo \ Na for some null
sets N1 C Q1 and Ny C Qq, and W1 = Wy a.e., i.e., Wi(z,y) =
Wy (cp(m),np(y)) a.e. on Q3. If further (Qa, ua) is atomless, for ex-
ample if Qo = [0,1], then we may take Ny = Ny = 0, so Wy is a
rearrangement of Wy and vice versa.

The same results hold if 1 and Qo are Lebesgue spaces, provided in (iii)

[0,1] is equipped with the Lebesgue o-field, and in (iv) Q1 x [0,1] has the
completed o-field.

Proof. We assume that 2y and 2o are Borel spaces. The Lebesgue space
case follows immediately from this case by replacing W7 and Wy by (a.e.
equal) Borel kernels, see Remark 2.5.

We may also, when convenient, assume that W; and W5 are graphons by
using again the transformations Wi /(1 4+ Wi) and Wy /(1 + Wa).

First note that any of (iii)—(vii) is a special case of (ii), and that (ii)
implies W71 & W' & W52 = Wa; thus any of (ii)—(vii) implies (i). We turn
to the converses.

(i) = (ii),(v): Assume W; = Wy, ie., og(Wi, W) = 0. First, by
Theorem 6.16, there exists a coupling (1, ¢2) such that |W7' — W5 ||g =
6o(Wh, W) = 0, and thus, by Lemma 4.7, W{' = W5 a.e. Consequently,
(ii) holds. Moreover, by the same theorem and Theorem 6.9(ii), we may
take this coupling (¢1, ¢2) as the projections (7, m2) for a suitable measure
won 1 x Qg, which shows (v).

(v) = (iii): Since (£21 x Qq, u) is a Borel probability space, Theorem A.9
shows that there exists a measure-preserving map v : [0, 1] — Q1 x Qg, and
then (w1 04, m9 0 1) is a coupling defined on = [0, 1], which shows (iii).
(Alternatively, (i) = (iii) follows also easily by Theorem A.9 from the
special case 1 = Q9 = [0, 1] showed in [24].)

(i) = (iv): By Theorem A.9, there exist measure preserving maps 7; :
[0,1] — Q;, j = 1,2. Then W]" and W,* are kernels on [0,1], and W"* =
W1 = Wy = W%, The equivalence (i) <= (iv) was shown (for graphons,
which suffices as remarked above) in [24] in the special case 1 = Qo = [0, 1],
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based on [43, Theorem 7.28], and thus (iv) holds for W]" and W)?. In
other words, there exists a measure preserving function h : [0,1]2 — [0, 1]
such that W' (z,y) = W5 (h(z,21),h(y, 22)) for ae. z,y,21,22 € [0,1].
By Lemma 8.9 below (applied to (21, 1) and 1), there exists a measure
preserving map « : € x [0, 1] — [0, 1] such that v;(a(s,u)) = s a.e. Hence,
for a.e. x,y € Q1 and uy,ug, 21, 22 € [0,1],

Wi(z,y) = Wi(m o a(z, ur),m o aly,u2)) = Wi (a(z,u1), a(y, u2))
= W,? (h(a(m,ul), z1), h(a(y, uz), zg))
=W (72 o h(a(z,u1),21),72 o h(a(y, uz), 22)).

Finally, let 3 = (531, 2) be a measure preserving map [0,1] — [0,1]?, and
define ¢ (z,t) :==y9 0 h(Oé(l'a Bi(t)), ﬁZ(t))'

(iv) = (vi): Since, for a.e. z,y,t1,t2, ],
Wy (ﬂ)(m’tl)’w(y7t2)) = Wl(l',y) =Ws (¢(x7ti)7 ¢(?J,t2))

and ¢ is measure preserving, it follows that for a.e. z,t1,t}, ¢¥(z,t1) and
(z,t)) are twins for Wa. If W is almost twin-free, with exceptional null
set N, then further ¢(x,t1),¢(x,t]) ¢ N for a.e. z,t1,t), since ¢ is measure
preserving, and consequently ¢ (z,t1) = (x,t]) for a.e. z,t1,t]. It follows
that we can choose a fixed ¢} (almost every choice will do) such that ¢ (z,t) =
(z,t)) for a.e. x,t. Define ¢(z) := ¢(x,t}). Then ¢(x,t) = p(x) for a.e.
x,t, which in particular implies that ¢ is measure preserving, and (iv) yields
Wi(z,y) = Wa(p(2), o(y)) ae.

(vi) = (vii): Let N’ C Qy be a null set such that if z ¢ N’, then
Wi(z,y) = Wa(e(x),o(y)) for ae. y € Qp. If z,2" € Oy \ N and p(z) =
o(2'), then z and 2’ are twins for ;. Consequently, if W7 is almost twinfree
with exceptional null set N”, then ¢ is injective on Qp \ Ny with Ny :=
N'UN". Since 1\ N7 and Q9 are Borel spaces, Theorem A.6 shows that the
injective map ¢ : Q1 \ N1 — Q2 has measurable range and is a bimeasurable
bijection ¢ : Q1 \ N1 — Q2 \ Ny for some measurable set No C . Since ¢
is measure preserving, us(Na) = 0.

If Q5 has no atoms, we may take an uncountable null set N} C Qg \ No.
Let N{ := ¢ }(N}). Then NyUN/{ and NaUN} are uncountable Borel spaces
so they are isomorphic and there is a bimeasurable bijection n : Ny U N| —
Ny U Nj. Redefine ¢ on Ny U Nj so that ¢ = 7 there; then ¢ becomes a
bijection 21 — . O

Remark 8.7. A probabilistic reformulation of (ii), along the lines of Re-
mark 6.1, is that there exists a coupling (X,Y") of random variables with
the distributions g1 on ;1 and ug on Qs, such that if (X’,Y”) is an indepen-
dent copy of (X,Y), then W1(X, X') = Wa(Y,Y’) a.s. Similarly, (v) says
that there exists a distribution (i.e., probability measure) p on €1 x £y with
marginals pq and pg such that if (X,Y) and (X',Y”) are independent with
the same distribution p, then Wi (X, X') = Wa(Y,Y’) a.s. [13].
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Remark 8.8. In (iv), the seemingly superfluous variables t; and ty act as
extra randomization; (iv) thus yields a kind of “randomized pull-back” using
a “randomized measure-preserving map” v, even when no suitable measure-
preserving map as in (vi) exists. It is an instructive exercise to see how this
works for Example 8.1; we leave this to the reader.

The proof above uses the following consequence of the transfer theorem
[42, Theorem 6.10].

Lemma 8.9. Suppose that (Q, u) is a Borel probability space and that ~ :
[0,1] — Q is a measure preserving function. Then there exists a measure
preserving function a : Q x [0,1] — [0, 1] such that y(a(s,y)) = s for px A-
a.e. (s,y) € Qx|0,1].

Proof. Let 7 : [0,1] — [0,1] and € : Q — Q be the identity maps n(z) = =,
£(s) = s, and let € = 4 : [0,1] — Q. Then (£,7) is a pair of random
variables, defined on the probability space ([0,1], A), with values in £ and
[0, 1], respectively; further, ¢ is a random variable defined on (£, ;1) with

§~ 4 . By the transfer theorem [42, Theorem 6.10], the~re exists a measurable
function a : 2x[0, 1] — [0, 1] such that if (s, y) := a(&(s),y) = a(s,y), then
(€,7) is a pair of random variables defined on  x [0, 1] with (€,7) 4 (&,m).
Since & = y(n), this implies £ = (1) a.e., and thus s = £(s) = 'y(oz(s,y))
a.e. (]

There are several other, quite different, characterizations of equivalence.
We give several important conditions from [13], [14] and [24] that use the
homomorphism densities t(F, W) and the random graphs G(n, W) defined
in Appendix C and Appendix D.

Theorem 8.10. Let W and W' be two graphons (possibly defined on dif-
ferent probability spaces). Then the following are equivalent:

The random graphs G(n, W) and G(n, W') have the same distribu-
tion for every finite n.

(vii) The infinite random graphs G(co, W) and G (oo, W') have the same
distribution.

Proof. (i) <= (ii): This is just our definition of .

(i) = (iii): If o(W, W’) = 0, let W, ..., W, be a chain of graphons as
in Theorem 8.3 (or Theorem 8.4). We have §;(W;, W) = 0 for any pull-
back of a graphon W;, and thus §,(W;_1, W;) = 0 for every ¢ > 1. Hence
51(W, W’) = 0 by the triangle inequality Lemma 6.5.

(iii) => (ii): Trivial.
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(il) = (v): This is immediate from (C.1) for a pull-back, and the general
case follows again by Theorem 8.3.

(v) = (iv): Trivial.

(iv) <= (vi): The distribution of G(n,W) is determined by the family
{t(F,W) : |F| < n} of homomorphism densities for all (simple) graphs F
with |F| < n, and conversely, cf. Remark D.1.

(vi) <= (vii): The distribution of G(co, W) is determined by the family
of distributions of the restrictions G(oc, W)|, to the first n vertices, for
n > 1, and conversely. However, G(oo, W)y, = G(n,W). See [24] for
details.

(iv) = (ii): See [14] or, for a different proof, [13]. (This is highly
nontrivial.) Alternatively, (vii) = (ii) follows from [43, Theorem 7.28], see
[24, Proof of Theorem 7.1]. O

Remark 8.11. One of the central results in [14] is that, for graphons
Wi, Wa,... and W, ég(W,, W) — 0 if and only if ¢(F, W,) — t(F,W) for
every (simple) graph F. (Taking W, = W, for a sequence of graphs with
|Gr| = o0, this says in particular that G, = W <= t(F,G,) — t(F,W)
for every graph F', see Appendix B.) As pointed out in [12], this equivalence
is equivalent to the corresponding equivalence (ii) <= (iv) in Theorem 8.10.

One way to see this is to define a new semimetric on the class W* of
graphons by

S (W, W) := ) 27" t(F, W) — t(F, W),

n=1

where F, Fy, ... is some (arbitrary but fixed) enumeration of all unlabelled
(simple) graphs. By Theorem 8.10, 6;( W, W') =0 <— W 2 W —
do(W,W') =0, so d is, just as dg, a metric on the quotient space W. More-
over, the easy result Lemma C.2 that each W+ t(F},, W) is continuous for
dg implies that d; is continuous on (W, dn), so the topology on W defined
by d; is weaker than the topology defined by dg. (Equivalently, the identity
map (W, o) — ()7\/\, d¢) is continuous.) However, since (17\/\, dn) is compact,
this implies th/aj topologies are the same, i.e., that the metrics dg and §; are
equivalent on W, which is the result we want. (This argument in [12] is essen-
tially the same, but stated somewhat differently. Another equivalent version
is to consider the mapping W — [0,1]°° given by W — (t(Fy, W))22, see
[24]; this map is continuous and, by Theorem 8.10, injective, so again by
compactness it is a homeomorphism onto some subset.) Note the importance

of the compactness of W in these arguments.

The distribution of a kernel W defined on a probability space (€2, p) is
the distribution of W regarded as a random variable defined on 9?2, i.e., the
push-forward of ;2 by W, or equivalently the probability measure on R that
makes W : Q2 — R measure-preserving, see Remark 5.4.
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Corollary 8.12. If Wy and Wa are two equivalent graphons, defined on two
probability spaces 1 and Qo, then W1 and Ws have the same distributions.
In particular, fﬂ% Wk = fﬂ% WX for every k > 1.

Proof. The conclusion obviously holds if W7 is a.e. equal to a pull-back
W5 of W, or conversely. The general case follows by Theorem 8.3 (or
Theorem 8.4) and transitivity. Alternatively, we may use Theorem 8.10
and observe that [ ng = t(My, Wy) if My, is the multigraph consisting of k
parallel edges, see Example C.1. ([l

Note that, for any &k > 1, W — fm Wk is not continuous in the cut norm,
see Example C.3.

Finally we give, as promised above, the counterexample by Borgs, Chayes
and Lovész [13], showing that the condition that the spaces are Borel (or
Lebesgue) is needed in Theorem 8.6.

Example 8.13. Let A C [0,1] be a nonmeasurable set such that the outer
measure \*(A) = 1 and the inner measure A\.(A) = 0. (Equivalently, every
measurable set contained in A or in its complement has measure 0.) Let
La:={BNA:B e L}, the trace of the Lebesgue o-field on A. Then the
outer Lebesgue measure \* is a probability measure on (A4, Ly4), and the
injection ¢ : A — [0, 1] is measure-preserving. (See, e.g., [19, Exercises 1.5.8
and 1.5.11].)

Let W(z,y) := xy. W is a graphon on [0, 1], so its pull-back W; := W*,
which equals the restriction of W to Ax A, is a graphon on Q; := (A, L4, \*),
and W7 = W. The complement A := [0, 1] \ A satisfies the same condition
as A, so we may also define Qg := (A, L4c, \*), and let Wy = W be the
restriction of W to A® x A°.

Then W) = W = Wy, so Wi = Wy, However, suppose that (¢1,¢2) is a
coupling of €4 and g, defined on some space €, such that W' = W3 a.e.

Then the marginal Wy T equals the pull-back (Wl(l))wl of the marginal
ng) : Q1 — [0, 1], but the marginal of W is

1
W0 () = W) = /0 W, ) dy = 2/2;

hence Wl‘pl(l)(x) = ¢1(z)/2 for all z € €. Similarly, Wép?(l)(:r) = pa(z)/2

for all z € Q. Our assumption W{' = W5? a.e. implies that the marginals
are equal a.e., and thus p1(x)/2 = pa(x)/2 a.e.; consequently, p1(z) = pa(x)
for a.e. x € Q. This is a contradiction since for every z, ¢1(z) € A while
pa(z) € AC.

Consequently, for every coupling (41, ¢2) of Q1 and Q2 we have W'
W5 on a set of positive measure and thus | W' —W5?||o > 0 by Lemma 4.7.
Hence, the infima in Theorem 6.9(i)—(iii) are not attained, and none of
Theorem 8.6(ii)—(vii) holds, although (i) does.
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9. Pure graphons and a canonical version of a graphon

We present here a way to select an essentially unique, canonical choice
of graphon among all equivalent graphons corresponding to a graph limit;
more precisely we construct a graphon that is determined uniquely up to
a.e. rearrangements. This construction is based on Lovész and Szegedy [52],
although formulated somewhat differently. This will also lead to a new proof
of Theorem 8.4, a proof which we find simpler than the original one.

For convenience, we consider only graphons, although the construction
extends to general kernels with very few modifications.

Let W be a graphon on a probability space (2, F,u). For each x € Q,
the section W, is defined by

(9.1) We(y) = W(z,y), y € Q.
Thus W, is a measurable function 2 — [0,1], and in particular W, €
LYQ, F, ).

