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SOME SPECIAL PRODUCT SEMISYMMETRIC
AND SOME SPECITIAL
HOLOMORPHICALLY SEMISYMMETRIC F-CONNECTIONS

Mileva Prvanovié

Abstract. In the present paper we investigate two special product semisymmetric F-
connections: PS-concircular and PS-coharmonic ones and we fined the conditions for product
semisymmetric connection to be PS-concircular or PS-coharmonic. In the same manner we inves-
tigate two special holomornhically semisymmetric F-connections.

Introduction. The connection of an n-dimensional differentiable manifold
is termed semisymmetric if its torsion tensor S satisfies

(0.1) Six = 0iSk — 61.8;.

A semisymmetric connection is generalized on a locally decomposable Rie-
mannian space in [4] and [5]. In [4] the product semisymmetric metric F-connection
is defined and studied. In [5] something similar is done for the holomorphically
semisymmetric F-connection.

In the present paper we investigate two special holomorphically semisymmet-
ric and two special product semisymmetric F-connections. In 1 we recall what is
a product semisymmetric F-connection. In 2 we define PS-concircular connections
and prove that each of the relations (2.7), (2.9) and (2.17) is a necessary and suf-
ficient condition for a product semisymmetric connection to be PS-concircular. In
3 we define PS-coharmonic connections and prove that a product semisymmetric
connection is PS-coharmonic iff (3.3) holds. In 4 we recall what is a holomorphical-
ly semisymmetric connection. In 5 we define HS-concircular connection and prove
that each of the. relations (5.6) and (5.8) is a necessary and sufficient condition
for a holomorphically semisymmetric connection to be HS-concircular. In 6 we
investigate another HS-connection.

These results generalize, for the locally decomposable Riemannian space, the
results obtained by P. Strave in [6].
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1. Product semisymmetric metric F-connection. An n-dimensional
differenciable manifold M, of class C'*° is called a locally decomposable Riemannian
space [8] if in M"™ a tensor field F} # ¢} and a positive definite Riemannian metric
ds®> = g;j(z*)dzidz? are given, satisfying the conditions
(11) FleJk = 5;7 gabFz’aF]q = Gij, kaJz = 0;
where Vy, is the operator of the covariant derivative with respect to the Riemannian
metric. If we put Ff'g,; = Fjj, then Fj; = Fj; and the condition Vi F} = 0 is
equivalent to the condition VF;; = 0.

Locally decomposable space can be covered by a separating coordinate sys-
tem, that is, by such a system of coordinate neighborhoods (z*) that in any inter-
section of two coordinate neighborhoods (z¢) and () we get

A CONN )

where the indices a,b,c run over the range 1,2,...,p and the indices z,y,z run
over the range p+1,...,p+ ¢ =n.

With respect to a separating coordinate system, the metric of the space has
the form ds? = gap(2°)dz*da’ + guy(¢*)dz"dz?, while the tensors Fj; and F} have

the forms: 5
) — Gab 0 a 0
(E])_( 0 _gzy>7 (0 —(55)
Therefore
(1.2) p=p—gq

In the following we suppose p > 2, ¢ > 2.

The product semisymmetric metric F-connection (PS-connection) has the
form [4]:

(1.3) = {Jlk‘} + 6§Sk —girSt+ FJ-"SGF,? — S*FiFjy,
where S; is a decomposable vector field in M,,, i.e. the field satisfying the condition
(1.4) FiV,S+i=F{V;S,,

and S? = g?®S,. This condition can be expressed in the form

(1.5) FF})VSq = V;5;.

Also, we suppose in the following that S; is locally a gradient vector field.

With respect to a separating coordinate system, all the Fj- & are zero except

a X
rp, = { o} + 25t -2, 5= { b asioy 25,
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that is, both connections I'j, and I'j, are semisymmetric metric connections: the
first with respect to the metric g,s(2¢)d2z*dz?, the second with respect to the metric
9oy (2?)dx®daY.