Let ¢y : Q — LY(Q, F, 1) be the map defined by ¢y (z) := W,. By a
standard monotone class argument (using, e.g., the version of the monotone
class theorem in [37, Theorem A.1]), see also [25, Lemma III.11.16], ¢ :
Q — LY(Q, F, i) is measurable.

Let puw be the push-forward %W of u by ¥, i.e., the probability mea-
sure on L'(, F, i) that makes ¢y : (Q, 1) — (LY, F, 1), ) measure-
preserving, see Remark 5.4; explicitly,

(9:2) pw (A) = u(y' (4)),  ACLNQLF, p).
Further, let Qy be the support of pyy, i.e.,
(9.3)

Qw = {f € LY(Q, F, ) : uw (U) > 0 for every neighbourhood U of f}.

Qu is a subset of LY(, F,u), and we equip it with the induced metric,
given by the norm in L'(Q, F,u), and the Borel o-field generated by the
metric topology.

Theorem 9.1.

(i) Qw is a complete separable metric space, uw is a probability mea-
sure on Quw and Yy (x) € Qw for p-a.e. x € Q. We can thus regard
Yw as a mapping Q@ — Qw (defined a.e.); then

Yw (2, 1) = (Qw, pw)
1S Measure-preserving.
(i) pw has full support on Qwy, i.e., if U C Qw is open and nonempty,
then pw (U) > 0.
(iii) The range of Yw is dense in Qyy. More precisely,
ww(Q)ﬂQW :{Wx T EQ}OQW

is a dense subset of Q.
(iv) Qw C{f e LY(Q,F,u): 0< f <1 ae}.
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(v) There ezists a graphon W on (Qw, uw) such that the pull-back
WYW =W a.e.; this graphon W is unique up to a.e. equality.

In particular, W = w.

Proof. Recall first that L'(Q, F, i) is a Banach space, and thus a complete
metric space. In many cases, L'(2, F, u) is separable (for example if Q =
[0,1] or another Borel space); however, there are cases when L'(Q, F, u) is
nonseparable, see Appendix G, and in order to be completely general, we
have to include some technical details on separability below; these can be
ignored when € is a Borel space (and at the first reading).

Recall also that if B is a Banach space, then L!(€2, F, u; B) is the Banach
space of functions f : ) — B that are measurable and essentially separably
valued, i.e., there exists a separable subspace B; C B such that f(x) € By for
a.e. x, and further [, [|f||p du < oo, see, e.g., [25, Chapter III, in particular
Section II1.6] or the summary in [37, Appendix C]. (Note that [25] uses a
definition of measurability which implicitly includes essential separability,
see [25, Lemma I11.6.9].)

Returning to our setting, we remarked above that 1y : Q — LY(Q, F, u)
is measurable; furthermore it is bounded since ||¢(z)|p1 = ||[Wallpr < 1,
and a monotone class argument (again using, e.g., [37, Theorem A.1]) shows
that ¢y is separably valued; thus ¢y € L! (Q,]—",,u;Ll(Q,}', u)) In fact,
see [25, 1I1.11.16-17], the mapping W + ¥y extends to L'(Q x Q, pu x ),
and more generally to L'(Q1 x Qo, F1 x Fa, 1 X po) for a product of any
two probability spaces (or, more generally, o-finite measure spaces), and this
yields an isometric isomorphism

(9.4) LY x Qo, Fy X Fa, p1 X pig) = LN (Qu, Fu, pn; LN (Qa, Fa, p2)).

As just said, Yy is separably valued, i.e., there exists a separable subspace
By C B := LY(Q, F, n) such that 1y (x) € By for all z € Q. We may replace
By by Bi, and we may thus assume that By is a closed subspace of B, and
thus a Banach space. Then p (B \ B1) = u(iby (B \ B1)) = u(0) = 0, and
it follows from (9.3) that Qy = supp(uw) € B; and, more precisely,

(9.5) Qw :={f € B1:uw(U) >0 for every open U C B; with f € U}.

Let A be the family of all open subsets U of B; such that py (U) = 0. Then
(9.5) shows that Qu = By \ Upyeq U. The union (J;;o 4 U is open, so this
shows that Qy is a closed subset of By, and thus a complete separable metric
space as asserted. Moreover, since Bj is separable, this union equals the
union of some countable subfamily; hence py (e U) = 0 and pw () =
1, so uw is a probability measure on Qyy .

By the definition of pw, pw (Qw) = p{z : Yw(z) € Qw}, so this also
shows that ¢y (z) € Qu for p-a.e. x. Thus we can modify ¢y on a null
set in € so that ¥y : Q@ — Qu, and then Yy is measure-preserving by the
definition of uw .
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This proves (i). Next, if U is an open subset of Qy with pw (U) = 0,
then U = V N Qu for some open V' C By. Then uw (V) = pw (U) = 0, and
thus Ve A, s0 V C B\ Qw and U =V N Qy = 0, which proves (ii).

If U C Qw is open and nonempty, then uw (U) > 0 by (ii) and thus
Yt (U) # 0 by (9.2); hence U N () # 0, which shows (iii).

The set Q := {f € L'(, F,u) : 0 < f < 1 ae.} is a closed subset of
LYQ, F,u). Since W,(y) = W(z,y) € [0,1] for every x and y, it follows
that ¢(z) € @ for every z, and (iii) implies (iv).

To show (v), let Fyy C F be the o-field on  induced by ¥y, i.e.,

(9.6) Fw = {1#;[,1(14) cAC LY, Fop) is measurable }.

By definition, vy is measurable (2, Fy,pu) — LY(Q, F,p), so we can
regard ¢y as an element of, using (9.4),

9.7) LN, Fw, s LN, Fop)) = LN x Q, Fiy X F, i X p).

This shows the existence of Wy € L'(Q x Q, Fiy x F,u x u) such that
W1 =W a.e. Consequently, the conditional expectation

EW | FwxF)=EWi | Fw xF)=W1 =W ae.
By symmetry, also E(W | F x Fiy) = W a.e., and thus
EW | Fw x Fw) = EEW | Fw x F) | F x Fw) =W ae.

Hence, W = W5 a.e., where W : Q2 — [0, 1] is Fy x Fyy-measurable, which
implies that Wy = W¥W for some measurable W : Q2. — [0,1]; we can
symmetrize W to obtain the desired graphon

W) = (W) + W(y, 2))/2
If Wy : Qu — [0,1] is another graphon such that Wl W= W= WYw

—~ e~

wx p-a.e., then Wy =W pw X puw-a.e., by the definitions of pull-back and

Hw -
Finally, W = W since W is a.e. equal to a pull-back of . [l

Remark 9.2. Sine )y is a complete separable metric space, the probability
space (Qw, pw) is a Borel space, see Appendix A.2.

Following [52], but using our notations, we make the following definition:

Definition 9.3. A graphon W on € is pure if the mapping ¢y is a bijection

Note that iy is injective <= W is twinfree (see Section 8). It follows
easily that a graphon is pure if and only if it is twinfree and the metric
r(z,y) == [|[W(z,:) — W(y,-)||r1 on © is complete, and further p has full
support in the metric space (£2,7). (Then, automatically, (€2, r) is separable.)
See further [52].
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Remark 9.4. Let W, W’ be graphons on the same probability space
with W = W a.e. Then W,(y) = W.(y) for a.e. y, for a.e. z; in other

words, Yy () = Yy (z) for a.e. . Consequently, uy = pyr, and thus also
Qw = Qur. We have ﬁ/\’ww = IjV\’d}W/ — W' =W ae., and thus W’ = W
a.e. by the uniqueness statement in Theorem 9.1.

Note that if W is pure and W’ = W a.e., then W’ is not necessarily pure;
however, W' is pure if u{y : W(z,y) # W(x,y)} = 0 for every x (and not
just for almost every x).

We let W denote the graphon constructed in Theorem 9.1. Note that 1%
is defined only up to a.e. equivalence, so we have some freggom in choosing
W. We will show (Lemma 9.6) that there is a choice of W that is a pure
graphon.

Lemma 9.5. Let Wy and Wy be two graphons defined on probability spaces
(Q1, 1) and (Qa, p2), respectively, and ¢ : Q1 — Qo is a measure-preserving
mapping such that Wi = Wy a.e. Then the pull-back map ©* : f — f¥ is an
isometric measure-preserving bijection of Qw, onto Qw,, and W{p* = Wg
a.e.

Proof. By Remark 9.4, we may replace Wi by Wy and assume Wp = W
everywhere and not just a.e.
Since ¢ is measure-preserving, ©* : LY(Qg, p2) — LY(Q1, p1) is an isomet-
ric injection.
If z € ), then the composition ¢* o ¢y, o ¢ maps = € €2 to
P (Pw (0(2))) = ¢* (Wap@) = Wap@)”

which is the mapping
2 (Wo )" (&) = Wa(p(x), o(2'))
= W5 (2,2') = Wi(z,2") = Wi (2)),
and thus
(9.8) ¢ (Yws (p(@))) = Wiz = Yw, (o).

In other words, ¢* o ¥y, 0 ¢ = Yw,. Since Yw, , Yw, and ¢ are measure-
preserving, it follows that for any A C L'(Qy, 1),

pwa ((9)7H(A)) = p2 (U, ((0)7H(A))) = (07 (v ((7)7H(A))))
= 1 (Vs (A)) = pw (A).
Hence, ¢* : LY(Qa, p1o) — L' (21, p11) is measure-preserving.
In particular, (9.9) shows that uW2((<p*)_1(QW1)) = uw, (Quw,) = L

Moreover, (¢*)~1(Q,) is a closed subset of L(§g, uu2) since Qyy, is closed
in L'(Q4, 1) and ¢* is continuous, and thus it follows, see (9.3), that

(9.9)

Qw, = supp(pw,) C (30*)71(QW1)'
In other words, ¢* : Q, = Q.
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Next, since ¢* is an isometry and Qyy, is a complete metric space (by
Theorem 9.1(i)), ¢*(Qw,) is a complete subset of the metric space Qyy,, and
thus ¢*(Qyy,) is closed. By (9.9),

1247%] (‘P*(sz)) = HWy ((@*)_1(@*(91/‘/2))) = HUW, (QW2) =L
Thus by (9.3) again (or by Theorem 9.1(ii)),

Qw, = supp(pw;) € @" (Qwy).

Hence ¢* is a bijection Qyy, — Q.
Finally, by (9.8), a.e. on Q7 x €,

((/Wlap*)tbwg)w _ (Wl)sa*ow%ocp _ (/Wl)wwl —W, = (Wz)w’

and thus (Wl‘p*)w% = W5 a.e. on Qs x Q. Consequently, Wl " =W ae.
by the uniquness statement in Theorem 9.1(v). O

Lemma 9.6. For any graphon W, W in Theorem 9.1 can be chosen to be
a pure graphon on Q.

Proof. Let W be defined on 2. The construction in Theorem 9.1 yields
the graphon W defined on Qy C LY(Q, F, 1). We repeat the construnction,

starting with W on Qw, and obtain the graphon W on g, where Qp C
LY (Qw, puw). Since Yy : Q — Qp is measure-preserving and Wiw =
W a.e. by Theorem 9.1, it follows by Lemma 9.5 that v}, is an isometric
bijection of Qg onto Qw; thus (¢5,) 71 is a bijection Qp — Q-
We will show that we can modify W on a null set so that Y = (i)
For a.e. x € €, we have ¥y () € Qw C LY(Q, F, 1) and then Vi (Yw ()

is by (9.1) the function in L'(Qy, uw) given by

Y (Uw (@) (9) = W (Yw(x),9), g€ Qw.

Consequently, the pull-back map vy;, in Lemma 9.5 maps this to the function
on €2 given by, for a.e. x and y,

Gy e (w () (y) = ¥ (o (@) (Yw (1)) = W (Yw (2), Y ()
= W (z,y) = W(z,y) = Yw(z)(y);

thus ¥y, (Vi (Yw (2))) = Yw () for ae. x € Q.

Let

A= {f € vy (b () = £,

We have just shown that u{x : Yw(z) € A} =1, so by (9.2) uw(4) = 1.
Thus, Y7y (V) : Qw — Qw equals the identity map a.e.

Since ¢y, is a bijection, Y = (¢3,) "t on A C Q. The idea is to modify
Yy on the null set Qyy \ A such that this equality holds everywhere. The
space QWA/ is included in a separable subspace B; C L'(Qy, uw), and by
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Lemma G.1, there exists a measurable evaluation map ® : By x Qy — R
such that ®(F,g) = F(g) for every F' € By and pw-a.e. g € Q. Define

H(f.g):=2((Ww)"'(f)9),  f.9€w;
then H : Qw x Qw — R is measurable and for every f € Qy,

(9.10) H(f.9) = (i)~ (N)lg),  forae geQw.
For every f € Qw, (Y5y) 7' (f) € Q, so by (9.10) and Theorem 9.1(iv),

0< H(f,g) <1forae. ge Q. Let H(f,g) == min{max{H(f,g),0},1} €
[0,1]. Then, for every f € Qu, by (9.10),

(9-11) H(f,9)=H(f.9) = (W)~ (Hlg),  forae geQw.
Thus H has the desired sections. We define a graphon /Wl on Qy by

W(f,9), f.9€ 4

W A A;

0, frg¢ A

Then Wl =W a.e., because u(A) = 1, so we may replace W by Wl in
Theorem 9.1(v). Moreover, if f € A then Wl(f, g) = /W(f,g) for a.e. g, and
thus ¢, (f) = vy (f) = (W)~ ()

It f ¢ A, then Wi(f.g) = H(f.9) = (¥5,)"(f)(g) for ae. g by (9.12)
and (9.11), and thus ¢ (f) = (¢3,)"1(f) in this case too.

Consequently, wwl = (¢}y) ! is a bijection Qu — Qp = QAl, where the
final equality is by Remark 9.4. O

Theorem 9.7. Two graphons W1 and Wy are equivalent if and only if Wl 18
an a.e. rearrangement of Wa by a measure-preserving bijection Qw, — Qwy,
that further can be taken to be an isometry.

In other words, W7 = Ws if and only if there is an isometric measure-
preserving bijection ¢ : Qu, — Qu, such that W3 = W a.e.

Proof. Consider the class Wy, of all graphons that are defined on a prob-
ability space that is also a metric space. Define W7 = Wy if Wy, Wy € W,
and W is a.e. equal to a rearrangement of Ws by an isometric measure-
preserving bijection; this is an equivalence relation on W,,. Lemma 9.5
shows that if W is a pullback of Wa, then /Wl = Wg.

If W1 = Ws, then Theorem 8.3 yields a chain of pullbacks linking W7 and
Ws,, and thus Wl = /Wg.

Conversely, if Wl equals a rearrangement of Wg a.e., then W = Wl
W 2 W by Theorem 9.1(v).

O IR

Corollary 9.8. If Wy and Wy are equivalent graphons, then Qyw, and 2
are isometric metric spaces.

S

2

O
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Theorem 9.9. Fvery graphon is equivalent to a pure graphon. Two pure
graphons W1 and Wy are equivalent if and only if they are a.e. rearrange-
ments of each other.

Proof. If W is a graphon, then W = W for a pure graphon W by Theo-
rem 9.1(v) and Lemma 9.6.

If W, is pure, then Yy, is a bijection so Wj is an a.e. rearrangement of
Wi by Theorem 9.1(v). The same applies to Wg, and if further W7 = W,
then W1 W2 and Theorem 9.7 yields that W1 is an a.e. rearrangement of
Wg Since being an a.e. rearrangement is an equivalence relation, this shows
that W7 is an a.e. rearrangement of W5, and conversely. O

Proof of Theorem &.4. Suppose that W1 = Ws. By Theorem 9.7, Wl is
an a.e. rearrangement of Wg Further, W1 is a.e. equal to a pull-back of W1
by Theorem 9.1, so by composition, W7 is a.e. equal to a pull-back of WQ,
and so is Wy by Theorem 9.1 again. This proves Theorem 8.4 (except the
last sentence, which was shown in Section 8) for graphons, which suffices as

remarked earlier. Note that Wy is defined on Qyy,, which by Remark 9.2 is
a Borel space. O

By Coroll:iry 9.8, every graph limit T', i.e., every element of the quo-
tient space W, defines a complete separable metric space Qy by taking any
graphon W that represents I'; this metric space is uniquely defined up to
isometry. Hence metric and topological properties of 2y are invariants of
graph limits. See Lovasz and Szegedy [52] for some relations between such
properties of Qy and combinatorial properties of the graph limit; it would
be interesting to find further such results.

Example 9.10. A trivial example is that a graph limit is of finite type, i.e.,
it can be represented by a step graphon, if and only if Qyy is a finite set, see
Example 5.3. Theorems 9.7 and 9.1 imply that every graphon equivalent to
a step graphon is a.e. equal to a step graphon.

Theorem 9.9 shows that we can regard pure graphons as the canonical
choices among all graphons representing a given graph limit. By considering
only pure graphons, equivalence boils down to a.e. equality and rearrange-
ments, and every graphon W has a pure version constructed as W. This is
theoretically pleasing. (Nevertheless, for many applications it is more con-
venient to use other graphons, for example defined on [0, 1], regardless of
whether they are pure or not.)

Remark 9.11. In this section, we have used mappings into L(£, 1) and
have constructed Qy as a subset of L'(Q, ). We could just as well use
L2(2, ), or LP(Q, ) for any p € [1,00). In fact, by Theorem 9.1(iv) Qy C
LP(Q, ) and the different LP-metrics are equivalent on Qy by Hoélder’s
inequality; it follows easily that the construction above yields the same space
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Quw for any LP with 1 < p < oo, with a different but equivalent metric and
thus the same topology.

9.1. The weak topology on Q. Since Qu C L?(€, i), the inner prod-
uct (f,g) := [, fgdu is defined and continuous on Qy x Qyy. We define
further, again following Lovéasz and Szegedy [52] in principle but not in all
details,

013)  rwew(fog) = /Q (F — g 1) duw(h),  fog € Qw.

Since Yy : Q — Qu is measure-preserving, and Yy (x) = W, this can also
be written

(9.14) rwow (£, 9) /If 9, Wa)| du(z).

Since (f, g) is continuous and bounded on Qyy x Qyy, it follows by dominated
convergence that ryow (f, g) is continuous on Qy x Qy. We will soon see
(in Theorem 9.13) that it is a metric. We let 7y denote the original metric
on Qyy, i.e., the L'-norm:

©015)  rw(fog) = |If — gl = / (@) — g(2)| du(z).

We have 0 < W, <1 and thus |(f — g, Wz)| < ||f — ¢gl/z1, so by (9.14) and
(9.15),

(9.16) rwow (f.9) <rw(f,9).

Remark 9.12. If W is pure, so ¢y is a bijection, then 7.y induces a
metric on ) which we also denoted by ryow; explicitly,

rwow (#,9) = rwow (Wa, Wy) = /Q [(We = Wy, W)l dpu(2)

),

_ /Q\Wo Wz, 2) — W o W(y, 2)| du(z)

/Q (W (2t ) — W (3, 0)) W (2, ) ()| dp(2)

= [[We W(x -) —WoWl(y, )l au

where Wo W (z,y) := [, W W (u,y) du(u). Thus, if Ty is the integral
operator with kernel W, then W o W is the kernel of the integral operator
Tw o Ty, which explains the notation.

Recall that the weak topology o = o= on L*(§, ) is the topology gen-
erated by the linear functionals f — (f,h) = [, fhdp for h € L>(Q, 1). In
general, if X and Y are two subsets of L!(2) such that [, |fh| < co when
feXand h eV, let (X,oy) denote X with the weak topology generated
by the linear functionals f +— (f,h), h € Y. Since the elements of Qp
are uniformly bounded functions by Theorem 9.1(iv), it is well-known, see
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Lemma F.1(i), that the weak topology on Qyy also is generated by f +— (f, h)
for h € LY(Q, 1) (this is the weak® topology on L>(€, i) restricted to Qyy),
or by the subset h € LP(), 1) (this is the weak topology on L4(, 1), where
1/p+1/q =1, restricted to the subset Qyy, cf. Remark 9.11). Thus,

(9.17) (Qw,0) = (Qw,or) = (Qw,o1) = (Qw,or2).

We let Qy” be the closure of Qu in L'(€, ) in the weak topology. It
follows by Theorem 9.1(iv) that Q" C {f € L'(Q,pu) : 0 < f < 1 ae.},
and thus, by Lemma F.1(i) again,

(9.18) Qw’.0) = (W’ o) = Qu’,01) = (", 02).

Moreover, the weak closure Qu ' is the same as the weak closure of Qy in
LP(Q, p) for any p < oo, and the weak™ closure in L>°(2, ).

Recall also that two metrics r; and ro on the same space are equivalent
if they induce the same topology, i.e., if 71 (zp,x) = 0 <= ra(z,,z) — 0
for any point x and sequence (z,) in the space; the metrics are uniformly
equivalent if ri(xp,yn) = 0 <= 7r2(xn,yn) — 0 for any sequences (z,) and

(Yn)-

Lovész and Szegedy [52] showed essentially the following.
Theorem 9.13.

(i) rwow is a metric on Qu and it defines the weak topology o on Qyy .
The same holds on the weak closure WU.

(ii) The metric space (Qw" ,rwow) is compact. Thus (Qw’, rwoew) is
the completion of (Qw,rwoew). In particular, Qw’ = Qu if and
only if (Qw,rwow) is complete.

(iii) The inequality rw > Twow holds, and thus the identity mapping
(Qw,rw) = (Qw, rwow) s uniformly continuous.

(iv) Qw is compact if and only if the metrics rw and rwow are equiv-
alent on Qw and further Qw is weakly closed, mg = Qw.

(v) The metrics ryw and rwow are uniformly equivalent on Qu if and
only if Qw is compact for the norm topology given by ryy .

It seems more difficult to characterize when ry and ryy . are equivalent
on Quy, see Examples (9.16)—(9.17) below.

Before proving the theorem, we introduce more notation. Using the fact
that Qu C L2(Q, p) (cf. Remark 9.11), let A be the closed linear span of
Qu in L2(Q, u), and let B be the unit ball of A; thus Qy C B. We extend
the definition (9.13) of ryow to all f,g € A.

Lemma 9.14.

(i) rwow is a metric on A.
(ii) The metric rwow defines the weak topology o2 on B. In other
words, (B,rwow) = (B,0or2) as topological spaces.
(iii) The metric space (B, rwow) is compact.
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Proof. (i): Symmetry and the triangle inequality are immediate from the
definition (9.13). Suppose that rwow (f,g) = 0 for some f,g € A. Since
h — |(f — g,h)| is continuous on Qyy, and its integral ryow (f,g) is 0, it
follows from Theorem 9.1(ii) that (f — g, h) = 0 for every h € Qy. The set
{h e L?:{(f—g,h) =0} is a closed linear subspace of L?({, 11), and thus it
contains A; i.e., (f — g, h) =0 for every h € A. In particular,

/Qrf—deu—<f—g,f—g>—0-

Thus f —g =0 a.e., ie., f =¢in A C L% Hence ryop is a metric.

(ii): If h € L?(Q) and hy € A is the orthogonal projection of h, then
(f,h) = (f, ha) for every f € A. Consequently, o2 = 04 on A.

Let D be a countable dense subset of Qy; then D is total in A, and thus
A is a separable Hilbert space. It is a standard fact that the unit ball B of
A with the weak topology 04 = o2 then is a compact metric space. (It is
compact by the Banach—Alaoglu theorem [25, Theorem V.4.2], and metric
by [25, Theorem V.5.1]. Explicitly, 04 = op on B, by the same argument as
in the proof of Lemma F.1, and if D = {hy, ho, ...}, we can define a metric
on (B,or2) = (B,o4) by d(f,g) := Zz 27(f — g, hi)].)

We next show the identity map (B,o;2) — (B,rwow) is continuous.
Since, as just shown, (B, o02) is metrizable, it suffices to consider sequential
continuity. Thus assume f,, f € B and f,, — fin oz2. Then (f, — f,h) =0
as n — oo for every h € Qu C L%, and thus rwow (fn, f) — 0 by (9.13) and
dominated convergence.

The identity map (B,or2) — (B,rwow) is thus a continuous bijection
of a compact space onto Hausdorff space, and it is thus a homeomorphism.
Consequently, (B,o12) = (B, rwow)-

(iii): A consequence of (ii) and its proof, where we showed that (B,o2)
is compact. ([

Proof of Theorem 9.13. (i): Since Qw C B C A, it follows by Lem-
ma 9.14 that Q° C B. Hence, using Lemma 9.14 again and (9.18), ryyow
is a metric on Q" and (WU,O') = (mg, or2) = (WU,rWow).

(ii): An immediate consequence of Lemma 9.14, together with standard
facts on compact and complete metric spaces (see, e.g., [27, Section 4.3]).

(iii): This is just (9.16).

(iv): If (Quw,rw) is compact, then the identity mapping (Qw,rw) —
(Qw, rwow ), which is continuous by (iii), is a homeomorphism. The metrics
are thus equivalent. Furthermore, (Qw,o) = (Qw, rwow) is compact and
thus closed in the weak topology on L(€, p).

Conversely, if Qy = Qu°, then (Quw,rwow) is compact by (ii), and if
further the metrics are equivalent, then (Qy, ) is compact too.

(v): If (Qw,rw) is compact, then the metrics ry and ryow on Qp are
equivalent as seen in the proof of (iv). Moreover, as is easily seen (e.g.,
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[27, Theorem 4.3.32]), two equivalent metrics on a compact metric space are
uniformly equivalent.

Conversely, if ry and ryow are uniformly equivalent, then (Quw, rwwow)
is a complete metric space, since (Qyy, rw) is by Theorem 9.1; hence Oy’ =
Qw by (ii), and thus Qp is compact by (ii) again. O

The following analogue of Corollary 9.8 shows that also the metric space
(Qw, rwow) and its completion, the compact metric space (Qw”, rwow ),
are invariants of graph limits.

Theorem 9.15. If W, and Wy are equivalent graphons, then (Qw,, rw,ow, )
and (Quw,, Twyow, ) are isometric metric spaces, and so are the compact met-

ric spaces (leg,rwlowl) and (szg, 7‘W20W2)-

Proof. By Theorem 8.3, it suffices to prove this in the case when Wj is a
pull-back of W5 as in Lemma 9.5. In this case, for any f,g € Qy,, using
(9.13) and the fact that f — f¥ is a measure-preserving bijection of Qyy,
onto Qy, by Lemma 9.5,

TWioWh (f?,9%) = (f?—g%,h) dpw, (h)

S~

Qw,

(f¥ = g%, k%) dpw, (F)

Il
S—

Qw,

(f = g,k) duw, (k)

I
S~
S

= TWyoW, (f g)'

This shows that the bijection f — f% is an isometry also (Qyy,, T‘WQOWZ)
(QWl,rwlowl) which extends to an isometric bijection of (", TWyows)
onto (Qw,”, "wyow, ) by Theorem 9.13(ii). O

We say that a graphon W is compact if Qyy is a compact metric space with
the standard L! metric 7y, and weakly compact if (Qw, o) = (Qw, rwow) is
compact. By Corollary 9.8 and Theorem 9.15, the same then holds for every
equivalent graphon, so we may say that a graph limit is [weakly] compact if
some, and thus any, representing graphon is [weakly] compact.

Not every graphon is compact. Moreover, this can happen both with
(Qw, o) compact and (Qy,0) noncompact, as shown by the following ex-
amples (inspired by a similar example in [52]). Note that exactly one of the
two conditions in Theorem 9.13(iv) fails in each of the two examples.

Example 9.16. Let Q :={0,1}*° = {z = (z;)§° : #; € {0,1}} (the Cantor
cube, which is homeomorphic to the Cantor set) with the product measure
p o= v>, where v{0} = v{1} = 1/2. We write Q@ = Qp U Oy, where
Q; = {x € Q: 29 = j}. Note that there is a measure-preserving map
[0,1] — € given by the binary expansion, so the examples below can be
translated to examples on [0, 1] by taking pull-backs.
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If F is a function Qy x Q; — [—1, 1], we define a graphon W on Q by

%—F %F(aj,y), z € Qq, y € Q;

W(z,y) = 5+5F,2), o€, ye;

1

2

Define F(y) = F(z,y) for € Qo, y € O and Fy(y) = F(y,z) for
€0,y € N; thus F, € LY(Qy) for € Qg and F, € L'(y) for z € Q.

Regard L'(€) and L'(£;) as subspaces of L'(Q) in the obvious way

(extending functions by 0). Define the maps ®o : Qo — L'(Q1) and ®; :

0 — LY(Qo) by ®o(z) = F, and ®1(x) = F,; then

(9.19) Yw(z) =W, = 3+ 30;(z), for z € ;.

x,y € Qg or x,y € Q.

Let p; be the push-forward of y by ®;; this is a measure on L'(Q_;) C
LY(Q) with total mass 1/2. Let X; C L'(Q1_;) € L'(Q2) be the support of
pj. It follows from (9.19) that the map f — % + 3 f is measure-preserving
(L), po + p1) — (LY(Q), uw), and thus

(9.20) Qw={3+3f:feXoUX1}.

Define the functions h; : Q3 — {—1,1} by h;(x) = 2x; — 1, where x — x;
is the i:th coordinate function. Let ¢(x) := inf{i : z; = 1} (defined a.e. on
Q) and take

(9.21) F(z,y) := hya) ().