The curvature tensor RY, ; of the connection (1.3) can be expressed in the
form [4]

Rikj = Kikj + 6;prk - gjrpi + F}?Fﬁpak - FjrgibFl?pak_

(1.6) . . . .
— 8kprj + GrrPs — FRF paj + Firg™ Fy' paj,
where
(1.7) pric = Vi Sk — SpSk + S*Sagr/2 — SaSyFFL + S*SyFLFri /2,
and K, is the curvature tensor of the Riemannian space having g;; as a met-

ric tensor. Since S; is a gradient, tensor p,r is symmetric. Also, it satisfies the
condition

(1.8) pas FLF = pij.
because of (1.5). If we put
Rrk = nga,) R:k = RraF]g7 Krk =K

rka’

Ky, = KroFy,
we obtain from (1.6), using (1.8)
(1.9) Rek = Ko + (0 — 8 prt + @F%pak + grup® + Frr FEpL,
(1.10) Ry = Ky + (n = 4)praF + opek + Forpls + 9riFy )
The Ricci tensor K;; of the locally decomposable Riemannin space is a pure
tensor, i.e. KabFiaF;’ = K;j, from which Ky;F? = KiaFf, i.e. K;‘] is a symmetric

tensor. The tensor p,xF® is a symmetric tensor too, because of (1.8). Therefore,
both R,; and R}, are symmetric tensors.

We obtain from (1.6)
Rirkj = Kirkj + 9ijpri — 9irpPik + Fiz Ff par — Fjr Fi par.—
+ gikPrj — Frrpij + Figpaj + Frr Ff paj,
and see that
(1.11) R”'kj = _Rirkj-
Eliminating p;; from (1.6), we obtain [4]
Riy; +bi[s;y; — 2(bR — aR*)rly; + 2(aR — bR*)rly,; Fy']—
—ai[s P F%—2(bR — aR*)ri, . F* 4+ 2(aR — bR*)rt, ] =

akj”r akj’r rkj
= ij + bl[sikj - 2(bK — GK*)Tikj +2(aK — bK*)rka:jF: -

— ay[sh; B — 200K — aK*)rly e + 2(aK — bK*)ri ],
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where we have put
R=R!, K=K% R'=R:, K'=1L",
Spi; = 05 R — iRy + Fj Ry — Frj Ry —
—8iRyj + 9ok Ry — FiR}; + Fx R},

(1.13) i i i i gk *i
Sprj = 05 Krk — grj Ky + Fj K7y, — Fry K —
61K, j + 9rk K} — FiK}; + Frp K
(1.14) Thr = O19rj — 05grk + F{Frj — F} Fpy
o= % b— n—2
(1.15) 2[p? = (n —2)% 2[p — (n—2)%
’ o — %) by — n—2
P (n -4y P (n—4)2

2. Product semisymmetric concircular connection. In this section we
consider a special product semisymmetric metric F-connection, namely the connec-
tion (1.3) satisfying the condition
(2.1) pik = f9ik + hF,
where f and h are some scalar functions. From (1.6) and (2.1) it results that
(2 2) ;i-kj quz;kj +2f(6;'gkr _6zgjr+F;Fkr_Fl§Fjr)+
+ 2}7'(6;'Fkr =0y Fjr + F;gkr - Flzgjr)'

Contracting (2.2) with respect to 7 and j we obtain

(2.3) R = Kri + 2f[(n — 2)gkr + ©9kr] + 20((n — 2) Fir + ©gir)-
It follows from (2.3) that
(2.4) ok = Kop +2f[(n = 2)Fir + 0gkr] + 2h((n — 2)gkr + @ Fgr].

Transvecting (2.3) and (2.4) with g"*, we find that
R — K = 2f[n(n — 2) + ¢?] + 4hp(n — 1),
R* — K* =4fp(n — 1) + 2h[n(n — 2) + ¢*].
Since p > 2 and ¢ > 2, [n(n — 2) + ¢?]? — 4p*(n — 1)? # 0, and the above
relations give
25)  2f=-a(R—K)—B(R* — K*), 2h=-B(R—K)—a(R* - K*),
where

n(n — 2) + p?
[n(n —2) + > — 4p*(n — 1)*’

2p(n —1)

Y R S Py

oa=—
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Substituting (2.5) into (2.2) and taking into account the notation (1.14), we get

ikj — (aR + BR*)r! (BR + aR*r)R,;F* =

(2 7) rkj — akj
=K1 — (aK + ﬁK*)le]‘ - (BK + K*)TijF:-

Conversely, we suppose that for (1.3) we have (2.7). Then, substituting Rf, i
K}y, from (2.7) into (1.6), we obtain

[@(R —K) + B(R* — K")lriy; + BI(R — K) + a(R" = K*)riy; Fy =
= 8prk = O4Prj — 9P + Ghrp + Fy F par, — FLF? —
FjrgibFélpak + FkrgibFélpaj.

Contracting this with respect to 7 and k and taking into account (1.8), we get

(4 - n)prj - SOF;-IpaJ' =
={(n-2)[a(R - K) + B(R" — K*)] + ¢[(R — K) + a(R" = K*)] + pg}gjr+
+{pla(R - K) + B(R* = K*)] + (n = 2)[B(R — K) + a(R* — K*)| + F{p}} F;

or
(2.8) (4 —n)prj — pFpaj = fidj, + b1 Fjp,
where we have put

fi=(n=2)[a(R-K)+ (R — K")] + ¢[B(R - K) + a(R" = K*)| + pj,

b = pla(R — K) + B(R* = K*)] + (n - D[B(R - K) + a(R* — K*)] + Fool

From (2.8) we obtain —gp,; + (4 — n)F2pe; = h1gjr + ¢ f1Fjr. From (2.8)
and this last equation we easily find that

[(4=1)? = ¢®prj = [(4 = n) fi + phalgjr + [(4 = )1 + 9 f1]Fy.

Since p > 2 and g > 2, (4 —n)fi — ¢* # 0, and we can express the preceding
relation in the form
A-n)fitehi  (A=—n)h+o¢fi

@=nyi—g® I g T

Prj =

This shows that p,; has the form (2.1). Therefore, we have

THEOREM 1. The connection (1.3) satisfies (2.1) iff (2.7) holds.
The tensor on the right hand side of (2.7) is the product concircular curvature
tensor [3]. Because of that we introduce the following

Definition. The connection (1.3) satisfying (2.1) is called PS-concicular (prod-
uct semisymmetric concircular) connection.
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Contracting (2.7) with respect to 7 and j, we find
Rep +[p(BR + aR) + (n — 2)(aR + SR")]grr+
+[(n —2)(BR+ aR*) + p(aR + BR*)Fy, =
=Ky +[p(BK + aK™) + (n — 2)(aK + BK”)]|ger+
+[(n — 2)(BK + aK™) + p(aK + BK*)|Fy,.

(2.9)

Conversely, we suppose that for (1.3), we have (2.9). Then, substituting
R, — Ky, from (2.9) into (1.9), we obtain (2.8). Therefore, we have

THEOREM 2. (1.3) is a PS-concircular connection iff (2.9) holds.
Using the abbreviation
(210) A=aR+pBR*, B=pR+aR*, P=aK+pK* Q=K+ aK",
we express (2.9) in the form
Rug + [9B + (n — 2) Algir + [(n — 2)B + pA]F, =
= Ko + [¢Q + (n — 2)P)gkr + [(n — 2)Q + @P) Fir
From this, we easily obtain
ok = [pB+ (n —2)AlFy, + [(n — 2)B + 9A)gkr =
=Ky +[p + (n = 2)P]Fy + [(n — 2)Q + ©P)gr-
From these two relations it follows that