(Thus W(x,y) = yy(z) for © € Qo, y € Q1)
Then {F, : z € Qo} = {h; : i > 1}. The induced measure ug on L'(Q1) is
thus a discrete measure with atoms h; (each with positive measure), so

Xo=supppuo={hi:i>1} ={h; :i> 1},

since {h;} is closed in L*(91) because ||h; — hj 11(q,) = 1/2 when i # j.
If y,z € 4, then

1By~ Fols = [ 1F(@9) = Pla,2)l du(o) = 3027 i = 2,
=1

Qo

It is easily seen that this is a metric on §2; which defines the product topol-
ogy. Hence @1 : y — Fy is a homeomorphism of ©; onto {Fy cy € N} C
LY(Qy), and consequently {F, : y € O} is a compact subset of L'. Since
further ®; : (Q1,p) — (LY(Q), 1) is measure-preserving, and p has full
support on y, it follows that X1 = suppu; = {F, : y € O} 2 QO 2 Q
(where 2 denotes homeomorphisms.) Note also that Xy and X are disjoint;
in fact, they have distance 1 in L!.

It follows that Qp = XgU X7 2 NUQ, i.e., Qu is homeomeorphic to the
disjoint union of the Cantor cube (or Cantor set) and a sequence of discrete
points. Thus Qy is not compact.
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With the weak topology o, we have (X1,0) = (X1, 7w ) because (X1, rw)
is compact. Moreover, the sequence (h;) is orthonormal in L'(4,2u) (for
convenience normalizing the measure on 1), and thus h; — 0 weakly
in L2 as i — oco. It follows by Lemma 9.14(ii) that ryow(hi,0) — O.
For the corresponding elements g; := % + %hi € Q, see (9.20), we have
rwow (Jis %) — 0. It follows that (Qy,0) consists of a compact set homeo-
morpic to 2, and a sequence (g;) converging to % Since % ¢ Quy, it follows
that (Qw,0) = (Qw,rwoew) is not compact; moreover, the identity map
(Qw,rw) = (Qw,rwow) is a homeomorphism, so (Qu,0) = (Qw,rw) =
NU Q. Thus ri and o are equivalent on Qyy but not uniformly equiv-
alent. (Just as {1,2,...} and {1,1/2,1/3,...}, both with the usual metric
on R, are equivalent but not uniformly so.)

The weak closure Q" = Qp U { %} is the one-point compactification of
Qw .

Example 9.17. We modify the preceding example by taking, instead of
(9.21),

0, if 1 = X2 = 1,
hoz)(y) otherwise.

(9.22) F(z,y) = {

The only significant difference from the preceding example is that now X
also contains the function 0, and Qy thus the function %; note that h; — 0
weakly and thus in ryow but not in ry. In the norm topology. Xy =
{g:} U{3} is still an infinite discrete set, and thus Qp = XoU X; 2 NUQ
as in Example 9.16. (We have added one isolated point to Qyy.)

In the weak topology, however, Xy now consists of a convergent sequence
and its limit point, and thus (Xg, o) is compact and homeomorphic to the
one-point compactification N of N (or, equivalently, to {1/n : n € N} U {0}
with the usual topology). Thus (Q,0) = XoU X; =2 NUQ. (Compared to
Example 9.16, we have added the point at infinity in the one-point compact-
ification.) In particular, (Quw,rwow) = (Qw, o) is compact but (Qu,rw)
is not, and the two topologies are different so the metrics are not equivalent.
The weak closure mo = OQw.

10. Random-free graphons

Lovasz and Szegedy [52] have studied the class of graph limits represented
by {0, 1}-valued graphons (and the corresponding graph properties); with a
slight variation of their terminology we call such graphons and graph limits
random-free (a reason for the name is given in Remark D.2):

Definition 10.1. A random-free graphon is a graphon W with values in
{0,1} a.e.

By Corollary 8.12, every graphon equivalent to a random-free graphon
is random-free. Note that every graphon Wy defined by a graph as in
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Example 2.7 is random-free. (A reason for the name random-free is given in
Remark D.2.)

Example 10.2. It is shown by Diaconis, Holmes and Janson [22] that every
graph limit that is a limit of a sequence of threshold graphs can be repre-
sented by a graphon that is random-free (and has a monotonicity property,
studied further in [11]). Hence every representing graphon is random-free,
i.e., if G, are threshold graphs and W is a graphon such that G, — W,
then W is random-free.

Example 10.3. It is shown by Diaconis, Holmes and Janson [23] that every
graph limit that is a limit of a sequence of interval graphs can be represented
by the graphon W(z,y) := 1{x Ny # 0} on the space Q := {[a,b] : 0 <
a < b < 1} of all closed subintervals of [0,1], equipped with some Borel
probability measure p. (Note that  and W are fixed, but u varies.) Hence
every graphon representing an interval graph limit is random-free. (This
includes the threshold graph limits in Example 10.2 as a subset. The explicit
representations in [22] and [23] are different, however.)

Lemma 10.4. Let W be a graphon. Then the following are equivalent.

(i) W is random-free.
(ii) [z W (1 —=W)=0.
(i) [oe W2 = [ W.

Proof. This is trivial since W is random-free if and only if W(1 — W) =0
a.e. and W (1 — W) > 0 for every graphon. O

Recall that W +— fm W? is not continuous for dg, see Example C.3; we
therefore cannot conclude that the set of random-free graphons is closed. In
fact, it is not; on the contrary, this set is dense in the space of all graphons.

Lemma 10.5. The set of random-free graphons is dense in the space of all
graphons. In other words, given a graphon W on a probability space §2, there
exists a sequence of random-free graphons Wy, such that do(W,,, W) — 0.

Proof. By Remark B.2, there exists a sequence (G,) of graphs such that
n(Weg,,, W) — 0. Each W, is random-free. O

In contrast, the set is closed in the stronger metric §;. (See Pikhurko
[56].)

Lemma 10.6. The set of random-free graphons is closed in the space of all
graphons equipped with the metric d1. In other words, if W and W, are
graphons, on any probability spaces, such that 61(W,, W) — 0, and every
Wy, is random-free, then W is random-free.

Proof. Let F(z) := (1 —z). Then F : [0,1] — [0,1] and |F'(z)| < 1 so
|F'(z)—F(y)| < |z—y| for z,y € [0, 1]. It follows easily that if W,, and W are
graphons with (W, W) — 0, then 0,(F(W,), F(W)) < 6:(W,,W) — 0
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and | [ F(W,) — [ F(W)| — 0. Since W, is random-free, [ F(W,) = 0 by
Lemma 10.4 for each n, and thus [ F(W) = 0. By Lemma 10.4 again, this
shows that W is random free. g

We continue to investigate the metric d; in connection with random-free
graphons.

Lemma 10.7. Let W1 and Wa be graphons on a probability space €2, and
let Wi be a random-free n-step graphon on the same space. Then

(10.1) W1 = W 11 g2y < n?([W1 = Wallo + 2[[W1 — Wil 11 (a2).

Proof. Let {A;}} be a partition of Q such that W/ is constant 0 or 1 on
each A; x Aj.
If W] =0on A4; x Aj, then

J[ wiwa= [ wes [[ wiegm-wal
AiXAj AiXAj AiXAj

— // Wy — W[+ Wi — Wallo.
A,L'XAJ'

If W] =1on A; x Aj, then

// rW{—W2r=// <1—W2>s// (1= W) + W3 — Wallo
AiXAj AiXAj AiXAj

— // Wy — Wi+ [[Wh — Wallo.
AiXAj

Thus, in both cases ffAixAj W] —Ws| < ffAixAj (W1 =W [+[|W1 = Wal|o,
and summing over all 4 and j yields
W1 = Wallpr < [[Wh = Wil g+ n®[[Wh — Wel|o.
The result follows by [|[W1 — Wal|p1 < [|[Wy — W[ + [[W] — Wa 1. O

Remark 10.8. In particular, if W; is a random-free n-step graphon and
Wy an arbitrary graphon on the same probability space, then

(10.2) W1 — Wallpn < n?|[Wh — Wa o,

The constant n? in Lemma 10.7 and (10.2) is good enough for our purposes,
but it is not the best possible, and it may easily be improved. In fact, an
inspection of the proof shows that if we let a;; := fAixAj (W1 — Wa), then

we have simply estimated |a;;| < [|[W1 — Wa||p and thus

> laij| < n?|Wy — Wallo.
i’j
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To obtain a better estimate, we use an inequality by Littlewood [46], see
also Blei [7] and Varopoulos [61, §6.2], which yields

(10.3)

Z(Z ]aij’2) < \f sup Z 2615 Qi
i '
Consequently, by the Cauchy—Schwarz 1nequahty,

._:i:l
100 33y < an (Z ay?)" < VBV Wi - Wallo

i=1 j=1

which shows that n? in (10.1) and (10.2) can be replaced by /3n. Further-
more, the constant v/3, which is implicit in [46], has been improved to V2
by Szarek [59]. (Szarek actually proved that /2 is the sharp constant in
Khinchin’s inequality, which implies Littlewood’s, see [7]. See also [32] for
related results.) Consequently, n? in (10.1) and (10.2) can be replaced by
Van.

This is, within a numerical constant, the best constant in these inequal-
ities, as shown by the following examples which all yield a lower bound of
order n'/2,

<V3||Wy — Wao2.

Example 10.9. Let W be a symmetric Hadamard matrix of order n (i.e.,
a matrix with £1 entries and all rows ortogonal); such matrices exists at
least if n = 2% for some k. (Take tensor powers of (7 _7).) We have
W = W, — W_ where W4 are graphons on [n]. (We equip [n] with the
uniform probability distribution.)

Then ||W||1 =1, since |W| = 1. In order to estimate ||W||o2, let f and g
be two functions [n] — [—1,1], see the definition (4.3). Write W = (wj;)};_,
and change notation to a; = f(i), b; = g(j); thus |as|, |b;] < 1.

Since W is a Hadamard matrix, the normalized matrix n='/2W is orthog-
onal, and is thus an isometry as an operator in R™ (with the usual Euclidean
norm); hence, W has norm /n. Consequently,

W (2, y) f(2)g(y) du(z) duly) =n"2 ) aiwi;b;

1,j=1

" 12 1/2
<n2/n (Z a?) (Z b?) <n 12
i=1 i=1

Hence |[W|jo2 < n~/2 while |[W| ;1 = 1, and thus the best constant in
(10.2) is at least y/n for n such that a symmetric Hadamard matrix exists,
and hence at least y/n/2 for any n. See further [46] and [61, §6.3].

[n]?

Example 10.10. Let ¢ be a prime power with ¢ =1 (mod 4) and consider
the Paley graph Py, see [8, Section 13.2]; the vertex set of P, is the finite
field F, and there is an edge zy if x —y is a square in IF,. Let Wy := Wp, and
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Wy = 1/2; then W is a random-free g-step graphon, and |[|[W; — Wal[;1 =
1/2, since Wy — Wy = £1/2 everywhere. By [8, Theorem 13.13] (and its
proof, or Lemma E.1 below), | W} —Wa||o1 = O(¢~*/?). Hence, the constant
in (10.2) is at least Q(q'/2), for n = q of this type. Since primes of the type
4k + 1 are dense in the natural numbers, it follows again that the constant
is Q(n'/?) for all n.

Example 10.11. We can use a random graph G = G(n,1/2) and let W; :=
We and, again, Wy := 1/2. Thus ||[W; — Wa| ;1 = 1/2. (Note that the
Payley graph in Example 10.10 is an example of a quasirandom graph, so
the two examples are related.)

We use for convenience the version || ||g4 of the cutnorm in Appendix E.
If S,T C [n] are disjoint, then n? J gx7 Wa is the number of edges between
S and T, and has thus a binomial distribution Bi(st,1/2) where s := |S|
and ¢ := |T|. Hence, a Chernoff bound [41, Remark 2.5] shows that, for any
c >0,

IP()/SXT(Wl - WQ)‘ > cn*1/2> - P(‘nQ /SX:r(WG - EWG)‘ > cn3/2>
< 26xp(2(67§€/2)2) < 2€Xp<2nc22/rf) = 2€Xp<7802n>,

since st < s(n — s) < n?/4. There are 3" pairs S, T of disjoint subsets, and
thus

P(|[W1 — Wa|

Consequently, choosing for simplicity ¢ = 1, so 8¢ > log 3, with high prob-
ability ||W1 — Wal|oa < n'/2, and thus by Lemma E.2

W1 — Walloy < 4n~ Y2 = 80712 | Wy — Wa|| 11,

showing that the best constant in (10.2) is at least %nl/Q (for || |lo,1)-

04 > cn_1/2) <2.3" eXp(—SCQn) = 2exp((log3 — 802)71).

Pikhurko [56] showed that convergence to a graphon W in 47 is equivalent
to convergence in dg if W is random-free, but not otherwise. To show this,
we first show the corresponding result for || ||o.

Lemma 10.12. Let W and W1, Ws, ... be graphons on a probability space
Q, and assume that W is random-free. Then ||W, — Wl g — 0 as n — oo if
and only if ||Wyn — W/ p1(q2) — 0.

Proof. Assume |W,, — W|jg — 0. W is the indicator 14 of a measurable
set A C Q2. Any such set can be approximated in measure by a finite
disjoint union of rectangle sets (J; A; x B;, and we may assume that this set
is symmetric since A is; in other words, given any € > 0, there exists a {0, 1}-
valued step graphon W' such that |[W — W’||;1 < e. Let the corresponding
partition have N = N(¢) parts. Lemma 10.7 then yields

W = Wllr < N?W = W|lo + 26 — 2¢
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as n — oo. Hence, limsup,, . [|[W — Wy||;1 = 0.
The converse is obvious. O

Theorem 10.13 ([56]). Let W and Wy, Wa,... be graphons defined on
some probability spaces, such that W is random-free. Then og(W,, W) — 0
as n — oo if and only if 5 (W, W) — 0.

Proof. Assume that og(W,W,,) — 0. By replacing the graphons by equiv-
alent ones, we may by Theorem 7.1 assume that all graphons are defined
on [0,1]. By Theorem 6.9, we may then find measure-preserving bijections
¢n :[0,1] = [0,1] such that [|[W — W™ ||o < do(W, W,,) + 1/n — 0. Hence,
W — Wi || 1 (q2) — 0 by Lemma 10.12, and thus 6;(W, W) — 0.

The converse is obvious. O

As said above, it is here necessary that W is random-free [56], which is
seen from the following theorem.

Theorem 10.14. Let W be a graphon. Then W is random-free if and only
if 01(Wg,,, W) — 0 for some sequence of graphs G,,.

Proof. There exists a sequence of graphs G,, with do(Wg,,W) — 0 by
Remark B.2. If W is random-free, then 61(Wg, , W) — 0 by Theorem 10.13.
The converse follows by Lemma 10.6, since each W, is random-free. [

Theorem 10.15. Let W be a graphon. Then the following are equivalent.

(i) W is random-free.
(ii) [W?2 — [W? whenever (W,,) is a sequence of graphons such that
5[|(Wn, W) — 0.
(iii) t(F,Wy) — t(F,W) for every multigraph F whenever (W,) is a
sequence of graphons such that og(W,, W) — 0.

Proof. (i) = (iii): If W is random-free and og(W,,, W) — 0, then The-
orem 10.13 yields 61 (W,,, W) — 0, and thus ¢(F,W,,) — t(F,W) for every
multigraph F' by Lemma C.4.

(iii) = (ii): Immediate by taking F' to be a double edge, see Exam-
ple C.1.

(i) = (i): Take a sequence of graphs G, such that G, — W, see
Remark B.2; thus 6o(We,,, W) — 0. Hence [ Wg, — [ W. Further, every
Wa, is {0,1}-valued, so W& = W, ; hence

/Wén:/WGn%/W

If (i) holds, then also [W& — [W?2 Hence [W? = [W, so W is
random-free by Lemma 10.4. U

n

Finally, we mention two characterizations of random-free graphons in
terms of the finite or infinite random graph G(n, W) defined in Appendix D.
First the finite case and entropy.
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Theorem 10.16. Let W be a graphon. Then W is random-free if and only
if the entropy E(G(n,W)) = o(n?) as n — oo.

Proof. This is an immediate consequence of Theorem D.5, since h > 0 and
thus the right-hand side of (D.1) vanishes if and only h(W (z,y)) = 0 a.e.,
which is equivalent to W (z,y) € {0,1} a.e. O

Problem 10.17. We may, as in [2, (15.30)], ask for the exact growth rate of
E(G(n,W)) for a random-free graphon W. It is easily seen that if W is a step
graphon, then £(G(n,W)) = O(n); we conjecture that the converse holds
too. As another example, for the “half graphon” W(z,y) = 1{z +y > 1}
on [0, 1], it can be shown (e.g., using [22, Corollary 6.6]) that E(G(n,W)) =
nlogn + O(n).

We represent the infinite random graph G(oco, W) by the family of indi-
cator variables J;; := 1{ij is an edge}, 1 <i < j < co. We define the shell
o-field (or big tail o-field) to be the intersection

[e.e]
(10.5) Si=(o{Jij:i<j j=>n}

n=1
of the o-fields generated by all J;; where at least one index is “big”. Recall
that a random variable is a.s. S-measurable (or essentially S-measurable)
if it is a.s. equal to an S-measurable variable; equivalently, it is measurable
for the completion S of S.

Theorem 10.18. The following are equivalent for a graphon W :

(i) W is random-free.
(ii) The infinite random graph G(oco, W) is a.s. S-measurable.
(iii) The indicator Jia := 1{12 is an edge in G(oco, W)} is a.s. S-mea-
surable.

Proof. This is the symmetric version of [1, Proposition 3.6], see also [2,
(14.15) and p. 133] and [21, (4.9)]. Since the details for the symmetric case
are not given in these references, we give some of them for completeness.

First, note that we can write the definition of G(co, W) in Appendix D
as

(10.6) Jij = 1{5@']’ < W(Xi7Xj)}7

where §;;, for 1 <1i < j, and X;, for ¢ > 1, all are independent, and X; has
distribution g on © while &;; is uniform on [0, 1].

(i) = (iili): If the graphon W is random-free, then (10.6) simplifies to
Jz‘j = W(XZ,XJ) Consider the array (J2i—172j);')3:1 = (W(Xzi_l, XQj)Z?:l?
where the first index is odd and the second even; this is a separately ex-
changeable array, and by [1, Proposition 3.6] (or as a simple consequence of
[43, Proposition 7.31]), it is a.s. S’-measurable for the shell o-field of this

array. Since 8’ C S, (iii) follows.
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(iii) <= (ii): S is invariant under finite permutations, so the exchange-
ability implies that every J;; is S-measurable if Jio is. The converse is
trivial.

(iii) = (i): It follows from (10.5) and (10.6) that &2 is independent of
S. If (iii) holds, then Jio is thus independent of {12, which by (10.6) implies
that Jio = E(Ji2 | X1, X2) = W(X1, Xs) a.s., so W is {0, 1}-valued a.e. O

Appendix A. Special probability spaces

A.1. Atoms. An atom in a probability space (€2, ) is a subset A with
((A) > 0 such that every subset B C A satisfies p(B) = 0 or u(B) = u(A).
We say that Q is atomless if there are no atoms.

Lemma A.1. If (Q, u) is an atomless probability space, then there exists a
family (Ar),cp,1) of measurable sets such that p(Ay) = r for every r € [0,1],
and further A, C Ag if r < s (i.e., the family is increasing).

Proof. Consider families (A, ),cr with these properties, defined on some
arbitrary subset E of [0,1]. By Zorn’s lemma, there exists a maximal family;
we claim that then E = [0,1]. In fact, 0,1 € E, since we otherwise could
enlarge the family by defining Ag = () or A1 = Q. Further, F is closed, since
otherwise there would exists r ¢ E and a sequence r,, € E such that either
rn /T Or ry N\ 7; in the first case we can define A, :=J,, A,,, and in the
second case A, := (), Ar,. Finally, if E # [0, 1], the complement [0,1] \ £
thus is open, and thus a disjoint union of open intervals. Let (a,b) be one
of these intervals. Then a,b € E, and Ay \ A, is a set of measure b —a > 0.
Since p is atomless, there exists a subset C' C Ap\ A, with 0 < p(C) < b—a,
but in this case, the family could be extended by A,y ) := AU C, so we
again contradict the maximality of the family. Hence E = [0,1], which
completes the proof. O

We also give a reformulation in terms of a map to [0, 1].

Lemma A.2. If (Q, u) is an atomless probability space, then there exists a
measure-preserving map ¢ : Q — [0, 1].

Proof. Let (A,), be as in Lemma A.1, and define ¢(x) := inf{r € [0,1] :
x € A} (assuming as we may that A; = Q). O

Lemma A.3. If ¢ : 1 — Qo is measure-preserving and o is atomless,
then €1 is atomless too.

Proof. Let (A;),¢jo,1) be a family of subsets of {2 with the properties in
Lemma A.1. Then B, := ¢~ !(A,) defines a family of subsets of Q; with
the same properties. Suppose that A C 7 is an atom. Then, for each r,
w(AN B,) =0 or u(A). Let rg := sup{r : p(AN B,) = 0}, and take any
r— <rgand ry >rg. (If o =0, take r_ = 0, and if o = 1, take ry = 1.)
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Then (AN B,_) =0 and (AN B,,) = u(A), so
w(A) = p(ANBy,) = (AN B, ) = n(AN (B, \ B_))
< u(Br \Br ) =1y 1.

This is a contradiction, since p(A) > 0 while 7y — r_ can be arbitrarily
small. O

In the opposite direction, there are typically many measure-preserving
maps from an atomless space {2 into a space with atoms. Simple examples
are the trivial map onto a one-point space, and the indicator function of
a subset B C Q) seen as a map (2y,u) — ({0,1},v), which is measure-
preserving if v{1} = u(B).

A.2. Borel spaces. To define Borel spaces, it is simplest to begin with
measurable spaces, without any particular measures.

We say that two measurable spaces (2, F) and (', F’) are isomorphic
if there is a bimeasurable bijection ¢ : Q@ — ', i.e., a bijection such that
both ¢ and ¢! are measurable. (Similarly, two probability spaces (€2, F, )
and (Q', F', ') are isomorphic if there exists a bimeasurable bijection that
further is measure-preserving.)

A measurable space is Borel (also called standard [19] or Lusin [20]) if
it is isomorphic to a Borel subset of a Polish space (i.e., a complete metric
space) with its Borel o-field. A probability space (Q, F, u) is Borel if (Q, F)
is a Borel measurable space; equivalently, if it is isomorphic to a Borel subset
of a Polish space equipped with a Borel measure.

In fact, we do not need arbitrary Polish spaces here; the following theorem
shows that it suffices to consider subsets of [0,1]. We tacitly assume that
[0, 1] and other Polish spaces are equipped with their Borel o-fields.

Theorem A.4. The following are equivalent for a measurable space (€2, F),
and thus each property characterizes Borel measurable spaces.

) is isomorphic to a Borel subset of a Polish space.
Q, F) is isomorphic to a Polish space.
Q, F) is isomorphic to a Borel subset of [0, 1].
0, F) is either countable (with all subsets measurable), or isomor-
phic to [0, 1].

For a proof, see, e.g., [19, Theorem 8.3.6] or [55, Theorem 1.2.12]. An
essentially equivalent statement is that any two Borel measurable spaces
with the same cardinality are isomorphic.

Hence, a Borel probability space is either countable or isomorphic to [0, 1]
equipped with some Borel probability measure. Consequently we can, when
dealing with Borel spaces, restrict ourselves to [0, 1] without much loss of
generality (the countable case is typically simple), but for applications it is
convenient to allow general Borel spaces.
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Remark A.5. Another simple Borel space is the Cantor cube C := {0,1}*°
(which up to homeomorphism is the same as the usual Cantor set); this is
a compact metric space, and thus a Polish space. Since C is uncountable, it
is by Theorem A.4 isomorphic to [0, 1] as measurable spaces; consequently
we may replace [0, 1] by C in Theorem A.4.

One important property of Borel spaces is the following theorem by Ku-
ratowski, showing that a measurable bijection is bimeasurable, and thus an
isomorphism.

Theorem A.6. Let Q and € be Borel measurable spaces. If f: Q — Q' is
a bijection that is measurable, then f~1: Q) — Q is measurable, and thus f
18 an isomorphism.

More generally, if f : Q — Q' is a measurable injection, then the image
() is a measurable subset of Q' and f is an isomorphism of Q onto f().

For a proof, see, e.g., [19, Proposition 8.3.5 and Theorem 8.3.7]; see also
further results in [19, Sections 8.3 and 8.6].

Let us now add measures to the spaces. There is a version of Theorem A.4
for probability spaces. For simplicity we begin with the atomless case. Recall
that A denotes the Lebegue measure.

Theorem A.7. If (2, u) is an atomless Borel probability space, then there
exists a measure-preserving bijection of (Q, p) onto ([0, 1], \).

In other words, all atomless Borel probability space are isomorphic, as
measure spaces.

Proof. Since () is atomless, every point has measure 0 and thus every count-
able subset has measure 0; in particular, ) cannot be countable. By Theo-
rem A.4(iv), there exists a bimeasurable bijection ¢; of € onto [0, 1]. This
maps the measure p onto some Borel measure v on [0, 1].

Since v has no atoms, x — v([0,z]) is a continuous nondecreasing map
of [0, 1] onto itself. We let ¢ : [0,1] — [0, 1] be its right-continuous inverse
defined by

(A.1) Y(t) :=sup{z € [0,1] : ([0, 2]) < t}.

Then v([0,%(t)]) = t for every t € [0,1], which implies that ¢ is strictly
increasing. Hence, v is injective and measurable, and by Theorem A.6, 1) is
a bimeasurable bijection of [0, 1] onto some Borel subset B := ([0, 1]).

It follows from (A.1) that, for all s,t € [0,1], ¥(t) > s <= v([0,s]) <t,
and thus ¥~1(]0, s)) = [0, ([0, s])). Hence,

)\(1/171([0, s))) = 1/([0, s]) = 1/([0, s)), s € [0,1],

which implies that \¥ = v (see Remark 5.4 for the notation), i.e., that
¥ ([0,1], A) — (][0, 1], v) is measure-preserving.

Consequently, 1 is a measure-preserving bijection v : ([0,1],\) — (B, v).
Choose an uncountable null set N C [0, 1] (for example the Cantor set).
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Then N’ := ¢(N) is an uncountable null set in (B,v). The restriction of
¥ to [0,1] \ N is a measure-preserving bijection onto B \ N’. Further, N
and N’ U B¢, where B¢ := [0,1] \ B, are both uncountable Borel subsets of
[0, 1], and thus by Theorem A.4, both are isomorphic as measurable spaces
to [0,1], and thus to each other. Hence there exists a measurable bijection
¥1: N — N'U B

Define 9 : [0,1] — [0,1] by ¥2(x) = 9 (z) when & ¢ N and a(x)
¥1(x) when x € N. Then 1 is a measure-preserving bijection ([0, 1], \)
([0,1],v). Consequently, 15 L6 ¢ is a measure-preserving bijection of (2,
onto ([0, 1], \).

OX | |

It is easy to handle atoms too. An atom in a Borel probability space is,
up to a null set, just a single point with a point mass; hence, a Borel space
is atomless if and only if it has no point masses, i.e., no point with positive
measure. In any Borel probability space there is at most a countable number
of point masses, and removing them we obtain an atomless Borel measure
space. This leads to the following characterization.

Theorem A.8. A probability space is Borel if and only if it is isomorphic,
by a measure-preserving bijection, to one of the following spaces.

(i) A countable set D = {x;}!' | (where n < 00), with all subsets mea-
surable and the discrete measure given by pu(A) = >, 4 pi, for
some p; > 0. (Necessarily > . p;i =1.)

(ii) The disjoint union DU N, where D is as in (i) and N is a null
set given by any given uncountable Borel measurable space equipped
with zero measure. (We may choose for example N = [0,1] with
zero measure, or the Cantor set with \, which vanishes there.)

(iii) The disjoint union of a closed interval ([0,7],X), 0 <r <1, and a
countable set D as in (i) (possibly empty); in this case r+) . p; =1,
and we may further assume that each p; > 0.

Proof. If (Q, 1) is a Borel probability space, let D := {z € Q : u{zx} > 0}
and ' := D = Q\ D. Then D is countable, and (£, u) is atomless.
Let r := p(QY). If r > 0, then by Theorem A.4 and a scaling, (', u) is
isomorphic to [0,7], which yields (iii). If » = 0, then Q' is a null set. If
further €’ is uncountable, then (@, u) = (€/,0) is isomorphic to (N, 0) for
any uncountable Borel space by Theorem A.4(iv), which yields (ii). Finally,
if ' is countable, then € is countable and (i) holds.

The converse is obvious. g

Theorem A.9. If Q) is a Borel probability space, then there is a measure-
preserving map [0, 1] — €.

Proof. It suffices to show this for the spaces in Theorem A.8(i)—(iii), and
for these it is easy to construct explicit maps. (For each x € D, map a
suitable interval of length pu{x} to z; in (iii), map [0,r] onto itself by the
identity map.) O
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A.3. Lebesgue spaces. A Lebesgue probability space is a probability space

that is the completion of a Borel probability space; equivalently (see Theo-

rem A.4), it is isomorphic to a Polish space (or, equivalently, a Borel subset

of a Polish space) equipped with the completion of a Borel measure.
Theorem A.8 leads directly to the following characterization.