5 Re, + 0B + (n — 2) Aldiger + [pA + (n — 2)BJ6: Fyy =

(2.11) = 61K + [0Q + (n — 2) P)3iger + [0P + (n — 2)Q10% Fir,
(2.12) FjRri +[oB + (n = D AIFjgir + [pA + (n = 2)BIF} Fir =
= FiKr + [¢Q + (n = 2)P]Fjger + [pP + (n — 2)Q]F} Fir,
(2.13) 6Bk +[pB + (n = 2 AW Fir + (n = DB + @AW g1r =
= 0LK} + [9Q + (n — 2)P)8t Fyy + [(n — 2)Q + ¢P)0igpr,
219 IR + [0B + (n — 2)AIFi iy + [(n — 2)B + A Fl gy, =

= FK}, + [¢Q + (n — 2)P|F} Fyy + [(n — 2)Q + ©P]F} gpr.

We multiply (2.11) with n—2 and (2.13) with ¢ and subtract the second from
the first. Then, taking into account the notations (1.15), we have
Aé;gkr + B5;Fkr - P(S;gkr - Q(S;Fkr =

(2.15) : . .
2b(5jRTk - 5;KT]9) - ZG(R:k(S;- - K:k(S;)

Now, we multiply (2.12) with ¢ and (2.14) with n — 2 and subtract the first
from the second. We find

BFjng +AFijr _QF;gkr _PF}FkT =

210 AnT, Prit =
— 2a(FjRyx — F{Kyi) + 2b(F Ry, — FYKy,).
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On the other hand, we can express (2.7), using the notation (2.10), in the
form:

.
Krk]

(A(S;.cgjr + B(s;.chr) - (P(sigjr + Q‘S;;FJ'T)_
- (A(S;gkr + B(S;Fkr) + (P(s‘;gkr + Q(S;FkT)+
+ (AF{Fj, + BFigj;) — (PFiFjr + QFjg;r)—
(

i
rkj —

Substituting from (2.15) and (2.16), we obtain

i =~ 2b(5k ri = 0; R + FRRy; — F Ry )+
+2a(8, Ry — 03 Ry + FiRyj — FjRyy,) =

i =—2b 5k vj = 0L Ky + FEKY — FIK )+
+2a( TJ—(S;K:k-{-F]zKTj—F;Krk).

But the tensor on the right-hand side is the product projective curvature
tensor [7]. Thus we have

THEOREM 3. The product projective curvature tensor is an invariant of the
PS-concircular connection.

Lowering the index ¢ in the preceding equation and taking into account (1.11),
and then raising the index r, we obtain

Riy; = — 2b(gin R} — g3; R} + FirR;" — FyjR;")+
+2a(gikR;" — gi5 Ry" + Fir R} — FijRy) =
ki = — 20(9i K — 95 K + Fi K™ — Fij K" )+

+2a(gy K" — 9i; K" + Fi K — Fi;K}),

(2.17)

where R}" = RTF®, Ki™ = KT Fp.

Conversely, we suppose that for (1.3) we have (2.17). Contracting (2.17) with
respect to r and j, we get

~ [n(n — 2) — P1Rat + 20R, + [n(n - 2) — ¢2| Ky — 20K =
(2.18) — [(n = 2)R — oR*]gix — [(n — 2)R* — pR)Fy+

(n—2)
+ [(n = 2)K — ¢K"|gik + [(n — 2)K™ — pK]Fy.

From (2.18) it follows that

2Ry, — [n(n — 2) — $?|R}, — 20K, + [n(n — 2) — ¢2)KG, =
(2.19) =~ [(n— 2)R* — pRlgi — [(n — 2)R — pR*|Fy+
+[(n - 2)K* — pKlgix + [(n — 2K — pK*|Fy.
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We multiply (2.18) with n(n—2)—¢? and (2.19) with 2¢ and add the obtained
relations. Then we have

Rir — Kix = — n

—2)R— pR*][n(n —2) — ¢’] + 2¢p[(n —2)R* —pR]

197 = n(n = 2) - 7P o

_ [n=2)R* — ¢R][n(n - 2) — ¢°] + 2¢[(n — 2)R — pR*] Fot
4p? — [n(n — 2) — p?]? '

L In=2K - pK"]In(n —2) - s02]+290[(n—2)K*—90K]g,k_
4p? — [n(n — 2) — ¢?]? '

_ [n—2)K* — ¢K][n(n - 2) — ¢*] + 2¢[(n — 2)K — eK ]
4p? — [n(n - 2) — 92 "

(Since p > 2, and ¢ > 2, 4¢? — [n(n — 2) — p?]? #0.)
Substituting Rt — K, from this relation into (1.9), we obtain a relation of
the form (2.8). Therefore, we have

THEOREM 4. The connection (1.3) is a PS-concircular connection iff (2.17)
holds.

3. Product coharmonic curvature tensor. In this section we consider
another special product semisymmetric metric F-connection, namely the connection
(1.3) satisfying the conditions

(3.1) pe =0, ppFy=0.
Transvecting (1.9) and (1.10) with g,r, we obtain
R =K +2(n —2)p? + 20Fpt,

(3.2) . i} .
R* = K* + 2pp} + 2(n — 2)Fy'pl.

So, if the connection (1.3) satisfies (3.1), we have R = K, R* = K* and the
relation (1.12) reduces to

(3.3) Rl +bisy) F°

—1 a __ i %
rk] alsak]F Krkj + blsrky alsak] T

Conversely, we suppose that for (1.3) we have (3.3). Then, contracting (3.3)
with respect to ¢ and j, we get

[1+bi(n —4) — a1p]Rrx + [brp — a1 (n — 4)|R7y, + (b R — a1 R™) gri+

+ (b R* —a1R)Fp, =
=[1+bi(n—4) — arp]Krg + [b1p — ar(n — 4)] K7 + (R — a1 K¥)gri+
+ (W K* — a1 K)Fpp.

Transvecting this equation with ¢g"* and F"*, after some calculation, we obtain
(3.4) [n(n —4) — *]R — 4R* = [n(n — 4) — o] K — 4K*,
(3.5) — 4R + [n(n — 4) — P*|R* = —4K + [n(n — 4) — *]K*.
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We multiply (3.4) with n(n —4) — ¢? and (3.5) with 4 and add the obtained
relations. Then we have

{[(n(n = 4) = ¢*)* =16} R = {[n(n — 4) — *]* ~ 16} K.

Since p > 2 and ¢ > 2, [n(n —4) — ¢?)? — 16 # 0, and therefore R = K. Thus (3.2)
reduces to
(n=2)ps + pFph =0, @p;+ (n—2)Fp) =0,
from which p? = 0 and F2p = 0.
Therefore, we have

THEOREM 5. (1.3) satisfies the condition (3.1) iff (3.3) holds.

The tensor on the right-hand side of (3.3) is analogous to the conharmonic
curvature tensor [2]. Because of that we introduce the following

Definition. The tensor on the right-hand side of (3.3) is called a product
coharmonic curvatore tensor.

The connection (1.3) satisfying (3.1) is called a PS-coharmonic connection.

4. Holomorphically semisymmetric connections. The geometrical
meaning of the semisymmetric connection was given by E. Bartolotti [1] and it
consists in the following. Let U and V be two vectors. The vectors Sfu'v?, u¥, v*
are, in the general case, linearly independent. But if

(4.1) Sfjuivj = puf + qof
for every U and V', where p and ¢ are scalars, then Sfj has the form (0.1), and

conversely.