Theorem A.10. A probability space is Lebesque if and only if it is iso-
morphic, by a measure-preserving bijection, to one of the spaces given in
Theorem A.8, with the modifications that in (ii) all subsets of N are mea-
surable (with measure 0), and in (iii) the interval [0,7] is equipped with the
Lebesgue o-field L. (]

In other words, every Lebesgue probability space is, possibly ignoring
a null sets, isomorphic to either a countable discrete space, an interval
([0,7], L, X), or a disjoint union of an interval and a countable discrete part.

Corollary A.11. An atomless Lebesgue space is isomorphic to ([0, 1], £, ).
Proof. Immediate from either Theorem A.10 or Theorem A .4. ([

Remark A.12. Lebesgue spaces were introduced by Rohlin [58] by a dif-
ferent, intrinsic, definition, see also Haezendonck [34]. The equivalence to
the definition above follows from [58, §2.4] or [34, Remark 2, p. 250].

Appendix B. Graph limits

As said in the introduction, graph limits were introduced by Lovasz and
Szegedy [49] and further developed by Borgs, Chayes, Lovédsz, S6s and
Vesztergombi [14, 15]. The central idea in graph limit theory is to assign
limits to (some) sequences Gy, of (unlabelled) graphs with |G,,| — co. Part
of the importance of this notion is the fact that several different definitions
of convergence turn out to be equivalent. One definition is the following,
which has the advantage that it easily is adapted to many other situations
such as hypergraphs, bipartite graphs, directed graphs, compactly decorated
graphs and posets, see [4, 14, 15, 24, 26, 36, 40, 44, 52, 53].

For each k < |G,|, let G,[k] be the random induced subgraph of G,
with k vertices obtained by selecting k (distinct) vertices vy, ..., vx € Gy, at
random (uniformly); we regard G, [k| as a labelled graph with the vertices
labelled 1,...,k; equivalently, we regard G,[k] as a graph with vertex set

1,..., k.

Definition B.1. A sequence of graphs (G,,) with |G| — oo converges if
for each fixed k, the distribution of the random graph Gy[k] converges as
n — oo.

In other words, for each k and each labelled graph G with |G| = k, we
require that lim,_,. P(Gy[k] = G) exists.

Given this notion of convergence, graph limits can be defined abstractly,
as equivalence classes of convergent sequences of graphs. Equivalently, one
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can easily introduce a metric on the set of unlabelled finite graphs such that
the convergent sequences become the Cauchy sequences in the metric, and
then construct the completion of this metric space.

It turns out that the space of limits can be identified with the quotient
space W = (Jo W(Q)/ = defined in Section 6, see Lovasz and Szegedy [49]
and Borgs, Chayes, Lovasz, Sés and Vesztergombi [14]. In other words, every
graph limit is represented by a graphon, but nonuniquely, since every equiv-
alent graphon represents the same graph limit. (Conversely, nonequivalent
graphons represent different graph limits.)

Moreover, convergence to graph limits can be described by the cut metric.
If (G,) is a sequence of graphs with |G,,| — oo, and W is a graphon, then G,
converges to the graph limit represented by W' if and only if (W, , W) —
0, where Wg,, is as in Example 2.7. In this case we also say that (G)
converges to W, and write G,, — W (remembering the nonuniqueness of

Remark B.2. In particular, for every graphon W, there exist sequences
of graphs (Gy) such that G,, — W. (One construction of such G,, is the
random construction in Appendix D below.)

Convergence to graph limits can also be described by the homomorphism
densities defined in Appendix C: G,, — W if and only if ¢(F, Gy,) — t(F, W)
for every simple graph F.

For details and many other results, see Borgs, Chayes, Lovasz, Sés and
Vesztergombi [14]; for further aspects, see, e.g., Austin [4], Bollobds and
Riordan [12], Borgs, Chayes, Lovész, Sés and Vesztergombi [15], Diaconis
and Janson [24], Lovész and Szegedy [52], and Appendix D below.

Appendix C. Homomorphism densities

Define, following [14] and [49], for a graphon (or, more generally, any
bounded symmetric function) W : Q2 — [0,1] and a simple graph F vith
vertex set V(F') and edge set E(F'), the the homomorphism density

©n  wrwy= [ T] W) dute) - duoys)
Ry D)

If X; are i.i.d. random variables with values in {2 and distribution u, we can

write (C.1) as

(C.2) tEW):=E [[ W(XiX)).
ijeEE(F)

The homomorphism densities can be defined for graphs too by ¢(F,G) :=
t(F,Wg). It is easily seen that t(F,G) is the proportion of maps V(F) —
V(G) that are graph homomorphisms (or, equivalently, the probability that
a random map V(F) — V(G) is a graph homomorphism. (This explains
the name homomorphism density.)
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The homomorhism denisities have a central place in the graph limit the-
ory. In particular, as shown in [14], G,, — W if and only if ¢(F,G,,) —
t(F, W) for every simple graph F.

The definition (C.1) makes sense also for loopless multigraphs F', where
we allow repeated edges. (Loops are not allowed, since we want t(F,W) =
t(F,W') when W = W' a.e., and this rules out a factor W (z;,z;) in (C.1).)

Example C.1. Let M} be the multigraph with 2 vertices connected by k
parallel edges. Then t(My, F) = [, WF.

We have seen in Theorem 8.10 that ¢t(F, W) = t(F,W’) when W = W/,
for every multigraph F'. In other words, the mapping W — ¢(F, W) yields

~

a well-defined mapping on the quotient space W := W*/ =, which is the
same as the space of graph limits, see Appendix B.

Lemma C.2. The mapping W — t(F, W) is continuous on ()7\/\, o) if and
only if F is a simple graph.

In other words, if dg(W,, W) — 0, then t(F,W,) — t(F,W) for every
simple graph F. However, if F' is a multigraph with parallel edges, then
do(W', W) = 0 implies t(F,W') = t(F,W), but ég(W,, W) — 0 does not
imply t(F,W,) — t(F,W).

Proof. It is easy to see that W — ¢(F,W) is continuous in o for every
simple F', see [14] or [49]; more precisely, for any graphons W and W/,

(C.3) [t(F, W) = t(F, W) < |E(F)| sp(W, W)

For the converse, suppose that the loopless multigraph F' is not simple,
and let I’ be the simple graph obtained by identifying parallel edges in F.
Thus V(F') = V(F), but |[E(F")| < |E(F)|.

Let W be the constant graphon 1/2 defined on [0,1], and let G,, be a
sequence of graphs such that G,, — W. (See Remark B.2. Such sequences
are known as quasirandom, see [49]. For example, G,, can be a realization
of the random graph G(n,1/2), see Appendix D.)

Let W, be the graphon corresponding to G, as in Example 2.7; we thus
have ég(Wg,,, W) — 0. On the other hand, W, is {0, 1}-valued, and thus
t(F,Wg,) = t(F',Wg,) by (C.1). Hence, using the already proved part of
the lemma for F’,

HF,Wg,) = t(F'\ Wea,) — t(F',W) = 271EE 5 o= B — (g W), O

Example C.3. In particular, W — ¢(Kz, W) = [, W is continuous in the
cut metric, but W — t(Ma, W) = [ W2, see Example C.1, is not. More
generally, W — [, W¥ is not continuous for any k > 1.

If we use the stronger metric d;, we have continuity for multigraphs too.
(This metric is, however, much less useful.)
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Lemma C.4. The mapping W +— t(F,W) is continuous on (V/\7, 01) for
every loopless multigraph.

We omit the easy proof, similar to the proof for dg and simple graphs in
[14] or [49].

Appendix D. Graphons and random graphs

Let W be a graphon, defined on some probability space €. For 1 <n < oo,
let [n] = {i € N:i < n}; thus [n] = {1,...,n} if n is finite and [oo] = N.
We define a random graph G(n, W) with vertex set [n] by first taking an
iid. sequence {X;}!" ; of random points in Q with the distribution y, and
then, given this sequence, letting ij be an edge in G(n, W) with probability
W (X, X;); for a given sequence (X;);, this is done independently for all
pairs (i,7) € [n]? with i < j. (Le., we first sample Xi, Xo,... at random,
and then toss a biased coin for each possible edge.)

The random graphs G(n, W) thus generalize the standard random graphs
G(n,p) obtained by taking W = p constant. Note that we may construct
G(n,W) for all n by first constructing G(co, W) and then taking the sub-
graph induced by the first n vertices.

This construction was introduced in graph limit theory in [49] and [14].
(For other uses, see, e.g., [9] and [21].)

Remark D.1. If F' is a labelled graph, then the homomorphism density
t(F,W) in (C.1) equals the probability that F' is a labelled subgraph of
G(o0, W) (or of G(n, W) for any n > |F|).

In particular, this shows that the family (t(F7 W)) 7 and the distribution
of G(co, W) determine each other; see further Theorem 8.10 and [24].

Remark D.2. If W is a random-free graphon, i.e., W(x,y) € {0,1} a.e.,
then the construction of G(n, W) simplifies. We sample i.i.d. X1, Xs,... as
before, and draw an edge ¢j if and only if W(X;, X;) = 1; thus the sec-
ond random step in the construction disappears. (This explains the name
“random-free”; of course, G(n, W) still is random, but it is now a determin-
istic function of the random Xj.)

The infinite random graph G(oo, W) is an exchangeable random graph,
i.e., its distribution is invariant under permutations of the vertices, and
every exchangeable random graph is a mixture of such graphs, i.e., it can
be obtained by this construction with a random W. This is an instance
of the representation theorem for exchangeable arrays by Aldous [1] and
Hoover [35], see also Kallenberg [43]. Moreover, by Theorem 8.10, if W' is
another graphon, then G(co, W) and G(oco, W') have the same distribution
if and only if W = W'. Consequently, the mapping W — G(oco, W) gives
a bijection between the set W = W / = of equivalence classes of graphons
and a subset X of the set X’ of distributions of exchangeable infinite random
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graphs; this subset X is easily charaterized in several different ways, for
example as follows.

Lemma D.3. For an exchangeable infinite mndg\m graph G, the following

are equivalent, and thus all characterize L(G) € X.

(i) G 4 G(o0, W) for some graphon W.

(ii) The distribution L(G) is an extreme point in X.

(iii) G is ergodic: every property that is (a.s.) invariant under left-shift
(i.e., delete vertex 1 and its edges and relabel the remaining vertices
i+ i — 1) has probability 0 or 1.

(iv) Ewvery property of G that is (a.s.) invariant under finite permuta-
tions of the vertices has probability 0 or 1.

(v) For any two disjoint subsets of vertices Vi and Va, the induced sub-

graphs G|y, and G|y, are independent.
Proof. See [24] and [43]. O

D.1. Graph limits and random graphs. There is also a simple con-
nection between graph limits and exchangeable infinite random graphs. By
Definition B.1, if (G,,) is a convergent sequence of graphs with |G| — oo,
then for each k there exists a random graph G[k] on the vertex set [k] such

that Gy, [k] NYe: [k]. The distributions of G[k] for different k are consistent,
so by Kolmogorov’s extension theorem, there exists a random infinite graph
G on [oo] such that G[k] 4 Gy, ie., Gnlk] N G|i- Each Gp[k] has an
exchangeable distribution, and thus so has each G[k]; consequently, G is an
exchangeable infinite random graph; furthermore, it is easily seen that G
satisfies Lemma D.3(v), and thus its distribution belongs to X. Thus every
graph limit can be represented by an exchangeable infinite random graph
with distribution in X. Conversely, if G is any exchangeable infinite random
graph with a distribution in X , then the induced subgraphs G,, := é“n} a.s.

satisfy G, [k] 4, é“k] for every k, as can be seen from the limit theorem for
reverse martingales [24] or directly [49]; thus the sequence (G,) converges
a.s., and its limit is represented by the infinite random graph G.

This yields a bijection between the set of graph limits and the set X ,
characterized in Lemma D.3, of distributions of exchangeable infinite ran-
dom graphs.

This connection between graph limits and (distributions of) exchange-
able infinite random graphs combines with the connection above between
(equivalence classes of) graphons and (distributions of) exchangeable infi-
nite random graphs to prove the central fact stated in Appendix B that there
is a bijection between graph limits and equivalence classes of graphons; see
further [4], [24], [44], [51].

In particular, for any graphon W, we have a.s. G(n, W) — W as n — oo,
in the sense of Appendix B [49], cf. Remark B.2.
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Remark D.4. This method of proving the connection between graph limits
and graphons through the use of exchangeable infinite random graphs as an
intermediary generalizes immediately to several extensions of the theory, and
it may be used to find the correct analogue of graphons in new situations. See
for example [4] (hypergraphs) and [24] (bipartite graphs, directed graphs).

Another example is compact decorated graphs [53], which are graphs with
edges labelled by elements of a fixed second-countable compact space (i.e.,
a compact metrizable space [27, Theorem 4.2.8]) K; this includes several
interesting cases. K-decorated graph limits are defined as in Definition B.1,
now with KC-decorated graphs. The arguments sketched above show that
there is a bijection between K-decorated graph limits and distributions of
exchangeable IC-decorated infinite random graphs satisfying the properties
in Lemma D.3, and a further bijections to equivalence classes of graphons,
where the graphons now take their values in the space P(K) of Borel prob-
ability measures on K. (The representation theorem in [42] yields a rep-
resentation where the label of ij is f(X;, X;,&;) for some fixed function
f:[0,1> = X with X; and &;;, uniform on [0,1] and independent of each
other; it is easily seen that this leads to an equivalent representation by
P(K)-valued graphons W : [0,1]2 — P(K).) For a different proof, see [53].
Many results in Sections 6-8 above extend to this case, but we leave that to
the reader.

In fact, the arguments above on the equivalences work for any Polish space
K, also noncompact; however, compactness implies that the resulting space
of decorated graph limits is compact, which is important for some results.

D.2. Entropy. If we regard G(n, W) as a labelled random graph, we may
identify it with the collection (J;j)i<; of the (g) edge indicators J;; =
1{ij is an edge}, 1 < i < j € [n]. For finite n, G(n,W) is thus a dis-
crete random variable with 2(2) possible outcomes. Recall that for any dis-
crete random variable Z, with outcomes (in any space) having probabilities

D1,D2,- - -, say, its entropy E(Z) is defined by
£(2) == pilogpi.
i

We also write £(Z1,...,Z,) for the entropy of a vector (Z1,...,Z,), and
E(Z | Z') for the entropy of the conditioned random variable (Z | Z').

The following asymptotic calculation of the entropy of G(n, W) is a special
case of the symmetric version of the formula in [2, Remarks, p. 146]. Let

h(p) :== —plogp — (1 —p)log(l —p),  pe€[0,1];

thus the entropy of a {0, 1}-valued random variable Z € Be(p) is h(p). Note
that h is continuous on [0, 1] with 0 < h(p) < log2 and h(0) = h(1) = 0.
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Theorem D.5. Let W be a graphon, defined on a probability space (2, ).
Then, as n — oo,

(D.1) E(G((Z)W)) - //m h(W (x,y)) dp(a) du(y).

Proof. If we condition on Xj,...,X,,, then J;; are independent and each
Jij € Be(pi;) with p;; = W(X;, X;). Thus, using in the calculations here
and below some simple standard results on entropy,

5(G(H,W) | Xl,.. . ,Xn) = ZS(‘]U | Xl,...,Xn) = Zg(Be(pU))

1<j 1<j
= Z h(pu Z h X’La X
1<J 1<J
Hence,
E(G(n,W)) 2EE(G(n, W) | X1,...,X,) =E > h(W(X;, X;))
1<J

= (5) [ n0v ) dntoyauto)

Thus the left-hand side of (D.1) is greater than or equal to the right-hand
side for every n > 2.

To obtain a corresponding upper bound, we for convenience assume that
Q = (0,1], as we may by Theorem 7.1 (noting that [[ k(W) is preserved by
pull-backs, and thus by equivalence, see Theorem 8.3).

Fix an integer m and let M; := [mX;|. Thus M; = k < X; € Ign.
We have

(D.2)  E(G(n,W)) <E(G(n,W),Mi,..., M,)
= &(My,..., M) + E(E(G(n, W) | My,..., M,)).
Since My, ..., M, are independent and uniformly distributed on {1,...,m},

(D.3) E(My,..., M) =" E(M;) =nlogm.
Moreover,
(D.4) E(G(n, W) | Mi,...,My) <> E(Jij | My,..., M,)
1<j
= &(Jy | My, M;).
1<j

Define, for k,l=1,...,m,

W (K, 1) == E(W(X1,Xs) | My =k, My =1) / W (z,y)dxdy,
Ikm Ilm
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the average of W over Iy, X Ij,, and let
Wi (z,y) = wp (k1) if ¢ € gy, y € Iy
Thus Wm(XZ',Xj) = E(W(Xl,XQ) ’ Ml,MQ).
Given M; = k and M; =1,
P(Jij =1) =E(W (X1, X2) | My =k, My =1) = wp(k, 1),
and thus
E(Jij ‘ Mi = k, Mj = l) = h(wm(k,l))
Consequently,

(D5) E(E(Jij | My, Mj)) =m™2 Y h(wm(k, D)
k,l=1

= //[071]2 h(Win(z,y)) dz dy.

Combining (D.2)—(D.5), we obtain

E(G(n, W)) < nlogm + (Z) //[0’1]2 h(Win(z,y)) da dy.

and thus, for every m > 1,

—1
lim sup <n> E(G(n,W)) < // h(Win(z,y)) dz dy.
n—o00 2 [0,1]2

Now let m — co. Then W,,(z,y) — W(z,y) a.e., and thus the right-hand
side tends to [[ h(W) by dominated convergence. O

Appendix E. Other versions of the cut norm

There are several other versions of the cut norm that are equivalent to
the versions in (4.2) and (4.3) within constant factors or, in Subsection E.3,
at least in a weaker sense.

E.1. Restrictions on the pairs of subsets. First, we may restrict the

subsets S and T of Q in (4.2) in various ways. Borgs, Chayes, Lovdsz, Sos

and Vesztergombi [14, Section 7] give three versions where it is assumed that,

respectively, S =T, S and T are disjoint, and S and T are the complements

of each other, i.e.,

(B1) Wl = sup| [ W) duto) du(y)
S SxS

i

(E:2) [Wloa = sup |
SNT=0'JSxT

(£3) Wlos = sup| [ W) dta) duty)|
S SxSe

W(z,y) du(z) du(y)

Y
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These have natural combinatorial interpretations for graphs as follows.
For a graph G with vertex set V and edge set E, we define, for A, B C V,

(E.4) e(A,B) =eq(A,B) :=|{(z,y) € Ax B: {z,y} € E}|;

we also write eq(A) = eg(A, A). (Thus, if A and B are disjoint, then
e(A, B) is the number of edges between A and B. On the other hand, e(A)
is twice the number of edges in A.)

Lemma E.1. Let G1 and G4 be two graphs on the same vertex set V, and
let n:= |V|. Then, for both versions WY and W},

(E.5) W, = Wasllos = n~* maxleq, (4) — eq,(4))],

(E.6) [Wa, — Wy lloa = n™? max |eq, (A, B) — eq, (4, B)|,
ANB=0

(E7) ||WG1 - We, ||E|,5 =n"? glca‘}/{ |eGl (Av AC) —€Gy (Av AC) ‘ :

In particular, |Wg, — Wa,||os measures directly the maximal difference
in size of cuts in G; and G9, which explains the name “cut norm”.

Proof. For Wg this is immediate, since for every S,T C = V we have
fS><T Wé‘/g = n72eG£ (Sv T)-
For W(';7 let (ag))ij be the adjacency matrix of Gy, so

al) == 1{{i,j} € E(Gy)}.
If S, T C [O, 1}, let s; := )\(S N Im), tj = )\(T N I]n) Then

n

1 2
(E.8) / (Wa, —=Wa,) = | Y sit; (az(j) B agj))"
SxT 1,j=1

It follows that
(E.9) [Wa, = Wa,llos = sup Z SiSj (GS) - %(32')) ’

0<s;<1/nl; 51

1 2

(E.10) Wea, — We,lloa = 0<§_u<p1/n Z siug(1 — Sj)(%(j) - az('j)) :

o<u;<1 =1

" 1 2

B11)  |We ~Woslas = sup. > sill—sp)(ay) —al))|.

ssist/nl; j—1

Since agil ) = ag ) = 0, the diagonal terms in these sums vanish, and thus the

sums are affine functions of each s; and (for || - ||g.4) w;. Hence, the suprema
are attained when all s; are either 0 or 1/n, and w; 0 or 1, i.e., when S and
T are unions S = ;e 4 fin and T' = ;g Ljn for some A, B C V, but then

Jssr WIGZ =n"2eg,(A, B), so we obtain the same result as for W. O
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Lemma E.2 ([14]). If Q is atomless and W € L'(Q2) is symmetric, then
the norms |W o4, ¢ = 1,...,5, are equivalent. More precisely,

(E.12) IWlloa < |Wlloz < 4[|Wloa for all Q and W;
(B13)  LIWlon < IWlos < [Wllox  if W is symmetric;
(B14)  LWlon < IWloa < [Wlox  if @ is atomless;
(E.15) if W is symmetric.

Proof. The inequalities (E.12) were given in (4.4). For the others, the
right-hand sides are trivial.

For the left-hand sides, let W(S,T) := [4, ., W. Then (E.13) follows from
W(S,T)=W(T,S) and

W (S, T)+W(T,S)=W(SUT,SUT)+W((SNT,SNT)

—W(S\T,S\T)—-W((T\ST\S).

For (E.14) we randomize. Let (A4;)!"_, be a partition of Q with u(A4;) =1/n
for each i (such partitions exist when € is atomless as a consequence of
Lemma A.1), let I be a random subset of {1,...,n} defined by including

each element with probability 1/2, independently of each other, and define
a random subset B of 2 by B :=J;c; A;. Then, for any S,T C ,

E[W(SNB,T\B)| <

Moreover,

EW(SNB,T\ B) :ZiW(SmAi,TmAj)
z’aéj
fW(S T) ZW SN A, TN A;).

The last sum is the integral of W over a subset of Q2 of measure 1/n, so
it tends to 0 as n — oco. Consequently, W (S,T) < ||[W|o4, and (E.14)
follows.

For (E.15), assume that SNT = (). Let R := (SUT)c. The result follows
from

W (S,T)+W(T,S)=W(S,TUR)+ W(T,SUR) -~ W(SUT,R). O

Remark E.3. Some restrictions are necessary in Lemma E.2. For ex-
ample, if W is anti-symmetric (W (z,y) = =W (y,z)), then |[W|gs = 0,
so (E.13) does not hold for arbitrary W. More generally, if W(x,y) =
$(W(z,y) + W(y,z)) is the symmetrization of W, then || - |53 never dis-

tinguishes between W and W, so || - |lo,3 is appropriate only for symmetric
w.
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Similarly, if  has an atom A and W (z,y) := 1{x,y € A}, then |W|g4 =
0 and (E.14) does not hold. Hence, in general | - ||g4 and || - |05 are not
appropriate for spaces with atoms. (However, they work well also for Wé/
for graphs G, because W(\;/ (z,z) = 0 for every x, see Lemma E.1 and its
proof.)

If W is anti-symmetric and the marginal [, W (z,y) du(y) = 0, then

(E.16) / W= w— [ w=0
SxSe SxQ SxS8

for every S, so |[W|os = 0 and (E.15) does not hold (unless W = 0 a.e.).
For example, we can take W(x, y) = sin(27(z — y)) on [0, 1], or take 2 =
{1,2,3} with u(i) = 1/3 for each i € Q, and W(i,j) € {-1,0,1} with
W(i,j) = i—j (mod 3). (In fact, if Q is atomless, then ||W|gs = 0 if
and only if W is anti-symmetric and its marginals vanish a.e. To see this,
note that if [|[W(x,y)||os = 0, then HW(y, z)[los = 0 as well, and thus

HW”D5 = 0. By Lemma E.2, then HWHmz = 0 and thus W = 0 a.e. By

(E.16), [(W = [g oW =0 for every S C Q, and thus w® =g a.e.) Cf.
[39, Section 9].

Remark E.4. If W = W', then |[W|gs = |[W’||o,3; this is easily seen
first for pull-backs by the argument in the proof of Lemma 5.5, and then in
general by Theorem 8.3. The same holds for || - |04 and || - |05 provided W
and W' are defined on atomless spaces, using also a randomization argument
similar to the one in the proof of Lemma E.2. However, this is not true in
general for spaces with atoms. For a trivial example, let W = 1 on [0, 1] and
W' =1 on one-point space; then |[W'||54 = ||[W'

Remark E.5. The constants in (E.12)—(E.15) are best possible. Examples
with equality in the left or right inequalities are given by the following
matrices, interpreted as functions on [0, 1]%, with each row or column in an
n X n-matrix corresponding to an interval I;;, of length 1/n (we could use a
space € with n points, but we want € to be atomless):

(B.12): (1), (-1 77);

(E13): ( ), (1);

(E.14): (1),0 3( 1 1)

(E.15): (_:13 0 ‘5)7 1).

E.2. Complex and Hilbert space valued functions. Another set of
versions of the cut norm use (4.3) but consider other sets of functions f

and g. For example, we may take the supremum over all complex-valued
functions f and g with |f|,|g] < 1, i.e.,

»—tor—t

0
1
0

—O

(B17)  Wloc=  swp |
f,9:Q2—C 02
[l fllec:llglleo <1

W(z,y) f(x)g(y) du(x) du(y)|-



66 SVANTE JANSON

It is easily seen that |W||oc < 2||W/||o,2, which can be improved to [45]
(E.18) Wlaz < IWlae < V2(Wlioe,

which is best possible. (For an example, consider a two-point space 2 =
{1,2} with p{1} = p{2} = 1/2, and let Wi(z,y) = 1/2 and Wa(z,y) =
1{z = y = 1}. Then |W; — Wa|o2 = 1/4 but |Wi — Wa|loc = v2/4,
obtained by taking f = ¢ = (1,1) in (E.17).)

An interesting version is to allow f and g to take values in the unit ball
of an arbitrary Hilbert space H and define

(E19) W] W (z,y){f(x), 9(y)) dp(z) du(y))|-

OH = sup ‘
f,9:Q—H 02
[fllocsllglloo<1
(Since we only consider real W, it is easy to see that it does not matter
whether we allow real or complex Hilbert spaces in (E.19).) In this case, the
equivalence with ||[W||g2 is a form of the famous Grothendieck’s inequality
[31], which says that

(E.20) Wloz < [Wlow < KalWlio,z,

where the constant K¢, the real Grothendieck constant, is known to satisfy
7/2 < Kg < m/(2log(1++/2)) ~ 1.78221 [45]. (The lower bound is improved
in an unpublished manuscript [57].) We also have |[W|gc < [[W]on <
KE&||[W|loe, where K& is the complex Grothendieck constant, known to
satisfy 4/m < K§ < 1.40491 [33]. Moreover, ||W||gc is obtained by taking
only a fixed Hilbert space of dimension 2 in (E.19).

See [3] for an algorithmic use of the version || - |7 of the cut norm and
Grothendieck’s inequality.

E.3. Other operator norms. If W is a kernel on €, then it defines an
integral operator Ty : f +— [, W(z, ) f(y) du(y) (for suitable f). We have
already noted in Remark 4.2 that || - |2 is the operator norm of Ty as an
operator L>(Q)) — L'(€), but we may also consider other spaces.

Let, for 1 < p,q < oo, ||T|p,q denote the norm of T' as an operator
LP— L.

Lemma E.6. If |W| <1, then for all p,q € [1,00],
IWllae = ITwlloe < I Twllpg < V2IW(S5E" 7.

Consequently, for any fired p > 1 and q < oo, if W1, Ws,... and W are
graphons defined on the same space 2, then |W, — W{g — 0 if and only if
1 Tw,, — Twllp,q — 0.

Proof. We know that ||W|o2 = ||Tw|/c,1. Moreover, for any probability
space, the inclusions L C LP and LP C L! have norm 1, and thus ||T||s.1 <
| T||p,q for any operator T'.

Let 6 := min(1 — 1/p, 1/q), so 1 — 0 := max(1/p, 1 — 1/q), and define
Do, qo € [1,00] by 1/p = (1-0)/pp and 1—1/q = (1—0)(1—1/qo). Further, let
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pP1 = and q1 = 1. Then (1/p7 1/q) = (1 - 9)(1/])07 1/Q0) + 0(1/1)17 1/(11)7
and it follows from the Riesz—Thorin interpolation theorem (see, e.g., [5,
Theorem 1.1.1]) that, provided we work with complex LP spaces,

—0 0
HTWHP,Q < ||TW|‘1170,q0||TW||p1,q1'

By (E.17) and (E.18),
1Twllpsa = 1 Twlloon = [Wllme < V2IW o2,

and the assumption |W| < 1 implies ||Tw|po,q0 < 1TW 1,00 < [[Wloo < 1.
The result follows. O

We consider the case p = g = 2 further, i.e., we regard Ty as an operator
on the Hilbert space L?(£2). If W is bounded (or, more generally, in L?(Q?)),
then Ty is bounded on L?; it is further compact (and Hilbert—Schmidt)
and selfadjoint (because W is symmetric). Hence Ty has a sequence of
eigenvalues (). We define, for 1 < p < oo, the Schatten Sy-norm of Ty to
be

1/p
(E.21) ITwls, = 1)l = (3 Aal?) ™
n
(See, e.g., [30], where also the nonselfadjoint case is treated.) It is well-
known that for p =2, || - ||s, equals the Hilbert—Schmidt norm and thus
(E.22) 1Tw s, = W1l L202)-
If p = 2k is an even integer > 4, then (E.21) yields

(E.23) ITwllF, = DA% = Te(T) = t(Cor, W),

n

where the graph Coy, is the cycle of length 2k.