To generalize this property in the case of the locally decomposable Riemann-
ian space, we considered in [5] the skew-symmetric tensor Sfj satisfying the condi-
tion SEu'Fiu® = pu* + qFFu® instead of (4.1) and proved the following:

THEOREM. The skew-symmetric tensor Sf; satisfies condition (4,1) for every
U iff it has the form
(4.2) Sij = 075 = 615 = FF{'Sa + F{ FSat
| +078+ FEEDuk /2

where wF, is an arbitrary skew-symmetric tensor.
One connection whose torsion tensor has the form (4.2) is the connection

k
(4.3) Gf] = {ZJ} +(5st +6g@']‘Sk —Fsz.“Sa-i—eFiijS“,

where ¢ = +1 or ¢ = —1. (The case ¢ = —1 resembles more to the classical
semisymmetric metric connection, i.e. to the connection { Z’;} + 0%S; — 9:;S%, but
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the obtained results hold good for the case € = +1, too.) This connection is an

F-connection, i.e. 0F/dz* + G}, Ff — Gt F} = 0, but is not a metric one.

Definition. The connection c(4.3) is called a holomorphically semisymmetric
(HS)-connection.

The curvature tensor H?

+x; of the connection (4.3) can be expressed in the
form [5]

Hyy; = Koy + 0ijk — 0,0kj + FrFitpar — FrFitbaj+
+9irk — gk} + Fir Pt — Fre FLYS,
where ¢, = eV S; + 58, + FfF,fSaSb, wz = gi“’gbak.

As in 1, we suppose that S; is locally a gradient and satisfies the condition
(1.4). Then

(4.4) Yk = Yrjs  Fitbak = Fthej
and the preceding equation reduces to
(4.5) Hyij = Ky + 9irh + gt} + Fjr Fati = Fir F)5.
If ijj =HY,, HY = HwF*, H=HZ, H* = H}*, from (4.5) we obtain

(46) Hyp =K+ 2¢rk - gkr¢g - FkT‘F(f Z’
:k = K:k + 2¢akF£FkT¢g - ng'F:’(pl?'

Transvecting (4.5) and (4.6) with ¢"*, we find
(48)  H-K=Q2-n)Y; —pFp, H"—K*=—py; + (2 —n)Fyy.

Taking into account (4.6), (4.7) and (4.8), we can eliminate 1} from (4.5) and
we obtain the relation
H}yi — (950 Hy — gir H} + Fj HY — Fr  HYY) [2—

— (bH — aH*)rikj — (bH* — aH)rflkj o=

= Krki — (9;r K}, — 9kr K + Fjr Ki' — Fir K') [2—

— (bK — QK*)rl, . — (bK* — aK)ri, F®

rkj jor

where we have used the notations (1.14) and (1.15).

5. HS-concircular connection. In this section we consider a special HS-
connection, namely the connection (4.3) satisfying the condition
(5.1) Ui = fo; + hFy,

where f and h are some scalar functions.
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Substituting (5.1) into (4.5), we find
(5.2) Hyp; = Ky + frigg + hi B
Contracting with respect to ¢ and j, we get
Hyp = Krk + grk[(2 = 1) f — oh] + Fri[(2 = n)h — ¢f].
Transvecting this with g"® and F"*, we find

(5.3) H— K =[n(2—-n) - ¢?]f +2p(1 — n)h
H* — K*=2p(1 —n)f + [n(2 —n) — ¢*]h.

We multiply (5.3) with n(2 — n) — ¢? and (5.4) with 2(1 —n)¢p and subtract
the second from the first. Afterward, we multiply (5.3) with 2(1 —n)y and (5.4)
with n(2—n)—¢? and subtract the first from the second. Then, taking into account
the notations (2.6), we have

(5.5) f=aH-K)+pB(H"-K"), h=pH-K)+a(H" — K*)
Substituting (5.5) into (5.2), we find

:kj — (aH +ﬂH*)""7iﬂkj — (BH + aH*)Tikj .=

arj-r

(5.6)

Conversely, we suppose that for (4.3) we have (5.6). Then, substituting H?

) rkj
K}y, from (5.6) into (4.5), we find

gjr'ﬁbz - ng/I; + FjTFwal% - FkTFaZ:@/); =
—(aH + BH* — aK — BK*)rl; + (BH + aH* — BK — aK*)rl, F?.

a

Contracting with respect to ¢ and j we obtain
(5.7)
zwrk =

grifla(H — K) + B(H* = K*)|(2—n) = [B(H — K) + a(H" = K¥)]p + 45 }+
+ Fop{~[a(H — K) + B(H* — K)o + [(H — K) + (H* — K*)|(2 — n) + F;47}

and this is an equation of the form (5.1). Therefore, we have

THEOREM 6. The connection (4.3) satisfies the condition (5.1) iff (5.6) holds.

The tensor on the right-hand side of (5.6) being the product concircular cur-
vature tensor, it is reasonable to introduce the following

Definition. The connection (4.3) satisfying (5.1) is called a HS — concircular
connection.
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Now, we contract (5.6) with respect to 4 and j and find
Hyp +[(n—2)(aH + BH") + p(BH + aH")gri+
+ [p(aH + BH*) + (n — 2)(BH + aH*)F,, =
= K + [(n — 2)(aK + BK") + ¢(BK + aK")gri+
+ [p(aK + BK™) + (n = 2)(BK + aK™)]Fyy.

Conversely we suppose that for the HS-connection (4.3) we have (5.8). Then
substituting H,; — K, from (5.8) into (4.6) we obtain (5.7), i.e. we obtain an
equation of the form (5.1). Therefore, we have

THEOREM 7. An HS-connection ts HS-concircular iff (5.8) holds.
In the same way as in section 2, using the relation (5.8) we obtain
Hyyj — 26(83 Hyj — 03 Hyy, + FHYy — FYH )+
+ 2a(6}Hy; — 6iHy + F{H,; — F/Hy) =
= Ky; — 2b(0, Krj — 0; Kpp, + FRE; — K )+
+2a(0 K — OGKy + Fi Koy — FjKow),

and therefore we have

THEOREM 8. The product projective curvature tensor is an invariant of the
HS-concircular connection.

6. Another special HS-connection. In this section we consider HS-
connections satisfying the conditions
(6.1) e =0, YpFL=0.
Then (4.8) gives H = K and H* = K%st and (4.9) reduces to
62) Hiy; = (9ir Hi = gurHj + Fye Hif = P Hi) 2 =
= Ky — (9ir K), — 91 K + Fjr K' — Frr KG*) /2.

Conversely, we suppose that for the HS-connection (4.3) we have (6.2). Then
contracting (6.2) with respect to ¢ and j, we find

(H = K)gre + (H* = K*)Fpy = O.
Transvecting this relation with g"* and F"*, we obtain
(H-K)n+H*"-K*)9=0, (H-K)p+(H*"—K*)n=0.
Consequently H = K and H* = K* and (4.8) reduces to

(2 —n)Yg — i Fy =0, —pg + (2 —n)F =0,
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from which (6.1) follows. Therefore we have

THEOREM 9. An HS-connection satisfies the condition (6.1) iff (6.1) holds.

7. Remark concerning HS-connections. Lowering the index i in (4.5)
we have

Hirrj = 2Kirkj + gjrtbie — gerVis + Fjr Fia0g — Fir Fiat5 -
From this we obtain

Hirkj — Hrinj = 2Kirkj — 95i%rk + gritrj — FjiFar + FriFfbaj+
+ gjr"pik - gkrwz’j + Fjrﬂawak - Fkrﬂawaj-

Let us introduce the following notation
Lirkj = (Hirkj — Hrirj)/2,  pri = —Vri/2.
Then we express the preceding relation in the form

Lirkj = Kirkj + gjiprk — Griprj + FjiFy pak — FriFy' paj—
— 9jrPik + gkrPij — Fer;'apak + FkrFiapaj-

or, raising the index i, in the form

Likj = K:kj + 5;Prk — 8prj + FjiFfpak — FyiEl poj—

— GirPhk + GkePs — Fjr F* par + Fiep F*paj.

The right-hand side of this relation has the same form as the right-hand side
of (1.6). Therefore, all conclusions of 2 and 3 can be repeated for H S-connections
end the tensor L, .
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