Lemma E.7.
(i) For2 <p < oo, if |W|<1, then

1/2—1
i 22 < | Twlls, < V2IW |5,

02 = [Twlleon < [[Tw|

Consequently, for any fited p > 2, if Wi, Ws,... and W are graph-
ons defined on the same space Q, then ||Tyw, — Tw|s, — 0 if and
only if ||[Wyn — Wl — 0.

(ii) Forp =2, if |W| <1, then

1/2

Wil <[[Twllsy = W2 < (W7

Consequently, if Wi, Ws,... and W are graphons defined on the
same space Q, then || Tw, —Tw||s, — 0 if and only if |W,,—W||p1 —
0.
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Proof. (i): The first inequality is in Lemma E.6 and the second is trivial,
since the operator norm ||Ty||2,2 = sup,, |\n|. Further, by this and (E.21),

(E24) [ Twl, =Y al” < D [l sup M= = | Tw 3,1 Tw 152"
n
n

n

We have [|Tyv |5, = [Wl|r2(a2) < 1 by (E.22), and |[Tiw |22 < v2|[WI|{3 by

Lemma E.6, and the result follows.
(ii): Immediate by (E.22) and standard inequalities (e.g., Holder). O

In particular, by (i) with p = 4 and (E.23), if [W]| < 1, then ||[W||gz2 <
HCy, W)Y < VR W5, or

LH(Cy, W) < W o2 < t(Cy, W)MA,

This was proved in [14, Lemma 7.1] (by a slightly diferent argument, using
a version of (C.3)), where also an application is given.

Remark E.8. There is no corresponding result for p < 2. In fact, ||Tyw|ls,
may be infinite for a graphon W. To see this, let first W be constant 1/2
on [0,1] and let (G,,) be a quasirandom sequence of graphs with G,, — W.
Let Wy, := Wg,,, so og(W,, W) — 0. By [14, Lemma 5.3], we may label the
graphs Gy, such that |W,, — W|g — 0.

By (E.22), |Tw,-wlls, = [|[Wn—W]||r2 = 1/2. On the other hand, arguing
as in (E.24),

2 2—
1Tw,—w 3, < 1 Tw,—w s 1 Tw,—wliz2” < V20| Tw,—w s, [Wa = W5

Since the left-hand side is constant and the last factor tends to 0, it follows
that ||Tw,-wls, — oo. Further, [[W,, — Wllo < 1. It is now an easy
consequence of the closed graph theorem that there exist bounded functions
W on [0, 1]% such that || Ty ||s, = oo, and by linearity there must exist such a
graphon. (An explicit W is given by a well-known analytic construction [30,
§111.10.3, p. 118]: let W(z,y) = f(z — y) on [0,1]?, where f is a continuous

even function with period 1 on R such that > |f(n)[P = oo for all p < 2;
such a function was constructed by Carleman [16], see also [62, V.4.9].)

Appendix F. The weak topology on W(2)

Consider the space W = W(Q) of graphons on a fixed probability space
. We have discussed two different metrics on this space, given by the norms
| |1 and || ||o; these give two different topologies on W({2).

Another topology on W(Q) is the weak topology o, regarding W(2) as a
subset of L'(Q?). This topology is generated by the functionals x; : W
Joz hW for h € L>=(0?), in the standard sense that it is the weakest topology
that makes all these maps continuous. Actually, since the functions in W(Q)
are uniformly bounded, we obtain the same topology from many different
families of such functionals.
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We state this also for subsets of L*(2) and writing x(f) := [o hf for
h € L>®(Q) and f € LY(Q). Thus the weak topology on L(£) (or a subset of
it) is the topology generated by xy, h € L*°(€2). Recall further that a subset
‘H of a topological vector space is total if the set of linear combinations of
elements of H is dense in the space.

Lemma F.1.

(i) Let H be a total set in L'(Q), and let X be a subset of L*($), ) con-
sisting of uniformly bounded functions: supscy || fllooc < o0. Then
the functionals {xp : h € H} generate the weak topology on X.

(ii) Let H be a total set in L'(Q2?). Then the functionals {xn : h € H}
generate the weak topology on W(2).

Proof. (i): Let 7 be the topology on X generated by {xp : h € H}, and let
H' be the set of all g € L'() such that y, is continuous (X, %) — R. By
the definition of 73;, H C H’; further, #' and H generate the same topology,
ie., Ty = Ty

H' is clearly a linear subspace of L!(2), and since we have assumed that
H is total, H' is dense in L1(Q2). If g € L1(€2), there thus exists a sequence
gn € H' with ||gn — gllz1 — 0. Since the functions in X’ are uniformly
bounded, this means that x4, — X, uniformly on X, and thus x, too is
Tx-continuous; hence g € H'. Consequently, H' = L'(Q2), and thus 7 =
T = Tri(q)- Lhus every total H C L'(Q) generates the same topology.
One such H is L>°(€2) which defines the weak topology (by definition).

(ii): This is a special case, since 2 is another probability space. ([

In particular, the weak topology on W({2) is also the topology generated
by the functionals W — [, hW, h € L'(Q?), ie., it equals the weak®
topology on W(), regarded as a subset of L>(02).

Remark F.2. Another example of a total set in L!(Q?) is the set of rectan-
gle indicators 1g(x)17(y) for S,T C Q. Thus the weak topology is also gen-
erated by the functionals W — [, W. Note that the metric given by || [|o
uses the same functionals, but with an important difference: ||W,,—W|g — 0
if and only if foT Wy — foT W uniformly for all S, T C Q, while W,, — W
in the weak topology if and only if each [¢ Wn — [4.p W, without

any uniformity requirement. (Similarly, |[W,, — W1 — 0 if and only if
J hW,, — [ hW uniformly for all h with ||h|le < 1.)

Lemma F.3. The weak topology is weaker than the cut norm topology. Ie.,
the identity maps OV, || ||1) = OV, || llo) = W, 0) are continuous.

Proof. Immediate by Remark F.2. U
Theorem F.4. The topological space (W(Q2),0) is compact.

Proof. W is a weak* closed subset of the unit ball of L>(Q?) = L1(0?)*,
so this follows from the Banach—Alaoglu theorem. O
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One advantage with the weak topology is thus that it is compact, in
contrast to the topologies defined by the norms || ||g and |||;: which are
not compact (in general, e.g., if = [0, 1]), see Example F.6 below. (Recall
that, nevertheless, the quotient space (W\, dm) is compact, and that this is a
very important property.)

However, a serious drawback with the weak topology is that the quotient
map W(Q2) — W is not continuous in the weak topology. Equivalently, the
homomorphism densities ¢(F, W) defined in Appendix C are not continu-
ous in the weak topology (for every fixed F'). More precisely, for example
W +— t(Ks3,W) is not continuous in the weak topology on W([0,1]), see
Example F.6.

Remark F.5. There are graphs F' such that W — ¢(F, W) is weakly con-
tinuous (i.e., continuous for o), for example Kj since t(Ky, W) = [, W. We
show in Lemma F.7 below that K5 is essentially the only such exceptional
case.

Example F.6. Take 2 = [0, 1]. Let g,(z) = sgn(sin(27nx)) and W, (z,y) =
2 — 390(®)gn(y). Then g,(z) € {£1} and W, is {0, 1}-valued; in fact, W,
equals Wl\énn for a complete bipartite graph K, ,. (A less combinatorial
alternative is to take g, (z) = sin(27nz).)

We have g, = ¢g{" and W,, = W{", where ¢,(z) = nz mod 1 as in
Example 8.2. Consequently, W,, =2 Wi, and thus W,, = W7 in the quotient
space W, ie., og(Wy, W1) = 0; in particular, W,, — W7 in (V/\7, on).

On the other hand, for any h € L'([0,1]?), f[071}2 h(z,y)gn(x)gn(y) — 0,
and thus W, — 1 in (W([0,1]),0).

If the quotlent map W([0,1]) — W were continuous for o, then Wj, -1
in W and since we already know W,, — W in W we would have W7 =
in W ie, Wp = 2, which contradicts, e.g., Corollary 8.12. Consequently,

the quotient map is not continuous (W([0,1]),0) — (W, on).

This also shows that (W([0, 1]), || ||o) and, a fortiori, WW([0,1)), || ||z1) are
not compact. Indeed, if one of these spaces were compact, then W,, would
have a convergent subsequence in it, and thus in (W, || ||o), with a limit
W say. Since both maps W, | ||lo) = W,o) and W, | |lo) — (17\/\, on)
are continuous, the subsequence would converge to W in both (W, o) and

(17\/\, d0) too; hence both W = } a.e. and W = Wy, so again Wi = 1, a
contradiction.
Furthermore with W = , so W, — W weakly, t(K3, W,) = 0, while

t(Ks, W) = £ > 0; hence, t(Kg, W) is not weakly continuous.

Lemma F.7. The map W — t(F,W) is weakly continuous (for Q = [0, 1],
say) if and only if F' is a disjoint union of isolated vertices and edges.

Proof. Let F' have m vertices and e edges. If every component of F' is a
vertex or an edge, then ¢(F, W) ( fQQ ) , which is weakly continuous.



GRAPHONS, CUT NORM AND DISTANCE 71

Conversely, suppose that F' is a graph such that W — t(F, W) is weakly
continuous. Let o € (0,1/2) be rational and let W,, := Wé’n, where G, is
the complete bipartite graph Kopnn—an (for n such that an is an integer).
Taking the vertices of G, in suitable (e.g., random) order, we have W,, — W
weakly, where W = 2a(1 — «) is a constant graphon. Thus, by assumption,
t(F,Wy) = t(F,W).

If F' is not bipartite, then t(F, W,) = t(F,G,) = 0, while t(F, W) > 0, a
contradiction.

If F is bipartite, suppose first that F' is connected, so e > m — 1 edges.
Then F has a bipartition where the smallest part has k& < m/2 vertices, and
thus

(F.1) HF,W,) = t(F,Gp) > (1 — )™ * > 27ma™/?,
while
(F.2) tHE,W) = (201 — @) < 2% 1.

If m > 3, then m/2 < m — 1, and thus we can choose «a so small that
t(F,Wy) > 2t(F,W) for all n, a contradiction. Hence m < 2.

If F' is bipartite and disconnected, we use the same argument for every
component of F, noting that t(F,W,) = t(F,W) if F' has at most two
vertices. It follows that no component of F' can have more than two vertices.

O

See Chatterjee and Varadhan [17] for a recent application of the weak
topology on W.

Appendix G. Separability in Lebesgue spaces

In many cases, the Banach space L'(2, F, 1) is separable. For example,
this is the case if 2 = [0, 1] with any Borel measure p. (One example of a
countable dense set is the set of polynomials with rational coefficients; this
is dense, e.g., by the monotone class theorem [37, Theorem A.1].) Hence,
by Theorem A.4, L'(Q, F, i) is separable for every Borel probability space
(Q, F, ). This includes almost all examples used in graph limit theory.

However, there are cases when L'(Q,F,u) is nonseparable. For exam-
ple, this is the case when (€, ) is an uncountable product ([0,1],)® or
({0,1},)®, with v the uniform distribution, say. (Any uncountable product
of nontrivial spaces will do.) In this case there are some technical difficulties
and we sometimes have to be more careful.

Recall that the elements f of L!(Q, F, i) formally are equivalence classes
of functions, so to define pointwise values f(x) we have to make a choice of
representative of f. This is usually harmless, but it may be a serious problem
if we want to define f(x) for many f simultaneously, in particular if we want
to define a measurable evaluation map (f,z) — f(z) on LY(Q,u) x Q — R.

The following lemma shows that this is possible when L!(€), i) is separa-
ble, and more generally on Ax when A C L'(Q, i) is a separable subspace.
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Note, however, that there is no such measurable evaluation map in general,
without separability assumption, see Example G.2 below. This justifies stat-
ing and proving the lemma carefully, although it may look obvious.

Lemma G.1. If A is a closed separable subspace of L' (S, F, ), then there
is a measurable function ® : AxQ — R such that for every f € A, ®(f,x) =
f(x) for a.e. x € Q.

Proof. There exists a countable dense set D C A. Each element of D is an
element of L'(Q, F, 1), i.e., an equivalence class of measurable functions on
Q; we fix one representative for each element of D and regard the elements
of D as these fixed functions. Write D = {d;,ds, ...} with some arbitrary
ordering of the elements.

Since D is dense in A, we may recursively define maps H; : A — D such
that

(G.1) |£- Zk:Hi(f)‘
i=1

by defining Hy(f) as the first element of D that satisfies (G.1). Then each
H; : A — D is measurable. Further, (G.1) implies ||H;(f)||;x < 3-27¢
for i > 2, s0 [ >0 [Hi(f)|dp = 32 |Hi(f)llr < oo for every f €
A, which implies that > 2, H;(f)(x) converges absolutely a.e. Moreover,
(G.1) implies by dominated convergence |f — > i0) H;(f)(z)||z1 = 0, so
Yo  Hi(f)(z) = f a.e. We now define

{Z;X’l H;(f)(x), if the sum converges;
0

<27k
T —

Y kZ]‘?

O(f,x) =

otherwise.
Each map (f,z) — H;(f)(x) is measurable, and thus ® is measurable. [

Example G.2. Let Qg be the two-point set {0,1}, with uniform measure
10{0} = po{1} = 1/2, and let (2, i) be the uncountable product (o, 110)¥.
Any measurable function ® : L'(Q, ) x 2 — R depends only on countably
many coordinates in LY(Q, ) x Q = LY(Q, p) x QF, i.e., there is a countable
set C' C R such that if z = (z,),er and y = (yr)rcr are elements of ) = QBR
with x, =y, for r ¢ C, then

(G.2) O(f,x) = d(f,y)  forall f € LY, p).
Fix s ¢ C and define o : Q — Q by o : (2,), — (2}), with 2. = z,

.
for r # s and =z — Zs; note that o is measure-preserving. By (G.2),

/
S
O(f,0(x)) = ®(f,x) for every f and z € Q. If ®(f,z) = f(x) for a.e. z,
then thus f(x) = f(o(x)) for a.e. x, which obviously is incorrect for the
coordinate function f(z) = x.
Consequently, there exists no measurable evaluation map

O:LYQp) x Q=R
such that ®(f,z) = f(x) for every f and a.e. x.
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In fact, it can be shown (again using the monotone class theorem) that
if A is any measurable space and ® : A x 2 — R is measurable and such
that z — ®(a,x) € LY(Q, F, u) for every a € A, then these function all lie
in some separable subspace of L!(£2, F, ). This shows that the condition
in Lemma G.1 that A be separable is both necessary and sufficient for the
conclusion of the lemma.
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